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1. The figure shows a regular hexagon.
How many parallelograms are there in the figure?

A2 B 4 Cco6 D 8 E more than 8

SoLuTION @

The parallelograms in the figure are made up from pairs of adjacent triangles. Therefore there
are six parallelograms in the figure, as shown in the diagrams below.

FOR INVESTIGATION

- The figure on the right shows a regular hexagon divided into 24
congruent equilateral triangles.

How many parallelograms are there in the figure?



2. The diagram shows two congruent regular pentagons
and a triangle. The angles marked x° are equal. &

What is the value of x? \/

A2 B30 C36 D40 E 45 A
A

SoLUTION

Let P, Q and R be the points shown in the diagram.

The interior angles of a regular pentagon are all 108°.

Because the two pentagons are congruent, PR = PQ.
Therefore ZPRO = £POR = x°.

Because the sum of the angles in a triangle is 180°,
from the triangle PQR, we have x° + x° + ZQPR =
180°. Therefore ZQPR = 180° — 2x°.

The sum of the angles at a point is 360°. Therefore from the angles at the point P, we have
(180° — 2x°) + 108° + x° + 108° = 360°.
That is
396° — x° = 360°.
It follows that
x° = 396° — 360° = 36°.
FOR INVESTIGATION

Prove that the sum of the angles in a triangle is 180°.
Prove that each interior angle of a regular pentagon is 108°.

Find a formula in terms of n for the size of the interior angles of a regular polygon with n
sides.

The diagram shows a regular heptagon, two regular
pentagons and a triangle.

What are the interior angles of the triangle?



3. The diagram shows two symmetrically placed squares with sides of
length 2 and 5.

What is the ratio of the area of the small square to that of the shaded
region?

AT7:24 B1l:3 C8idd D8:21 E2:3

SOLUTION @

The small square has area 22, that is, 4. The shaded region is made up of
half the large square with side length 5, with half the small square with .
side length 2 removed. A

Therefore, the shaded area is %(52) - %(22) = 275 -2= 2—2' Hence the ratio )
of the area of the small square to that of the shaded region is 4 : -22—', that is, :
3121

FoR INVESTIGATION

Suppose that the area of the shaded region were one-third of the area of the outer square.
What would be the ratio of the area of the inner square to the area of the outer square?

Suppose that the ratio of the shaded area to the area of the small square is 7 : 18. What is
the ratio of the side length of the small square to the side length of the large square?



4. Three circles with radii 2, 3 and 3 touch each other, as shown
in the diagram.

What is the area of the triangle formed by joining the centres of
these circles?

A 10 B 12 C 14 D 16 E 18

SOLUTION

We let O be the centre of the circle with radius
2, and let P and Q be the centres of the circles
with radius 3.

goes through the point where the circles touch.
[You are asked to prove this in Problem 5.2.]
It follows that both OP and OQ have length
2+3 =35, and PQ has length3+3 = 6.

The line joining the centres of touching circles ‘

A

Let K be the midpoint of PQ.

The triangles OPK and OQK are congruent (SSS), and therefore the angles ZOKP and ZOKQ
are equal, and therefore they are both 90°.

By Pythagoras’ Theorem, applied to the triangle OK P, we have OK?> = OP> — PK> =5 -3 =
25 — 9 = 16. Therefore OK = 4.

The triangle O PQ has base PQ of length 6, and height OK of length 4. Therefore the area of
this triangle is %(6 X4)=12.

FOR INVESTIGATION

Three circles with centres O, P and Q with
radii 1, 2 and 3, respectively, touch each other
as shown.

What is the area of the triangle OPQ ?

Prove that the line joining the centres of touching circles goes through the point where the
circles touch.



5. The diagram shows an equilateral triangle divided into nine smaller
equilateral triangles, with two additional lines.

What fraction of the large triangle is shaded?
1 1 3

2
A = B - c [ B
3 4 €3 9

SoLUTION

The shaded region is made up of two triangles. Each of these

triangles forms half of a parallelogram which consists of four of

the smaller equilateral triangles. Hence each of these triangles m
has the same area as two of the smaller triangles.

It follows that the shaded region has the same area as four of the smaller triangles. The large

equilateral triangle is made up of nine of the smaller triangles.

4
Therefore the fraction of the large triangle that is shaded is —.

FOR INVESTIGATION

The unshaded region in the large equilateral triangle of this question is made up of three
triangles. Find the area of each of these triangles as a fraction of the area of the large

5
triangle. Deduce that —ths of the area of tBe large triangle is not shaded.

How many different parallelograms are there in the diagram of this question?



The circles P, Q and R are all tangent to each other. Their centres
all lie on a diameter of P, as shown in the figure.

circumference of O + circumference of R
What is the value of Q ?

circumference of P
1 1 1
Al B 5 C 3 Dz
E more information needed

SoLuTION

Let the radius of the circle Q be g and the radius of the circle R be r. We see that the diameter of
the circle P is 2¢ + 2r It follows that the radius of P is g + r.

We now use the formula

circumference = 27 X radius,

to deduce that

circumference of Q + circumference of R 2nq + 2nr

circumference of P © 2n(g +r)
_2n(q+r)
B 2n(g +r)

=]




7. The diagram shows three circles with radii 1, 2 and 3.
What is the ratio of the shaded area to the area of the largest circle?
A1:3 Bl1:2 CV2:v¥3 D2:3 E4:9

SOLUTION

The circles have areas 7(12), 7(2%) and 7(3?), that is, 7, 4 and 9, respectively.
It follows that the shaded area is 47 — 7 = 3.

Therefore the ratio of the shaded area to the area of the largest circle is 37 : 97 =1 : 3.

FOR INVESTIGATION

(a) Suppose that the four circles in the diagram have radii 1, 2, 3 and
4. What fraction of the area of the largest circle is shaded?

(b) Find integer values for the radii of the circles shown in the diagram
so that half the area of the largest circle is shaded.



8. The diagram shows three arcs of circles of radius 1. P is the centre R
of the circle of which RQ is an arc and Q is the centre of the circle
of which PR is an arc.

What is the area of this shape?

\3n " V3 \V2n P 0
10 4

A B c

ool N

i)
6

SoLUTION

In the diagram on the right we have added the labels 7', U and
V so that we can distinguish between the lines joining P, Q and
R and the arcs joining these points. For example we refer to the
line joining P and Q as PQ and the arc joining them as PV Q. ) /

The point S is the centre of the circle that the arc PV Q is part of.

Since PQ, QR and RP all have length 1, the triangle POR is p
equilateral. Therefore ZRQP = 60°. Similarly, ZQSP = 60°. Q

Therefore the regions RUPQ and QV PS are both sectors of
circles of radius 1 bounded by arcs that subtend an angle of
60° at the centres of the circles. Hence these two regions are
congruent.

S

The shaded regions, marked x and y in the diagram, are obtained from the regions RUPQ and
QV PS by removing the congruent equilateral triangles POR and PSQ.

It follows that the regions x and y are congruent and hence they have have the same area.

T

P Q P Q

Therefore the shape of the question has the same area as the shape obtained from it by removing
the region y and adding the region x.

This new shape is the sector POTR. Because ZQPR = 60° its area is one sixth of the area of the
T
circle centre P and radius 1, namely %n(lz), that is 8

Therefore the area of the shape of this question is also %

FOR INVESTIGATION

- What is the area of the regions marked x and y in the diagram above?



9. In the diagram, the outer hexagon is regular and has an area of 216.
What is the shaded area?
A 108 B 96 C 90 D 84 B 72

SoLuTION

MEeTtHOD 1

In the diagram on the right we have added three lines to the diagram given
in the question.

The outer hexagon is now divided into 12 congruent equilateral triangles
and 6 congruent triangles with angles 120°, 30° and 30°.

We leave it to the reader to check that each of the triangles with angles
120°, 30°, and 30° has the same area as each of the equilateral triangles
(see Problem 8.1).

It follows that the outer hexagon is divided into 18 triangles all with the same area.

The shaded area is made up of 6 of these triangles. Hence its area is 1%’ that is, % of the area of
the outer hexagon. Therefore the area of the shaded hexagon is % X216 ="T2

METHOD 2

We let s be the side length of the outer hexagon, and P, Q and R be three pP_s
adjacent vertices of this hexagon, as shown. .

We let L be the midpoint of PR. QEHL
We leave it to the reader to check that PLQ is a right-angled triangle in |

which /PQL = 60° and PL = gs (see Problem 8.2). It follows that
PR = V3s.

The inner hexagon is regular. The distance between its parallel sides is s. The outer hexagon is
regular. The distance between its parallel sides is V3s. The ratio of the areas of similar figures is
the same as the ratio of the squares of their corresponding lengths. Therefore

area of inner hexagon : area of outer hexagon = s : (\/gs)2 =s2:32=1:3.

It follows that the area of the shaded hexagon is % X 216 = 72,

FOR INVESTIGATION

Show that in the diagram of Method 1, all the 18 triangles into which the outer hexagon is
divided have the same area.

Show that in the diagram of Method 2, the triangle PLQ is right-angled, /PQL = 60°
and PL = gs



10. A circle with radius 1 touches the sides of a rhombus, as
shown. Each of the smaller angles between the sides of
the rhombus is 60°.

What is the area of the rhombus?

60°
A6 B 4 C 273 D 3V3
§ 33
3

SOLUTION

Let P, Q, R and S be the vertices of the rhombus.

We leave it to the reader to prove that the diagonals
of a rhombus bisect the angles of the rhombus and
meet at right angles (see Exercise 12.1).

Let O be the point where the diagonals PR and QS
of the rectangle meet.

We also leave it to the reader to prove that the four
triangles POQ, QOR, ROS and SOP are congruent
(see Exercise 12.1) and that O is the centre of the
circle (see Exercise 12.2).

We let K be the point where PQ touches the circle. Then OK = 1. Because the radius of a circle
is at right angles to the tangent at the point where the radius meets the circle, ZPKO = 90°.

From the right-angled triangle PKO we have

oK .. 1
ﬁ—-sm?)() —2,

and therefore, since OK = 1, it follows that OP = 2.
Because £/POQ = 90°, it follows from the triangle POQ that ZOQK = 60°, and hence

OK V3

@ = sin60° = 7,

2
and therefore OQ = —.
V3

It now follows that the area of the triangle POQ is given by
1 1 2 2
S(0Px00)=5(2x =) = —.
) 2 V3 \3

Therefore, as the rhombus is made up of four triangles each congruent to the triangle POQ, the

area of the rhombus is
2 8 83

V3 V3 3

Note: See Exercise 12.4 for a way to remember the values of sin(30°) and sin(60°).



11. A regular tetrahedron is a polyhedron with four faces, each
of which is an equilateral triangle, as shown. A solid regular
tetrahedron is cut into two pieces by a single plane cut.

Which of the following could not be the shape of the section
formed by the cut?

A a pentagon

B asquare

C arectangle that is not a square
D a trapezium

E a triangle that is not equilateral

SoLuTtiON

When the regular tetrahedron is cut by a single plane cut, each of its four faces is cut at most
once. The place where each face is cut becomes the edge of the newly formed section. Therefore
a pentagon, with five edges, cannot be formed.

However, each of the other four options is possible, as the following diagrams show.

€4 ¢

A square A rectangle that is A trapezium A triangle that is
not a square not equilateral




12. Five square tiles are put together side by side. A quarter

circle is drawn on each tile to make a continuous curve as
shown. Each of the smallest squares has side-length 1.

What is the total length of the curve?

A 61 B 6.57 C Tr D 75n
E 8«

SOLUTION @

The side lengths of the 5 squares are 1, 1, 2, 3 and 5. So the curve is made up of five quarter
circles with these radii. The circumference of a circle with radius r is 2zrr. Therefore the length
of a quarter circle of radius r is %(27”), that is, %nr.

Therefore the length of the curve is /, where

I=3ml+ 3l + 372+ 373+ 3725 = 37(1 +1+2+3+5) = 6.



13. PQRST is aregular pentagon. The point U lies on ST such that ZQ PU is a right angle.
What is the ratio of the interior angles in triangle PUT?

A 1z326 B l:2%4 C 2394 D1:4:8 E L3235

SoLUTION

The interior angles of a regular pentagon are all 108°.
[ You are asked to prove this in Problem 13.1.] Therefore
tPTU = 2Q0PT = 108°.

Hence LUPT = LQPT - £QPU = 108° —90° = 18°.

Because the angles in a triangle have sum 180°, it follows
that ZTUP = 180° — 108° — 18° = 54°.

Therefore the ratio of the interior angles in the triangle
PUT is18:54:108=1:3:6.

FOR INVESTIGATION

(a) Show that the sum of the interior angles of a polygon with n vertices is (n — 2)180°.
(b) Deduce that the interior angles of a regular pentagon are equal to 108°.

The regular pentagon PORST and the square
RSVW share the edge RS.

What is /WQP?
W

Q

R

The diagram shows a regular pentagon and all its diagonals.

P
|4
T
S
Find all the angles in the diagram. m




14 The diagram shows a triangle PQR with ZPQR = 90°, PQ = 20 P
and PR = 25. Point M lies on PQ, point N lies on PR and PNM

is a right-angled triangle whose area is half that of triangle POR.
What is the length of MN?

15

]
A 6V2 B —V2 C 82 D—27-\/§ E 10V2 M

SoLuTION \E\
We note first that, by Pythagoras® Theorem applied to the right-angled triangle POR,

OR? = PR? — PQ? = 252 - 20% = 625 — 400 = 225 = 152

Therefore QR = 15.

Note that PQR is the standard right-angled triangle with sides of lengths 3, 4 and 5 scaled up
by the factor 5.

If you notice that PQ : PR =4 : 5, you could deduce that QR = 15 without the need to do
the above calculation.

In the triangles POR and PNM, we have /PQR = /PNM = 90°. These triangles share the
angle at P. Because the angles in a triangle have sum 180°, it follows that ZPRQ = /NMP.
Therefore these triangles are similar.

The areas of similar triangles are proportional to the squares of the lengths of their corresponding
sides. [Problem 11.2 asks you to prove this.]

Therefore since area of PNM : area of POR = 1 : 2, it follows that MN : QR = 1 : V2.

R 15 15
Therefore MN = Q— = — = —V2.

V2 V2 2

FOR INVESTIGATION

The diagram on the right shows a triangle PQOR in which
LPQR =90°, PQ =aand QR = b. M is a point on PQ and
N is the point on PR such that M N is perpendicular to PR.

(a) Suppose that area of PMN = kX area of POR, with
0<k<l.

Find the ratio PN : NR in terms of a, b and k.
(b) Suppose now that the point M coincides with the point Q. Q ‘T»R

Find, in terms of a and b, the ratio PN : NR.

Prove that the areas of similar triangles is proportional to the squares of their corresponding
sides.



15. What is the smallest number of rectangles, each measuring 2 cm by 3 cm, which are

needed to fit together without overlap to form arectangle whose sides are in the ratio
5:47?

A 10 B 15 C 20 D 30 E 60

SoLUTION @

A rectangle whose sides are in the ratio 5 : 4 has dimensions 5k cm X 4k cm, for some positive
number k. Since we aim to cover this rectangle with 2 cm X 3 cm rectangles without overlap, &
needs to be a positive integer.

The area of the Sk cm x 4k cm rectangle is (Sk x4k)cm? = 20k? cm?. The 2 cm X 3 cm rectangles
have area 6 cm?.

It follows that 20k* needs to be a multiple of 6. The least positive integer k for which this
is the case is 3. In this case the larger rectangle has dimensions 15c¢m X 12cm and area

(15 x 12)cm? = 180cm?. Therefore the smallest number of 2 cm x 3 cm rectangles that are

180
needed would be < = 30, provided that it is possible to cover a 15cm x 12 cm with 30

2 cm X 3 cm rectangles.

To complete the question we need to show that this is possible.

One way in which this can be done is shown in the diagram
on the right.

Therefore the smallest number of 2 cm X 3 cm rectangles that
are needed is 30.

FOR INVESTIGATION

Find other ways to fit together 30 rectangles measuring 2cmXx3 cmtomakea 15cmx 12 cm
rectangle.



16. The points P (d,—d) and Q (12 — d, 2d — 6) both lie on the circumference of the same
circle whose centre is the origin.

What is the sum of the two possible values of d?

A -16 B -4 C4 D 8 E 16

SOLUTION

Let O (0,0) be the origin.

Because the points P and Q lie on the same circle with centre O, we have OP? = 0Q>. That is,
d* (=d)* = (12 =d)* + (2d - 6)*~.
Expanding both sides of this equation, we obtain
d? +d? = (144 — 24d + d?) + (4d> - 24d + 36).
We can rearrange this equation to obtain
3d* — 484 + 180 = 0.
By dividing both sides of this last equation by 3, it follows that

d* - 16d +60 = 0.

We can now use the fact that the sum of the roots of the quadratic equation x> + px + g = 0 is —p
to deduce that the sum of the two possible values of d is —(—16), that is, 16.

FOR INVESTIGATION

(a) Find the two possible values of d by solving the equation d> — 16d + 60 = 0.
(b) Hence check that the sum of the two possible values of d is 16.
Find the centre of the circle that goes through the points (4, —14), (=3, —13) and (-7, —11).

Prove that the sum of the roots of the quadratic equation x> + px + ¢ = 0is —p.



17. In the diagram all the angles marked e are equal in size to the
angle marked x°.

What is the value of x?
A 100 B 105 C 110 D 115 E 120

SoLUTION

METHOD 1

We label the vertices of the figure as shown below.

We place an arrow lying along PX in the direction shown in the first figure on the left above. We
rotate this arrow anticlockwise about the point P until it lies along PQ in the direction shown in
the second figure above. The arrow has been turned anticlockwise through the angle x°.

Next we rotate the arrow anticlockwise about the point Q until it lies along RQ in the direction
shown in the third figure above. As all the angles marked e are x°, the arrow has again been
turned anticlockwise through x°.

We continue this process, rotating the arrow anticlockwise through x° about the points R, S, T,
U,V,W and X in turn. The arrow ends up lying along X P in the direction shown in the figure
on the right above.

In this figure we have also shown the direction in which the arrow points on all the other edges
during this process, apart from its initial position.

It will be seen that in this process the arrow has been turned through 2% complete revolutions.
Therefore the total angle it has turned through is 2% x 360°, that is, through 900°. In the process
the arrow been rotated 9 times through the angle x°.

Therefore 9x = 900 and hence x = 100.



18. The diagram shows a square PQRS. Points 7', U, V and W s Vv R
lie on the edges of the square, as shown, such that PT = 1,
OU =2, RV = 3 and SW = 4,

The area of TUVW is half that of PORS. U
What is the length of PQ? W
A B 6 CT D 8 E9 T 0

SOLUTION

We let the side length of the square PQRS be x. Then

S z—3 \% 3
the lengths of 7Q, UR, VS and WP are x— 1, x -2, x -3
and x — 4, respectively.
-2

The area of the square PQRS is x*. The area of TUVW 4 ’
is a half of this. It follows that the sum of the areas of
the triangles PTW, TQU, URV and VSW is also a half U
of the area of the square, and hence this sum equals %x2. 5

w
The area of a triangle is half the product of its base and ]
its height. P1T 1 Q

We therefore have

x(x-4)+32x(x-1)+33x(x-2)) + 14 x (x - 3)) = Ix*.

This equation simplifies to give
10x — 24 = X%,

and therefore
x2-10x+24 =0.

The left-hand side of the last equation factorizes to give
(x—4)(x-6)=0.

Hence x = 6or x = 4.
For there to be four triangles, as shown in the diagram, x > 4. We therefore deduce that x = 6.

So the length of PQ is 6.
FOR INVESTIGATION

Suppose that, as in the question PT = 1, QU = 2, RV = 3 and SW = 4, but the area of
TUVW is two-thirds of the area of PORS.

What is the length of PQ in this case?



19. Five congruent squares, each of side 2a, are placed edge to edge. Two
circles with the same centre are drawn through the vertices as shown.

What is the area of the region between the two circles?

A 2rna? B 4na? C 6ra? D 87a? E 107a?

SoLUTION @

We let O be the centre of the two circles and P, Q and R be the
vertices shown in the diagram.

We also let M be the midpoint of the side QR of the central
square.

Then OM is perpendicular to QR and OM = QM. [You are
asked to prove this in Problem 13.1.]

Since each square has side length 2a, OM = QM = a and
PM = PO + OM = 2a + a = 3a.

Therefore, by applying Pythagoras’ Theorem to the right-angled triangle QM O, we have

Q0% = OM? + OM? = d* + a® = 24°.

QO is the radius of the smaller circle. Hence the area of this circle is 7(Q0?) = n(2a*) = 2na>.

Similarly. by applying Pythagoras’ Theorem to the right-angled triangle PM O, we have
PO? = PM? + OM? = (3a)* + a* = 9a* + a* = 10a°.
Hence the area of the larger circle is 107a’.

The area of the region between the circles is the difference of their areas. Hence this area is
107a® - 2na® = 8na’.

FOR INVESTIGATION

Prove that OM is perpendicular to QR and OM = QM.

What is the area of the region inside each of the outer squares but not in the smaller circle?



20. G and H are midpoints of two adjacent edges of a cube. A
trapezium-shaped cross-section is formed cutting through G,
H and two further vertices, as shown. The edge-length of the
cube is 2V2.

What is the area of the trapezium?

A9 B 8 C4/5 D43 E 4V2

SoLUTION

We let P, Q, S, U, V and W be vertices of the cube,
as shown in the diagram, and K, L be the feet of the G H
perpendiculars from G, H, respectively, to UW. Q S

We apply Pythagoras’ Theorem to the right-angled
triangle UVW. This gives UW? = UV? + WV? =
(2V2)? + (2V2)2 =8 + 8 = 16. Hence UW = 4.

G is the midpoint of the edge PQ. Hence PG = V2. ==
Similarly, PH = V2. Therefore, applying Pythagoras’ U 7
Theorem to the right-angled triangle GPH gives GH* =

2 2 2 2 L4
PG?*+PH? = (V2)2+(V2)? = 2+2 = 4. Hence GH = 2.

Also, applying Pythagoras’ Theorem to the right-angled triangle GQU gives GU? = GQ*+UQ? =
(V2)? + (2V2)? =2 + 8 = 10. Hence GU = V10.

Since GKLH is arectangle, KL = GH = 2. Therefore UK + WL =UW — KL =4-2 =2. By
symmetry, UK = WL. Hence UK = WL = 1.

Applying Pythagoras’ Theorem to the right-angled triangle GKU, gives GK*> = GU? - UK?* =
(V10)2 =12 =10-1=9. Hence GK = 3.

We now use the formula %(a + b) h for the area of a trapezium whose parallel sides have lengths
a and b and which has height /4. [You are asked to prove this formula in Problem 16.1.]

It follows from this formula that

area of the trapezium GUWH = %(UW +GH)GK = %(4 +2)x3=09.

FOR INVESTIGATION

Prove that the formula

$(a+b)h

for the area of a trapezium is correct.




21. A square is inscribed inside a quadrant of a circle. The circle has
radius 10.

What is the area of the square?

A 252 B 36 C 12n D 40 E 30V2

SoLuTION @

We let O be the centre of the circle, and P, Q, R and S be the

vertices of the square, as shown. We let OL be the perpendicular o
from O to QR, and K be the point where this perpendicular meets P k\S
PS.

We let s be the side length of the square. It may be checked (see _
Problem 20.1) that the triangles OLQ and OLR are congruent. It m?”
follows that QL = 10R = Ls = PK Q R

It may be checked that OK P is a right-angled isosceles triangle (see Problem 20.2). Therefore
OK = PK = 3s.

It follows that in the right-angled triangle OLQ we have QL = %s, OL=0K+KL = %s +5 = -‘;-s

and OQ = 10.
Therefore, by Pythagoras’ Theorem

(3s)* + (35)* = 10%.

Hence
%sz -+ %sz = 100.
That is,
257 = 100.
Hence

s* = £ x 100 = 40.
It follows that the area of the square is 40.

FOR INVESTIGATION

Show that the triangles OLQ and OLR are congruent.
Show that OK P is a right-angled isosceles triangle.

The diagram on the right shows one larger square and two
smaller squares inscribed in the quadrant of a circle.

The circle has radius 10.

Find the side length of the smaller squares.




22. Triangle LM N represents a right-angled field with LM =r, M
LX = pand XN = g. Jenny and Vicky walk at the same speed
in opposite directions along the edge of the field, starting at X r &
at the same time. Their first meeting is at M.

Which of these expressions gives ¢ in terms of p and r?

A &4 B\/pz+r2+£ B = D
2 2 2p+r
SoLuTiON

Because Jenny and Vicky meet after walking at the same speed, they walk the same distance.
Therefore

E 1

(Y os}

XL+LM=XN+NM. (1)

The question tells us that XL = p, LM =r and XN = ¢, To find NM, we apply Pythagoras’
Theorem to the right-angled triangle LM N. This gives

NM? = LN?>+ LM?* = (p +q)* +r%.

It follows that NM = +/(p + g)? + r2. Substituting these values in equation (1) gives

p+r=q++l(p+q)?+r2.
p+r—q=4/(p+q)?+r2. (2

By squaring both sides of equation (2) we obtain

Hence

(p+r—q)=(p+q)’+r’.
It follows that
p2+r2+q2+2pr—2pq—2rq:p2+2pq+q2+r2. (3)
Equation (3) may be rearranged to give
4pqg +2rq = 2pr

from which it follows that

q2p+r) = pr.
Therefore
. Pr
1= 2p+r’

FOR INVESTIGATION

Check that (p +r — q)% = p?> +r* + ¢*> + 2pr — 2pq — 2rq.
Suppose that in this problem, LM = LN. In this case what is the ratio LX : XN?



23. The diagram shows a square, one of its diagonals and a circle. The \
circle touches the diagonal and two sides of the square. The circle
has radius 2. 2

What is the length of the side of the square?
A4+2V2 B8-V3 C2+2V2 D8-2V2 E4+2V3

SoLuTION

We let O be the centre of the circle, and C be the centre
of the square. The other points are labelled as shown
in the diagram. Since both the circle and the square are 2
symmetrical about diagonal PR of the square, it follows 1) K
that the circle touches the diagonal QS at C. 2

Since the circle touches the sides QR and RS of the square,
the radii OK and OL are perpendicular to QR and RS,
respectively. Therefore OK RL is a square with side length
2.

By Pythagoras’ Theorem applied to the right angled
triangle OK R, we have RO? = OK*+KR? =22+22 =3,

P Q

It follows that OR = V8 = 2V2. Hence RC = RO + OC =2V2 + 2.

Because C is the centre of the square, CR = CQ. Because QS is a tangent to the circle,
LRCQ =90°. Hence RCQ is aright-angled isosceles triangle. Therefore its sides have lengths
in the ratio 1 : 1: V2.

It follows that the length of the side of the square is given by

OR =V2(2V2 +2) = 4 + 2V2.

FOR INVESTIGATION

The diagram shows a square, one of its diagonals and three

circles. \

The largest circle touches the diagonal and two sides of the
square. The smaller circles touch the diagonal, one side of the
square and each other, as shown.

What is the ratio of the area of the largest circle to the total area
of the two smaller circles?




24. The diagram shows a regular octagon and a square
formed by drawing four diagonals of the octagon. The
edges of the square have length 1.

What is the area of the octagon?

V6 4 7

A — ; C D V2
2 3 5 V2
3

E_
2

SOLUTION @

Let O be the centre of the regular octagon, and let P, Q and R
be adjacent vertices of the octagon as shown in the figure on
the right. Let K be the point where OQ meets PR.

Let x be distance of O from the vertices of the octagon.

Since the edges of the square have length 1, PR = 1. By

Pythagoras’ Theorem applied to the right-angled triangle PRO,

we have x2 + x2 = 12. Therefore x% = % and hence x = %

The triangle ROQ has a base OQ of length x, that is % and height RK of length % Therefore

i isix Lxl i L
the area of the triangle ROQ is 5 X 5 X2 which equals iR

The octagon is made up of 8 triangles each congruent to triangle ROQ.

Therefore the area of the octagon is given by 8 X 4+5 = V2,

FOR INVESTIGATION
The solution above assumes that ZPOR = 90°, /ZRKO = 90° and RK = % Explain why
these statements are true.

Analternative method for finding the area of the triangle ROQ is to use the “5ab sin C” formula
for the area of a triangle. Show how this also gives Lz for the area of triangle ROQ.

4V2
(a) Show how the formula %ab sin C for the area of a triangle
which has sides of lengths a and b, with included angle C, /\
may be deduced from the fact that the area of a triangle is C 5

given by the formula

area = %(base X height).

(b) Does your argument cover the case where C is an obtuse

angle as well as the case where it is an acute angle? R
C




25. A regular hexagon PQRSTU is inscribed in a circle of radius 5. P U
A point X on the circumference of the circle is connected to the
vertices of the hexagon to form six chords XP, XQ, XR, XS, XT 0 T
and XU.

What is the value of XP? + XQ? + XR?> + XS? + XT? + XU?*?
A 150 B 216 C 256 D 300 E 360

SoLUTION @

The circle has radius 5. Hence it has diameter 10.

PS is a diameter of the circle. Hence, by the Angle
in a Semicircle theorem (otherwise known as Thales’
theorem), /ZPXS = 90°.

Therefore, by Pythagoras’ Theorem
XP? + X5 = P§? = 10° = 100.

Similarly, XQ? + XT? = 100 and XR* + XU? = 100.

It follows that
XP?+ XQ%+ XR? + XS% + XT? + XU? = 100 + 100 + 100 = 300.

FOR INVESTIGATION

A regular octagon POQRSTUVW is inscribed in a circle of P
radius r.

A point X on the circumference of the circle is connected to the X,
vertices of the octagon to form eight chords, X P, XQ, XR, X S, R vV
XT, XU, XV and XW.

n
L

Find the value of
XPP 4. X074 XF+ X8+ X7° + XU 4. XV° + XW°
in terms of r.

An equilateral triangle POR is inscribed in a circle of radius r.

The point X is on the circumference of the circle between P and Q,
as shown in the diagram.

X is connected to the vertices of the triangle to form three chords, Q R
XP,XQ and XR.
(a) Find the value of X P? + XQ? + XR? in terms of r.

(b) Prove that XP + XQ = XR. [This is van Schooten’s Theorem. Search the web to
find a proof. This theorem can be generalized to any regular polygon with an odd
number of sides, but the proof of this is not easy.]
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