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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

1 = (9231/21_Summer_2017_Q1) - Momentum And Impulse

A bullet of mass 0.08kg is fired horizontally into a fixed vertical barrier.
horizontally with speed 300m s '

[t enters the barrier
and emerges horizontally after (.02 s. Thereis a constant horizontal
resisting force of magnitude 1000 N. Find the speed with which the bullet emerges from the barrier.

13
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

2 = (9231/21_Summer_2017_Q3) - Momentum And Impulse

Two uniform small smooth spheres A and B have equal radii and masses 3 and m respectively.
Sphere A is moving with speed i on a smooth horizontal surface when it collides directly with sphere
B which is at rest. The coefficient of restitution between the spheres is e.

(i} Find, in terms of u and e, expressions for the velocities of A and B after the collision. [3]

Sphere B continues to move until it strikes a fixed smooth vertical barrier which is perpendicular to
the direction of motion of B. The coefficient of restitution between B and the barrier is % When the
spheres subsequently collide, A is brought to rest.

(ii) Find the value of e. [71
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

3 = (9231/23_Summer_2017_Q3) = Momentum And Impulse

Two uniform small smooth spheres A and B have equal radii and each has mass m. Sphere A is
moving with speed # on a smooth horizontal surface when it collides directly with sphere B which is

al rest. The coefficient of restitution between the spheres is % Sphere B is initially at a distance d from

a fixed smooth vertical wall which is perpendicular to the direction of motion of A. The coefficient of
restitution between B and the wall is 1

3 .
(i) Show that the speed of B after its collision with the wall is 158"’ [4]
(ii} Find the distance of b from the wall when it collides with A for the second time. [6]
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FURTHER MECHANICS -P3 CH13 - Momentum and impulse

4 - (9231/21_Winter_2017_Q3) - Momentum And Impulse

(i) Find an inequality satisfied by k.

any of the three spheres.

Three uniform small smooth spheres A, B and € have equal radii and masses s, ki and m respectively,
where & 1s a constant. The spheres are moving in the same direction along a straight line on a smooth
horizontal surface, with B between A and C. The speeds of A, B and C are 2u, v and f:u respectively.
The coefhicient of restitution between any pair of the spheres is 5. After sphere A has collided with
sphere B, sphere B collides with sphere C. L

[5]

(ii) Given that k = 2, show that after B has collided with C there are no further collisions between

[5]

o
°)
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

5 = (9231/21_Summer_2018_Q1) - Momentum And Impulse

A bullet of mass m kg 1s fired horzontally into a fixed vertical block of material. 1t enters the block
horizontally with speed 250 ms™" and emerges horizontally with speed 70 ms " after 0.045. The
block offers a constant horizontal resisting force of magnitude 450 N, Find the value of . [3]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

6 = (9231/23_Summer_2018_Q2) - Momentum And Impulse

Two uniform small spheres A and B have equal radii and masses 4m and m respectively, Sphere A is
moving with speed « on a smooth horizontal surface when it collides directly with sphere B which is
at rest, The coeflicient of restitution between the spheres 18 e.

(i) Show that after the collision A moves with speed %u(-l ~¢) and find the speed of B. |4]
Sphere B continues to move until it collides with a fixed smooth vertical barrier which is perpendicular
to the direction of motion of B. The coefficient of restitution between B and the barrier is %e. After
this collision, the speeds of A and B are equal.

(ii) Find the value of e. [3]

The spheres A and B now collide directly again.

(iii) Determine whether sphere B collides with the barrier for a second time. 2]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

7 = (9231/21_Summer_2018_Q3) - Momentum And Impulse
Two identical uniform small spheres A and B, each of mass m. are moving towards each other in a
straight line on a smooth horizontal surface. Their speeds are « and ku respectively, and they collide
directly. The coefficient of restitution between the spheres is e. Sphere B is brought to rest by the
collision.

(i) Show thate = A; [3]
k+

(ii) Given that 60% of the total initial kinetic energy is lost in the collision, find the values of k and e.
[6]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

8 = (9231/23_Summer_2018_Q5) - Momentum And Impulse, Circular Motion
O a P

/

/ vy(12ag)
/

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point Q. The particle is held with the string taut and horizontal. Tt is
projected downwards with speed /(12ag). At the lowest point of its motion, P collides directly with a
particle Q of mass km which is at rest (see diagram). In the collision, P and Q coalesce. The tension

in the string immediately after the collision is half of its value immediately before the collision. Find
[11]

the possible values of k.
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

9 - (9231/21_Winter_2018_Q2) - Momentum And Impulse

Two uniform small smooth spheres A and B have equal radii and masses Sm and 2m respectively.
Sphere A is moving with speed 1 on u smooth horizontal surface when it collides directly with sphere
B which is moving towards it with speed 2u. The coefficient of restitution between the spheres is e.

(i) Show that the speed of B after the collision is %u(l + 15¢) and lind an expression for the speed
of A. (4]

In the collision, the speed of A is halved and its direction of motion is reversed.
(ii) Find the value of e. 2]

(iii) For this collision, find the ratio of the loss of kinetic energy of A to the loss of kinetic energy
of B. [3]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

10 - (9231/22_Winter_2018_Q2) - Momentum And Impulse
Two uniform small smooth spheres A and B have equal radii and masses 2m and m respectively,
Sphere A is moving with speed « on a smooth horizontal surface when it collides directly with sphere
. . . = - . . . >
B which is at rest. The coefficient of restitution between the spheres is 5.

(i) Find. in terms of u, the speeds of A and B after this collision. [4]

Sphere B is initially at a distance ¢ from a fixed smooth vertical wall which is perpendicular to the
direction of motion of A. The coefficient of restitution between B and the wall is 3.

(ii) Find. in terms of d and «, the time that elapses between the first and second collisions between
A and B. [5]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

11 - (9231/23_Summer_2019_Q1) - Momentum And Impulse

A bullet of mass 0.2 kg is fired into a fixed vertical barrier. It enters the barrier horizontally with speed
250ms~" and emerges horizontally after a time 7" seconds with speed 40ms™'. There is a constant
horizontal resisting force of magnitude 1200 N. Find 7'. (4]

................................................................................................................................................................
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

12 = (9231/21_Summer_2019_Q3) - Momentum And Impulse

Three uniform small spheres A, B and C have equal radii and masses 2m, 4m and m respectively. The
spheres are moving in a straight line on a smooth horizontal surface, with B between A and C. The
coeflicient of restitution between each pair of spheres is ¢. Spheres A and B are moving towards each
other with speeds 2u and u respectively. The first collision is between A and B.

(i) Find the velocities of A and B after this collision. [3]

Sphere C is moving towards B with speed _%u and now collides with it. As a result of this collision, B
is brought to rest.

(ii) Find the value of e. [4]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

13 = (9231/23_Summer_2019_Q3) - Momentum And Impulse
Three uniform small spheres A, B and C have equal radii and masses 3m, m and m respectively. The
spheres are at rest in a straight line on a smooth horizontal surface, with B between A and C. The

coeflicient of restitution between each pair of spheres is e¢. Sphere A is projected directly towards B
with speed .

(i) Find, in terms of u and e, expressions for the speeds of A, B and C after the first two collisions.
(6]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

(ii) Given that A and C are moving with equal speeds after these two collisions, find the value of e.

(3]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

14 - (9231/21_Summer_2019_Q11) - Momentum And Impulse, Circular Motion, Inference Using Normal And T-distributions
Answer only one of the following two alternatives.
EITHER

A particle P, of mass m, is able to move in a vertical circle on the smooth inner surface of a sphere
with centre O and radius a. Points A and B are on the inner surface of the sphere and AOB is a
horizontal diameter. Initially, P is projected vertically downwards with speed \/(%'-ag) from A and
begins to move in a vertical circle. At the lowest point of its path, vertically below O, the particle P
collides with a stationary particle Q, of mass 4m, and rebounds. The speed acquired by Q, as a result
of the collision, is just sufficient for it to reach the point B.

(i) Find the speed of P and the speed of Q immediately after their collision. [7]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

In its subsequent motion, P loses contact with the inner surface of the sphere at the point D, where
the angle between OD and the upward vertical through O is 8.

(ii) Find cos 6. [5]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

OR

A farmer grows two different types of cherries, Type A and Type B. He assumes that the masses of
each type are normally distributed. He chooses a random sample of 8 cherries of Type A. He finds
that the sample mean mass is 15.1 g and that a 95% confidence interval for the population mean mass,
ng. is 13.5<u<16.7.

(i) Find an unbiased estimate for the population variance of the masses of cherries of Type A.  [3]

The farmer now chooses a random sample of 6 cherries of Type B and records their masses as follows.

12.2 13.3 16.4 14.0 13.9 154

(ii) Test at the 5% significance level whether the mean mass of cherries of Type B is less than the
mean mass of cherries of Type A. You should assume that the population variances for the two
types of cherry are equal. 9]
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........................................................................................................................................................
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

15 = (9231/21_Winter_2019_Q3) - Momentum And Impulse

Three uniform small spheres A, B and C have equal radii and masses 5m, Sm and 3m respectively.
The spheres are at rest on a smooth horizontal surface, in a straight line, with B between A and C.
The coefficient of restitution between each pair of spheres is e. Sphere A is projected directly towards
B with speed u.

(i) Show that the speed of A after its collision with B is %u(l —¢) and find the speed of B. [3]

Sphere B now collides with sphere C. Subsequently there are no further collisions between any of the
spheres.

(ii) Find the set of possible values of e. [6]
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........................................................................................................................................................

2017 -2023 21




A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

16 = (9231/33_Summer_2020_Q5) - Momentum And Impulse

Two uniform smooth spheres A4 and B of equal radii each have mass m. The two spheres are each moving
with speed « on a horizontal surface when they collide. Immediately before the collision As direction
of motion makes an angle of @® with the line of centres. and B’s direction of motion is perpendicular to
that of 4 (see diagram). The coefficient of restitution between the spheres is e.

Immediately after the collision. B moves in a direction at right angles to the line of centres.

(a) Show that tana = : t: |4]
(b) Given that tana = 2, find the speed of A after the collision. [4]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

17 = (9231/31_Summer_2020_Q6) - Momentum And Impulse

A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. The particle

strikes a fixed vertical barrier. At the instant of impact the direction of motion of P makes an angle &

with the barrier. The coefficient of restitution between P and the barrier is e. As a result of the impact,

the direction of motion of 7 is turned through 90°,
R A

(a) Show that tan~a = — (3]

>

The particle P loses two-thirds of its Kinetic energy in the impact.

(b) Find the value of e and the value of e. [5]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

18 = (9231/32_Winter_2020_Q2) - Momentum And Impulse

u

Two uniform smooth spheres A and B of equal radii have masses 2m and m respectively. Sphere B is
at rest on a smooth horizontal surface. Sphere 4 is moving on the surface with speed # and collides
with B. Immediately before the collision, the direction of motion of A makes an angle o with the line
of centres Iof the spheres, where tano ———i (see diagram). The coefficient of restitution between the
spheres is 7.

Find the speed of 4 after the collision [5]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

19 - (9231/32_Winter_2020_Q4) - Momentum And Impulse

A particle P of mass m 1s moving in a honzontal circle with angular speed @ on the smooth inner
surface of a hemispherical shell of radius r. The angle between the vertical and the normal reaction of
the surface on P 15 6.

r

(a) Show that cos@ = a:j'r (3]

The plane of the circular motion is at a height x above the lowest point of the shell. When the angular
speed 1s doubled, the plane of the motion is at a height 4x above the lowest point of the shell.

(b) Find x in terms of (4]

2017 -2023 25




A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

20 = (9231/31_Winter_2020_Q6) - Momentum And Impulse

Two smooth spheres A and B have equal radii and masses m and 2m respectively. Sphere B is at rest on
a smooth horizontal floor. Sphere 4 is moving on the floor with velocity # and collides directly with B.
The coefficient of restitution between the spheres is e.

(a) Find, in terms of ur and e, the velocities of 4 and B after the collision. [3]

Subsequently, B collides with a fixed vertical wall which makes an angle 6 with the direction of motion

of B, where tan6 = 3

Wik

The coefficient of restitution between B and the wall is . Immediately after B collides with the wall,

the kinetic energy of 4 1s % of the kinetic energy of B.

(b) Find the possible values of e. [7]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

21 - (9231/31_Summer_2021_Q6) = Momentum And Impulse

Two uniform smooth spheres 4 and B of equal radi each have mass m. The two spheres are each
moving with speed # on a horizontal surface when they collide. Immediately before the collision, A’s
direction of motion makes an angle & with the line of centres, and B’s direction of motion makes an
angle 8 with the line of centres (see diagram). The coefficient of restitution between the spheres is %
and 2cos 8 = cosa.

(a) Show that the direction of motion of A after the collision is perpendicular to the line of centres.

[4]
The total kinetic energy of the spheres after the collision is —}mu" :

(b) Find the value of ¢. [4]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

22 = (9231/33_Summer_2021_Q6) = Momentum And Impulse

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. Sphere 4 is
moving with speed u on a smooth horizontal surface when it collides with sphere B which is at rest.
Immediately before the collision, A’s direction of motion makes an angle 6 with the line of centres (see
diagram). The coefficient of restitution between the spheres is ; .

4ucosO

(a) Show that the speed of B after the collision is 30+0 (3]

70% of the total kinetic energy of the spheres is lost as a result of the collision,

(b) Given that tan8 = ll find the value of &. [6]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

23 = (9231/32_Winter_2021_Q1) = Momentum And Impulse

A particle 1s projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane. The particle moves freely under gravity.

(a) Write down the horizontal and vertical components of the velocity of the particle at time T after
projection. (2]

At time T after projection, the direction of motion of the particle is perpendicular to the direction of
projection,

(b) Express 7'in terms of #, g and o. (2]
(¢) Deduce that 7 > fg—’ (1]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

24 = (9231/31_Winter_2021_Q2) - Momentum And Impulse

A particle P of mass m kg moves along a horizontal straight line with acceleration ams ™~ given by

_v(1-28)
a= —
where vms ! is the velocity of P at time 7s.

(a) Find an expression for v in terms of 7 and an arbitrary constant. [3]

(b) Given thata = 5 when ¢ = 1, find an expression, in terms of # and ¢, for the horizontal force acting
on P at time 1. [3]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

25 = (9231/31_Winter_2021_Q5) = Momentum And Impulse

A particle P 1s projected from a point (2 on a horizontal plane and moves freely under gravity. Its initial

speed is wms ' and its angle of projection is sin '(%) above the horizontal At time 8s alter projection,
P15 at the point 4. At time 32 s after projection, / is at the point B. The direction of motion of P at B is
perpendicular to its direction of motion at A.

Find the value of u [7]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

26 = (9231/32_Winter_2021_Q5) - Momentum And Impulse

Two uniform smooth spheres 4 and B of equal radi have masses m and %m respectively. The two

spheres are each moving with speed # on a horizontal surface when they collide. Immediately before
the collision 4’s direction of motion is along the line of centres, and B’s direction of motion makes an
angle of 60° with the line of centres (see diagram). The coefficient of restitution between the spheres

is %
(a) Find the angle through which the direction of motion of B is deflected by the collision. [6]
(b) Find the loss in the total kinetic energy of the system as a result of the collision. [3]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

27 = (9231/32_Winter_2021_Q6) = Momentum And Impulse

A particle 7 of mass 2kg moves along a horizontal straight line. The point () is a fixed point on this
line. At time s the velocity of 7 is vins ' and the displacement of /” from (2 is xm

2 :
A force of magnitude (&\‘ M—) N acts on P in the direction OP. When r =0, x = 8and v = 15,
x
2 2
(a) Show that v = — -‘\‘—,(.\" —4) [5]
(b) Find an expression for x in terms of 1. [4]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

28 = (9231/31_Winter_2021_Q7) - Momentum And Impulse

A B

C

The smooth vertical walls 4B and CR are at right angles to each other. A particle P is moving with
speed u on a smooth horizontal floor and strikes the wall CB at an angle o. It rebounds at an angle f3 to
the wall CB. The particle then strikes the wall A5 and rebounds at an angle y to that wall (see diagram).
The coefficient of restitution between each wall and P is e.

(a) Show that tan 8 = etana. [3]

[4]
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A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

o 8 N
As a result of the two impacts the particle loses 7 of its iitial kinetic energy

(¢) Given that o+ =907, find the value of ¢ and the value of tanc [4]

J

2017 -2023 35




A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

29 - (9231/31_Summer_2022_Q6) - Momentum And Impulse

Two uniform smooth spheres A and B of equal radu have masses m and km respectively. The two
spheres are on a honzontal surface. Sphere A4 1s travelling with speed 1 towards sphere B which 1s at
rest. The spheres collide. Immediately before the collision, the direction of motion of 4 makes an angle

a with the line of centres. The coefficient of restitution between the spheres 1s l

X . 31 COS . i
(a) Show that the speed of B after the collision 1s %g) and find also an expression for the speed of
A along the line of centres after the collision, in terms of k. # and & [4]

After the collision, the kinetic energy of 4 is equal to the kinetic energy of B

(b) Given that tana = , find the possible values of k. [5]
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30 - (9231/33_Summer_2022_Q6) = Momentum And Impulse

6, 60°,
A B

AB and BC are two fixed smooth vertical barriers on a smooth horizontal surface, with angle ABC = 60°.
A particle of mass m 1s moving with speed u on the surface. The particle strikes A8 at an angle 6 with
AB. It then strikes BC and rebounds at an angle 8 with BC (see diagram). The coefficient of restitution
between the particle and each barrier 1s ¢ and tan@ = 2,

The kinetic energy of the particle after the first collision is 40% of its kinetic energy before the first
collision.

(a) Find the value of e. (4]

(b) Find the size of angle 3. [4]
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31 - (9231/31_Summer_2022_Q7) = Momentum And Impulse

Particles /” and O are projected in the same vertical plane from a point (7 at the top of a cliff. The
height of the cliff exceeds 50m. Both particles move freely under gravity. Particle P is projected with
speed %ms ' at an angle o above the horizontal, where tana = i Particle O 1s projected with speed
u#ms ' atan angle 3 above the horizontal, where tan 3 = -i Particle ) 1s projected one second after the

projection of particle . The particles collide 7's after the projection of particle O,

(a) Write down expressions. in terms of 7', for the horizontal displacements of 7 and Q from O when
they collide and hence show that 4u7 = 21v/35(7+ 1) [4]
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(b) Find the value of T. [4]
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32 - (9231/32_Winter_2022_Q3) - Momentum And Impulse

One end of a light elastic string, of natural length @ and modulus of elasticity > Mg is attached 1o a
fixed point O. A particle P of mass 4M 15 attached 1o the other end of the string and hangs vertically in
equilibrium. Another particle of mass 2M is attached to 7 and the combined particle is then released

from rest. The speed of the combined particle when it has descended a distance ta is v.

Find an expression for v in terms of g and a. [6]
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33 - (9231/31_Winter_2022_Q4) - Momentum And Impulse
A particle of mass 0.5kg moves along a horizontal straight line. Its velocity is vms ™' at time 7s. jThe
forces acting on the particle are a driving force of magnitude SON and a resistance of magnitude 2v-N
The initial velocity of the particle is 3ms '
(a) Find an expression for v in terms of 1. [7]
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34 - (9231/31_Winter_2022_Q6) - Momentum And Impulse

Two uniform smooth spheres A and B of equal radii have masses m and km respectively. The two
spheres are moving on a horizontal surface with speeds # and %u respectively. Immediately before the
spheres collide, 4 is travelling along the line of centres, and B’s direction of motion makes an angle o
with the line of centres (see diagram). The coefficient of restitution between the spheres is % and
tano = 3

95

1

After the collision, the direction of motion of B is perpendicular to the line of centres.

(a) Find the value of k. [4]
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35 = (9231/32_Winter_2022_Q7) - Momentum And Impulse

Two uniform smooth spheres 4 and B of equal radii have masses m and %m respectively. The two

spheres are moving on a horizontal surface when they collide. Immediately before the collision,
sphere A is travelling with speed # and its direction of motion makes an angle o with the line of centres.
Sphere B is travelling with speed 2u and its direction of motion makes an angle 8 with the line of

centres (see diagram). The coefficient of restitution between the spheres is % and o+ = 90°.

(a) Find the component of the velocity of B parallel to the line of centres after the collision, giving
your answer in terms of » and c. [4]
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The direction of motion of /8 after the collision is parallel to the direction of motion of 4 before the
collision.

(b) Find the value of tanc. [5]
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36 - (9231/31_Summer_2023_Q2) - Momentum And Impulse

A particle P of mass m is moving with speed « on a fixed smooth horizontal surface. It collides at an
angle a with a fixed smooth vertical barrier. After the collision, ” moves at an angle @ with the barrier,

where tan6 = % (see diagram). The coefficient of restitution between P and the barrier is e. The particle
P loses 20% of its kinetic energy as a result of the collision

Find the value of e. [5]
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37 - (9231/33_Summer_2023_Q4) = Momentum And Impulse

Two identical smooth uniform spheres 4 and 5 each have mass m. The two spheres are moving on a
smooth horizontal surface when they collide with speeds u and 2u respectively. Immediately before the
collision, A’s direction of motion makes an angle of 30° with the line of centres, and B’s direction of
motion is perpendicular to the line of centres (see diagram). After the collision, 4 and B are moving in
the same direction. The coefficient of restitution between the spheres is e.

(a) Find the value of e. [5]
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(b) Find the loss in the total kinetic energy of the spheres as a result of the collision. [3]
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38 - (9231/33_Summer_2023_Q7) = Momentum And Impulse

The points (7 and P are on a horizontal plane, a distance 8 m apart. A ball is thrown from O with speed
ums ' at an angle 6 above the horizontal, where tan6 = % At the same instant, a model aircraft is
launched with speed 5ms ' parallel to the horizontal plane from a point 4m vertically above P. The

model aircraft moves in the same vertical plane as the ball and in the same horizontal direction as the
ball. The model aircraft moves horizontally with a constant speed of 5ms . After 7's, the ball and the
model aircraft collide.

(a) Find the value of 7. [6]
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(b) Find the direction in which the ball is moving immediately before the collision. [3]
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39 - (9231/31_Winter_2023_Q1) - Momentum And Impulse

Two uniform smooth spheres 4 and B of equal radii have masses m and 2m respectively. The two spheres
are moving with equal speeds « on a smooth horizontal surface when they collide. Immediately before
the collision, 4’s direction of motion makes an angle of 60° with the line of centres, and B’s direction of
motion makes an angle 8 with the line of centres (see diagram). The coefficient of restitution between
the spheres is e.

After the collision, the component of the velocity of 4 along the line of centres is v and B moves
perpendicular to the line of centres. Sphere 4 now has twice as much kinetic energy as sphere B.

(a) Show that v =Fu(4cos6—1). [1]
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40 - (9231/32_Winter_2023_Q5) - Momentum And Impulse
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A bead of mass m moves on a smooth circular wire, with centre O and radius a, in a vertical plane. The
bead has speed v, when it is at the point A where 04 makes an angle o with the downward vertical
through O, and cosa = % Subsequently the bead has speed v, at the point B, where OB makes an
angle 6 with the upward vertical through O. Angle AORB is a nght angle (see diagram). The reaction of
the wire on the bead at B is in the direction OB and has magnitude equal to % of the magnitude of the

reaction when the bead is at 4.

(b) Giventhatv, = Vkag, find the value of k.

(a) Find, in terms of m and g, the magnitude of the reaction at B.
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1 = (9231/21_Summer_2017_Q5) - Circular Motion

~
e

A particle of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point Q. The point A is such that OA = ¢ and OA makes an angle
o with the upward vertical through O. The particle is held at A and then projected downwards with
speed /(ag) so that it begins to move in a vertical circle with centre . There is a small smooth peg

at the point B which is at the same horizontal level as (@ and at a distance %a from O on the opposite
side of O to A (see diagram).

(i} Show that, when the string first makes contact with the peg, the speed of the particle is
J(ag(l +2cosa)). [2]

The particle now begins to move in a vertical circle with centre B. When the particle is at the point C
where angle CBO = 150°, the tension in the string is the same as it was when the particle was at the

point A.

(ii} Find the value of cos c.
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2 = (9231/23_Summer_2017_Q5) - Circular Motion

A particle of mass m is attached to one end of a light inextensible string of length . The other end of
the string is attached to a fixed point . The particle is moving in complete vertical circles with the
string taut. When the particle is at the point P, where OF makes an angle « with the upward vertical

through O, its speed is u. When the particle is at the point (2, where angle QOFP = 90°, its speed is v

(see diagram). It is given that cos« = %

(i} Show thatv? = u* + 15—4ag. [2]

The tension in the string when the particle is at @ is twice the tension in the string when the particle
is at P.

2

(ii) Obtain another equation relating 12, v?, @ and g, and hence find « in terms of @ and g. [5]
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(iii) Find the least tension in the string during the motion. [3]

J
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3 = (9231/21_Winter_2017_Q1) - Circular Motion

. . . ‘ . . a o y 2
A particle P is moving in a circle of radius 0.8 m. Attime 75 its velocity is (8 —pr+1°)ms ', where p
is a constant. The magnitude of the transverse component of the acceleration of P when ¢ = 2 is zero,
Find the magnitude of the radial component of the acceleration of P when 1 = 2. 4]

o
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4 - (9231/21_Winter_2017_Q11) - Circular Motion, Bivariate Data

Answer only one of the following two alternatives.

EITHER

BI
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A particle P of mass i is free to move on the smooth inner surface of a fixed hollow sphere of radius
a. The centre of the sphere is @. The points A and A’ are on the inner surface of the sphere, on
opposite sides of the vertical through O; the radius OA makes an angle o with the downward vertical
and the radius OA’ makes an angle  with the upward vertical. The point B is on the inner surface of
the sphere, vertically below . The point B’ is on the inner surface of the sphere and such that OB’
makes an angle 2 with the upward vertical through O (see diagram). It is given that cosa = %.
(i} F is projected from A with speed u« along the surface of the sphere downwards towards B.
Subsequently it loses contact with the sphere at A”. Show that u? = %ag(l + 24 cos ). [5]

(ii) P is now projected from B with speed u along the surface of the sphere towards B', Subsequently
it loses contact with the sphere at B'. Find cos f. 6]

(iii) In part (i), the reaction of the sphere on P when it is initially projected at A is R. Find R in terms
of m and g. 3]

A
e N
| P
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OR

A large number of people attended a course to improve the speed of their logical thinking. The times
taken 1o complete a particular type of logic puzzle at the beginning of the course and at the end of
the course are recorded for each person. The time taken, in minutes, at the beginning of the course is
denoted by x and the time taken, in minutes, at the end of the course is denoted by v. FFor a random
sample of 9 people, the results are summarised as follows.

Ix=453 IxX*=245.59 Ey=405 Xy*=195.11 Zxy=218.72

Ken atiended the course, but his time to complete the puzzle ar the beginning of the course was not
recorded. His time 1o complete the puzzle at the end of the course was 4.2 minufes.

(i) By finding. showing all necessary working, the equation of a suitable regression line, find an
estimate for the time that Ken would have taken to complete the puzzle at the beginning of the
course, [5]

The values of x — y for the sample of 9 people are as follows.
02 08 05 1.0 02 06 02 05 08

The organiser of the course believes that, on average, the time taken to complete the puzzle decreases
between the beginning and the end of the course by more than 0.3 minutes.

(ii} Stating suitable hypotheses and assuming a normal distribution, test the organiser’s belief at the
2%% significance level. [©]
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5 - (9231/23_Summer_2018_Q1) - Circular Motion

A particle P is moving in a fixed circle of radius 0.8 m. At time 7s its velocity is ( —7+2)ms™".

Find the magnitudes of the radial and the transverse components of the acceleration of  when 7 = 2.
13]
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6 - (9231/23_Summer_2018_Q5) - Momentum And Impulse, Circular Motion
O a P

/

/ vy(12ag)
/

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point Q. The particle is held with the string taut and horizontal. Tt is
projected downwards with speed /(12ag). At the lowest point of its motion, P collides directly with a
particle Q of mass km which is at rest (see diagram). In the collision, P and Q coalesce. The tension

in the string immediately after the collision is half of its value immediately before the collision. Find
[11]

the possible values of k.
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7 = (9231/21_Summer_2018_Q11) - Circular Motion, Bivariate Data

Answer only one of the following two alternatives.

EITHER

A particle P of mass m is attached to one end of a light inextensible string of length a. The other
end of the string is attached to a fixed point O. The particle is held so that the string is taut, with OP
. - . o . 2 . . .
horizontal. The particle is projected downwards with speed \/ (:ag) and begins to move in a vertical

circle. The string breaks when its tension is equal to '—ng.

(i) Show that the string breaks when OF makes an angle 6 with the downward vertical through O,
where cos 6 = ;:— Find the speed of P at this instant. [6]

(ii) For the subsequent motion after the string breaks. find the distance OF when the particle P is
vertically below O. |6]
OR

The regression line of y on x, obtained from a random sample of 6 pairs of values of x and y, has
equation
y=0.25x+k,

where k is a constant. The values from the sample are shown in the following table.

x| 4 5 7 8 10 14
y 5 8 P 7 P 9

(i) Find the value of p and the value of k. [6]
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(ii) Find the product moment correlation coefficient for the data. 2]

(iii) Test, at the 5% significance level, whether there is evidence of positive correlation between the
variables. [4]
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8 = (9231/22_Winter_2018_Q3) - Circular Motion

A particle of mass m is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point O. The point A is such that OA = a and OA makes an angle «
with the upward vertical, where tana = 12 The particle is projected downwards from A with speed

>

u perpendicular to the string and moves in a vertical plane (see diagram). The string becomes slack
after the string has rotated through 270° from its initial position, with the particle now at the point B.

(i) Show that = 2ag.

(ii) Find the maximum tension in the string as the particle moves from A to B.
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Q - (9231/21_Winter_2018_Q11) - Circular Motion, X2 Test
Answer only one of the following two alternatives.
EITHER
A particle P of mass m is free to move on the smooth inner surface of a fixed hollow sphere of radius
a. The centre of the sphere is O and the point C is on the inner surface of the sphere, vertically below
0. The points A and B on the inner surface of the sphere are the ends of a diameter of the sphere. The
diameter AOB makes an acute angle o with the vertical, where cosa = % with A below the horizontal

level of B. The particle is projected from A with speed u, and moves along the inner surface of the
sphere towards C. The normal reaction forces on the particle at A and C are in the ratio 8 : 9,

(i) Show that «* = dag. [6]

(ii) Determine whether P reaches B without losing contact with the inner surface of the sphere. [6]
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OR

A machine is used to produce metal rods. When the machine is working efficiently, the lengths,
xcm, of the rods have a normal distribution with mean 150 cm and standard deviation |.2cm. The
machine is checked regularly by taking random samples of 200 rods. The latest results are shown in
the following table.

146 <x <147 | 147<x< 148 | 148<x< 149 | 149<x < 150
1 2 23 52

Interval

Observed frequency

150<x<I51 | 151 €x<152 | 152<€<x< 153 | 153 €x< 154
69 36 15 2

As a first check, the sample is used to calculate an estimate for the mean.

(i) Show that an estimate for the mean from this sample is close to 150 cm.

........................................................................................................................................................

As a second check, the results are tested for goodness of fit of the normal distribution with mean
150 cm and standard deviation 1.2 cm. The relevant expected frequencies, found using the normal
distribution function given in the List of Formulae (MF10), are shown in the following table.

Interval x < 147 147<x< 148 | 148<x < 149 | 149<x < 150
Observed frequency | . 23 52
Expected trequency 1.24 8.32 30.94 59.50
150<x <151 | 151 €x<152 | 152<x <153 153 <x
69 36 15 2
59.50 30.94 8.32 1.24

131

(ii) Show how the expected frequency for 151 < .x < 152 is obtained.

(iii) Test, at the 5% significance level, the goodness of fit of the normal distribution to the results.
(7]

==
o

v
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10 - (9231/21_Summer_2019_Q1) - Circular Motion

A particle P moves along an arc of a circle with centre O and radius 2 m. At time ¢ seconds, the angle
POA is 0, where 6 = 1 —cos 2t, and A is a fixed point on the arc of the circle.

(i) Show that the magnitude of the radial component of the acceleration of P when t = érz is 6ms2.
[2]
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11 - (9231/23_Summer_2019_Q2) - Circular Motion

A particle P of mass m is attached to one end of a light inextensible string of length a. The other
end of the string is attached to a fixed point O. The particle P is moving in a complete vertical circle
about Q. The points A and B are on the circle, at opposite ends of a diameter, and such that OA makes
an acute angle « with the upward vertical through O. The speed of P as it passes through A is %./ (ag).
The tension in the string when P is at B is four times the tension in the string when P is at A. )

(i) Show that cosa = %
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12 = (9231/21_Summer_2019_Q11) - Momentum And Impulse, Circular Motion, Inference Using Normal And T-distributions
Answer only one of the following two alternatives.
EITHER

A particle P, of mass m, is able to move in a vertical circle on the smooth inner surface of a sphere
with centre O and radius a. Points A and B are on the inner surface of the sphere and AOB is a
horizontal diameter. Initially, P is projected vertically downwards with speed \/(32—'(12) from A and
begins to move in a vertical circle. At the lowest point of its path, vertically below O, the particle P
collides with a stationary particle Q, of mass 4m, and rebounds. The speed acquired by Q, as a result
of the collision, is just sufficient for it to reach the point B.

(i) Find the speed of P and the speed of Q immediately after their collision. [7]

2017 -2023 71




A-evel Cambridge FURTHER MECHANICS -P3 CH14 - Circular motion

In its subsequent motion, P loses contact with the inner surface of the sphere at the point D, where
the angle between OD and the upward vertical through O is 8.

(ii) Find cos 6. [5]
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OR

A farmer grows two different types of cherries, Type A and Type B. He assumes that the masses of
each type are normally distributed. He chooses a random sample of 8 cherries of Type A. He finds
that the sample mean mass is 15.1 g and that a 95% confidence interval for the population mean mass,
ng. is 13.5<u<16.7.

(i) Find an unbiased estimate for the population variance of the masses of cherries of Type A.  [3]

The farmer now chooses a random sample of 6 cherries of Type B and records their masses as follows.

12.2 13.3 16.4 14.0 13.9 154

(ii) Test at the 5% significance level whether the mean mass of cherries of Type B is less than the
mean mass of cherries of Type A. You should assume that the population variances for the two
types of cherry are equal. 9]
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13 - (9231/21_Winter_2019_Q1) - Circular Motion

- - . - v - - . . . . 2
A particle P is moving circle of radius 2 m. . e 1 se s, its velocity is (7 - 5= ;
A particle P is moving in a circle of radius 2 m. At time ¢ seconds. its velocity is (f — 1)>ms™'. Ata
particular time 7 seconds, where T > 0, the magnitude of the radial component of the acceleration of
. - = . . - ~ . - . .
Pis 8ms . Find the magnitude of the transverse component of the acceleration of P at this instant,
151

o
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14 - (9231/21_Winter_2019_Q4) - Circular Motion

A particle P of mass m1 1s attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point @ and P is held with the string taut and horizontal. The particle
P is projected vertically downwards with speed /(2ag) so that it begins to move along a circular path.
The string becomes slack when OP makes an angle 6 with the upward vertical through O.

(i) Show that cos 8 = % [5]

(ii) Find the greatest height, above the horizontal through O. reached by P in its subsequent motion.
(4]
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15 = (9231/33_Summer_2020_Q1) - Circular Motion
A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O on a smooth horizontal plane. The particle P moves in

horizontal circles about (2, The tension in the string is 4mg.

Find, in terms of @ and g. the time that / takes to make one complete revolution. [2]
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16 = (9231/31_Summer_2020_Q2) - Circular Motion

A light inextensible string of length a is threaded through a fixed smooth ring R. One end of the string
is attached to a particle 4 of mass 3m. The other end of the string is attached to a particle B of mass m.
The particle 4 hangs in equilibrium at a distance x vertically below the ring. The angle between AR and

BR is O (see diagram). The particle B moves in a horizontal circle with constant angular speed 2\/%.

Show that cos6 = |1 and find x in terms of a. [5]
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17 = (9231/33_Summer_2020_Q3) - Circular Motion

A particle O of mass m is attached 1o a fixed point @ by a light inextensible string of length a. The
particle moves in complete vertical circles about (2. The points 4 and B are on the path of Q with 4B a
diameter of the circle. 04 makes an angle of 60° with the downward vertical through () and OB makes
an angle of 60% with the upward vertical through (). The speed of ¢ when itis at A4 is 2y/ag.

Given that 7, and 7', are the tensions in the string at 4 and 8 respectively. find the ratio 7,: 7. [6]
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18 = (9231/31_Summer_2020_Q7) - Circular Motion

A hollow cylinder of radius a is fixed with its axis horizontal. A particle £. of mass m. moves in part
of a vertical circle of radius a and centre O on the smooth inner surface of the cylinder. The speed of P
when it is at the lowest point A4 of its motion is 1/ 5ga.

The particle P loses contact with the surface of the cylinder when OP makes an angle 0 with the upward
vertical through O.

(a) Show that 6 = 60°. [5]

(b) Show that in its subsequent motion P strikes the cylinder at the point A. [5]
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19 - (9231/32_Winter_2020_Q1) - Circular Motion

A fixed smooth solid sphere has centre O and radius a. A particle of mass m 1s projected downwards
with speed \/5,: from the point A on the surface of the sphere, where 04 makes an angle o with the
upward vertical through O (see diagram). The particle moves in part of a vertical circle on the surface
of the sphere. It loses contact with the sphere at the point B, where OB makes an angle  with the
upward vertical through O.

Given that cosa = 2, find the value of cos 3. [5]
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20 = (9231/31_Winter_2020_Q2) - Circular Motion
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A particle P is attached to one end of a light inextensible string of length a. The other end of the string
is attached to a fixed point Q. The particle P is held with the string taut and making an angle 6 with the

downward vertical, 1_‘he pgrticle P is_then projected with speed %4 Sag perpendicular to the string and
just completes a vertical circle (see diagram).

Find the value of cos6.

[5]

2017 -2023

82




A-evel Cambridge FURTHER MECHANICS -P3 CH14 - Circular motion

21 - (9231/31_Winter_2020_Q3) - Circular Motion

One end of a light elastic string, of natural length ¢ and modulus of elasticity 4myg, is attached to a
fixed point (. The other end of the string is attached to a particle of mass m. The particle moves in

a horizontal circle with a constant angular speed \/% with the string inclined at an angle 6 to the
downward vertical through O. The length of the string during this motion is (k+1)a.

(a) Find the value of k. [4]

2017 -2023 83




A-evel Cambridge FURTHER MECHANICS -P3 CH14 - Circular motion

22 = (9231/31_Summer_2021_Q2) - Circular Motion

A hollow hemispherical bowl of radius @ has a smooth inner surface and is fixed with its axis vertical
A particle P of mass m moves in honzontal circles on the inner surface of the bowl, at a height x above

the lowest point of the bowl. The speed of P 1s \/:'fgtr.

Find x in terms of a [6]

2017 -2023 84




A-evel Cambridge FURTHER MECHANICS -P3 CH14 - Circular motion

23 = (9231/33_Summer_2021_Q3) - Circular Motion

Particles A and B, of masses 3m and m respectively, are connected by a light inextensible string of
length a that passes through a fixed smooth ring 2 Particle B hangs in equilibrium vertically below the
ring. Particle 4 moves in horizontal circles on a smooth horizontal surface with speed = Jg—z The angle
between AR and BR is 0 (see diagram). The normal reaction between A and the surface is Tms,'

(a) Find cos®. (3]

(b) Find, in terms of @, the distance of B below the ring. [3]
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24 - (9231/33_Summer_2021_Q4) - Circular Motion

A particle of mass m is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point O. The particle is mitially held with the string taut at the point 4,
where 04 makes an angle 6 with the downward vertical through O. The particle is then projected with
speed u perpendicular to 04 and begins to move upwards in part of a vertical circle, The string goes
slack when the particle 1s at the point B where angle AOB 1s a right angle. The speed of the particle
when it 1s at B is %u (see diagram).

Find the tension in the string at A, giving your answer in terms of m and g. [8]
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25 = (9231/31_Summer_2021_Q5) - Circular Motion

A particle /! of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point . The particle completes vertical circles with centre . The
points A and B are on the path of P, both on the same side of the vertical through (). (24 makes an angle
6 with the downward vertical through ) and OB makes an angle @ with the upward vertical through O

The speed of P when it s at A is w and the speed of P when 1t is at B is y/ag. The tensions in the string
at A and B are T, and 7' respectively. It 1s given that T, =77,

Find the value of 8 and find an expression for 1 1n terms of a and g. |8]
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26 = (9231/32_Winter_2021_Q3) - Circular Motion

-
-

- -
________

Particles 4 and B, of masses m and 3m respectively, are connected by a light inextensible string of
length a that passes through a fixed smooth ring R. Particle 5 hangs in equilibrium vertically below the
ring. Particle 4 moves in horizontal circles with speed v. Particles 4 and 3 are at the same horizontal
level. The angle between AR and BR is 6 (see diagram).

(a) Show that cos@ = 1. [2]
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27 = (9231/31_Winter_2021_Q6) = Circular Motion

A particle P, of mass m, is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle P moves in complete vertical circles about ()
with the string taut. The points 4 and B are on the path of P with 4B a diameter of the circle. 4 makes
an angle @ with the downward vertical through O and (B makes an angle 8 with the upward vertical

through (J, The speed of P when itis at 4 is y/5ag
The ratio of the tension in the string when F 1s at A to the tension in the string when Pisat Bi1s9 - 5.

(a) Find the value of cos6. [6]

(b) Find, in terms of @ and g, the greatest speed of /” during its motion. [2]

2017 -2023 89




A-evel Cambridge FURTHER MECHANICS -P3 CH14 - Circular motion

28 = (9231/31_Summer_2022_Q2) - Circular Motion
One end of a light inextensible string of length a 1s attached to a fixed point (. A particle of mass m 1s
attached to the other end of the string. The particle 1s held at the point 4 with the string taut. The angle
between A4 and the downward vertical i1s equal to o, where cosa = ;' The particle 1s projected from A,

perpendicular to the string in an upwards direction, with a speed /3ga. It then moves along a circular
path in a vertical plane. The string first goes slack when i1t makes an angle 6 with the upward vertical
through .

Find the value of cos @ [5]
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29 - (9231/33_Summer_2022_Q4) - Circular Motion

One end of a light inextensible string of length « is attached to a fixed point O. A particle of mass m
1s attached to the other end of the string and is held with the string taut at the point A At A the string
makes an angle 8 with the upward vertical through O, The particle is projected perpendicular to the
string in a downward direction from 4 with a speed u. It moves along a circular path in the vertical
plane.

When the string makes an angle o with the downward vertical through O, the speed of the particle 1s 2u
and the magnitude of the tension in the string 1s 10 times its magnitude at A.

It is given that w = \/%ga

(a) Find, in terms of m and g, the magnitude of the tension in the string at 4 [6]

(b) Find the value of cosa. [2]
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30 - (9231/31_Summer_2022_Q5) - Circular Motion

A light inextensible string 4B passes through two small holes (" and /2 in a smooth horizontal table
where AC = 3a and DB = a. A particle of mass m 1s attached at the end 4 and moves in a horizontal

circle with angular velocity @. A particle of mass %m 1s attached to the end B and moves in a horizontal

circle with angular velocity k. AC makes an angle 6 with the downward vertical and DB makes an
angle @ with the horizontal (see diagram)

Find the value of k. [7]
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31 - (9231/31_Winter_2022_Q1) = Circular Motion

A particle of mass 2 kg 1s attached to one end of a light inextensible string of length 0.6m. The other
end of the string is attached fo a fixed point on a smooth honzontal surface The particle 1s moving in a

circular path on the surface. The tension in the string 15 20N

[3]

Find how many revolutions the particle makes per minute.
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32 - (9231/32_Winter_2022_Q1) - Circular Motion

A particle / of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The string is held taut with (P making an angle o with the
downward vertical, where coso = z The particle P i1s projected perpendicular to OF in an upwards
direction with speed /3ag . It then starts to move along a circular path in a vertical plane.

Find the cosine of the angle between the string and the upward vertical when the string first becomes

(4]

slack
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33 - (9231/33_Winter_2022_Q5) - Circular Motion

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point (). The string is held taut with OP horizontal. The particle P

1s projected vertically downwards with speed 1/%ag and starts to move in a vertical circle. P passes
through the lowest point of the circle and reaches the point O where O(Q makes an angle 8 with the
downward vertical. At O the speed of P is y'kag and the tension in the string is %mg,

(a) Find the value of k and the value of cos 6. [4]
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At O the particle P becomes detached from the string.

(b) In the subsequent motion, find the greatest height reached by P above the level of the lowest point
of the circle. [4]
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34 - (9231/31_Summer_2023_Q3) = Circular Motion, Further Work On Distributions

A particle P of mass m 1s attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle P is held at the point A, where 04 makes an
angle 6 with the downward vertical through O, and with the string taut. The particle P is projected
perpendicular to OA in an upwards direction with speed w. It then starts to move along a circular path
in a vertical plane. The string goes slack when P is at B, where angle AOB 1s 90° and the speed of

Pis —\/%ag.
(a) Find the value of sin6, [2]
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35 = (9231/31_Summer_2023_Q5) - Circular Motion, Further Work On Distributions

A light elastic string of natural length @ and modulus of elasticity Amg has one end attached to a fixed
point O on a smooth horizontal surface. When a particle of mass m 1s attached to the free end of the
string, it moves with speed v in a horizontal circle with centre ¢ and radius x. When, instead, a particle

of mass 2m 1s attached to the free end of the string, this particle moves with speed %v in a horizontal
circle with centre () and radius %x.

(a) Find x in terms of a. [5]
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(b) Given that v = 4/12ag, find the value of A. [2]
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36 - (9231/31_Summer_2023_Q7) - Circular Motion, Further Work On Distributions

At time s, a particle P is projected with speed 40ms ' at an angle 6 above the horizontal from a
point (J on a horizontal plane and moves freely under gravity. The greatest height achieved by P during
its flight 1s # m and the corresponding time 1s 7's.

(a) Obtain expressions for A and 7"in terms of 6. [2]

During the time between r = 7" and # = 3, P descends a distance %H .

(b) Find the value of 6. [4]
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(¢) Find the speed of P when ¢ = 3. [3]
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37 - (9231/33_Summer_2023_Q1) - Circular Motion, Simple Harmonic Motion, Hook's Law

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string 1s attached to a fixed pomt 0. The particle # 1s held at the point A4, where O4 makes an
angle o with the downward vertical through O, and with the string taut. The particle P is projected
perpendicular to ()4 in an upwards direction with speed /3ag. It then starts to move along a circular
path 1n a vertical plane. The string goes slack when 7 is at B, where OB makes an angle 8 with the
upward vertical

Gaven that cosa = 4, find the value of cos 4
b
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38 - (9231/33_Summer_2023_Q2) - Circular Motion, Further Work On Distributions

One end of a light elastic string, of natural length a and modulus of elasticity Amg. is attached to a
fixed point (). The string lies on a smooth horizontal surface. A particle P of mass m 1s attached to the
other end of the string. The particle /” is projected in the direction OF. When the length of the string is

%u. the speed of P is y2ag. When the length of the string 1s iu. the speed of P is +/2ag.

>

Find the value of A. (4]
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39 - (9231/33_Summer_2023_Q5) - Circular Motion

One end of a light elastic string, of natural length 124 and modulus of elasticity kmg, is attached to
a fixed point O. The other end of the string is attached to a particle of mass m. The particle moves

with constant speed %\/ 3ag n a horizontal circle with centre at a distance 12a below Q. The string is
inclined at an angle 6 to the downward vertical through O.

(a) Find, in terms of a, the extension of the string. [5]
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(b) Find the value of &. [3]
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40 = (9231/32_Winter_2023_Q1) - Circular Motion

One end of a light inextensible string of length a is attached to a fixed point (). The other end of the
string 1s attached to a particle of mass m. The string 1s taut and makes an angle 6 with the downward
vertical through O. where cos@ = 5. The particle moves in a horizontal circle with speed v.

Findvintermsof a and g [4]
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41 - (9231/32_Winter_2023_Q3) - Circular Motion

A %a C

A uniform lamina is in the form of an isosceles triangle ABC in which 4C = 2a and angle ABC = 90°.
The point D on AB 1s such that the ratio DB:AB = 1: k. The point £ on CB is such that DE is parallel to
AC. The triangle DBE 1s removed from the lamina (see diagram).

(a) Find, in terms of &, the distance of the centre of mass of the remaining lamina ADEC from the
midpoint of AC. (4]

When the lamina ADEC is freely Sl:SpCl‘lded from the vertex A, the edge AC" makes an angle 6 with the
downward vertical, where tan@ = ¢

(b) Find the value of . [3]
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42 - (9231/33_Winter_2023_Q4) - Circular Motion

B

A light elastic string has natural length 8a and modulus of elasticity Smg. A particle /” of mass m is
attached to the midpoint of the string. The ends of the string are attached to points 4 and B which
are a distance |12a apart on a smooth horizontal table. The particle P is held on the table so that
AP = BP = L (see diagram). The particle P is released from rest. When P is at the midpoint of AB it has

speed v/80ag.

(a) Find L in terms of a. [5]

(b) Find the ininal acceleration of /7 in terms of g. [3]
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1 = (9231/21_Summer_2017_Q2) - Equilibrium Of A Rigid Body Under Coplanar Forces

B
(,30'
A
a
E %a D

A uniform smooth disc with centre O and radius « is fixed at the point D) on a horizontal surface. A
uniform rod of length 3a and weight W rests on the disc with its end A in contact with a rough vertical
wall. The rod and the disc lie in a vertical plane that is perpendicular to the wall. The wall meets the

horizontal surface at the point £ such that AE = ¢ and ED = %a. A particle of weight kW is hung

from the rod at B (see diagram). The coeflicient of friction between the rod and the wall is % and the
system is in limiting equilibrium. Find the value of . [&]

9
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2 = (9231/23_Summer_2017_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform rod AB of length 3a and weight W is freely hinged to a fixed point at the end A. The end
B is below the level of A and is attached to one end of a light elastic string of natural length 4a. The
other end of the string is attached to a point O on a vertical wall. The horizontal distance between A
and the wall is 5a. The string and the rod make angles 6 and 28 respectively with the horizontal (see
diagram). The system is in equilibrium with the rod and the string in the same vertical plane. It is
given that sin 0 = % and you may use the fact that cos 28 = %

(i) Find the tension in the string in terms of W. [3]

9
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(il) Find the modulus of elasticity of the string in terms of W. [4]
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3 = (9231/21_Winter_2017_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A small ring P of weight W is free to slide on a rough horizontal wire, one end of which is attached to
a vertical wall at . The end A of a thin uniform rod AB of length 2a and weight %W is freely hinged
to the wall at the point A which is a distance a vertically below Q. A light elastic string of natural
length 2a has one end attached to the ring P and the other end attached to the rod at B. The string is at
right angles to the rod and A, B, P and Q lie in a vertical plane. The system is in limiting equilibrium
with AB making an angle 8 with the horizontal, where sin 8 = % (see diagram).

(i) Find the tension in the string in terms of W. [2]
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(iv) Find the modulus of elasticity of the string in terms of W. [3]

J
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4 = (9231/21_Summer_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform rod AB has length 2a and weight W. The end A rests on rough horizontal ground and the
end B rests against a smooth vertical wall. The rod is in a vertical plane that is perpendicular to the
wall. The angle between the rod and the horizontal is 8. A particle of weight SW hangs from the rod
at the point C, with AC = xa, where 0 < x < 1.

W(Sx+1)

(i) By taking moments about A, show that the magnitude of the normal reaction at B is Stand
21ta
(31

The particle of weight SW is now moved a distance @ up the rod, so that AC = (x + 1)a. This results
in the magnitude of the normal reaction at B being double its previous value. The system remains in
equilibrium with the rod at angle 6 with the horizontal.

(ii) Show that x = % [3]

The coefficient of friction between the rod and the ground is =;

(iii) Given that the rod is about to slip when the particle of weight SW is in its second position, find
the value of tan 6. (5]

T
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5 - (9231/23_Summer_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform rod AB has length 2a and weight W. The end A rests on rough horizontal ground and the

end B rests against a smooth vertical wall. The angle between the rod and the horizontal is 6, where

tan @ = % One end of a light inextensible rope is attached to a point C on the rod. The other end

is attached to a point where the vertical wall and the horizontal ground meet. The rope is taut and

perpendicular to the rod. The rope and rod are in a vertical plane perpendicular to the wall.
(i) Show that AC = %—%a.

The magnitude of the frictional force at A is equal to one quarter of the magnitude of the normal
reaction force at A.

(ii) Show that the tension in the rope is }W. [6]

(iii) Find expressions, in terms of W, for the magnitudes of the normal reaction forces at A and B.
12]
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6 - (9231/21_Winter_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform rod AB of length 4a and weight W is smoothly hinged to a vertical wall at the end A. The
rod is held at an angle 8 above the horizontal by a light elastic string. One end of the string is attached
10 the point C on the rod, where AC = 3a. The other end of the string is attached to a point D on the
wall. with D vertically above A and such that angle ACD = 26. A particle of weight 2W is attached

to the rod at B. It is given that tan 8 = %

(i) Show that the tension in the string is %W. 4]
(ii) Find the magnitude and direction of the reaction at the hinge. [5]
(iii) Given that the natural length of the string is 2a, find its modulus of elasticity. [2]
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7 = (9231/22_Winter_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A

A uniform rod AB of length 2a and weight W rests against a smooth horizontal peg at a point C on
the rod, where AC = x. The lower end A of the rod rests on rough horizontal ground. The rod is
in equilibrium inclined at an angle of 45° to the horizontal (see diagram). The coefficient of friction
between the rod and the ground is y. The rod is about to slip at A.

(i) Find an expression for x in terms of @ and p. 15]
(ii) Hence show that u > {- 2]

(iii) Given that x = %a. find the value of u and the magnitude of the resultant force on the rod at A.
[4]

T
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8 = (9231/21_Summer_2019_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform rod AB of length 4a and weight W rests with the end A in contact with a rough vertical
wall. A light inextensible string of length g—a has one end attached to the point C on the rod, where
AC = %a. The other end of the string is attached to a point D on the wall. vertically above A. The
vertical plane containing the rod AB is perpendicular to the wall. The angle between the rod and the
wall is 8, where tan 0 = 2 (see diagram). The end A of the rod is on the point of slipping down the
wall and the coefficient of friction between the rod and the wall is y.

Find, in either order, the tension in the string and the value of p. [10]
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Q - (9231/23_Summer_2019_Q5) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform rod AB of length 2x and weight W rests on the smooth rim of a fixed hemispherical bowl of
radius a. The end B of the rod is in contact with the rough inner surface of the bowl. The coefficient
of friction between the rod and the bowl at B is % A particle of weight %W is attached to the end A
of the rod. The end B is about to slip upwards when AB is inclined at an angle 8 to the horizontal,
where tan 8 = % (see diagram).

(i) By resolving parallel to the rod. show that the normal component of the reaction of the bowl on
the rod at B is 2W. [5])
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(ii) Find, in terms of W, the reaction between the rod and the smooth rim of the bowl. [4]
(iii) Find x in terms of a. [3]
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10 = (9231/21_Winter_2019_Q2) - Equilibrium Of A Rigid Body Under Coplanar Forces

D

A uniform square lamina ABCD of side 4a and weight W rests in a vertical plane with the edge AB
inclined at an angle 6 to the horizontal, where tan 6 = {- The vertex B is in contact with a rough
horizontal surface for which the coefficient of friction is g. The lamina is supported by a smooth peg

at the point £ on AB, where BE = 3a (see diagram).

(i) Find expressions in terms of W for the normal reaction forces at E and B. [5]

(ii) Given that the lamina is about to slip, find the value of u. [3]
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11 - (9231/31_Summer_2020_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

B A

D

A uniform square lamina ABCD has sides of length 10cm. The point £ is on BC with EC = 7.5¢cm,
and the point F'is on DC with CF = xcm. The triangle EFC is removed from ABCD (see diagram).
The centre of mass of the resulting shape ABEFD is a distance ¥ cm from CB and a distance ¥ cm
from CD.

(a) Show that ¥ = 4?(())0?—3_\:;' and find a corresponding expression for y. [4]

The shape ABEFD is in equilibrium in a vertical plane with the edge DF resting on a smooth horizontal
surface.

(b) Find the greatest possible value of x, giving your answer in the form a+ hy2, where a and b are
constants to be determined. [3]
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12 = (9231/33_Summer_2020_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform solid circular cone. of vertical height 4» and radius 2r. is attached to a uniform solid cylinder,
of height 3r and radius k», where & is a constant less than 2. The base of the cone is joined to one of the
circular faces of the cylinder so that the axes of symmetry of the two solids coincide (see diagram). The
cone and the cylinder are made of the same material.

(a) Show that the distance of the centre of mass of the combined solid from the vertex of the cone is
e |

(994~ +96)r 4]

18k*+32

The point €' is on the circumference of the base of the cone. When the combined solid is freely

suspended from C and hanging in equilibrium, the diameter through ¢ makes an angle « with the

: |
downward vertical, where tana = ¢.

(b) Given that the centre of mass of the combined solid is within the cylinder, find the value of k. [4]
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13 = (9231/32_Winter_2020_Q3) - Equilibrium Of A Rigid Body Under Coplanar Forces

An object consists of a uniform solid circular cone, of vertical height 4» and radius 37, and a uniform
solid cylinder, of height 47 and radius 3r. The circular base of the cone and one of the circular faces of
the cylinder are joined together so that they coincide. The cone and the cylinder are made of the same

matenial.

(a) Find the distance of the centre of mass of the object from the end of the cylinder that is not attached
to the cone [4]

(b) Show that the object can rest in equilibrium wath the curved surface of the cone in contact with a

[3]

horizontal surface
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14 - (9231/33_Winter_2020_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A & B

The diagram shows the cross-section ABCT) of a uniform solid object which is formed by removing a

cone with cross-section 2C/ from the top of a larger cone with cross-section ABF. The perpendicular
distance between AB and DC 1s h, the diameter AB 1s 67 and the diameter ) is 2r.

(a) Find an expression, in terms of A, for the distance of the centre of mass of the solid object from AB.

(4]
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The object is freely suspended from the point B and hangs in equilibrium. The angle between AB and
the downward vertical through B 1s 6

(b) Given that h = ’7/ find the value of tan@ [2]

o
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15 = (9231/33_Summer_2021_Q1) - Equilibrium Of A Rigid Body Under Coplanar Forces

16a

A uniform lamina ABCD consists of two isosceles triangles ABD and BCD. The diagonals of ABCD
meet at the point (. The length of AO is 3a, the length of OC is 6a and the length of BID is 16a (see

diagram).

Find the distance of the centre of mass of the lamina from DB.

3]
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16 = (9231/31_Summer_2021_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

kh

h

=~

A uniform solid circular cone has vertical height k4 and radius ». A uniform solid cylinder has height /4
and radius r. The base of the cone 1s joined to one of the circular faces of the cylinder so that the axes
of symmetry of the two solids coincide (see diagram, which shows a cross-section). The cone and the
cylinder are made of the same material.

(a) Show that the distance of the centre of mass of the combined solid from the base of the cylinder
h(k* +4k+ 6) 4
G+H %)

The solid 1s placed on a plane that is inclined to the horizontal at an angle 6. The base of the cylinder is
in contact with the plane. The plane is sufficiently rough to prevent sliding. It is given that 34 = 2r and
that the solid is on the point of toppling when tan® = %

(b) Find the value of k (3]
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17 = (9231/31_Winter_2021_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A

A uniform lamina AECF is formed by removing two identical triangles BCE and CDF from a square
lamina ABCD. The square has side 3a and LB = DI" = h (see diagram).

(a) Find the distance of the centre of mass of the lamina AECK from AD and from 4B, giving your
answers in terms of @ and A. [5]

The lamina AECF is placed vertically on its edge AE on a horizontal plane.

(b) Find. in terms of a, the set of values of & for which the lamina remains in equilibrium. 3]
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18 = (9231/32_Winter_2021_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A
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3-fEemesy

An object is formed by removing a solid cylinder, of height ka and radius %a, from a uniform solid
hemisphere of radius a. The axes of symmetry of the hemisphere and the cylinder coincide and one
circular face of the cylinder coincides with the plane face of the hemisphere. AB i1s a diameter of the
circular face of the hemisphere (see diagram).

. : _ 3a(2—kK
(a) Show that the distance of the centre of mass of the object from 4B is ;I((TV\)) [4]

When the object is freely suspended from the point A, the line AB makes an angle 8 with the downward
vertical, where tan@ = ,—]\

(b) Find the possible values of k. [3]
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19 - (9231/33_Summer_2022_Q1) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform lamina OABC 1s a trapezium whose vertices can be represented by coordinates in the x-y
plane. The coordinates of the vertices are (2(0,0), A(15,0), B(9.4) and ('(3,4)

Find the x-coordinate of the centre of mass of the lamina. (4]

o
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20 = (9231/31_Summer_2022_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

An object is composed of a hemispherical shell of radius 2a attached to a closed hollow circular
cyhinder of height / and base radius a. The hemispherical shell and the hollow cylinder are made of the

same uniform material. The axes of symmetry of the shell and the cylinder coincide. AB 1s a diameter
of the lower end of the cylinder (see diagram).
(a) Find, in terms of @ and A, an expression for the distance of the centre of mass of the object from AB.
(4]
The object is placed on a rough plane which 1s inclined to the horizontal at an angle 0, where tan@ = %
of

The object 1s 1n equihbrium with AB in contact with the plane and lying along a line of greatest slope
[4]

the plane
(b) Find the set of possible values of A, in terms of a.

134
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21 = (9231/33_Summer_2022_Q7) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform cylinder with a rough surface and of radius a is fixed with its axis horizontal. Two 1dentical
uniform rods A8 and BC, each of weight ¥ and length 2a, are rigidly joined at B with AB perpendicular
to BC. The rods rest on the cylinder in a vertical plane perpendicular to the axis of the cylinder with
AB at an angle 6 to the horizontal. D and E are the midpoints of AB and BC respectively and also the
points of contact of the rods with the cylinder (see diagram). The rods are about to slip in a clockwise
direction. The coefficient of friction between each rod and the cylinder is 4.

The normal reaction between 48 and the cylinder is R and the normal reaction between BC and the
cylinderis V.

(a) Find the ratio R : N in terms of u. [6]

(b) Given that y = l‘ find the value of tan®. [3]
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22 = (9231/32_Winter_2022_Q2) - Equilibrium Of A Rigid Body Under Coplanar Forces

A

D 28

- |
6a

A uniform lamina is in the form of a triangle ABC in which angle B is a right angle, 4B = 9a and
BC = 6a. The point D is on BC such that BD = x (see diagram). The region ABD is removed from the
lamina. The resulting shape ADC is placed wath the edge DC on a horizontal surface and the plane ADC
1s vertical.

Find the set of values of x, in terms of . for which the shape is in equilibrium. [6]
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23 = (9231/31_Winter_2022_Q3) - Equilibrium Of A Rigid Body Under Coplanar Forces

A smooth cylinder is fixed to a rough horizontal surface with its axis of symmetry horizontal. A uniform
rod AB, of length 4a and weight ¥, rests against the surface of the cylinder. The end 4 of the rod is in
contact with the horizontal surface. The vertical plane containing the rod AB is perpendicular to the
axis of the cylinder. The point of contact between the rod and the cylinder is C, where AC = 3a. The

angle between the rod and the horizontal surface is @ where tan@ = I) (see diagram). The coefficient of
friction between the rod and the horizontal surface 1s %.

A particle of weight k¥ is attached to the rod at 8. The rod is about to slip. The normal reaction between
the rod and the cylinder is V.

(a) Show that N = =W (1+2k). [2]
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(b) Find the value of k. [5]
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24 = (9231/31_Winter_2023_Q3) - Equilibrium Of A Rigid Body Under Coplanar Forces

A uniform square lamina of side 2a and weight W is suspended from a light inextensible string attached
to the midpoint % of the side AB. The other end of the string is attached to a fixed point / on a rough
vertical wall. The vertex B of the lamina is in contact with the wall. The string P 1s perpendicular
to the side A8 and makes an angle € with the wall (see diagram). The string and the lamina are in
a vertical plane perpendicular to the wall. The coefficient of friction between the wall and the

lamina is .

Given that the vertex B is about to slip up the wall, find the value of tan6.

(8]
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25 = (9231/32_Winter_2023_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

d

m m

—

Two smooth vertical walls meet at right angles. The smooth sphere 4, with mass m, is at rest on a
smooth horizontal surface and is at a distance d from each wall. An identical smooth sphere B is moving
on the horizontal surface with speed « at an angle 6 with the line of centres when the spheres collide
(see diagram). After the collision, the spheres take the same time to reach a wall. The coefficient of
restitution between the spheres is %

(a) Find the value of tan®. [4]

(b) Find the percentage loss in the total kinetic energy of the spheres as a result of this collision.  [3]
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26 = (9231/32_Winter_2023_Q7) - Equilibrium Of A Rigid Body Under Coplanar Forces

Sa

A particle P of mass m is attached to one end of a light rod of length 3a. The other end of the rod is
able to pivot smoothly about the fixed point A. The particle is also attached to one end of a light spring
of natural length @ and modulus of elasticity kmg. The other end of the spring is attached to a fixed
point B. The points A and B are in a horizontal line, a distance 5a apart, and these two points and the
rod are in a vertical plane.

Initially, P 1s held in equilibrium by a vertical force /" with the stretched length of the spring equal to 4a
(see diagram). The particle 1s released from rest in this position and has a speed of %\/ 2ag when the rod
becomes horizontal,

(a) Find the value of k. [5]
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{(b) Find Fin terms of m and g. [2]
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1 = (9231/23_Summer_2017_Q1) - Rotation Of A Rigid Body

the string in terms of m and g.

A uniform disc with centre (0, mass #m and radius a is free to rotate without resistance in a vertical
plane about a horizontal axis through ©. One end of a light inextensible string is attached to the rim
of the disc and wrapped around the rim. The other end of the string is attached to a block of mass 3m
(see diagram). The system is released from rest with the block hanging vertically. While the block is
in motion, it experiences a constant vertical resisting force of magnitude 0.9mg. Find the tension in

[5]

A
e N
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2 = (9231/21_Summer_2017_Q4) - Rotation Of A Rigid Body

Three identical uniform discs, A, B and C, each have mass »# and radius a. They are joined together
by uniform rods, each of which has mass %m and length 24. The discs lie in the same plane and their
centres form the vertices of an equilateral triangle of side 4a. Each rod has one end rigidly attached
to the circumference of a disc and the other end rigidly attached to the circumference of an adjacent

disc, so that the rod lies along the line joining the centres of the two discs (see diagram).

(i} Find the moment of inertia of this object about an axis /, which is perpendicular to the plane of
the object and through the centre of disc A. [6]

The object is free to rotate about the horizontal axis L. It is released from rest in the position shown,
with the centre of disc B vertically above the centre of disc A.

(ii) Write down the change in the vertical position of the centre of mass of the object when the centre
of disc B is vertically below the centre of disc A. Hence find the angular velocity of the object
when the centre of disc B is vertically below the centre of disc A. [4]

J
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3 - (9231/23_Summer_2017_Q11) - Rotation Of A Rigid Body, Bivariate Data

Answer only one of the following two alternatives.

EITHER

3a

The diagram shows a uniform thin rod AB of length 3¢ and mass &m. The end A is rigidly attached
to the surface of a sphere with centre O and radius a. The rod is perpendicular to the surface of the
sphere. The sphere consists of two parts: an inner uniform solid sphere of mass %m and radius a
surrounded by a thin uniform spherical shell of mass m and also of radius @. The horizontal axis [ is
perpendicular to the rod and passes through the point C on the rod where AC = a.

(i) Show that the moment of inertia of the object, consisting of rod, shell and inner sphere, about

the axis [ is %ma@. [6]

The object is free to rotate about the axis /. The object is held so that CA makes an angle a with the
downward vertical and is released from rest.

(ii} Giventhatcoso = %, find the greatest speed achieved by the centre of the sphere in the subsequent
motion. [6]

OR

The times taken to run 200 metres at the beginning of the year and at the end of the year are recorded
for each member of a large athletics club. The time taken, in seconds, at the beginning of the year
is denoted by x and the time taken, in seconds, at the end of the year is denoted by y. For a random
sample of § members, the results are shown in the following table.

Member A B C D E F G H
X 24.2 23.8 22.8 25.1 24.5 24.0 23.8 22.8
y 23.9 23.6 22.8 24.5 24.2 23.5 23.6 227

[Zx =191, Xx?=4564.46, Xy=188.8, Xy?=44584, Xxy=4510.99.]

(i) Find, showing all necessary working, the equation of the regression line of y on x. [4]

P
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The athletics coach believes that, on average, the time taken by an athlete to run 200 metres decreases
between the beginning and the end of the year by more than (1.2 seconds.

(ii) Stating suitable hypotheses and assuming a normal distribution, test the coach’s belief at the 10%
significance level. (8]
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4 - (9231/21_Winter_2017_Q5) - Rotation Of A Rigid Body

D C

A uniform picture frame of mass m is made by removing a rectangular lamina EFGH in which
EF =4aand FG = 2a from a larger rectangular lamina ABCID in which AB = 6a and BC = 4a. The
side EF is parallel to the side AB. The point of intersection of the diagonals AC and BD coincides
with the point of intersection of the diagonals F'G and FH. One end of a light inextensible siring
of length 10« is attached to A and the other end is attached to B. The frame is suspended from the
mid-point O of the string. A small object of mass %m is fixed to the mid-point of AB (see diagram).

(i) Show that the moment of inertia of the system, consisting of frame and small object, about an

axis through O perpendicular to the plane of the frame, is gﬂmaz. [7]

(ii) Show that small oscillations of the system about this axis are approximately simple harmonic
and state their period. [5]

A _
e N
| P o
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5 - (9231/21_Summer_2018_Q5) - Rotation Of A Rigid Body

Axis [

Three thin uniform rings A, B and C are joined together, so that each ring is in contact with each of
the other two rings. Ring A has radius 2a and mass 3M: rings B and C each have radius 3a and mass
2M. The rings lie in the same plane and the centres of the rings are at the vertices of an isosceles
triangle. The object consisting of the three rings is free to rotate about the horizontal axis / which is
tangential to ring A, in the plane of the object and perpendicular to the line of symmetry of the object
(see diagram).

(i) Show that the moment of inertia of the object about the axis / is 180Ma”. [7]

(ii) Show that small oscillations of the object about the axis / are approximately simple harmonic.
and state the period. [5]
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6 - (9231/23_Summer_2018_Q11) - Rotation Of A Rigid Body

Answer only one of the following two alternatives.

EITHER
D C
[e]
2a
A B

An object is formed from a square frame ABCD with a square lamina attached in one corner of the
frame. The frame consists of four identical thin rods, each of mass M and length 2a. The lamina has
mass kM and edges of length a. It has one vertex at C and adjacent sides in contact with CB and CD
(see diagram).

(i) Show that the moment of inertia of the object about an axis / through A perpendicular to the plane
of the object is 2Ma*(7k + 20). (8]

The object is released from rest with the edge AB horizontal and D vertically above A. The object
rotates freely about the fixed axis /. The angular speed of the object is _l_\/(_ﬁ) when D is first
2V\ a

vertically below A.

(ii) Find the value of k. 6]
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OR

A scientist carries out an experiment to investigate the quantity X, which takes the values 0, 1, 2, 3, 4,
5 or 6. He believes that the values taken by X follow a binomial distribution. He conducts 250 trials.
His results are summarised in the following table.

X 0 1 2 3 5 6
Observed frequency | 22 83 72 53 17 3 0

(i) Show that unbiased estimates of the mean and variance for these results are 1.876 and 1.266
respectively, correct to 3 decimal places. By evaluating the mean and variance of the distribution
B(6, 0.313), explain why X could have this distribution. [4]

The expected frequencies corresponding to the distribution B(6. 0.313) are shown in the following
table.

X 0 1 2 3 4 5
Observed frequency | 22 83 72 53 17

Expected frequency | 26.3 | 71.9 | 81.8 | 49.7 | 17.0 | 3.1 0.2

(ii) Show how the expected frequency for x = 4 is calculated. [2]
(iii) Test at the 5% significance level whether the scientist’s belief is correct. [8]
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7 = (9231/21_Winter_2018_Q3) - Rotation Of A Rigid Body

B

A uniform disc, of radius @ and mass 2M, is attached to a thin uniform rod AB of length 6a and
mass M. The rod lies along a diameter of the disc, so that the centre of the disc is a distance x from A
(see diagram).

(i) Find the moment of inertia of the object, consisting of disc and rod. about a fixed horizontal axis
I through A and perpendicular to the plane of the disc. [4]

The object is free to rotate about the axis /. The object is held with AB horizontal and is released from
rest. When AB makes an angle 8 with the vertical, where cos 8 = % the angular speed of the object is

)

(ii) Find the possible values of x. [5]
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8 = (9231/22_Winter_2018_Q5) - Rotation Of A Rigid Body

An object 1s formed from a uniform circular disc, of radius 2a and mass 3M. and a umiform rod AB,
of length 3a and mass kM. where & is a constant. The centre of the disc i1s O, The end B of the rod
1s rigidly joined to a point on the circumference of the disc so that OBA is a straight line. The fixed
horizontal axis {15 in the plane of the object. passes through A and is perpendicular to AB,

(i) Show that the moment of inertia of the object about the axis /[ is 3Ma”(26 + k). 15]
The object is free to rotate about /.

(ii) Show that small oscillations of the object about / are approximately simple harmonic. Given that
the period of these oscillations is JnJ((—‘ ) find the value of k. 16]
&
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Q - (9231/23_Summer_2019_Q4) - Rotation Of A Rigid Body

An object consists of two hollow spheres which touch each other, together with a thin uniform rod AB.
The rod passes through small holes in the surfaces of the spheres. The rod is fixed to the spheres
so that it passes through the centre of the smaller sphere. The end B of the rod is at the centre of
the larger sphere. The larger sphere has radius 2a and mass M, the smaller sphere has radius a and
mass kM, and the rod has length 7a and mass SM. A fixed horizontal axis L passes through A and is
perpendicular to AB (see diagram).

(i) Find the moment of inertia of the object, consisting of the rod and two spheres, about L. [6]
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The object is pivoted at A so that it can rotate freely about L. The object is released from rest with
the rod making an angle of 60° to the downward vertical. The greatest angular speed attained by the

object in the subsequent motion is %J(g)
(ii) Find the value of k. [5]
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10 = (9231/21_Summer_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

hollow sphere

A thin uniform rod AB has mass kM and length 2a. The end A of the rod is rigidly attached to the
surface of a uniform hollow sphere with centre O, mass kM and radius 2a. The end B of the rod is
rigidly attached to the circumference of a uniform ring with centre C, mass M and radius a. The
points C, B, A, O lie in a straight line. The horizontal axis L passes through the mid-point of the rod
and is perpendicular to the rod and in the plane of the ring (see diagram). The object consisting of the
rod, the ring and the hollow sphere can rotate freely about L.

(i) Show that the moment of inertia of the object about L is %(Sk +3)Mda*. [6]

2017 -2023 155




A-Level Cambridge FURTHER MECHANICS -P3 CH16 - Rotation of a rigid body

The object performs small oscillations about L, with the ring above the sphere as shown in the diagram.

(ii) Find the set of possible values of k and the period of these oscillations in terms of k. 6]
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11 - (9231/21_Winter_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

A thin uniform rod AB has mass AM and length 2a. The end A of the rod is rigidly attached to the
surface of a uniform hollow sphere (spherical shell) with centre O, mass 3M and radius a@. The end
B of the rod is rigidly attached to the surface of a uniform solid sphere with centre C, mass 5M and
radius a. The rod lies along the line joining the centres of the spheres, so that CBAQ is a straight
line. The horizontal axis L is perpendicular to the rod and passes through the point of the rod that is
a distance %a from B (see diagram). The object consisting of the rod and the two spheres can rotate

freely about L.

408 + 74 5
(i) Show that the moment of inertia of the object about L is ( l—:)Ma‘. [6]
3 s g ; : 2a
The period of small oscillations of the object about L is Sn\j( ? )
(ii) Find the value of A. 16]
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1 = (9231/23_Summer_2017_Q2) - Simple Harmonic Motion

A particle P moves on a straight line in simple harmonic motion. The centre of the motion is O, and
the amplitude of the motion is 2.5 m. The points L. and M are on the line, on opposite sides of @, with
OL = 1.5m. The magnitudes of the accelerations of P at L and at M are in the ratio 3 : 4.

(i) Find the distance (M.

The time taken by P to travel directly from L to M is 2s.

(ii} Find the period of the motion.
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(iii) Find the speed of P when it passes through L. [2]

J
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2 = (9231/21_Summer_2017_Q11) - Simple Harmonic Motion, X2 Test

Answer only one of the following two alternatives.
EITHER

A particle P of mass 3sn is attached to one end of a light elastic spring of natural length & and modulus

of elasticity kmg. The other end of the spring is attached to a fixed point € on a smooth plane that is

inclined to the horizontal at an angle ¢, where sina = % The system rests in equilibrium with P on

the plane at the point E. The length of the spring in this position is %a.

(i} Find the value of k. [3]

The particle P is now replaced by a particle Q of mass 2m and  is released from rest at the point E.

(ii) Show that, in the resulting motion, ¢ performs simple harmonic motion. State the centre and the
period of the motion. [6]
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(iii) Find the least tension in the spring and the maximum acceleration of (2 during the motion. [5]

J
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OR

A shop is supplied with large quantities of plant pots in packs of six. These pots can be damaged easily
if they are not packed carefully. The manager of the shop is a statistician and he believes that the
number of damaged pots in a pack of six has a binomial distribution. He chooses a random sample of
250 packs and records the numbers of damaged pots per pack. His results are shown in the following
table.

Number of damaged 0 1 5 3 4 5 6
pots per pack (x)
Frequency 48 69 78 32 22 1 0
(i) Show that the mean number of damaged pots per pack in this sample is 1.656. [1]

The following table shows some of the expected frequencies, correct to 2 decimal places, using an
appropriate binomial distribution.

Number of damaged
pots per pack (x)

Expected frequency | 36.01 | 82.36 a 39.89 b 1.74 0.11

(ii) Find the values of ¢ and b, correct to 2 decimal places [5]
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(iii) Use a goodness-of-fit test at the 1% significance level to determine whether the manager’s belief
is justified. [&]

J
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3 - (9231/21_Winter_2017_Q2) - Simple Harmonic Motion

The piston in a large engine rises and falls in simple harmonic motion. When the pistonis 1.6 m below
its highest level, the rate of change of its height is 27 metres per second. When the piston is 0.2 m

below its highest level. the rate of change of its height is -]i” metres per second. Find the amplitude

(71

and period of the motion.
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4 = (9231/21_Summer_2018_Q2) - Simple Harmonic Motion
A particle P moves on a straight line in simple harmonic motion. The centre of the motion is O. The
points A and B are on the line, on opposite sides of O, with OA = 1.6 m and OB = 1.2 m. The ratio of

the speed of P at A to its speed at B is 3 : 4.
(4]

(i) Find the amplitude of the motion.

The maximum speed of P during its motion is %n ms™'.
(ii) Find the period of the motion. [2]
(3]

(iii) Find the time taken for P to travel directly from A to B.

165
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5 = (9231/23_Summer_2018_Q3) - Simple Harmonic Motion

A particle P moves on the positive x-axis in simple harmonic motion. The centre of the motion is a
distance d m from the origin O, where 0 < d < 6.5. The points A and B are on the positive x-axis,
with OA = 6.5m and OB = 7.5 m. The magnitude of the acceleration of P when it is at B is twice the
magnitude of the acceleration of P when it is at A.

(i) Find d.

The period of the motion is s and the maximum acceleration of P during the motion is 10 ms™.
(ii) Find the speed of P when it is 7m from O.

(ifi) Find the time taken by P to travel directly from A to B.
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6 - (9231/21_Winter_2018_Q1) - Simple Harmonic Motion

A particle P oscillates in simple harmonic motion between the points A and B, where AB = 6 m. The
period of the motion is Lxs. Find the speed of P when itis 2 m from B. [3]

J
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7 = (9231/22_Winter_2018_Q1) - Simple Harmonic Motion

The point O is on the fixed horizontal line /. Points A and B on [ are such that OA = 0.1 m and
OB = 0.5m, with A between O and B. A particle P oscillates on [ in simple harmonic motion with
centre (). The Kinetic energy of P when it is at A is twice its kinetic energy when it is at B. Find the
amplitude of the motion. 13)
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8 = (9231/21_Winter_2018_Q5) - Simple Harmonic Motion
The fixed points A and B are on a smooth horizontal surface with AB = 2.6 m. One end of a light
elastic spring, of natural length 1.25 m and modulus of elasticity A N, is attached to A. The other end
is attached to a particle P of mass 0.4 kg. One end of a second light elastic spring, of natural length
1.0 m and modulus of elasticity 0.6A N, is attached to B; its other end is attached to P. The system is
in equilibrium with P on the surface at the point F.

(i) Show that AE = 1.4 m. [4]

The particle P is now displaced slightly from E, along the line AB.

(ii) Show that, in the subsequent motion, P performs simple harmonic motion. [5]

(iii) Given that the period of the motion is %7: s, find the value of A. 13]
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Q - (9231/22_Winter_2018_Q11) - Simple Harmonic Motion, Inference Using Normal And T-distributions
Answer only one of the following two alternatives.
EITHER
One end of a light elastic spring, of natural length 0.8 m and modulus of elasticity 40 N, is attached to
a fixed point Q. The spring hangs vertically, at rest, with particles of masses 2 kg and M kg attached

to its free end. The M kg particle becomes detached from the spring, and as a result the 2 kg particle
begins to move upwards.

(i) Show that the 2 kg particle performs simple harmonic motion about its equilibrium position with
period %n s. State the distance below O of the centre of the oscillations. 7]

The speed of the 2kg particle is 0.4ms™' when its displacement from the centre of oscillation is
0.06 m.

(ii) Find the amplitude of the motion. 13]
(iii) Deduce the value of M. 14]
OR

In a particular country, large numbers of ducks live on lakes A and B. The mass. in kg, of a duck on
lake A is denoted by x and the mass. in kg, of a duck on lake B is denoted by y. A random sample of
8 ducks is taken from lake A and a random sample of 10 ducks 1s taken from lake B. Their masses
are summarised as follows.

£x=1056 E£x*=14.1775 EIy=1239 Iy*=1589%4

A scientist claims that ducks on lake A are heavier on average than ducks on lake B.

(i) Test, at the 10% significance level. whether the scientist’s claim is justified. You should assume
that both distributions are normal and that their variances are equal. 19]

T
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A second random sample of 8 ducks is taken from lake A and their masses are summarised as
Ex=1024 and  E(x-3)° =0.294,

where X is the sample mean. The scientist now claims that the population mean mass of ducks on

lake A is greater than pkg. A test of this claim is carried out at the 10% significance level. using only

this second sample from lake A, This test supports the scientist’s claim.

(ii) Find the greatest possible value of p, [5]
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10 = (9231/21_Summer_2019_Q2) - Simple Harmonic Motion

A particle P moves on a straight line in simple harmonic motion. The centre of the motion is O. The
points A and B are on the line on opposite sides of O such that OA = 3.5m and OB = | m. The speed
of P when it is at B is twice its speed when it is at A. The maximum acceleration of P is 1 ms™.

(i) Find the speed of P when it is at O. 4]
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(ii) Find the time taken by P to travel directly from A to B. [4]
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11 - (9231/21_Summer_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

hollow sphere

A thin uniform rod AB has mass kM and length 2a. The end A of the rod is rigidly attached to the
surface of a uniform hollow sphere with centre O, mass kM and radius 2a. The end B of the rod is
rigidly attached to the circumference of a uniform ring with centre C, mass M and radius a. The
points C, B, A, O lie in a straight line. The horizontal axis L passes through the mid-point of the rod
and is perpendicular to the rod and in the plane of the ring (see diagram). The object consisting of the
rod, the ring and the hollow sphere can rotate freely about L.

(i) Show that the moment of inertia of the object about L is %(Sk +3)Mda*. [6]
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The object performs small oscillations about L, with the ring above the sphere as shown in the diagram.

(ii) Find the set of possible values of k and the period of these oscillations in terms of k. 6]
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12 = (9231/23_Summer_2019_Q11) - Simple Harmonic Motion, Inference Using Normal And T-distributions
Answer only one of the following two alternatives.
EITHER
A light spring has natural length @ and modulus of elasticity kmg. The spring lies on a smooth
horizontal surface with one end attached to a fixed point O. A particle P of mass m is attached to the

other end of the spring. The system is in equilibrium with OP = a. The particle is projected towards
O with speed u and comes to instantaneous rest when OP = %a.

A
16u°

(i) Use an energy method to show that k = =
[

(ii) Show that P performs simple harmonic motion and find the period of this motion, giving your
answer in terms of « and a. (4]
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(iii) Find, in terms of u# and «a, the time that elapses before P first loses 25% of its initial kinetic
energy. (6]

........................................................................................................................................................
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OR

A company produces packets of sweets. Two different machines, A and B, are used to fill the packets.
The manager decides to assess the performance of the two machines. He selects a random sample of
50 packets filled by machine A and a random sample of 60 packets filled by machine B. The masses
of sweets, x kg, in packets filled by machine A and the masses of sweets, ykg, in packets filled by
machine B are summarised as follows.

Ix=224 EIx*=10.1 Iy=288 Iy =163

A test at the a% significance level provides evidence that the mean mass of sweets in packets filled
by machine A is less than the mean mass of sweets in packets filled by machine B. Find the set of
possible values of a. [12]
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13 = (9231/21_Winter_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

A thin uniform rod AB has mass AM and length 2a. The end A of the rod is rigidly attached to the
surface of a uniform hollow sphere (spherical shell) with centre O, mass 3M and radius a@. The end
B of the rod is rigidly attached to the surface of a uniform solid sphere with centre C, mass 5M and
radius a. The rod lies along the line joining the centres of the spheres, so that CBAQ is a straight
line. The horizontal axis L is perpendicular to the rod and passes through the point of the rod that is
a distance %a from B (see diagram). The object consisting of the rod and the two spheres can rotate

freely about L.

408 + 74 5
(i) Show that the moment of inertia of the object about L is ( l—:)Ma‘. [6]
3 s g ; : 2a
The period of small oscillations of the object about L is Sn\j( ? )
(ii) Find the value of A. 16]
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14 - (9231/21_Winter_2019_Q11) - Simple Harmonic Motion, X2 Test
Answer only one of the following two alternatives.
EITHER
The points A and B are a distance 1.2 m apart on a smooth horizontal surface. A particle P of mass
%kg is attached to one end of a light spring of natural length 0.6 m and modulus of elasticity 10 N.

The other end of the spring is attached to the point A. A second light spring, of natural length 0.4 m
and modulus of elasticity 20 N, has one end attached to P and the other end attached to B.

(i) Show that when P is in equilibrium AP = 0.75 m. 13]

The particle P is displaced by 0.05 m from the equilibrium position towards A and then released from
rest,

(ii) Show that P performs simple harmonic motion and state the period of the motion. [6]
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........................................................................................................................................................
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OR

The number of puncture repairs carried out each week by a small repair shop is recorded over a period
of 40 weeks. The results are shown in the following table.

Number of repairs in a week 0 1 2 3 4 5 =6
Number of weeks 6 15 9 6 3 1 0

(i) Calculate the mean and variance for the number of repairs in a week and comment on the possible
suitability of a Poisson distribution to model the data. 13]

Records over a longer period of time indicate that the mean number of repairs in a week is 1.6. The
following table shows some of the expected frequencies, correct to 3 decimal places, for a period of
40 weeks using a Poisson distribution with mean 1.6.

Number of repairs in a week 0 | 2 3 4 5 Z6
Expected frequency 8.076 | 12.921 | 10.337 | 5.513 | 2.205 a b
(ii) Show that @ = 0.706 and find the value of the constant b. [3]
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(iii) Carry out a goodness of fit test of a Poisson distribution with mean 1.6, using a 10% significance
level. (8]
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15 = (9231/31_Summer_2020_Q3) - Simple Harmonic Motion
One end of a light elastic spring, of natural length ¢ and modulus of clasticity Smg. is attached to a
fixed point A. The other end of the spring is attached to a particle /7 of mass m. The spring hangs with 7
vertically below 4. The particle 7 is released from rest in the position where the extension of the spring
‘ol
1S 5.

(a) Show that the initial acceleration of 7 is :x: upwards. [3]

(b) Find the speed of P when the spring first returns to its natural length. 4]
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16 = (9231/33_Summer_2020_Q7) - Simple Harmonic Motion

a A B
— MWW [ ]

0

One end of a light spring of natural length @ and modulus of elasticity 4mg is attached to a fixed
point (). The other end of the spring is attached to a particle A4 of mass km. where k is a constant.
Initially the spring lies at rest on a smooth horizontal surface and has length a. A second particle B. of
mass m, is moving towards 4 with speed \/%Tra along the line of the spring from the opposite direction
to O (see diagram). .

The particles 4 and B collide and coalesce. At a point ' in the subsequent motion, the length of the
. O | . . N . « o . e
spring is S« and the speed of the combined particle is half of its initial speed.

(a) Find the value of k. |6]

At the point C the horizontal surface becomes rough. with coefficient of friction g between the
. . . . - . . . 9
combined particle and the surface. The deceleration of the combined particle at Cis 55¢.

(b) Find the value of x. [4]
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17 = (9231/33_Winter_2021_Q3) - Simple Harmonic Motion

A light elastic stnng has natural length @ and modulus of elasticity 12mg. One end of the stnng is
attached to a fixed point (). The other end of the string is attached to a particle of mass m. The particle
hangs in equilibrium vertically below . The particle 1s pulled vertically down and released from rest
with the extension of the string equal to e, where e > _%u. In the subsequent motion the particle has

speed 4/2ga when it has ascended a distance %u.

Find e in terms of a (6]
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18 = (9231/32_Winter_2021_Q7) - Simple Harmonic Motion

One end of a light inextensible string of length @ 1s attached 1o a lixed point . The other end of the
string Is attached to a particle /7 of mass m. The particle P is held vertically below € with the string
taut and then projected horizontally. When the stning makes an angle of 60° with the upward vertical,
I’ becomes detached from the string, In its subsequent motion. P passes through the pomnt A which s a
distance a vertically above O

{a) The speed of 7 when 1t becomes detached from the string 1s I~ Use the equation of the trajeciory
of a projectile to find I in terms of @ and g (4]

(b) Find, in terms of m and g, the tension in the string immediately after 7 is imitially projected
horizontally (4]
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19 - (9231/31_Winter_2022_Q5) - Simple Harmonic Motion

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The string is held taut with OF horizontal. The particle /

1s projected vertically downwards with speed \f%ag and starts to move in a vertical circle, P passes
through the lowest point of the circle and reaches the point O where (00 makes an angle 6 with the
downward vertical. At O the speed of P is y'kag and the tension in the string is %mg,

(a) Find the value of k and the value of cos®. [4]
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At O the particle P becomes detached from the string.

(b) In the subsequent motion, find the greatest height reached by P above the level of the lowest point
of the circle. [4]
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20 = (9231/32_Winter_2022_Q6) - Simple Harmonic Motion

‘‘‘‘‘

_____

A light inextensible string is threaded through a fixed smooth ring R which 1s at a height # above a
smooth horizontal surface. One end of the string is attached to a particle A of mass m. The other end

of the string 1s attached to a particle B of mass %m_ The particle A moves in a horizontal circle on the
surface, The particle B hangs in equilibrium below the ring and above the surface (see diagram).

When A has constant angular speed @, the angle between AR and BR is € and the normal reaction
between A and the surface is N.

When A has constant angular speed %a) the angle between AR and BR is « and the normal reaction
between A and the surface is %N .

(a) Show that cos6 = %cosa, [5]
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21 = (9231/31_Summer_2023_Q1) - Simple Harmonic Motion, Hook's Law

One end of a light elastic string, of natural length @ and modulus of elasticity 3mg, is attached to a
fixed point O. The other end of the string is attached to a particle  of mass m. The string hangs with £
vertically below O. The particle P is pulled vertically downwards so that the extension of the string is
2a. The particle P is then released from rest.

(a) Find the speed of P when it is at a distance %a below O. [3]
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22 = (9231/33_Summer_2023_Q1) - Circular Motion, Simple Harmonic Motion, Hook's Law

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string 1s attached to a fixed pomt 0. The particle # 1s held at the point A4, where O4 makes an
angle o with the downward vertical through O, and with the string taut. The particle P is projected
perpendicular to ()4 in an upwards direction with speed /3ag. It then starts to move along a circular
path 1n a vertical plane. The string goes slack when 7 is at B, where OB makes an angle 8 with the
upward vertical

Gaven that cosa = 4, find the value of cos 4
b
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1 = (9231/31_Summer_2020_Q1) - Projectile Motion

A particle P is projected with speed 1 at an angle of 30° above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The particle reaches its greatest height at time 7 after

projection.

Find. in terms of w. the speed of I at time i’l after projection.
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2 = (9231/33_Summer_2020_Q6) - Projectile Motion
A particle P is projected with speed u at an angle 0 above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The direction of motion of P makes an angle a above the

horizontal when P first reaches three-quarters of its greatest height.

(a) Show that tana = %lan@. [6]

~ e 4 - . . . -
(b) Given that tan @ = 7. find the horizontal distance travelled by 7 when it first reaches three-quarters
of its greatest height. Give your answer in terms of # and g. |4]
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3 = (9231/31_Winter_2020_Q5) - Projectile Motion

A particle P is projected with speed u at an angle « above the horizontal from a point O on a horizontal

plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a
subsequent time 7 are denoted by x and y respectively.

(a) Derive the equation of the trajectory of P in the form

X
yzxtana—%secza, [3]

The point O is the highest point on the trajectory of P in the case where o = 45°.

2
(b) Show that the x-coordinate of Q is g—g
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(¢) Find the other value of o for which P would pass through the point O
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4 - (9231/32_Winter_2020_Q5) - Projectile Motion

A particle P is projected with speed #ms™! at an angle of @ above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The horizontal and vertical displacements of P’ from O
at a subsequent time 7s are denoted by xm and ym respectively.

(a) Starting from the equation of the trajectory given in the List of formulae (MF19), show that

y:xlane—%(]+lan26). [1]
U

When 6 = tan 12, P passes through the point with coordinates (10, 16).

(b) Show that there is no value of 6 for which P can pass through the point with coordinates (18, 30).
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5 = (9231/31_Summer_2021_Q7) - Projectile Motion

A particle P is projected from a point O on a horizontal plane and moves freely under gravity. The
P proj p p : g 3

initial velocity of 2 is 100ms ' at an angle @ above the horizontal, where tan@ = 2. The two times at
A S 3

which P’s height above the plane 1s H m differ by 10s,
(a) Find the value of H. [5]

[4]

(b) Find the magnitude and direction of the velocity of P one second before it strikes the plane.
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6 - (9231/33_Summer_2021_Q7) - Projectile Motion
A particle P 1s projected with speed u at an angle 8 above the horizontal from a point (2 on a horizontal
plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a

subsequent time ¢ are denoted by x and y respectively.

(a) Use the equation of the trajectory given in the List of formulae (MF19), together with the condition
v = 0, to establish an expression for the range R in terms of u, 8 and g. [2]
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4H
R
(¢) Show that @ = 60°. []

It is given that R =

It is given also that # = y40ms .

(d) Find, by differentiating the equation of the trajectory or otherwise, the set of values of x for which
the direction of motion makes an angle of less than 45° with the horizontal, [4]
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7 = (9231/33_Summer_2022_Q3) - Projectile Motion

. - 1 - ' . .
A particle P 1s projected with speed 25ms * at an angle 8 above the horizontal from a point ¢J on a

horizontal plane and moves freely under gravity. After 2s the speed of 2 is 15ms '

(a) Find the value of sin@ [5]
(b) Find the range of the flight. [3]
T
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8 - (9231/32_Winter_2022_Q5) - Projectile Motion

A particle P is projected with speed ums ™! at an angle of 8 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The horizontal and vertical displacements of P from O
at a subsequent time s are denoted by xm and ym respectively.

(a) Show that the equation of the trajectory is given by

2
y:xnane—i';z(l +1an?#). [4]
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In the subsequent motion P passes through the point with coordinates (30, 20).

(b) Given that one possible value of tan# is :%, find the other possible value of tan 6. [5]
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Q - (9231/31_Winter_2022_Q7) - Projectile Motion

A particle P is projected with speed 'ms ' at an angle 75° above the horizontal from a point O on a
horizontal plane. It then moves freely under gravity.

(a) Show that the total time of flight, in seconds, is Esin 75°. [2]

A smooth vertical barrier is now inserted with its lower end on the plane at a distance 15m from O. The
particle is projected as before but now strikes the barrier, rebounds and returns to . The coefficient of
restitution between the barrier and the particle is <.

(b) Explain why the total time of flight is unchanged. [1]

2017 -2023 206




A-evel Cambridge FURTHER MECHANICS -P3 CH22 - Projectile motion

(¢) Find an expression for ¥ in terms of g. 7
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10 - (9231/31_Winter_2023_Q2) - Projectile Motion

A ball of mass 2kg is projected vertically downwards with speed 5ms ™! through a liquid. At time rs

after projection, the velocity of the ball is vms ' and its displacement from its starting point is xm.
. . . . . . 2

The forces acting on the ball are its weight and a resistive force of magnitude 0.2v" N.

(a) Find an expression for v in terms of 7. [6]
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11 - (9231/31_Winter_2023_Q5) - Projectile Motion

A particle P is projected with speed wms ' at an angle 6 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. During its flight 7 passes through the point which is

a horizontal distance 3a from O and a vertical distance %a above the horizontal plane. It is given that

tan@ = %
(a) Show that #* = 8ag. [2]

A particle O is projected with speed P’ms ' at an angle o above the horizontal from O at the instant
when £ is at its highest point. Particles # and O both land at the same point on the horizontal plane at
the same time.

(b) Find Vin terms of @ and g. [7]
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12 - (9231/31_Winter_2023_Q6) - Projectile Motion

A particle P of mass m is attached to one end of a light inextensible rod of length 3a. An identical
particle ( is attached to the other end of the rod. The rod is smoothly pivoted at a point ( on the rod,
where OQ = x. The system, of rod and particles, rotates about O in a vertical plane.

At an instant when the rod is vertical, with P above ), the particle P is moving horizontally with
speed . When the rod has turned through an angle of 60° from the vertical, the speed of P is 2+/ag,
and the tensions in the two parts of the rod, OF and OQ, have equal magnitudes.

(a) Show that the speed of O when the rod has turned through an angle of 60° from the vertical is

2 fag. 2]

3a—x
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13 - (9231/32_Winter_2023_Q6) - Projectile Motion

A particle P is projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a
subsequent time 7 are denoted by x and y respectively.

(a) Derive the equation of the trajectory of P in the form

bl

X
y=xtanoz—§u2 sec’a. [3]

During its flight, P must clear an obstacle of height #m that is at a horizontal distance of 32m from
the point of projection. When u# = 40y2Zms ', P just clears the obstacle. When = 40ms ', P only
achieves 80% of the height required to clear the obstacle.

(b) Find the two possible values of 4. [6]
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1 = (9231/33_Summer_2020_Q2) - Linear Motion Under Variable Force

A particle Q of mass mkg falls from rest under gravity, The motion of O is resisted by a force of
. | » . . “.
magnitude mkv N, where vms ' is the speed of O at time 7 s and & is a positive constant.

Find an expression for v in terms of g. k and 1. [6]

o
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2 = (9231/31_Summer_2020_Q5) - Linear Motion Under Variable Force

A particle P is moving along a straight line with acceleration 3ku— kv where v is its velocity at time 7.
u is its initial velocity and £ is a constant, The velocity and acceleration of P are both in the direction of
increasing displacement from the initial position.

(a) Find the time taken for P to achieve a velocity of 2u.

(b) Find an expression for the displacement of P from its initial position when its velocity is 2u.  [5]
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3 - (9231/31_Winter_2020_Q7) - Linear Motion Under Variable Force

A particle  moving in a straight line has displacement xm from a fixed point O on the line at time /s

: ) 2 ! :
The acceleration of , in ms -, is given by L)O — “—’,0 for x > 0. When 7 = 0, x = 1 and P has velocity
.

10ms ' directed towards O.

10(1 —2x
(a) Show that the velocity vins ' of P is given by v = (—\)

q

r (5]
(b) Show that x and 7 are related by the equation ¢ ™ = (2x—1)e™ * and deduce what happens to
x as f becomes large [5]
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4 - (9231/32_Winter_2020_Q7) - Linear Motion Under Variable Force

A particle P of mass mkg moves in a horizontal straight line against a resistive force of magnitude
mkv> N, where vms ' is the speed of P after it has moved a distance xm and k is a positive constant.
The initial speed of 7 is ums '

(a) Show that x = -,{jln2 when v = -;-u [4]

Beginning at the instant when the speed of P 1s flu, an additional force acts on P. This force has

. Sm ., : i
magnitude -—"2\ and acts in the direction of increasing x.

(b) Show that when the speed of / has increased again to #ms ! the total distance travelled by Pis
given by an expression of the form

_l_ln(.-l —ku“)
3 \B—tk)

stating the values of the constants A4 and B. [7]
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5 = (9231/31_Summer_2021_Q1) - Linear Motion Under Variable Force

A particle P of mass | kg is moving along a straight line against a resistive force of magnitude

Oy'v . . : "
—]-,—{-T—, N, where vms ' is the speed of P at time rs. When ¢ = 0, v = 25.
(r+1)°

Find an expression for v in terms of 7

[5]

o
°)
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6 = (9231/33_Summer_2021_Q5) - Linear Motion Under Variable Force

A particle 7 of mass mkg is projected vertically upwards from a point O, with speed 20ms ', and

moves under gravity, There is a resistive force of magnitude 2mv N, where vms

time 1 s after projection.

(a) Find an expression for v in terms of 7, while /” i1s moving upwards

" is the speed of P at

(6]
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The displacement of P from (J is xm at time 7 s.

(b) Find an expression for x in terms of 7, while P is moving upwards. [2]
(¢) Find, correct to 3 significant figures, the greatest height above O reached by P. [2]
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7 = (9231/31_Summer_2022_Q3) - Linear Motion Under Variable Force

A particle P 1s moving in a horizontal straight line. Initially 2 is at the point O on the line and is moving

; - / \ . : A 400 2
with velocity 25ms ' At time ¢ s after passing through O, the acceleration of P is (—3—(—(% 5 ©n
51+4
the direction PO. The displacement of P from O at time /1s x m.
Find an expression for x in terms of 7. [5]
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8 = (9231/33_Summer_2022_Q5) - Linear Motion Under Variable Force

A particle P of mass 4kg i1s moving in a horizontal straight line, At time s the velocity of  is vms '
and the displacement of /” from a fixed point O on the line is xm. The only force acting on P is a
resistive force of magnitude (4e “+ 12)e "N. When =0, x=0and v =4,

§ +3e"
(a) Show by integration that v = L — [4]
e

[4]

(b) Find an expression for x in terms of 1.
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Q - (9231/32_Winter_2022_Q4) - Linear Motion Under Variable Force

A particle P of mass 5 kg moves along a horizontal straight line. At time s, the velocity of P is vms
and its displacement from a fixed point O on the line is xm. The forces acting on P are a force of

magnitude S%N in the direction OF and a resistive force of magnitude %\’ZN. When 1 =0, x =0 and
v=273,

(a) Find an expression for v in terms of x.
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10 - (9231/33_Winter_2022_Q4) - Linear Motion Under Variable Force

A particle of mass 0.5kg moves along a horizontal straight line. Its velocity is vms ' at time 7s. ;Fhe
forces acting on the particle are a driving force of magnitude 50N and a resistance of magnitude 2v-N .
The initial velocity of the particle is 3ms .

(a) Find an expression for v in terms of 7. [7]

2017 -2023 226




A-evel Cambridge FURTHER MECHANICS -P3 CH23 - Linear motion under variable force

2017 -2023 227




A-evel Cambridge FURTHER MECHANICS -P3 CH23 - Linear motion under variable force

11 - (9231/31_Summer_2023_Q6) - Linear Motion Under Variable Force

A particle P moving in a straight line has displacement x m from a fixed point O on the line and velocity
vms ! at time s. The acceleration of P, in ms 2, is given by 6vy/v+9. When /=0, x =2 and v = 72.

(a) Find an expression for v in terms of x. [4]
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(b) Find an expression for x in terms of . [5]
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12 = (9231/33_Summer_2023_Q6) - Linear Motion Under Variable Force

A particle of mass m kg falls vertically under gravity, from rest. At time s,  has fallen xm and has
velocity vms '. The only forces acting on P are its weight and a resistance of magnitude kmgv N,
where k 1s a constant.

(a) Find an expression for v in terms of 7, g and k. [5]
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(b) Given that k£ = 0.05, find, in metres, how far P has fallen when its speed is 12ms ' [5]
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13 - (9231/32_Winter_2023_Q2) - Linear Motion Under Variable Force

A particle P of mass 0.5kg moves in a straight line. At time s the velocity of P is vms ' and its
displacement from a fixed point O on the line 1s xm. The only forces acting on P are a force of

. B o — ; " o ’ :
magnitude #N in the direction of increasing displacement and a resistive force of magnitude
x+1)°
/ { ¥
—4-'—([1)—‘.\ When (=0, x=0and v = 20
(x4

. g ‘ . +8
Find v in terms of x, giving your answer in the form v = GrD)’ where A and B are constants to be
determined. 3 ' (6]
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1 = (9231/31_Winter_2020_Q1) - Hook's Law

A particle  of mass m 1s placed on a fixed smooth plane which is inclined at an angle 8 to the horizontal

A light spring, of natural length & and modulus of elasticity 3mg, has one end attached to P and the
other end attached to a fixed point (J ar the top of the plane. The spring lies along a line of greatest
slope of the plane The system is released from rest with the spring at its natural length

Find. in terms of a and 6, an expression for the greatest extension of the spring in the subsequent
maotion [3]

2017 -2023 233




A-evel Cambridge FURTHER MECHANICS -P3 CH27 - HOOK'S LAW

2 = (9231/32_Winter_2020_Q6) - Hook's Law

One end of a light elastic string, of natural length ¢ and modulus of elasticity A, 1s attached to a particle
P of mass m. The other end of the string is attached to a fixed point (). The particle P s projected
vertically upwards from . When 7 is moving upwards and at a distance %17 directly above O, it has a

speed y/2ga. At this point, its acceleration is s.z downwards.

Show that & = 4mg and find in terms of a the greatest height above O reached by / (8]
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3 - (9231/33_Summer_2021_Q2) - Hook's Law

One end of a light elastic string of natural length 0.8 m and modulus of elasticity 36N is attached to a
fixed point € on a smooth plane. The plane is inclined at an angle o to the horizontal, where sino = 2

A particle P of mass 2kg is attached to the other end of the stnng. The string lies along a line of greatest
slope of the plane with the particle below the level of (). The particle is projected with speed V2 ms '
directly down the plane from the position where (2/” 1s equal to the natural length of the string

Find the maximum extension of the string during the subsequent motion [5]
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4 - (9231/32_Summer_2021_Q3) - Hook's Law

One end of a light elastic string, of natural length @ and modulus of elasticity kmg, is attached to a
fixed point A. The other end of the string 1s attached to a particle P of mass 4m. The particle P hangs in
equilibrium a distance x vertically below 4.

da

(a) Show that k= — [1]

An additional particle, of mass 2m, is now attached to P and the combined particle is released from rest
at the original equilibrium position of . When the combined particle has descended a distance %a, its
speed is % ga.

(b) Find x in terms of a. [6]
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5 - (9231/31_Winter_2021_Q1) - Hook's Law

One end of a light elastic string, of natural length @ and modulus of elasticity 3mg, is attached to a fixed
point () on a smooth horizontal plane. A particle P of mass m is attached to the other end of the string

and moves in a horizontal circle with centre (). The speed of P 1s y/5ga.

(4]

Find the extenstion of the string

2017 -2023 237




A-evel Cambridge FURTHER MECHANICS -P3 CH27 - HOOK'S LAW

6 - (9231/32_Winter_2021_Q2) - Hook's Law

A light spring A has natural length a and modulus of elasticity Smg, The end 4 of the spring is attached
to a fixed point on a smooth horizontal surface. A particle P of mass m is attached to the end B of the
spring. The spring and particle P are at rest on the surface.

Another particle O of mass km is moving with speed y/4ga along the horizontal surface towards / in
the direction B4. The particles /” and O collide directly and coalesce. In the subsequent motion the

: o 1
greatest amount by which the spring is compressed is za.

Find the value of k. [6]
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7 = (9231/31_Winter_2021_Q3) - Hook's Law

A light elastic string has natural length @ and modulus of elasticity 12mg One end of the string is
attached to a fixed point O. The other end of the string 1s attached to a particle of mass m. The particle
hangs in equilibnium vertically below O. The particle 1s pulled vertically down and released from rest

with the extension of the string equal to ¢, where ¢ > +a In the subsequent motion the particle has
1
speed y/2ga when it has ascended a distance 7a

[6]

Find ¢ in terms of a
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8 = (9231/31_Summer_2022_Q1) - Hook's Law

75N

A particle of weight 10N is attached to one end of a light elastic string. The other end of the string is
attached to a fixed point A on a horizontal ceiling. A horizontal force of 7.5 N acts on the particle. In the
equilibrium position, the string makes an angle 6 with the ceiling (see diagram). The string has natural
length 0.8 m and modulus of elasticity SON.

(a) Find the tension in the string, [2]

2017 -2023 240




A-evel Cambridge FURTHER MECHANICS -P3 CH27 - HOOK'S LAW

Q - (9231/33_Summer_2022_Q2) - Hook's Law

A particle /” of mass m 1s attached to one end of a light elastic string of natural length @ and modulus of
elasticity +mg. The other end of the string is attached to a fixed point () on a rough horizontal surface,
I'he particle 15 at rest on the surface with the string at its natural length. The coefficient of friction
between # and the surface 15 % The particle 1s projected along the surface in the direction OF with a

speed of 1yza

Find the greatest extension of the stning during the subsequent motion [5]
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10 = (9231/31_Winter_2022_Q2) - Hook's Law
A light elastic string has natural length @ and modulus of elasticity 4 mg. One end of the string is fixed

to a point O on a smooth horizontal surface. A particle P of mass m is attached to the other end of the
string. The particle P is projected along the surface in the direction OP. When the length of the string is

%a, the speed of P is v. When the length of the string is ‘%a, the speed of P is %1'.
(a) Find an expression for v in terms of @ and g. [4]
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11 - (9231/31_Summer_2023_Q1) - Simple Harmonic Motion, Hook's Law

One end of a light elastic string, of natural length @ and modulus of elasticity 3mg, is attached to a
fixed point O. The other end of the string is attached to a particle  of mass m. The string hangs with £
vertically below O. The particle P is pulled vertically downwards so that the extension of the string is
2a. The particle P is then released from rest.

(a) Find the speed of P when it is at a distance %a below O. [3]
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12 = (9231/33_Summer_2023_Q1) - Circular Motion, Simple Harmonic Motion, Hook's Law

A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string 1s attached to a fixed pomt 0. The particle # 1s held at the point A4, where O4 makes an
angle o with the downward vertical through O, and with the string taut. The particle P is projected
perpendicular to ()4 in an upwards direction with speed /3ag. It then starts to move along a circular
path 1n a vertical plane. The string goes slack when 7 is at B, where OB makes an angle 8 with the
upward vertical

Gaven that cosa = 4, find the value of cos 4
b
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CH13 - Momentum and impulse

1 = (9231/21_Summer_2017_Q1) - Momentum And Impulse

0-08 % (300 —v) = 1000 = 0-02 (AEF) M1 Al
v =300 —250=50 [ms™'] Al
Total: 3
2 = (9231/21_Summer_2017_Q3) = Momentum And Impulse
(1) 3mvy + mvy = 3mu, vy — vy = eu (AEF) M1
w=m@3-euv=%(l+te)u Al Al
Total: 3
(ii) vg'= =3y [= — (V16) (1 + e (AEF) B1
[Bmly +]mFp=3mv, +mve [Va=3(9-Te) 14/16] M1
Ve |- V4= —elvs”— v) [Ve=e (21 + 5¢) w/16] M1
EITHER: (M1 Al)
[4V: =] G- vat(1+e)vy=0
(3 —e)?—(9/16)(1 +e)>=0 (AEF)
OR: (M1 Al)
3(9-Tey=e(21+3¢)
565+ 426 —-27=0,e=3/50r 06 M1 Al
Total: 7
3 = (9231/23_Summer_2017_Q3) = Momentum And Impulse
(1) mvy + mvy = mu (AEF) =M1
Vg —va= YU *Ml
Vg = S5u/6
Wg = 14 Ve = S5u/18
2017 -2023 246
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(ii)

vi=u/l6

EITHER:
(d—x)/vi=d/vg+x/wy

(M1 Al
(AEF)

6(d—x)=12d+36x

M1 Al)

OR:
X4 = (divg) vy = (06d/5u) /6 = 0-2 d

(M1

= (08 d) / (VA + WB) =9d/5u

M1 Al

Ya=

valh=03dory;=wzt,=05d

Al)

OR2:
x4 = (divg) vy = (6d/5u) /6 = 0-2 d

(M1

(0-8d—x)/ vy =x/wgor08d(vy+wg)=x/wg

M1 Al

48d-6x=36x0r1-8d=36x

Al)

x=¥d

Total: 6

4 - (9231/21_Winter_2017_Q3) - Momentum And Impulse

(1) | mvy = ke = 2mu + ko (AEF) M1 | Use conservation of momentum for 4 & 8
fva + Rva = 20 + ku (allow omission of m in all momentum egns)
Va= Ve =Y 2u—-u) = Vi k) M1 | Use Newton's restitution law with consistent LHS signs
va=u(2k+S) AR+ Darulk+52) (k+ 1) (AEF) Al | Combine to find v,
[vwu=nufk+4)/ 2k = 1)) ve > 43 ifk < T2 M1 A1 | Find inequality for & from speeds of 2 and " after 1st
collision
5
) Krnwe nive = kmvs + o 4u/3) (AEF) M1 | Use conservation of momentum for B &
[2wg + v- = A3u'2) - du'3
1303 when & - 2)
ve—we= Y2 (ve — 43 = w12) M1 | Use Newton's restitution kaw with consistent LHS sigms
(k+ Dwa=(k~"'%) vy + 2u Combine to find w
3wy =(32) v+ 2uwith v = 302, sows = 1712 *Al | when k=2
1 11 W DB1 | Verify no further collsions between A and 7
ATHER: (k + 1) v = (382) vz = (2 k) (2u3) (DB1) | EITHER: Find v and venify no further collisions
3vp = 3 ve with vy = 32 s0 v = 302 > ¥y between 8 and
OR B and ' cannot meet again since they move apart after (DB1) | O, State explicitly that no further collisions
colliding {AEF) between 5B and
5

T
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5 = (9231/21_Summer_2018_Q1) - Momentum And Impulse

EITHER: m (250 — 70) = 450 = 004

M1 Al

Find m from change in momentum = £7

18
m=— =01
180

Al

(can allow M1 if 230 = 70 used: similarly below)

OR: a= (250~ T0)0-04 [~ 4500] (M1) | Find deceleration @ (ignore sign)
450 01 (M1 Al) | Find m from F = ma
a
3
6 - (9231/23_Summer_2018_Q2) - Momentum And Impulse
(i) Srv, & vy~ S (ALF) M1 | Use momentum (allow m omitted)
Vg V= eu M1 | Use Newton's low (MO if LIS signs inconsistent) ‘\
=S -eu AG Al | Combine to verify/find speeds of A and B after collision |
Vo= (465) (1 + e} u Al |
4
(i) vp'= -] Yee vy [==(35)e () + ) u) M1 | Relate vel, vz “of & after colln, with wall to v,
(IS)(d-e)u=35) el +e)u M1 | Equate speeds of 4 and B (ignore sign of vy, "for both M1s)
34 de~4-0,e=23 Al | Solve resulting quadratic for e, [implicitly] rejecting root -2
3
(i) EITHER: dmw , + mwy, = 3mv, [= 2mu| (AEF) M1 Al | Use momentum (allow m omitted) with v, = —vy’[= % 1]
Wy—We =% v, = (43, or (B9 1 (AEF) Use Newton's law (MO if LHS signs inconsistent)
[y = Yo v, = (29) w), wy = (530, or (10:9) » Combine 1o find velocity of 8 afier final collision
(R, Momentum before colln, is 3nnv, = 2w > 1),
so after colln, momentum or speed of 8> 0 Allow any similar valid argument
wy > 0 50 8 collides again with barrier Allow v, > 0 by [implicit] inspection
2
7 = (9231/21_Summer_2018_Q3) - Momentum And Impulse
(i) v = mu — mku {AEF) M1 | Use conservation of momentum (m may be omitted)
vy =—e(n+ ku) M1 | Use Newton's restitution law
k-1 Al | Combine to find/venify ¢
—e'(l+k)=l—k.e-( ) AG s
(k+ 1)
3
(i) KE, - KE; = 0-6 KE, or 04 KE, = KE, M1 | Attempt to relate initial and final KEs
] 5y 2 | L) N LB . oo N | y
04 x 5 e (1rk)y= 5 v S me (1~ ky Substitute for I\l;s(:m may be omitted)
06K < 2k +0-6 =0 or 3K ~ 10K+ 3=0 (AEF) Al | Simplify to quadratic eqn in &
(3 k= 1)( k—3)=0so0 solutions are 3 wid 4 Al | Find both solutions of quadratic cqn
. =1 = Al | (Implicaly ) reject one solution to find possible value of &
Ichcclkvglsok—3 sincef<e<lorv, <0
271 o A1V | Find single corresponding value of ¢
e m— (FT on k)
4 2
6
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8 = (9231/23_Summer_2018_Q5) - Momentum And Impulse, Circular Motion

Vaprv,® = Vanmc 4 mga M1 | Find v," at lowest point from consvi. of eneegy (MO if no m)
=124 Dag = M ag Al
My = mvy with M= (1 + Kk m M1 | Find new v; from consvn. of momentum
w=w /(1R [=N04ag) /(1 +k)] Al
Ty=mvila+mg=(14+ lymg=13mg M1 Al | Find tension T just before collision by using = ma radially
To= Mv'la+ Mg : M1 | Find tension T, just after collision by using F= ma radially
“(L+ky /(1 = ky + 1} mg (M1 needs M, not m, throughout)
or {1400+ R+ (1 + k) my (AEF) Al
1441+ k)Y = 15(1 + k32 M1 | Equate 7 and ' T to give any eqn in k
WLkt 15=0,k=250r3 (M1 dep) M1 Al | Solve resulting quadratic for &
(M1 dep on all previous M1s. and requires guadratic eqn)
11
O - (9231/21_Winter_2018_Q2) - Momentum And Impulse
(i) Smv = 2o0vy = S — A = mu (AEF) M1 | Use momentum (allow #r omitted)
Vy— vy =e(u+2u) = 3en M1 | Use Newton's law (MO if LHS signs inconsistent)
v (uT) (] - 6e) Al | Combme to find/venfy speeds of A and 8 after colln
va = T7)(| + 15¢) AG Al | (ignore signs)
4
(ii) (W (1 —6e)=-Yau, e=Yaon 0.75 MIA1L | Combine to find ¢ from v, =- "% u
(MO if dirn. of motion not reversed)
2
(iii) KE, =% % 5m :u’—(.‘/; uy'} and [=( li«‘Bmm"]’ MIAL | Find loss of KE for 4 and #
KEy= Y 2m |(2uy - (Twdy) [= (15/ 16 mar]
KE /! KEg=(15/8Y (15116) = 2:1 or 2/l o 2 Al | Combine 1o find ratio
3
10 - (9231/22_Winter_2018_Q2) - Momentum And Impulse
(i) 2mv, + mvy=2mu (AEF) M1 | Use momentum (allow m omitted)
vig= =¥ M1 | Use Newton™s law (MO if LHS signs inconsistent)
W= ul9 vy=10u/9 AL, AL | Combine to find speeds of A and B afier collision
4
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(ii) wa=[-]1%w[=+5u9] M1 | Relate speed wy of 8 after colln. with wall to v, (ignore sign)
EITHER: (d—x)/v,=dvy+ xiwy (AEF) M1 | EITHER: Equate times in terms of dist. x from wall to 3rd colin.
(d ~x)4=d0+ x/5, x=a3 MiaAl Substitute for speeds 1o solve for x
1=(d=x)/v;=Q2d/ 3N/ {(Au’/9=3d!2u Al and hence find reqd. time ¢
(R Xo={divy) v = (9d10u) / (Au9y=24d75 (M1 | OR: Find dist. x, moved by 4 when B reaches wall
=divyg =+ (d—x,) [ (ve+ wy) MIAL Find ¢ by adding times to and from wall
~d(10u/ NV 3dIS) Qul9+5ul9) (or equivalent method)
=9 { V0w + 3d/ Su
=3d/!2u Al)
5

11 - (9231/23_Summer_2019_Q1) - Momentum And Impulse

Impulse = 0.2 » (250 - 40) = 42

M1 Al | Find impulse from change in momtm. (may be mplicd)
(if sign of 40 wrong here or below, can allow M1)

T=4271200=77200 or 0035 [s]

M1 Al | Find time 7 from impulse = Fy

Alternative method for question |

a= 1200/ 02 = 6000

M1 Al | Find acceleration a from F = ma (may be implied)

T=(250 - 40)/ 6000 = 7200 or 0-035 [s]

M1 AL | Find time 7 from v=u+ af

Alternative method for question 1

K.E. =% % 02 % (250° - 40°) = 6090

M1 | Find loss of K.E. (may be implied; ignore sign of K.E.)

Work = 1200 > Y2 (250 + 40) T'= 174 000 I

MI AL | Find work done from /= %4 (» + v) £ (A] for both)

T'=6090 /174 000 = 72200 o» 0035 [s]

Al | Equate to find T

12 = (9231/21_Summer_2019_Q3) - Momentum And Impulse

(i) 2mvy + vy = dmu — S [vit2vy=0] (AEF) M1 | Use conservation of momentum for A and 8 (m may be omitted)
Vv = e (2u b w) [va = vy =3en] M1 | Use Newton's restitution law with consistent LHS signs
Vo= —2en and v = ent Al | Combine to find v and vy (A0 if directions unclear)
3
(ii) [4mvy'] + mve = dmve — (43} mn (AEF) M1 | Use conservation of momentum for 8 & ¢ (m may be omitted)

Vo [=w']=e(ve + 4u'3)

Mi

1se Newton's restitution law

Qv — (43 = evy +deul3, de—43 = & +4e3

Mi

Combine to find quadratic equation for ¢ using vy’ =0

2

3¢ -8e+d =0, e=23 [w = 4u3]

t:

Al

Find value of e, (implicitly ) rejecting ¢ = 2
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(1ii) ML | vi=—(43) u. ve=23) ul.vi =(43)u
For A: Loss = % 2n2uy - = 2m(A5u) = (2009) mr One correct
For B: Losy = ¥ 4m w' = Y% o’
For C: Loss =0 M1 | Other two correct
Eiwnt = Engs or Ly + Ly = (3809) mur’ Al | Hence find loss in KE

Alternative method for question 3(iii)

Ew = % 2002u)" + % 4o + % m{ A3y M1 | Find initial KE of 3 particles in terms of m and u
= dmud + 2mac +(89) nnc = (629) nur'

o =% 2 [+ Y6 dmvy' 2 [+ Y% v 2 M1 | Find final KE of 3 particles in terms of m and u
= (16/9) mec + (8/9) nui’ = (24/9) s’

Eit = Evo 0F Ly + Ly = (3819) mer Al | Hence find loss in KE

Alternative method for question 3(iii)

Li= Ve 2m2uy + Yo 4mnd® — Vi 2mv ¢ — Y dmvg” M1 | Find losses in KE in both collisions in terms of m and 1
=4’ + 2 —~ (16/9) e’ —(8/9) mad = (3009) mur’

La=Yadng® = Yo m{Aw3) — (V2 dmvy ¥ Y2 mve Ml
= (8/9) i’ + (8/9) mar' — (8/9) mar” = (8/9) mur
Erit — Epv 08 Ly + Ly = (3819) mur Al | Hence find loss in KE
3

13 - (9231/23_Summer_2019_Q3) - Momentum And Impulse

(i) 3mivy = nvg = 3mm for 3vy = vy=3u] {AEF) M1 | Use conservation of momentum for A and B (correct masses)
Va— V= eu M1 | Use Newton's restitution law with consistent LHS signs
v U3 -e)u [va=Y(l+e)u] Al | Combine to find speed of 4
wnt v = vy M1 | Use conservation of momentum for # and ¢
and W= W= evy {AEF) and Newton's restitution law with i LHS signs
wig="%(1-¢) Vi and  ve=%(1+e)vs_ Al Al | Combine to find wyand v in terms of vy (may be implied)
st UL L and with vy replaced (note: v = %w:u + -J‘-eu + ’—J‘u )
o
(i) Y3 -e)=(3/8)(1 = e) M1 | Find equation in ¢ by equating their v and their v
3¢ 4 8e-3=0= (3¢~ 1){e+3) M1 | Simplify and solve resulting quadratic egqn for ¢,
e=113 Al | (implicitly) rejecting ¢ = -3
3
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14 - (9231/21_Summer_2019_Q11) - Momentum And Impulse, Circular Motion, Inference Using Normal And T-distributions

E(i) M1 AT | s speed of P at lowest point, vy is speed of  immediately afier
collision.
Yarme® = Ve (21 agi2) + mga [’ =(2572) ag) Apply conservation of energy at lowest point (A0 if no m)
Ay = dmag M1 | Find speed vi at lowest point by conservation of energy
(A0 if no m)
vo = V(2ag) or 1-41¥(ag) or 447Va Al
iy = (L] mvp + dmvy M1 | Find vy using conservation of momentum (m may be omitted)
o= [2]{= 342 + 42) Yag) Al
[ve| = G2) lag) or 2:12 V(ag) or 0-6714a (AEF) Al | Hence find speed of P
7
EAii) P is speed of P when it loses contact M1 Al
VamVid = Yamv,d — mga (1 + cos @) Apply conservation of energy at D (A0 if no )

[¥7 = (92)ag — 2ga (| + cos @) = (5312 - 2 cos a) ag]

[Ro =l mVifla—mgeos a= 0 [V, =agcos al M1 A1 | Apply F = ma radially at D with reaction =0
(5/2 -2 cos a) ag = ag cos @ . cos @ = 5/6 or 0-833 Al | Combine to find cos a
5
i) 154/ V8 =% (16T-13-3) [= 1-6] M1 | Relate 5, to semi-width of confidence interval
traws =2365 (to3sf) Al | State or use correct tabular ¢ value
[ =8 x 1-6/2:365 = 1-9133], x,” = 3-66{16] Al | Hence find unbiased esti of A's pop variance
3
Ofii) Ho: pe = po Hiz pea >pp (AEF) B1 | State hypotheses (B0 for T _..)
[¥, =15.1). %, =852/6=14.2 B1 | Find sample mean for #
s =(1221-06 - 85.2%(6) / 5 M1 | Estimate or imply population variance for B
=561/250 or 2244 or 14987 (all 10 3 s.f)) (allow biased here: 1-87 or 1-367%)
£=(7sf+ 555 12=30709 or 1.752° M1 Al | Estimate (pooled) common variance (s5° not needed explicitly)
iz oss = 1782 B1 | State or use correct tabular f value
[[14=(%, = %)/ (s W18+ 1/6)) = 0.95) M1 AT | Find value of 1 (or can compare T, — ¥, = 0-9 with 1-69)
1< 1-78 s0 [accept o] Correct conclusion
mean mass of & not Jess than mean mass of A (AEF) B1
9

SC1: Implicitly taking 5., 55 as unequal population variances
(may also eam first Bl Bl MI)
=(T, = %) V(5418 + 55716)
=09/ ¥(0-8317) = 0987
=< 1645 s0

DepSCI: mean mass of # not less than mean mass of 4 (AEF)
Comparison with Zoes and conclusion (FT on 2)
(can earn at most 5/9)
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15 = (9231/21_Winter_2019_Q3) - Momentum And Impulse

Vo - vy =evy

(i) Smve + Smvg = S vy + v = u] and vy - vy = ew M1 | Use consvn. of momentum for 4 and 8 and use Newton's
restitution law with consistent LHS signs. AEF
v Al ~e)u Al | Combine to verify speed of 4, AG
wi="a{l +te)u Al | Find speed of B
3
(ii) Smivy' + 3mve=Smvy  [Svy' + 3ve = Svy] M1 | Use consvn. of momentum for £ and €' and use Newton's

restitution law with consistent LHS signs. AEF

v’ =(1/8) (5 =3e) v [ve =(1/B) (5 +5e) v ]

Al

Combine to find vy (v not regd as B. C' cannot collide again)

Lil-e)us(18)(5-3e)x + (1 +e)u M1 | Find condition on ¢ using v < v/
3¢ -10e+3g0 Al | Simplify to a quadratic inequality
i1ge Al | Solve to give a lower bound on ¢
1geg] Al | Non-strict inequality

16 - (9231/33_Summer_2020_Q5) - Momentum And Impulse

(a) Let w be speed of A along line of centres after collision M1
e DIW S =MUCOS &+ sin g
w=0=elucosa+usina ) M1
Rearrange: M1
sinar{u—eu)=cosa(u+en)
g Al
tana = e . AG
l-¢
4
b
®) tnna:Z:e:-l i
3
W—-l-nlr l N 2 "_ X b'l
ER VN e
Speed = ,}w" +(usine)’ B
Al
4
17 = (9231/31_Summer_2020_Q6) = Momentum And Impulse
(a) Let components of velocity (parallel to plane and perpendicular) after impact be (x, v)
y=veosa =eusinag B1
X = VSING = ucos e Bl
Divide: taner = itan‘a = l Kl
elana ¢
L]
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CH13 - Momentum and impulse

(b) M TS B1
Vi=—u
3
[ucosa]: .:lu" Ml
sina 3
(mna): =3 M1
a=60° Al
1 Al
e -
3
Altemative method for 6(b)
avaiag ¥ gz i M1
KE after impact = %m(x‘ +y ) =7|,-m((umstz)' +e (usina) )
From (a) siner =1/ /(1 +¢) and cosa:ﬁ/,f'lu-) Bl
/o 2 Al
KE = -l-nm’ ——— | = lmuze
2 I+e l+e) 2
g Ly 1 M1
I'his is equal to —X—mu” so ¢=—
32 3
taner =3, e = 60° Al
5

18 = (9231/32_Winter_2020_Q2) - Momentum And Impulse

Speeds v and w after collision
2w+ mw = 2mucos &

M1 | Momentum equation with m. Correct masses, allow sin instead of
cos

W=V =EUCoS i

M1 | Restitution, with consistent signs

v Iucosa(Z ) |”3!', 3 Iu
) =— —g)=—lt— == |=—
3 385 343

Al

Square of speed of 4 = \" ;u I +(usina)’
\3 )

M1 | Uses correct speed perpendicular to motion

(1Y (4 V Al
=|\-3u] +‘k-5-nI’|
Spccd--:—:u (=0867u)
5
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19 - (9231/32_Winter_2020_Q4) - Momentum And Impulse

(a) T Neos@=mg Bl
«— Nsind =mrsin 66y Bi
> Bl | AG
cos@=28 50 cosé = —g—
N wr
3
b) - 2 Bl | Using tng of situation: must involve x
( (7080:: = L. g ng
r w'r
. e M1 | Using new situation with 4x and 2@ scen
In new situation: » —4x = #x—=
darr
r—x=4(r-4x) M1 | Combining
1 Al
x=—=r
5
4
20 = (9231/31_Winter_2020_Q6) = Momentum And Impulse
(2) mu = mw + 2mv B1 | Momentum equation (with m)
V=W =eu B1 | Restitution with consistent signs

u B1 | Both correct.
v =;(e+ ')

W =’.—;(l-—2vj

(b} Perpendicular to plane: y=evsingd B1 | Both
Parallel to plane: x =veosé

Speed of B= (fx* + )7 =

M1 | Spced of B

2 A M1 .
KEof B= +.2m2 " (e+1) KE of Bin terms of 1. = and 2m nccded
2 59 2
1 % R M1 Al | Relate the two KEs
KE of 4 = —m.—(1-2¢)
: 5 2
s L speas Lot gy
¢ SE < By BEEAL A
4“_2‘.)1 =(e+ ”-‘ or 15¢°—18¢+3=0 M1 | Rearrange and simplify to quadratic
I+e=%2(1-2¢) Al | Both valucs
(‘=—1~. |
3
7
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21 - (9231/31_Summer_2021_Q6) = Momentum And Impulse

(a) Along line of centres, speeds v, and v, M1 | Momentum (condone missing masses)
MY, S MV, = MCOS O — mu cos
V= =eu cos B+ asa) M1 | Restitution.
Both correct, masses seen. Al
v, =0 s0 A4 has no speed along line of centres: moves Al | AG
perpendicular to line of centres
4
® (v, =%u cosa=1cos ) M1 | Bt bomponents.
KE of B after colhsion 1s %m{\'f +(usin g)° )
KE of A after collision = %m(u sina):
Add both KEs and equate to %mu: L
Simplify to equation in Sn&x M1
sina:vll-. a=45° Al
4
22 = (9231/33_Summer_2021_Q6) - Momentum And Impulse
(a) Let velocities of 4 and B along line of centres after collision be v, M1 | Momentum, must include m, allow cos/sin mix.
and Vs -
mvy 4 kmv, « mucose .
1 M1 | Restitution, consistent signs, cofrect way up
v, =V, =—ucosf
3
ducosd Al | AG shown convincingly.
Solve: ¥ =0
3(1+k)
3
(b) (3—k)ucos@ B1 | Or equivalent, may be unsimplified
TUU3(1+k)
Use velocity of A with both components Bl W +(usin0)? oy
'k R O o in0) )= 523 L M1 | KE after = 30% KE before (all terms present).
e +§"’(" +(using) )'EXS'"" M0 if incorreet masses.
Substitute from part (a) and for 6. M1 | Eliminate trigonometric terms, must be KE cquation, in terms of
K only.
(3—k ,1 +16k =2“+”3- K o6k-7=0 M1 | Obtain simplified quadratic equation n &
k=9 Al
6
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23 = (9231/32_Winter_2021_Q1) = Momentum And Impulse

(a) Veloaity: —ucosa B1
Tusing—gr BI | Allow 10 for g Must be 1°
2
(b) 1COS (X sin & M1 FT | Allow missing minus sign on RHS for M1,
e oc
usma-gl  cosa FT from (a).
I= {: Al
gsina
2
(c) . v g M B1 | AG
sina<| giving 7' >—
g
1
24 - (9231/31_Winter_2021_Q2) - Momentum And Impulse
(a) Separate vanables and integrate M1 Al | Must include logs. Condone missing modulus.
-&:I Ll so Inf=mi-r+¢
v Lt
Iv= Are™” | —vmAn™ | va-Ale" Al| CAO
3
(b) -Are™ (1-2 ) - M1 | Substituting their answer to part (a) into given formula
=L =™ (1-27° )
1 \
t=la=5 (A=5¢) M1 | Use initial condition
Force = Sme'™" (25 -1) Al | Use N2L. correct work only.
Alternative method for question 2(b)
\.[] -2 ) M1 | Usc initial condition
a= substitute /=1 a=5 so v=-5§ Use N2L. correct work only
Substituting in their answer to part (a) so (4= 5¢) M1
Force = Sme'™" (2 1) Al
3
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25 = (9231/31_Winter_2021_Q5) = Momentum And Impulse

AtA: Tusin®-8g > ucosd M1 | Both
a=usm9-83 Al
weos@
AtB: Tusin@-32g  —ucosd M1 | Both
_usmng-32g Al
ucosd
usiné ~8g s 6-32g - BI1 | Perpendicular directions, so tana xtan §=—1
ncost ucosé
' 3200 4 25600 =0 M1 | Simplify to a quadratic in u
1 =160 Al
-

26 - (9231/32_Winter_2021_Q5) - Momentum And Impulse

(a) Let speeds of A and B along line of centres after collision be v, and M1 | Momentum with masses correct,
Y
3 3 A ( u)
my, + —mv, =——nmuicos60” + mu [ =—
. 2 L4
2 M1 | Restitution, with consistent signs on LHS.
-y = —3(—ucos(ﬂ)" ~u) (=u)
I Al
[ W, =—— V,=—n
\ 2 ) 2
; J3 BI
Perpendicular to line of centres. speed of B 1s wsin60° = =
Dircction of B is now 60° above line of centres, M1
Angle of deflection s 607, Al FT | FT (120° - their direction of B angle)
6
b 2 O L Bl
®© KE before = —m” +l.ﬁu‘ ==mu*
2 22 4
cEator= (5] o130 () (L)) (L 20) | [P ARIEE
. 3) 28 |\2 5 3 )
\ /)
3 Bl
Loss in KE = Emu‘
3
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27 = (9231/32_Winter_2021_Q6) = Momentum And Impulse

(a) > av 128 M1 | Scparate vanables and integrate, + ¢ not required for M1
V== 8y - —
dy X
v =4xt +64x7 40 Al | OE
x=8, v=-15and c =-32 M1 | Use iminal condition
A =_-‘T(.‘.1 —8x +16) or 4x’ _34 % AL | Correct expression for v°, AEF
A o X
v =;(If _4): giving ],‘:——2-(:‘" -4) Al | Convincingly shown, ¢ g vis negative initially, AG
x’ X
5
b 2 : M1 :
®) %In(.\'“ ~4)=-2(+A) Use V=-‘£- and integrate.
) 1 DM1 | Usc initial condition.
=0, x=8 1=;In(\()
1 (2 =4) ©-4 M1 | Remove log.
Eln —)=-Il giving - 3
=44 60e™ Al | CAO
4
28 = (9231/31_Winter_2021_Q7) = Momentum And Impulse
(a) ucosa =vcos M1
eusing =vsin 3 M1
Divide: tan f=¢tana Al | AG. Must see divide OE
3
(b) vsinfi=weosy (=eusina) M1
evcos f=wsiny (=eucosa) Mi
Divide: tany=1/1tane: y=90°~-a *Al
After second rebound, direction of motion is parallel to initial path. DB1
4
i o 2N M1 | E in t £
(c) Final KE = %m‘(uusina)' +{cucnsa}‘] | = %m«ru' I nergy expression in terms ot
LN \ 2 J
croo g s g gy ol Al
So E'm u _GXE""‘ giving ¢ =
Part {a) gives tan(%0-a)=ctana M1
So taner =3 Al
4
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FURTHER MECHANICS -P3

29 - (9231/31_Summer_2022_Q6) - Momentum And Impulse

(a) Let v and w be speeds after collision: M1 | Momentum along hine of centres,
mv + kmw = mucosa
1 M1 | NEL consistent signs
wW=v= ;IICOS(I
Jucosa Al | AG
Add to give 2(1+4) Convincing working.
Substitute back or re-solve: Al | Accept without modulus sign.
_|(2-k)ucosa
| 20148)
4
P 2 g 3 1),
(b) ‘ T B=Dusoer) Bl | For speed of A (SOI)
(using)” +|———"7"—|
L 2(1+k) )
Equal KE after oolhsnon‘ M1 | Equate KEs
I (incosa \ ¢ 2 4 ((2-k)ucosa i
—k = —m usina ———
B 2(|clr)| L 2(1+k) J
[‘)k(cosa)' =4(1+&) (sina): +(2-k) (cosar)’ |
2
Use tana = =: Ml
3
16(14 2k + &7 )+ 94— dk +£7) =81k
23k* — 83k +52=0 leading to (5k —4)(34-13)=0 M1 | Obtain quadratic and attempt to solve.
3 E
k= s or L2 Al
3 S
5
30 - (9231/33_Summer_2022_Q6) - Momentum And Impulse
(a) Let v be speed of rebound from 17 collision: B1 | Encrgy loss.
R T N
Encrgy loss: et SRR
veosa =ucosd Bl | Both
vsina = cusing
C’ombmc to form cquation in ¢ only M1 2. (n oosﬂ): i (eusin@)’
2olvetnd
538 5
1 Al
e=—
2
4
(b) tana =¢tand , so tana =1, @ =45° BI
For 2™ collision M1 | Both.
weos B =veos(I80 - 60-a) May be implied by the Al
wsin # = evsin (180 - 60 - )
tan B = etan (120 - theira) M1 | Divide to find .
B=618° Al
k3
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31 - (9231/31_Summer_2022_Q7) = Momentum And Impulse

(a) For O x =wucos 81 B1
35 B
For . x =—cosa(T +1) !
Collision. so ?cma (I +1)=ucos T M1 | Equate and attempt (o rearrange.
- n i 2, Al | AG
—2"‘;(7 +)=u -‘ﬁl Shown convincingly
4l = 2I5(7 +1)
4
(b) Vertical motion to collision: M1 Al | MI for both expressions, one correct.
For (: y =usin fT —%;27':
35 2
For 7, _\'=%sma(7'+ |)-%g(‘r-n~
. Viga Sk soan A5 &, M1 | Equate and attempt to solve
Equatc: 1“75.1 —Z-gT _Tig(l +1) 5"“ w1)
. o5 |
14(7 1) E”'(' V2T + 1T )~-4-(7 +1)
167 +36=21T+21, 15=5T Al
r=3
4
(c) x=42 B1
H = 24 M1

y=-24 (or 24 m below )

Al | Correct sign or 1in words.

32 - (9231/32_Winter_2022_Q3) - Momentum And Impulse

B1
16, e :
In equilibrnum, 3 =4Mg, e==a
a 4
In subsequent motion, M1 | Encrgy equation with GPE and KE ternms correct and at least one
Loss in GPE = gain in EPE + gain in KE EPE term
Dimensionally correct
( ra-32) B1 | EPE correct
s L1632 (3] L e
a0 Buall kY T2 Al | Al correct.
ga _ 8Mg -Z—ul A ote M1 | Attempt to find vin terms of g and g
2 3a 16
£a > 1 Al
==, ve=fpa
3 v=giE
6
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33 - (9231/31_Winter_2022_Q4) - Momentum And Impulse
(3’ mill':.“l-l\'z £=4(25_|)) Bl | N2L
dt dr

X L«»de':h‘h
10 S5—v S+v

M1 | Scparate vanables and usc partial fractions.

(-G -v)+in(s+v))=ds+ 4

M1 Al | Intcgrate into log terms.
(Note: formula on MF19)

1
Use r=0v=3 togive 4 =mln4

M1 | Use nitial condition

mdna g to SEY _w
10 4(5-v) 20—4v

M1 | Rearrange to make v the subject.

5(4-¢*) Al
e
7
(b) As V-5 B1
1
34 - (9231/31_Winter_2022_Q6) = Momentum And Impulse
(a) Let speed of A after collision be —» v, and speed of B M1

pempendicular to line of centres be 4 v

. 5
Along linc of centres: miu - km;u cosa =mv,

Momentum,

- 3
Vy =—using = —u
3 8

(5 \ M1 | NEL
NEL: O-v, = c| =1 COSc + 1 :
8 J
So Sk 2(3 \ M1 | Solve.
u—shucosa = BI.KR" oos(u-u'
Substitute for cos. to give k=4 Al
-
{b) Bl

Velocity perpendicular to line of centres

V-

BIFT

5 8\ i B8 in
KE before = lmu‘ +lkm[—n] = lmu' +—mu" = ﬂlm:
2 2 8 2 32 32

M1 | NOTE: KE before and after for A is unchanged.

>

& a 4% Both

KE after = lmv,“ + lkmv,," = lmuz + Zmlu: ==’

2 S 2 o4 32

. 25) = Al
Loss = mmu’ [il—i lemn‘

32 32/ 2
-
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35 = (9231/32_Winter_2022_Q7) - Momentum And Impulse

(a) Let v,w be speeds of A and B along line of centres after collision M1
1 1
my 4 Eﬂm‘: mucosa@ 3'"-3" cos B Momentum: masses correct, opposite signs on RHS.
w—v=e(2ucos f+ucose ) M1 | NEL: LHS signs must be consi with um eq

same sign for both terms on RHS

a+ F=90° socos ff=sina M1 | Solve to find an expression of the correct form,
Use this fact and solve to find w

2 (1 13 \ Al
w :-ul-sma +—cosa |
304 8 /
4
(b) Perpendicular to line of centres, speed of Bis B1
2usin ff = ucosa
After, velocity of B makes angle @ with line of centres, so B1
icosa
{ing = 282
W
sina 2ucosa M1* | Obtain homogeneous equation in cos and sin or an equation in tan

. 13 \
sina + - ¢osa |
+ 8 )

cosar 2 (1 3 PR
"
il

TR PRSI, B - DMI | Obtain quadratic and solve to find values of tana
3(cosa) :(sma) +gsinacosa

2(mna)’ + 13tana - 24 =0, (2ana -3)(tana +8) =0

3 Al
lanag =—
2
5
36 - (9231/31_Summer_2023_Q2) - Momentum And Impulse
Parallel to wall veos@ = ucosa M1 | Both

Perpendicular to wall — vsiné = eusina

Al | AEF

Dividing, ¢ =
Qtana

M1 | Dimensionally correct equation in ¥ or v, but not
both. Must have cither & or @ . but not both

Must sce 2 on the correct side of the equation.

KE reduced by 20%, so mui’ (cos’ a +e’sin’ @) =+ x Lmu®

"y 4 Al
Eliminate ¢ cnsa:-s-

Al

,.
I
wilra
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Alternative method for question 2

Parallel to wall veosd = icosa M1 | Both
Perpendicular to wall — vsind < ensina
5 2[5 Sy 25w Al
sin(0)=£‘ cos(O):i usm(:z):i, ncos(e)= 'J_'-‘
3 3 e 3
n e L 5 M Al
u =[u‘cm"(a)ursln‘(a)J:ToF AEF, v.g. —|
41 2 1 M1 | Dimensionally correct equation i v
i ={; o Vi =J;'"7[ A= | Must have either @ or @, but not both
- §5 - - R ] 5
Must see é or % on the correct side of the
equation
2 Al
¢ -
3
5
37 - (9231/33_Summer_2023_Q4) - Momentum And Impulse
(a) Let speeds of A and 22 along line of centres after collision be V, and Vy M1 | Allow sign errors, allow missing m.
V, +V, =ucos30°® (1
-V, +Vy=encos30® (2) M1 | Signs on LHS must be consistent with (1)
Speeds perpendicular to line of centres after collision are wsin30° and 2u B1 | 801
. I V, =4V
Moving in same dircction, so ,' — — 3) i J
usin30°  2u
Use I, =4F, in(l). 3V, =ucos30” M1 | A complete method to find equation in ¢ only
From (2); 3, =eacos30° then
Combine to find cquation n ¢ only.
Al

2017 -2023

264

CH13 - Momentum and impulse




A-evel Cambridge FURTHER MECHANICS -P3 CH13 - Momentum and impulse

(a) Alternative method for question 4(a)
Let speeds of A and B along line of centres afier collision be F, and Ve M1
V,+V, =ucos30° () Allow sign crrors, allow missing m.
-V, +V; =eucos30® (2) M1 | Signs on LHS must be consistent with (1),
Speeds perpendicular to line of centres after collision are wsin30° and 20 B1 | SOI
v v, V=4V
Moving i ¢ direction, s = 3 ! ;
[oving In same direction, so WS 2 (3)
M1
Solve (1) and (2): V, =%u(l -e)oos30®, ¥, =%n(| +e)eos3n° Note: ¥, =ﬁﬁ v, =%~ﬁ
Substitute in (3) to find cquation ¢ only
e= : Al
5
(b) - Coaer G 71 R BI1 | Correct expression for KE for one of the spheres.
KE after = Sm |41 +|\EJE ; *om ((2u) +V5) after collision, with both components.
2 5 2 B1 - IS
KE for A after = %mn‘ or KE for Bafler = == oni’ Implied by total KE after = %mﬂ- :
» i -, i 2 , . Rt _6_ 3
or KE loss for A % mu or KE gain for B > mu
; 3 ) Bl 1 2 )
Total loss in KE = S3m Term -’-m(Zu) may be omitted from KE of 8
before and after.
3
38 - (9231/33_Summer_2023_Q7) - Momentum And Impulse
(a) Foraireraft, o =51 B1
4 BI | T f collisi
Forball, T 4=nsin@ T %aou'- bl el i
Forball. > wcos?? '« + 8«57+ 8 B1
Eliminate u M1
= 5(4+517 5(57+%
-l"ﬂl'—l-rl(ld", u'(—) du*—(-ﬂ—l
5 2 4r r
Dependent on LHS of second B1 being 4.
3(4+577)=4(57 +8) expression involving only 7'
4T -4 =0 DM1 | Dependent on previous M1,
Obtain and solve 3-term quadratic.
r=2 Al | Single correct answer
6] = 2
Note o -8 used leads to 1 = = BIBIBOMIMIAO
(b) e Ansin@-107) M1 | OE .
ncos@ Acoept tm =:c; .
(8 Al | OE
tan —
9
Direction is 41,67 below the horizontal Al | CAO
Note: o -8 used keads to 20.9° above the
hornzontal.
3
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39 - (9231/31_Winter_2023_Q1) - Momentum And Impulse

(a) PCLM: v = i cos 60° + 2mm cos 6 B1 | First lin¢ must be seen.
1 1
vz—iuolucosé?:\':Su(dcosB—l) AG
1
® | Eofa= lm(v" +(usin6ﬂ’):) B
3 )
KEof 4 =2 « KEof B. s0 M1
lzm(v2 + (nsmbl)")") 2 % 2m(usin@)’
1 e T . s M1 | Use result of (a) and rearrange
| S(4cosé - ')J ry =4u’ (sind) Obtain 3-term quadratic
\~ /
$cos’ @ -2¢os0-3=0
3 . A
cosl?:]. —% but angle is acute, so cosB:% ;
4
(€} | NEL: v=e¢(ncosbl®+ucosd) Mi
[ 1 3 ) Al
VEN, u=¢=nt—-u
2 4 )
4
==
3
2

40 - (9231/32_Winter_2023_Q5) - Momentum And Impulse

CH13 - Momentum and impulse

{a) 2 B1
AtA: R, —mgcosa = s
a
2 Bl
At B: —R, + mgcosé = L]
o
Pivae Xy M1 | All terms present, allow sign errors, cos/sin mix.
Energy: =mv] - mv, =mga(cosa +cost)
Al | AEF
1 3 M1 | Any cquivalent working, leading to a di ionally
Eliminate velocitics, use 2, _ER . and substitute angle values correct equation in Ry and mg.
%a( R, —mgcosa)—%a(-k, +mg cosd) = mga(cosa + cos0)
3 4 7
6R. —=mg+ R, ——me =2ma x—
R, 3 mg+ R, 5»:3, mg 3
3 Al
Ry =-5—mg
6
(b) oo 3 3 m’ M1
From first equation in (a), 6x —mg ——mg = ——
5 5 a
\"; =3ag . so Al
k=3 CAO
2
2017 -2023 266




A-Level Cambridge

1 = (9231/21_Summer_2017_Q5) - Circular Motion

FURTHER MECHANICS -P3

CH14 - Circular motion

(1) Vamvy® = Yarmd® + mga cos a M1 Al
v = ag +2agcos a, v =\/(ag(1 + 2 cos a)) AG
Total: 2
(i) T, +mgcos a=m(Nag)l/a, T, = mg (1 —cos a) M1 Al
Vomvy” = Yammi® + mga cos o — mg % a cos 60°
or YVamv® — mg % a cos 60° M1 Al
vt = ag+2agcos a— Ysag = ag (Vs + 2 cos ) Al
T +mgcos60°:mVZZ/%a[:Bmvf/Za] M1 A1l
[Tc = 3mg cos o]
mg (1 —cos @) =3mg (¥ + 2 cos @V2 — Vamg M1 A1l
l-cosx=3cos a,cos =% Al
Total: 10
2 = (9231/23_Summer_2017_Q5) = Circular Motion
(1) Vamv® = Yarmu® + mga (cos o+ sin @) Ml Al
V=1t + 2 ag (4/5 + 3/5)
=u*+ 14 ag/5 AG
Total: 2
(1) T = mutla — mg cos a B1
T =mva+ mgsin o B1
v =20 —ag(2cos a +sin &) =2u’ — 11ag/5 (AEF) M1 Al
1= (Sag) or 2-24\(ag) [V* = 39ag/5] Al
Total: 5
(iii) T + mg = ml *a B1
VomV? = YVamu® — mga (1 —cos @) M1
or Yamv? —mga (1 + sin o)
[1?= (5 2S)ag = (39/5 - 16/5)ag = 23ag/5] 1
T = 23mg/5 —mg = 18mg/5 or 3-6mg
T ==y,
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3 = (9231/21_Winter_2017_Q1) - Circular Motion

~-p+u=0,p=-4

M1 Al | Find p by equating transverse acceln. to Gat r = 2

Gy = (8-pt+ )7/ 08

M1 | Find radial acceleration a; at £ = 2 in terms of p from +/r

= 4%/ 0.8 =20 [m 5] Al | Evaluate with p = 4
4
4 - (9231/21_Winter_2017_Q11) - Circular Motion, Bivariate Data
Adi) Vamv® = Vamd® - mga (cos a « cos 1) M1 Al | Find v at.4’ from conservation of energy (A if no /)

mvia = mg cos i
w = ageos 1+ 2ag (116 + cos fH

Bl | Use # = ma radially at 4" with 8, .~ 0
Use cos @ = 1/16 and eliminate v* to verify o

“(1'8)ag (1 + 24 cos fi)

.‘\G

MI1 Al

Alil) | e’ = Yannd — mga (1 + cos 247)

B1 | Find w* at 2’ from conservation of energy (BO it no m)

mw'la = mg cos 28
10 = ag cos 20+ 2ag (1 + cos 200

Bl | Use /= ma radially at 8 with ;. =0
Eliminate w* to find u*

~ag(2+ 3 cos 2f))

M1

1+24cos f=8(2+3cos2f)
= 16 + 48 cos™ f1- 24
16c0s’ f-8cos f-3=0

M1 | Combine eqns for

F late and solve quadratic to find cos 7

cos fi= % [rejecting - '4)

MI AL

Alin) | of = (19/8) ag or 2-375 ag
R =mudla+ mgeos a
(198 + 1/16) mg

BI | Find v’ using value of cos /7
Use F'= ma radially at A to find reaction & at 4

={39716) mg or 244 mg M1 Al
3
Bi) |eg §,-21872-453 . 40.59 - 1487 or 1652 Find reqd. valucs
S = 2453943399 = 1738 or 1953
or 8, = 195114059 = 12:86 or 1-429
EITHER: b =8,/ 8, = 14-87/17-58 = (-84585 = 0-846 (M1 A1 | Find gradicat in y — v = by (v~ x)to 3 &L
(3~ 40:59) = b, (x - 45.39) Find egn. of regression line to 3 5.0
(v —4-5) = 0-846 (x - 5-033)
¥ 0-84Gx + 024257 - 0-846x + 0.243 MI Al

x =468

Al) | Find x when y = 4.2

OR: by~ 8., /8, ~1487/1286
(x —45:29) = by (v - 40-59)

(v~ $033) ~ 116 (y - 4.5)

1:1563 < 1-16

(M1 Al | Find gradientinx - x= by (y~ W10 3L
Find eqn. of regression line to 3 5.1

1= 116y - 0-170{04]

MiAal

x= 469

Al) | Find x when v = 4.2 (A0 for x = 4.70)

s
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FURTHER MECHANICS -P3 CH14 - Circular motion

B(i)

Ha: g, =g, = O3, Hyo gty — i, = 03 {AEF)

B1 | State hypotheses (BOfor x...)

d=48/90r 815w 0.533  (whored = x— )

Bl | Find sample mean

(326 - 4879)/8
7/80 ar 0-0875 or 0-296

M1 Al | Estimate population variance
{allow biased here: 7790 ar (MT78 or 0-279°)

1= d—03)/(s7N9) = 2:37

M1 Al | Find value of 1

Ingame = 2-306 or 2-31

Bl | State or usc correct tabular r-value
{or can compare o with 0:3 + t g8V 9~ 0:527)

Rejeet Hy if ¢ > tabular value (AEF)
2.37 [+ 0-1] = 2:31 so accept belief

M1 | Valid method for reaching conclusion
Correet conclusion, from correct values

Jof merease of more than 03] (AEF)

Al | SC: Wrong (thypothesis) test can cam only B1 for hypotheses

5 = (9231/23_Summer_2018_Q1) - Circular Motion

G =(2-2+2)°/08=4/08=20[ms"]

M1 AL | Find radial acceleration ay at £ = 2 from v /r

a=U-1=3[ms’)

B

|
Find transverse acceleration oy at ¢ = 2 by differentiation |
1

6 - (9231/23_Summer_2018_Q5) - Momentum And Impulse, Circular Motion

Yamrvy” = Vanne Y mga

M1 | Find v, at lowest point from consvn, of energy (MO if no m)

voE(124 D ag = M ag

Al

My = mvy with M= (1 + Kl m

M1 | Find new v; from consvn. of momentum

w=w /(1R [=W1dag)/ (1 +K) ]

Al

Ti=mvilatmg=(04+ |ymg=13mg

M1 Al | Find tension T just before collision by using = ma radially

To= Mv'la+ Mg -
“(L+ky /(1 = ky + 1} mg

M1 | Find tension T, just after collision by using F = ma radially
(M1 needs M, not m, throughout)

or {14+ R+ () +R)) my (AEF)

Al

1441+ k)Y =15(1 + 432

M1 | Equate 7 and ' T to give any eqn in k

WLkt 15=0,k=250r3 (M1 dep) M1 Al | Solve resulting quadratic for &
(M1 dep on all previous M1s. and requires guadratic eqn)
11
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CH14 - Circular motion

7 = (9231/21_Summer_2018_Q11) - Circular Motion, Bivariate Data

AG) | Ve’ = Yo + miga cos (and M1 | Use conservation of energy (A0 if no m) and
T=nn'la+mg cos & M1 Al | find tension Tat P, by using F = ma (A1 for both correct)
T=wncla+ 3mg cos Combine to venfy cos &

{11/5yng = 2mg!5 + Img cos &, cos &= 3/5 AG M1 AL | by substituting 7= (11/5)mg and n = ¥(2ag/5)
V = 1f + 2ag cos 8= (25 + 6/5)ag = 8ag/5 B1 | Find v at P, (can assume cos #= 3/3)
v = Y(Rag/$) or V¥ (1-6ag) or $a (AEF)

6

AGiy |1 =(asin @)/ (veos @)= dal3v [='%a] M1 AT | Find time 1 10 P by considering horizontal motion

h=(vsinO)t+agr M1 Al | Find ht. fallen at P, by considering vertical motion
= 16a/15 + 5a/9 = T3a/45 or 1-62a
OFs=h+acos =2009 o 2-22a M1 Al | Find OF,
6
Bli) |[Ex=48.Xy =29+2p Exy=242 + 17p. M1 Al | Find required values
X =450, [Zy =219+ 2p)
S, =242+ 173—48 *(29+2pV6=10+p
S, =450 48776 = 66 X -
[S, =219 + 29" — (29 + 2p)/6 = (8" — | 16p + 4T3 )6]
025 =8, /S, = (104 py6b, p=65 M1 Al | Find p from gradient in eqn. of regression line
(29=2pV6=025 <486 + k. k=7-2=5 M1 Al | Find & from means and regression line
6
B(ii) | [Xy=42,%)" =303:5,. 8, = 3035 - 426 = 9.5] M1 *Al | Find correlation coefficient »
F= 8,0 WS S0 = 1657 V(66 % 9:5) = 0659
2
B(iii) | Hg p=0.H;: p>0 B1 | State both hypotheses (B0 for r...)
EITHER: ry o, = 0:729 *B1 | State or use correct tabulbar one-tail r-value
Accept Hy if |,-| < tab. r-value (AEF) M1 | State or imply valid method for conclusion
OR: t=rlin=2)/(1 =)= 175, tyus = 2132 (*BI) | (Rarely seen)
Accept Hyif |r,| < tab. t-value (AEF) (M1)
No positive correlation (AEF) Al | Correct conclusion (dep "Al, *B1)
4
8 - (9231/22_Winter_2018_Q3) - Circular Motion
(i) Yamvy” = Vi — mgu (sin @ — cos ) MIATL | Find speed v at B by conservation of energy (A0 if no m)
[vy =w —(14/13) ag] [sin e = 12/13, cos a=5/13]
[T =) mrvilar — mg sim = 0 v = (12/13) ag| Bl | Equate tension T at B to zero by using & = ma radially
" =(3sin a-2cos @) ag M1 | Combine to verify o
=(36/13 - 10/13) ag =2 ag AG Al
5
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(ii) EITHER: Yamv,” "/ymr' +mga (1 + cos @) M1 | Find v, at lowest point C by conservation of energy
or Yamvg + mga (1 + sin @) [v," = 62a/13)
T =mnla+mg B1 | Find tension 7', at lowest point from F = ma radially
= 62mg/13 + mg M1 | Combine to find 7.
=T5mg/\3 v 5,77 mg or 577 m Al
OR: amV* = Yanud' + miga (cos @+ cos 0) (M1 | Find 77 at general point by conservation of energy
[V = 2ag (18113 + cos )] (where OF is e.g. at #to downward vertical)
T'=mb"la+mgcos §={(36/13 + 3 cos &) mg B1 | Find tension T at general point from F = ma radially
s = (36713 4 3)mg M1 | Combine to find 7., at lowest point where 8= 10
=T75mg/13 ov 3.7T mgor 577 m Al)
4
Q - (9231/21_Winter_2018_Q11) - Circular Motion, X2 Test
Ai) Yanm, ' = Ve + mga (1 —cos ay v’ = o’ + (25) ag| MIAL | Find speed v,- at C by conservation of energy (A0 if no m)
Ry = mg cos @+ nndla B1 | Find reaction R, at A by using F' = ma
R =mg+mv la B1 | Find reaction R, at € by using F = ma
8 fag + o +(25)ag) =9 (45 ag - ) M1 | Verify o’ using R,/ R, = 9/8
o = (8 + 16/5 - 36/5) ag =~ 4ag AG Al
6
Alii) vanmvy' = Yamu' — 2miga cos @ M1 | Find speed v, at 8 by conservation of energy (A0 if no mr)
o amye” — mga (1 + cos @) [y = (22/5) ag)
W' = (4 - 16/5) ag or (225 - 18/5) ag = (4/5) ag “Al
> 050 P reaches height of & (AEF; dep *Al) Al | (or valid argument based on R )
R mvii'la— mg cos = 4mglS — 4mg/s =0 M1**Al | Find reaction Ry at B by using F = ma
= 050 P still [just] in contact at £ (ALF; dep **Al) Al
6
Beiy ¥ = (1/200) £ x fix) = 30 064 £ 200 = 150.3(2] MIAL | Find sample mean to 4 5.£ using mid-interval values
(B1 for 29 964 / 200 = 149.8[2] or 30 164 / 200 = 150.8{2])
2
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BYii) PISI € X< 152) MIAL | Find P(151 € X' < 152)
=PIISI = 150012 € Z< (152 150)/1.2)
= P(0.833 € Z < 1.667)
=0.9522-0.7975 [= 0.1547] (to 4 s.1*)
Eisy = 19044 < 159.5 or 200 = 0,1547 = 30,94 AG Al | and hence expected frequency for 151 £ x < 152
3
B(iii) | Hy: [Normal] distribution fits data (AEF) BI | State (at least) null hypothesis in full
o 3 23 52 69 16 17 M1 | Combimne values consistent with all exp. values & 5
E: 956 3094 359350 39350 3094 956
X = 4,501 +2.038 4 0.945 + 1.517 + 0.828 + 5.790 M1 | Find valve of X* from £(E,~ OF ( E [or £ OE ~n |
=156 (03 5.f) Al
No.n ofcclls: 8 7 6 5 BI | State or use consistent tabular value 7, 208 ‘(to3sf)
Xa1,005": 14.07 12,59 17 9488 [FT on number, n, of cells used to find A7)
Accept H, if X > tabular value (AEF) M1 | State or imply valid method for conclusion
156 |4 0.1] = 11.1 so distn. doesn’t fit [data) (AEF) Al | Conclusion (requires both values correct)
7

10 - (9231/21_Summer_2019_Q1) - Circular Motion

(i) ap=2(d8/diy =2 (2 5in 20 =2 (2 sin w3)° M1 | Verify radial acceleration ay at 1 = x/6 from rer
=2(¥3)*=6[ms* AG Al
2
(ii) ar=2d"8/d4r =2 (4 cos 20) = 2 (4 cos /3) M1 | Find transverse acceleration ar at t = x/6 by differentiation
=4 [ms’) Al
2
11 = (9231/23_Summer_2019_Q2) - Circular Motion
(i) Ti=mvila—mgcosa |= m (Yag/4) ! a — mg cos al Bl | Find tension 7, at A from F = ma radially
Tu=mvy'latmgeos a B1 | Find tension 1y at £ from F = mra radially
Yamvy® = Yam vt + 2mga cos a v =ag (94 +4cos @] | M1 AL | Apply conservation of energy at B (A0 if no m)
' = Ay - Sag cos @ = vy’ + dgacos @ M1 | Combine using Ty =4 Ty and vi© = 9ag/d 1o verify cos &
9ayg cos @=3vy" = 2TagM. cos @=3M AG Al
6
[ii) Ta=4T=(9-4cos @)mg= 6mg M1 A1 | Find 7y
or v =2laghd, Tu=(21/4 + cos @) mg = 6mg
2
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12 = (9231/21_Summer_2019_Q11) - Momentum And Impulse, Circular Motion, Inference Using Normal And T-distributions

E(i) M1 AT | s speed of P at lowest point, vy is speed of  immediately afier
collision.
Yarme® = Ve (21 agi2) + mga [’ =(2572) ag) Apply conservation of energy at lowest point (A0 if no m)
Ay = dmag M1 | Find speed vi at lowest point by conservation of energy
(A0 if no m)
vo = V(2ag) or 1-41¥(ag) or 44Ta Al
iy = (L] mvp + dmvy M1 | Find vy using conservation of momentum (m may be omitted)
o= [2]{= 342 + 42) Yag) Al
[ve| = G2) lag) or 2:12 V(ag) or 0-6714a (AEF) Al | Hence find speed of P
7
EAii) P is speed of P when it loses contact M1 Al
VamVid = Yamv,d — mga (1 + cos @) Apply conservation of energy at D (A0 if no )
[¥7 = (92)ag — 2ga (| + cos @) = (5312 - 2 cos a) ag]
[Ro =l mVifla—mgeos a= 0 [V, =agcos al M1 A1 | Apply F = ma radially at D with reaction =0
(5/2 -2 cos a) ag = ag cos @ . cos @ = 5/6 or 0-833 Al | Combine to find cos &
5
Xi) 154/ V8 =% (16T-13-3) [= 1-6] M1 | Relate 5, to semi-width of confidence interval
trows = 2365 (to3s.f) Al | State or use correct tabular ¢ value
[5¢=V8 % 1-6/2-365 = 1-9135], 5,” = 3-66[16] Al | Hence find unbiased of A's pop variance
3
Ofii) Ho: pe = po Hiz pea >pp (AEF) B1 | State hypotheses (B0 for T _..)
[¥, =15.1]. %, =85.2/6=14.2 B1 | Find sample mean for #
si° =(1221-06 - 85.2%/6) / 5 M1 | Estimate or imply population variance for B
=561/250 or 2244 or 14987 (all 10 3 s.f)) (allow biased here: 1-87 or 1-367%)
£=(Ts/+557)/12=30709 or 1.752° M1 Al | Estimate (pooled) common variance s+ not needed explicitly)
iz oss = 1782 B1 | State or use correct tabular r value
[[14=(%, = %)/ (s W18+ 1/6)) = 0.95) M1 AT | Find value of 7 (or can compare T, — ¥, = 0-9 with 1-69)
1< 1-78 s0 [accept M) Correct conclusion
mean mass of & not Jess than mean mass of A (AEF) B1
9
SC1: Implicitly taking 5., 55 as unequal population variances
(may also eam first Bl B M)
=(F, = ¥y) /(5478 + 55°16)
=09/ \(0-8317) = 0:987
< 1-645 s0
DepSCI: mean mass of # not less than mean mass of 4 (AEF)
Comparison with Zoes and conclusion (FT on 2)
(can earn at most 5/9)
13 - (9231/21_Winter_2019_Q1) - Circular Motion
(r-1y'/2-8 M1 Al | Equate radial acceln. to 8 at £ = T from v'/r
T=3(orT-1=2) Al | Hence find positive value of T(orof 7-1)
ar=2(I'-1)=4[ms?] M1 Al | Find magnitude of transverse accelerats

’

2017 -2023

273

CH14 - Circular motion




A-Level Cambridge FURTHER MECHANICS -P3 CH14 - Circular motion

14 - (9231/21_Winter_2019_Q4) - Circular Motion

(i) Lo = Limd ~ mga cos 6 M1 | Use conservation of energy to slack point 7,
mvia —mg cos =0 M1 | Equate tension at 7, to 0 by vsing F = ma
Al | Al if both eqns correct, with m included. AG
V' = 2ag — 2ag cos 0= ag cos M1 | Combine to verify cos Gusing v = V(2ag)
cos @=2/3 Al
5
(ii) vy = vsin 0= V(2ag/3) (V5/3) M1 | Find vertical speed vy at P
or w=(10127) ag
h=w'2g=(52Na M1 Al | Find height risen above P by considering vertical motion
or 0:185a
h+acos 8=(2327)a Al | Find total height risen above level of O
or 0-852 a
4
15 = (9231/33_Summer_2020_Q1) - Circular Motion
) 2 B1
T=dmg=mawr so & = i
a
; 2n a Bl
Time perrevn = — = x_(—
@ £
2
16 - (9231/31_Summer_2020_Q2) - Circular Motion
For4: T=3mg Mi
For 8: T Teosé=mg
Equate: Jnig cosd = mg Al
|
cosif=—
3
— Tsin# =mrer’ with r={a—x)sing MI
Equate: 3mg =mia—x)ar’ Al
a Al
x=—
4
5
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17 = (9231/33_Summer_2020_Q3) - Circular Motion

FURTHER MECHANICS -P3

CH14 - Circular motion

dug 9
T —mgeosbd=m— (T = Sme)
a A

1, + mgcosHl = m.L

B1

Energy: %m( dag—v* |=mg2acos60

v =2ag

B1

MIAL

Al

Al

18 = (9231/31_Summer_2020_Q7) - Circular Motion

(a)

)

(N +)mgcosl)=i

s | Tag
2 -_EmT=—mg(a+acu>'9)

Bl

Loses contact when N = 0, so combine and simplify

MI1A1

(b)

From (a). v* = -’l;ag

5
When 2 is vertically below O, its horizontal displacement is asin60 . so time I'=

asin60 _

-aﬁ/r = E
UK

M1
veos 60

Vert: h=£—{—5-T——l-g.T:

Al

3 3
Za-3g=-2
2 )

M1

This corresponds to the point 4

Al

Alternative method for question 7(b)

2
paaG—x
a

Al

Coordinates of A: .r=%a 3, ya—o

MIAl

Substitute coordinates into y = 3 AL and show that these satisfy this equation
a

MIAI
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19 - (9231/32_Winter_2020_Q1) - Circular Motion

me Bl
At B, mgcos i =——: (v =agcos f)
[
| T MIA1 | Energy equation with 4 terms and correct dimensions
—mv’ =—mu’ +mga(cose—cos )
2 2 (A nB2 500008 B)
v = 3 2agcos f)
Substitute for x, cose and v. M1 | Eliminate to find cos
') \
agcos/i:%&- 2ag| %—oosﬁ |
1 Al
cosﬁ:—z-
5
20 - (9231/31_Winter_2020_Q2) - Circular Motion
X o BI
At top. tension = (. so mg = (Vv =ag)
a
3 2 1 ¢ ;] (
%mv‘ =%mu‘ —mga(l+cosé) MIAL | Encrgy equation
. M1 | Eliminat
Substitute for 1 and v: ag:é—?.‘ag—lag(l«bcosﬂ] e
5
Al
c059=l
10
s
21 - (9231/31_Winter_2020_Q3) = Circular Motion
(a) o ka B1 | Use Hooke's law
I'=4mg —
o
. (mrg g M1 | N2L horizontally. Must see 7" and £ .
Isn|9=| —= |=m(k+1)asind. >
\a ) a
T=mg{k+1) Al
Al
Equate: &= 1
3
4
(b) TTcosO=mg Ml
.4 3 Al
(I'==mg) cosf= M .=
v :'-m 4
3 g
2
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22 = (9231/31_Summer_2021_Q2) - Circular Motion

T Reosf =mg Bl
e BI
— Rsing ="—
m
r=asing Bl
3m3=3[l—{m53)2} M1 | Quadratic equation in cos@
cosfl=— oo
1 Al
X=—a
a2
1
23 - (9231/33_Summer_2021_Q3) - Circular Motion
(a) ForB: T'=mg Bl | May be embedded
ForA: R+ 1cos8=3mg M1 | All 3 terms, allow sign errors. allow sin/cos mix
3 Al
Use given R to obtan cos@ .
3
(b) 1 3y’ M1 | May be seen in part (a), allow sin/cos mix
T'sintl =
r=ARsin8 BI | Or equivalent
: Al
|Combine to give AR= % .so0] BR =%u
3
24 - (9231/33_Summer_2021_Q4) - Circular Motion
el (,,\1 ) *MI1 | Encrgy equation, v ith 2 KE terms and a two-part GPE term,
- —— - | =mg|acosd+asind) allow cos/sin mix.
2 27\2}
3, s Al
:u' =2ag(cos@+sind)
(u 2 Bl | N2L
,,.H
At B, tension in string is zero, so Mg sing=——
a
(1 =dagsind)
Eliminate 1 g
tand=2 OE Al
2 Bl | N2L
AtA, T - mgcost = 2
a
pY stitute I
e l);/? mg (= 4.02meg) 11 Al | Substitute to find 7
Alternative method for question 4
1 & 1 fu¥ ) *MI | Encrgy cquation, with 2 KE te
Emu —Em‘\-;-,-J =mg(acosd+asind) allow cos/sin mix. “
B @
;n‘ =2qg(cos@+sm8)
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[” ].' BI | N2L
m|
At B, tension in string is zero, so mgsingd= a-
(0 =dqgsing)
5 DM1 Al
Eiminate 8: 4 = 3988 4
2 1| N2L
AlA.Y—mgcosw:& o 2
a
N itute
2 =ﬁmx (= 402mg) 11 Al | Substitute to find 7
3
8
25 - (9231/31_Summer_2021_Q5) - Circular Motion
3 Bl
T —mgcost = Ll
a
Ty +mgcosd = L o

a

i’ m
=7 so moost9+-—=7(—nqzm59+—-—-—m
a

\

* =ag(7-8cosb)

)

M1 | Use given relationship and combine.

Encrgy: %mn’ —%mng =mg(acos@+acosd)

So o =ag(4cosB+1)

M1 Al | Encrgy cquation.

Equate expressions for o * M1
ws();l. 9= 60° Al [ CAO
2
w=3m Al | CAO
8
26 - (9231/32_Winter_2021_Q3) - Circular Motion
(a) I'=3mg and 7' cos@ =mg M1 | Must see both of these scparately.
Al | Atle ¢ step of working, AG.
Contibiiing; cosé?:% t least one step of working, AG
2
b - Bl | s e )
® (c050=9-——£.\\'hcrc,\'=AR) sinﬂ:ﬁ
X A 3 )
AR=-}0 or BR=-_II:1 or radius = 7";
A M1
Tsing=""
r
Combining to find an cquation in v, @ and g only. DMI1
vi=2ga, v= Jlga Al
4
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27 = (9231/31_Winter_2021_Q6) = Circular Motion

: BI | N2L
w Atd T, —mgcos0=m><&x~
a
2 Bl | N2L
AtB T, +mgeosf= mx—
a
M1 | Energy equation with correct number of terms

N 1 5
Smx3ag ——m- =mgax 2¢cosf

V¥ =Sag —4gacosd

Al

Accept multiplied by m and/or divided by a.

Use ratio of tensions =9 - 5 M1 | Use ratio and simplify to an expression in cosé .
2 Al | CAO
cosf=—
5
6
(b) Greatest speed at lowest point M1 | Energy equation including lowest point, correct number

-%m %5ag +%ml" *=mgax(1-cos#)

of terms

v 3lag Al FT | Fttheir cos@ from part (a)
= i
2
28 - (9231/31_Summer_2022_Q2) - Circular Motion
2 MI Al | Enc nati
—-_l)-mv' +-;-mx 3ga = mga(cosd +cosa) DCTEY. equation
(l'.)mgcosg:ﬁvl Bl | N2L
a
ugcos8=3ga-zgamgg-2ga,% M1 | Combne to find cos@ .
7 Al
cost = l_'\
5
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29 - (9231/33_Summer_2022_Q4) - Circular Motion

(a) | BN ) B P > M1 | Energy cquation with all necessary terms, GPE terms must be
SOV - =mpd(cosd +coscr) resolved, allow sin‘cos mix, allow sign error
. - 3 : b © | later.
—'m(lu)' _lm"_ = (i B con ) Al | 2 may be bl;bsl;ll.llud ater.
2 2 : AT
“ = Implied by AT ga(cosd +cosa)
X N2
ALA, T +mgeosd="n1 L
o
’ Bl | N2L ¢ of tension (10
Also, 101 —mg cosa L and use of tension (107)
o
Use all three (two N2L and energy) equations to find 1 in terms of M1 | Might see
a ly 3
Brand g onls 91‘—1vg(w59~cosa):L"x%ga
a o
(cosf +coser) =1
(10cos@ +cosar) = 4
Al
r= émg
=
6
b M1 | An ropriate method to obtain cosa
(b) Substitute back, IU-'l‘mg . dm . %ga ny appropnate me i
J o J
2 Al
cosa = —
3
2

30 - (9231/31_Summer_2022_Q5) - Circular Motion

For A: T'sin@ = mrer

M1 | N2L honzontal

r=3asin@

B1 | Correct expression for radius.

T'=mx3a0

Al

3 give
Similarly, for 8#: I'cosél = ':m xrxk o

M1 | N2L honzontal

3 s 2
T'==mak-w"
4

Al

R .. &
mx3aw” = :mak'm‘

M1 | Equate expressions for T

Al
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Alternative method for question 5

ForA: T'cost=mg, Tsinf=mre’ M1 | N2L horizontal and vertical

r=3asiné B1 | Correct expression for radius

T =mx3awn® = %mg. o = % £ Al | Combine to obtain expression for a°
2 a

3 a3 N N2 .
Similarly, for B: T cosé = jm xrxk o o Sz

3 >
T =Zmak o° Al
4
:'"2 R T 4 M1 | Substitute for 7" and @.
4 4 124
=4 k=2 Al
)
31 - (9231/31_Winter_2022_Q1) - Circular Motion
2xv° R M1
Use F=ma: 20 = =—— OR 20=2x0.6"
0.6
2 s S ¢
v =6 OR o =0 G
3
. Ol 60w Al FT | 38 9848,
Number of revolutions per min = _—
0.6x2n 2z
50 39(.0) revolutions
3
32 - (9231/32_Winter_2022_Q1) - Circular Motion
Bl | N2L

" o T
When string goes slack, g cos f= iRl cos fi May include 7, but B not awarded until 7'=10

2 Bl | Enc uation.
%m.}ug —-i-mv‘ =mg(acosa +acos f§) A gy

= ( 2) M1 | Combine
So u” —agcos B =2ag cnsﬂ+;|
s 4 Al
u - —ag 3
cosfl=——=—==
lag 9
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33 - (9231/33_Winter_2022_Q5) - Circular Motion

5 + Bl | E ! O LARIOI.
(a) lmv‘ —lmr;‘ = niga cos MMy cquanon
2 z
|:Jrag = %ﬂg + Errgmrsﬂ:l
Bl | N2Lat B,
T .lng;cusﬂ_ﬂl'z a
a
11 m 1l
So —mg —mgcosd =—kag , ——cosf =k
f a il
Solve simultancously. M1
Al i
k= i costd L Hoth
3 2
d
® | nitial speed 7= Jfag sin® B
Use v’ =n"+2ax: 0= [:-,}kﬂg sinﬁ‘}: -1gs M
1 Al
§==a
2
Height above lowest point = 5 +a—acosd = ll[r ba I;a =a ALEr
4
34 - (9231/31_Summer_2023_Q3) - Circular Motion, Further Work On Distributions
(@) AL s miag M1 | Allow cos instead of sin for M1, Do not award
by mE e sa until tension « 0 used. Mass must be seen. No sign
crror
siné = i ol
5
2
(b) 3 Bl
AtA. T -mgcosf = i
a
N 1 5 1 4ag ¥ M1 Al | Encrgy equation with 4 terms, dimensionally
Energy Py Mg =mga(cosé +5in6) correct. Mass must be present, allow sign errors,
Must see 3 in the KE terms.
Solve to find 1 M1 | Complete method lcading to an exp m mg
for T'
1 Al | CWO
=—mg
5
s
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35 = (9231/31_Summer_2023_Q5) - Circular Motion, Further Work On Distributions

(a) y " img ( \ Bl
Hooke's law, 7 =A_’"x(r_“) or 1. __’_f_{&' -3-::-::
a o L4 J
f 2 M| . 2 -
Also, ;= 2 and equate i"_‘_.z"'"g(,r_a) v _Aex(x-a)
X p < a a
Dimensionally correct terms
(3x \ ‘ Ml '_._3;,*'.\'[2 B \
: lm;.'].T—a| Zm[?‘ v S |3 ﬂJ
Similarly: - == i | 3
o = Must have <v and T‘ on the RHS
Their dimensionally correct 7.
Equate expressions for v and solve for x in terms of a Mi
x=da Al | Www
5 | SC B3 for answer of 4o using 4 nstead of Amg |
(b) S S T ,Za \‘_; i - :,/lng M1 | FT their expression for x
xg(x-a) 3xe| 3x-
3xg| “x-a
| Al | CAO
2
36 - (9231/31_Summer_2023_Q7) - Circular Motion, Further Work On Distributions
(a) h in’ B1
H =80sin" & or M
T'=d4smng orM ™
2
2 ! No e .
B | oo 1= s =3 1 %H:%-IU-(J—I')' MEAL] Dy atet somd
1 .oy 3 M1 | Substitute their expressions for H and 7' from
Use results from part (a) Isos'" 0 =5(3-4sin8) part (a) and obtain a quadratic equation in siné@
dsin@-8sin@+3=0 with no more than three terms.

siné ad 0« 30° Al | Single answer, NFWW,
5 7=

Alternative method for question 7 part (b)

3 ! 3 120 sind - 45
iH:_\-(3)=4(I13sinﬂ-%xl(bx.%" L Ny

3 2 M1 | Sub their expr for # and 7' from
Use results from (a): :aosm @ =120 sné - 45 part (a) and oblain a quadratic cquation i sin@
4sin’ @ ~8sin@+3=0 with no more than three terms
| Al | Single answer. NFWW.
smé):i. @=30°
4
(c) When £ =3 speeds — 40cos& and T 40sing - 103 B1

Square and add to find squarc of speed: v’ = (20\6): = —10): M1 | vinat. b mmotac).

V1300, v=104T3 [=36.1] Al
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37 - (9231/33_Summer_2023_Q1) - Circular Motion, Simple Harmonic Motion, Hook's Law

I i Yl " M1 | Encrgy eq . 4 erms, di mally correct,
3'" a8 = 3"" =mga(cosa +cosd) mass must be present, allow sign errors. allow sin
both terms on RHS
mr B1 | N2L. may include tension initially but not awarded
mig cosé = =5 until tension = 0 used
3 | ” (4 g‘ M1 | Dependent on tension = 0 and on an cnergy
T e ORGSR l_: s ) equation, eliminate v*.
3
—cosf = T
2 10
o= 7 Al | If no m m energy equation and no further errors.
SO g award SCB2 for correct final answer
4
38 - (9231/33_Summer_2023_Q2) - Circular Motion, Further Work On Distributions
A M1 | Kinetic encrgy = clastic potential encrgy. 4 terms,
1 o 'I' dimensionally correct, allow sign errors
\3") |
Al [ With v substituted.
-[(2a |
\3 /)
M1 | Solve to find value for A dependent on cnergy

S T
olve | 3+ _Ag‘-.;“,“

equation with 3 or 4 erms

9 Al 9 ;
A= 3 SCB2 for A Mg if given 2 not used
4
39 - (9231/33_Summer_2023_Q5) - Circular Motion
(a) 11 cos8 = mg B1
2 2T rrer B1
= 7‘55,,02[.@_ :} 2198
r 4
r=12atant used M1
Divide: tand 27 0 3 M1 | Finds value for tan? OF
sy y Ty (ntl ol et Reduces to equation in ¢ or x. no k.
r=Ya, extension of string = 3a Al
Alternative method for question Xa)
Let L be stretehed length of string. B1 - 12a
T'I‘oosl?:mp Pl KT=m""
2 2 B1
—T'sinf = [—”" =J mx Heg
r 4
r=1Lsind used M1
12a ' (,_:_“4“:)'” A - M1
Use cos@ = T and sin@ = =t and ¢himinate 1
|27 ~144a" =81a°] L =15a, extension of string = 3a Al
s
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(b = Bl

4 Hooke's Taw 7‘=M

12a
- r kmg (L-12a) _mgl. M
” 12a T 12a
iz I S Al
L-12a

3

40 - (9231/32_Winter_2023_Q1) - Circular Motion

17 cos0 = mg B1
o B1
- Tsinf = “
asind
El T and substitute for @ M1
v= :ag Al
4
41 = (9231/32_Winter_2023_Q3) - Circular Motion
(a) Mass is proportional to arca B1 | At lcast two arcas correct, at least one distance correct
Area Centre of mass
from AC
. | 1
ABC —x2axa —a
2 3
g I .fa) 2(a)
2 LAS, | Bk o] o
BDE 3 -‘kJ a 3|\h
722
ADEC _l.:l‘—’| v T
2 k
I 1 1 (2o a) a2 M1A1 | Moments equation. dimensionally correct. correct number
T —=x2} — 2 l=caxa®<|a==|=]|x| =1 .
¥ ) T TR & 3Lk}, \%) of orod
a(k? +k-2 A s 63 E)
= ow unsimplified single fraction —————=
3k(k+1) b ¢ 3 (k1)
4
(b) 153 ] B1 | With their ¥ from part (a).
tanf=— |=—
a | I8
So lﬂ(k2 vk 2)- 5(3&2 ‘ Jk) Mi Obtain a polynomial in & only, cg &% ~ 13k +12=0,
B ak-12=0 may be implied
(k+4)(k-3)=0. Al | CWO
k=3 only
3
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42 - (9231/33_Winter_2023_Q4) - Circular Motion

(a) Encrgy equation: gain in KE = loss in EPE BI1 | At least one correct EPE,
M1 | 3-tcom cnergy equation.
%m.:«m_g—% .5—:::5((2/,—&!): —(4«1)’} ALi| Al comect
41F ~8al - 20a* =0 M1 | Simplify 1o quadratic in /.
L=10a Al | Correct single answer
5
(b) AP 27 cos6 = m ~ acederation M1
Hooke's law: 7= l’f 12a= gmg ol
Solve, acccleration = 12g Al
3

2017 -2023

286




A-evel Cambridge FURTHER MECHANICS -P3

1 = (9231/21_Summer_2017_Q2) - Equilibrium Of A Rigid Body Under Coplanar Forces

CH15 - Equilibrium of a rigid body under ...

Take moments for rod about some point such as:

A:

Re < AP — kW x 3acos @ =W = (3a/2) cos &
[Repx3a/4—kW =x9a/5 =W =x9a/10

so 15 R, 36 k7 =18W]

Fy =< (Baid) — kW x (3a cos @ — Sa/d)

=— W= (5a/4 —(3a/2) cos O)

[Fax3a/4—kW = 11a/20=—W < 7a/20
so25F, - 11V = —TW|

RyxAPsin 8+ F,; x AP cos 6 — kW < (3a—AP) cos 8
=W % (3a/2 —AP) cos &)

[ Ry 3a/5 + Fy «9a/20 — kW < 27a/20 = W =< 9a/20 50 12 R, +
OF, - 2TkIW=9W]

Rpx(Ba—-APY—R, x3asin 86— F, x3acos @

=W = (3a/2) cos 6

[ Bp= 9ald — Ry = 12a/5 — Fy < 9a/5 = W < 9a/10
sod5R,—48R, - 36 F, =18 1]

Rpx 3a/2—-AP) — Ry x (3a/2)sm 6 — Fy x 3a/2)cos @ + kW
% (3a/2) cos 8 =0

[ Rex 3aid — Ry« 6a/5 —Fy < 9a/10 + kI % 94/10 =0
so 15K~ 24R, - 18F, +18ki"=0]

Rrcos @< (3a—AP)cos 6 —Rpsin 0 x AP sin @
—Fyx3acos @ =W =< (3a/2)cos 6

[ (3/5)Rp x 27a/20 — (4/5)Rp = 3a/5

—Fy = 9a/5 =W «9a/10

s081 Rr-—48 Rp— 180 F, =90 i ]

M1 Al

Find two more indep. eqns, €.g. resolution of forces on rod:
Horizontally: R, = Ry sin 8= 4R, /5]

Vertically: Fa+(k+ DIW=Rpcos 8[=3Rp/5]

Along AB: Ricos 6 =F,sin 8+ (k+ D)V sin &
Normal to AB: Rp=R,sin 8+ F cos @ + (k+ 1)¥ cos @

B1 B1

Fi=+R,/ 8 or — R,/ § as appropriate

[sin &= 4/5, cos 6 = 3/5, tan €= 4/3]

M1

Fudi[Re= 6, Fy =3W/5, Ry = 24W/5], k=2
Fo M [Re= 300717, F = 3W/17, Ry = 24WI17), k = 417

M1 Al

Total:

)

y @
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2 = (9231/23_Summer_2017_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(i) Tx3asin @=W x 1-5a cos 26 M1 Al
T'=7W/30 or 0-233W Al
Total: 3
(i1) OB = (5a —3acos 26) / cos G=26a/5 or 5-2a M1 Al
7= A(0OB — 4a)/da M1
= A(6a/5Yda=34/10, A="TW/9 or 0778 Al
Total: 4
(ii1) X =Tcos &[= 1475 or 0-187H] M1
Y=Tsin & + W [=57W/50 or 1. 141¥] M1
¢ = tan™" (Y/X) = tan™' (171/28)
= 80-7° or 1-41 radians B1
Total: 3

3 = (9231/21_Winter_2017_Q4) = Equilibrium Of A Rigid Body Under Coplanar Forces

(1) T 2a=(5W2) acos O M1 | Take moments for rod about A4
TF=1%(5W2) (45)=W Al | to find tension I’
-
() Tsin 6= (W~ Tcos ) M1 | Use Fe= gRomt P
(35) iV '.“l; + S;HT 29 S)JZH 13 IE .\" to find s
5
(iii) EITHER: [+].X=Tsm 8= 305 or 0-611 (Bl | BITHER:! Find horizontal component .\ of force at 4
t) V' =5H72-Teos Gor SW2+W-R Find vertical component 1 of force at 4
170710 o 1.7 B1)
OR: [£].X = (5W72) sin O~ 32 ar 1.5W (Bl | OR: Find component ¥ of force at 4 along 8.4
[#]1 Y =(5W2)cos 6-T=W BI) Find component ¥ of force at A perp. 1o BA
RE=X0 1= 13054, Ry = w13 ar 1:80 1 BIFI | Find magnitude of resultant force £, at.4 (FT on . 1)
3
() PB =~ (a+ 2asin )/ cos #= 504 + 302~ 1lad or 275 Bl | Find length PB or extension x of string
arx=3ad or (:73a
I'= A(PB -2a)2a, A~ 8W/3 or 26T M1 Al | Find modulus 4 using Hooke's Law
3

==
L

v
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4 = (9231/21_Summer_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(i) Ry 2a sin &= Wa cos 8+ SWyacos ¢ M1 Al | Moments at A
5 Al | Simplify 1o give R,
g 5241 2 pify 1 give Ry
2tand
3
(i ; Sx+5+1 BI | Find new R by moments at A
Ry S ESH) (AEF) adhaiais L\
2tand
: M1 Al | Findiverify x w2 Ry
Sc+6=2(5c+ 1), v=1 AG rniie el
3
(iii) Ry=6W, Fy'= Ry’ or 2 Ry[= 10 aw) B1, Bl | Find R, and new £, by resolutions (may be carmed carlier)
2tand
2 R M1 - F
S=4 Relate R and F; us p—
3R, elate R, and £ using 2 R
[' SW ] M1 Al | Find tan @
5 2
- ¢lm'+"somn 0= % or 125 SC Allow M1 M1 for ground smooth and wall rough (max?)
5
5 - (9231/23_Summer_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces
(i) AC=AD cos Gand AD =2 a cos 0= 6u'5] s0 M1 Al | Find AC (D denotes other end of rope from ()
AC =2 acos” B=2a(3/5) = 18ai2 AG
2
(i A: Ry x 2asin 0—W xacos 0-Tx AC=0 M1 AL | Take moments for rod about one chosen point

| Re» 8a/S — W 3ai5 — Tw 18a/25 =0
SO R~ ISW—-I8T=0]
B: F % 2asin 0~ R, % 2acos 04 Wxacos (Note that a vertical resolution will then give 7. earning 6/6)
+Tx(2a-AC)=0
[ £y 8alS ~ Rex 6alS+ Wx 3§+ Tx32a25=0
S0 ISW+32T=30R—40 F,=20R,]
Ci FyxAC sin - Ry x AC cos O+ Ry x (20~ AC) sin 0
~Wx(a-AC)cos 8=0
[ Fox72a/125 ~ Ry = 54a/125 + Ry = 128a/125
~Wx21ai25=0
O 128 R~ 21 W=54 R, -T2 F,=36R,)
DRy x 2acos 68— Ry x 2asin - W xacos 5=0
| Ryx 6a'S ~ Ry = 8a/S ~ W« 3a/5 = 0
SO6R -8R, -3W=0]
Gl asin @ Ry = acos @+ Ry = asin 0 (G is mid-point of AB)
+Tx(a-ACY=0
[Faxda/5 < Ry % 3a/5 + Rax dalS + 1'= Ta/25 =0
020 F — ISR +A20R,+7T=0]

Horizontally: Ry — F (= T'sin @ [= 47/5] Bl | Find two more indep. eqns, e.g. resolution of forces on rod
Vertically: R, ~ W= Tcos @[=37)5] BI1 | (a second moment eqn. may be used)
T=Wa AG M1 A1 | Find or verify Tusing F. = Y4 R, . sin 8= 4/5  cos 6=3/5 ’
6
(i) Ri=23W/200r 115 W [F=23W (80 = 02875 W) Bl | Find Ry. Ry (can assume T'= W/4)
Ry =390 80 or 0-487,5 W B1
2

v
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6 - (9231/21_Winter_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(i) T« 3asin 26=Wx 2acos 0+ Y2 W x da cos @ MIATL | Take moments for rod about A
6 T'sin Gcos 0= da W = acos & M1 | Venfy tension T
T=2W/3sm@=2W/3(817) =1TW/12AG Al | using sin #= 8/17. cos &= 15/17
4
(i) EITHER: X=Tcos @ =(54) Wor | 25W B1 | Find horizontal component X of force at A4
Y=W+'2W-Tsnd =(56)Wor0833W B1 | Find verucal component ¥ of force at 4
F=YX+F)=(5V13712) Wor 1500 B | Find magnitude of #
Upward force at angle to horizontal of MIAL | Find direction of
tan 'YX = an ' 23 = 33.7° or 0,588 mdians (AEF: A0 if direction unclear)
OR:! Ry =13 Wsin 0+ Teos 20 (B1 | Find component Ry parallel w A8 of force at A
=(305/12 = 17) W or 1451V
Ry = 1.5 Weos 0~ Teos 20 B1 | Find component £y normal to A of force at A
=(534) Waor 0. 147W
F=W(R+ Ry )= (5131 12) W or 1.50W BI | Find magnitude of ¥
Upward force at angle 1o AB of tn ' Ry /R = tan ' 6/61 MIAL) | Find direction of £
=5.6" or 0.098 radians (AEF: A f direction unclear)
5
(iii) I'=ACD-2a)2a M1 | Find modulus 4 using Hooke's Law
CD=3as0 A=2T=1TW 6 or 2.83W Al
2

7 = (9231/22_Winter_2018_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(i) AR xx—Weosd5xa=0 Bl | Take moments for rod about one chosen point
B Fieos45% x 2a - Ryco8 45" x 2a - R, = 2a - x) (F, = may be replaced by uR, and cos 45° by e.g. 1/¥2)
+ Weos 45° xa=0
C:Ficos45% xx ~Rycosd45% xx+ Weos45° 2 {(x~a) =0 (A single resolution along the rod will then suffice since no R, )
G Fiecosd5xa —Rycos 43"« a+ R <(x—a)=0 (G “ mid-point of A8) 3
D Rycos45° x a — R cos 459 x x cos 45° (Dis on gound below ()
— R cos 457 < (x—a)cos 457 =0
Horizontally:  F,— R, cos 45° =0 BI | Find two more indep. eqns, e.g. resolution of forces on rod
Vertically: Rt Rocos 459 - W=0 B1 | (a second moment eqn. may be used)
Along rod: Focos 45 + Rycos 45° — Weos 45" =0 (B1
Perp.torod:  F cos457 < Ry cos 45° < R, + Weos 459 =0 Bl1)
IRi= W1 (1) Fy= uW (1 4p0), Re= W2 1 (1420) MIAT | Combine to find x (using F = uR and cos 45° = 112)
x=a (4w /! 2uor Vsa(l +
5
(it} a(l+w)/ 2u<aso u» % AG MIAT | Verify u using x € 2u
2
(i) allv gy 2u=3a2 so =% MIAL | Find g when x = 3a/2 usig result in (i)
Fo= W, R = 2W3 (R = (N2) W3] MIAT | Find £, Ry and hence magnitude of resultant force N, at A
Ne=WF 4 RA=(SB) Wor 0745 W
4
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8 = (9231/21_Summer_2019_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

A Tx 5ai2 sin (0 —26)— W« 2a sin =0 M1 A1 | Take moments for rod about one chosen point
[sin =25, cos 8= 1145, sin(n—26) = sin26 = 4/5]
C: Fy % 5a2 sin @— R, % 5a2 cos §— W x Y asin §=0

B: Fyx4asin & — R % 4acos 0 W = 2a sin &
T« 3a2sin(x-200=0

G:Fyx2asin @~ Ry x2acos @-Tx"Yasin(n-26=0
(G is mid-point of AB)

Di Ry = Sacos 8- Wx2asin =0

Ry~ Tsiné B1 | Find two more independent equations
Fi=W-Tcos 8

B1 | ¢.g resolution of forces on rod (a second moment equation may be

used )
Fi=uR, Bl | Relate F, and R (may be implied)
T=(2Wsin @)/ (52sm28)=2W/(5cos ) M1 | Find T by any method (e.g. from moments about 4}
=2WINS or (245/5) W or 0.894 I Al
Fy=(35) Wand Ry =(4/5) W M1 Al | Find or imply F and R by any method (e.g. from resolutions)
u=Yor 075 and hence g
Al
10
Q - (9231/23_Summer_2019_Q5) - Equilibrium Of A Rigid Body Under Coplanar Forces
(i) Rycos @ + Fysin @ = Wsin @ + ' Wsin & *M1 Al | Resolve forces along rod A8 (sin @ = 3/5, cos ¢ = 4/5)
Fy=Y R B1 | Relate £y and Ry(may be implied)
(AS+N xRy = (1 + D 3S5) W, Ry=% W AG DM1 | Combine using tan & = % 1o verify Ry
Al
s
Lii) R =Fucos )~ Rgsm @+ Weos 0+ Vs Weos @ *M1 Al | Resolve forees perpendicular to rod AB. where €' denotes rim
Substitute to find &
S(A Y xdS) W —ax35) W= (5 xai5) W DM
=(IS5-920+ ) W=UW Al
4
(1ii) A Rex AC + (Rysin 0 — Fpcos 8) x 2x~ Weos @ x x M1 A1 | Find totl moments about any pomt,
[= W (% x 2 — ¥ x 8a/5 + 920 x 2x — /5 » 2v—4x/5)] denoting rod's centre by G (taken on either side of )
C: (Rusin @ < Fycos @) % 2acos @~ Weos 8 % Cl v Al cos 0« AC where  AC=2y-2acos 0 = 2x - 8al5
[= W (920 % 2a— 1/S x 20— 8al5 -+ x + Y4 » 2v — "4 x 8a/5) cos 6] CG=x-~AC=2acos )-x~8al5 - x
(: Rex CG—(Resin @ —Fpoos f) = x—"% Weos 6 = x
[=W (¥ x8a/S Y xx -9 xx+ LS x x— /5 xx)]
B: Riox2acos - Woos @« x— YW eos @« 2x
[= W (% x 20~ x~"ex 2x)cos 0]
r=a Al | Substitute and equate to zero to find ¥
3
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10 = (9231/21_Winter_2019_Q2) - Equilibrium Of A Rigid Body Under Coplanar Forces

(i) R x 3a=Wcos 0x2a—Wsin 0= 2a M1 Al | Take moments about B
or Ry x3a=Wx2a(l —tan &) cos &

f \
or Rex3a= 220 sin| % |
4 )

Re= 4w/ 3410 Al | Find normal reaction at £. AEF
Ry=W— Ry cos §=3WI5 M1 Al | Find normal reaction at B by resolving forces vertically
5
(ii) Fy= Ry sin 0=2W(13 M1 Al | Find friction at 8 by resolving forces horizontally
u=(2015)/(3/5)=29 Al | Find g from £y = uRy
3

11 - (9231/31_Summer_2020_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) Afce Centre of mass | Centre of mass M1
from BC from DC
| Square 100 5 5
Triangle Yax. 1512 %,t %
15 = =5
Shape ABEFD 100 -~ s x ¥ 54

Take moments about BC"
15 ) I8zl
1 -—x |o. ¥ =5000 ——x0.—)
[ 17 RO
(M1 for all terms present)

L 35 Al
T 400 - x AG

80-3x
Take moments about DC: M1

N, . 15 5
’xIOO—-;.\’J‘,r = 100x5 -

_ _ 800-15x Al
160~ 6x

4

(b) Use condition: ¥ = x B1

267 —80x + 400 =0 M1

x=20-1042 Al

3
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12 = (9231/33_Summer_2020_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) Mass Centre nf'm}m B1
from vertex of cone
Cylinder n(kr)t 3rp I—:r
Cone %x(lr): Arp 3r
Combined (a{kr)' .3r+%x(2r)".4r 2 ¥
Take moments about vertex: MIAL
{ > g X 2 2
.'\’x| nlkr) ‘3r+%n(2r)' Ar |= l—_l‘r—x a(kr) 3r+3rx %x(Zr}' Ar leading to
\ J -
_ (99k" +96)r At
S
4
(b T—dr Ml
ang=——m77F = I/}
> { )
- 17 Al
¥F=—F
4
Equate to answer in (a) and aftempt to find & Mi
1 Al
4547 =80: & B
3
4

13 - (9231/32_Winter_2020_Q3) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) Volume Centre of mass from base B1 | Distances correct
Cone %E(Sr)z dr Sr+r
Cylinder K(Sr}:. 4r 2r
Combined %)r(]v}:, ar X
Taking moments about basc of cylinder: MI Al | Moments equation
" 2 W 3
Ty dr= %x(&r]' arsr+x(3r) Ar2e
-1 Al
¥=—r
4
4
(b) Condition: (Nicos#) <OA (where (7 is vertex of cone and OA4 1s B1 | Correct condition for equilibrium
slant height of cone)
( 5r M1 | Expression i terms of
|4I‘+"—r]xi<5r Xpression mn lenms of
\ 45
21 <25 Tre Al | Correct conclusion, with correct working
3
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14 - (9231/33_Winter_2020_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) Volume Centre of mass from .18 B1 | For 9h/8 or 3h/8 (unsimplified)
| TN I h{ 9h)
Small co —rr — ht=—— =—
e s %)
| 2 3 1 3h( 3/11
La =x(3r) .= - =
ki 3 (3r) 2 420 8)
2 .
Object '—:n’(r]‘ h T
Take moments about AB M1 A1 | Moments equation: Allow use of relative masses 1, 26, 27
- AN R
—ArhX =—Rr'h———gr-h—
3 6 8 6
- O Al
X 5 w—
26
k]
b X M1
L um0=;‘—
3r
3 3 Al
= i) Use h =£r
26r 4
3
tanf=—
b
2

15 = (9231/33_Summer_2021_Q1) - Equilibrium Of A Rigid Body Under Coplanar Forces

Centre of mass B1 | All distances correct
Arca
from DB
ABD 24 a° a ABCD can be split in other ways, for example ADC and ABC.
BCD 484’ 2a
Combined T2a* X

Taking moments about DB M1 | Moments equation with masses in correct ratio

12a°F=24a" x—a+48a° X 2a

OR

Taking moments about A:

720°T »24a° x 20+ 48a° % 3a

OR

Taking moments about G

2P (T +0) =487 X(20-F)

¥=a Al | CWO

Alternative method for question 1

fa—3 B1 | One calculation
ADC distance of centre of mass from BD u1 2 =a e oy
ABC: distance of centre of mass from BD ﬂ =a
3
Sccond calculation or statement about symmetry MI
X=a Al
3
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16 = (9231/31_Summer_2021_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(@) Centre of mass Ml
Volume from base of
cvlinder
4 I
Cane %xr'kh '”T,
Cylider ®rih ’,l
T Z
Combincd xrth [—& +1| ¥
3 /
Take moments aboul base: Al | 2 terms correct.
xrih [ll w1 .I: X= lw‘”kh | h o+ Lh| +xrh i AL | Alliyomns correct;
\3 J 3 \ 4 ) 2
x ;,“-3 24k +C-) Al | AG Shown convincingly
57 e WAL VAR &
ITERNY)
4
M
(b) g ; 1
¥
; N ¢ .
& _M_ H Equate to & and simplify to quadratic.
3 h(k’ + 4k + (l} 3
B -k -15=0
k=3 Al | CAO No other solutions
3

17 = (9231/31_Winter_2021_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) M1 | Attempt at moments with three terms,
Arca Centre of mass from 12
2 3
Square Ya* <
CDF Zah a
2
X3 3 I
hke Eﬂh Ja Eh
Resulting AFFC 9% -3ah 53
Taking moments about A0): Al | Two terms cormrect
; (g 300 . b3 Y (3 ( 1. 1) Al | All correct.
(9a® ~3akt) ¥ = I‘)a‘x—a [~ —ahan—l Zahx|3a-=h |
\ 2/ \2 \ 2 | 3 )]
7= 27a* - 12ah+ ki l’ 90—h"| Al | AEF
6(3a—-h) 6
F=F B1 | By symmetry or equal to their ©
5
(b) For cquilibrium, T « 3a -k BI1 | Accept strict inequality .
27a° - 12ah + i* < 6(3a - hy
27a’-24ah + 5K » 0 M1 | Homogencous 3-term quadratic mequality
9 Al | CAO
heg —a
>
3
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18 = (9231/32_Winter_2021_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

{a) M1 | Attempt at moments, 3 erms,
Volume Centre of mass from 42
2y 3
Hemisphere —-na -
g 3 8
Cylinder ha(Sy L
2 2
23 fay _
Remainder | —xa —mka| — | ¥
3 \2)
Taking moments about AB: Al | Any 2 terms correct,
(5 f ) ¢ 3N (  (a¥ ka) Al | All correct.
|:n'a' —.'r)m|2 | ‘-f: 2 *%a I - ’ i 2] x4
3 VOB R e T I A O e N
3(,(_7_ -kt ) Al | Shown convincingly, AG
¥=o—=
2{8-3k)
4
b T BI
O ang=Z
a
3(2-k7) 4
2(8-3k) 18
27 -2k +2=0 M1 | Rearrange to form quadratic
2 Al th answers correct
k== and k= x Both answers correc
3 9
3

19 - (9231/33_Summer_2022_Q1) - Equilibrium Of A Rigid Body Under Coplanar Forces

M1 | Attempt at moments equation with all necessary terms
Arca Distance from ()
Other options possible for RHS of moments equation, for
Triangke (OCD 6 2 example:
(1) OAC:30x 6and ABC: 12x 9
Rectangle 4 6 (2) OBC: 12 x 4and OAB 30x8
DEBRC N 3 3 3
(3) Subtraction: 60x75-6x1-12x13
Trangle 218 12 1
Tmpgrmm 2 ¥
R4

where 17is point with coordinates (3, 0) and £ is a point with
coordinates (9, 0)

Parts that would give correct total arca 42 B1
Moments about () Al | Correct equation
IV =622+ 24x6+12x11 (=288)
2
= ._88 =686 Al
42
B
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20 = (9231/31_Summer_2022_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) M1 | Moments equation, condone missing ends of cyvlinder
A Contir of ot I A 2 One expression on the RHS correct.,
A 2 |
Cylinder 2math + 2ma” 3"
Shell 23(20]: h+a
Moments about AR Al Al | One correct expression on RHS correct scores Al

%(2mah + 250 + 2x(2a)" ) = 2x(2a)" x(h +a) +(2mah + 20’ ]'%h}

(25 4+ 10a)% =h* +ah +8ah + 8a’ Al
F5  +9ah+8a®
T 2(h+3a)
4
B1
®) tanf <L
X
_ W 4+9h+8a 3 M1 | Form inequality and rearrange to quadratic, condone
r= %50 equation.

2h+5a) 2
W +6ah-Ta' <0

(h-a)(h+7a)<0 M1 | Attempt to solve. condone equation.
(-Ta< Yh<a Al
4
21 = (9231/33_Summer_2022_Q7) - Equilibrium Of A Rigid Body Under Coplanar Forces
(a) Frictional force = g x nommal reaction at /) and £ Bl | F,=uR, F, =uN
Moments about B, Na — Ra = Wa(sin# - cosd ) B1 | One moments equation about any point involving all relevant

Moments about centre, /' a+ I .a =Walcos& —sin@) forces, resolved if necessary (AEF)
Moments about D, F.a+ Na=Wa(cosd +smé)

Moments about £, Ra — I ya = Wa(cos@ +sind)

Panallel to AB. N - ¥, =W sin0 + Wsin B1 | Two resolutions: all relevant terms, different frictional forces
|Vertical: Rcos@ = F . cos@+ Nsin@=F ;sind+ W « W
Horizontal: F.sin@+ F , cosf + Rsin@ = Ncosd |
Altemative approach using two moments cquations can cam the
BIBI

Perpendicularto AB. F,. « R =W cos@ = W cost)

N-R= l,(“ — )N =(1+ p)R) M1 | Combinc appropnate equations.

N ‘VI 1 | \ R'v.l 1 | \ M1 | Collect terms to obtain rato/fraction in terms of g only (CWO),
: l ‘5( 7'“),'- | -3( ; ”)_J any equivalent simplified form

R N=l+pu l-pu Al
6
N - ? N - A
®) Divide resolution equations: tané = N_IR ML At cheler ki
uN + R
Ly M1 | FT their answer to part (a).
=)
Use R=2N: tang=2—
7
z N
| Al
tanéd=—
7
3
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22 = (9231/32_Winter_2022_Q2) - Equilibrium Of A Rigid Body Under Coplanar Forces

Arca Distance from AB
ABC 2747 2a
9 |
ABD —ax -X
2 3
: 9 o
Shape A/ 27a° —Eux X
Taking moments about A8 M1 | Moments equation with 3 terms
ay (27422 2 9. 1.
L 27a” - Yo ] = 27a° x2a- 2773F Al | At least 2 terms correct
saad - S ax? Al | Al correct,
= ._’9._
27a° - ~ax
2
For cquilibrium, x < ¥, Bl | Usc comrect condition: allow strict mequality,
v 03w & 0 Can be implied by correct final answer x< 3a
5o’ -Zax® = x| 27a° - ~—ax
2 \ :’. J
5407 -2Tax+3x° =0 M1 | Simplify and attempt to solve a quad, quality or cq
(x—3a)(x-6a)=0
(0= ) x< 30 [only] Al | CAO

Alternative method for question 2

Taking moments with B as origin M1
f:-l-(()+.|:-6a)=2a:~-l-x .
3 3
I X

For equilibrium, x <%, s0 x< 2a+ %.\' B :Allow: stock inkgaality
(0<)x<3a M1
Al
6

23 = (9231/31_Winter_2022_Q3) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) Let /and R be friction and normal reaction at A M1 | Correct terms. allow sign errors and cos/sin mix
Take moments about A. for rod
N = 3a=W < 2acos@+ kW « &acosé

3N = (24 4k)W > _;_ Al | At least one intermediate line of working

N ]-"zw(l +2k) AG

(b) T Ncos@+R=W < kW B1 | Resolve (to include R) for rod

> /7= Nsiné and /-‘=§R BL]Bat

2 2 F N
s0 R= 7—8}1’(l+2k) or R= T:;v'(l-k) ML g R

N
Eliminate to find & M1 | Complecte method.
! 1 Al
3
5
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24 = (9231/31_Winter_2023_Q3) - Equilibrium Of A Rigid Body Under Coplanar Forces

Let N be normal reaction at B and /' the frictional force acting downwards B1
TTeos@=F+W
—'snff = N Bi

Moments about B: 7« Wsin& <a+ Woost <a

MIAL | A moments cquation with all relevant forces.

l";lN used
2

Mi

(cosa*rsmo):!\oosﬂ—%sino : =1 o¢

M1 | Combine to obtan cquation in .
Equation in tngonometric functions only.

-I—cmesml) = 1(sm9)2
2 2

sin@(cosd —3sind) =0

M1 | Solve tigonometric equation

Ianl?‘-l
3

Al

25 = (9231/32_Winter_2023_Q4) - Equilibrium Of A Rigid Body Under Coplanar Forces

(a) After collision, A4 has velocity v towards wall on right and B has component B1
of velocity towards lower wall of 1 sin @ Same distance and time. so
vi=wusmn
Along line of centres: M1 | Both, consistent signs, must be cosé .
PCLM: mv, +mv, =mucoséd
NEL: v, —v; =encosé
2sin0 = (14 ¢)cos0 M1 | Eliminating v, and v to find an equation in 8
Condone common factor of u.
Note: v, = 2-ucus(? and v, = lm:osl).
4 4
tanf = : Al
4
2 Y 1 ents of vel B needed.
(b) Final KE = %m(v_‘, +(usind) + v.;,) B1 | Both components of velocity of 8 needed
I SO Y A PR O R S 1 | M1 | v, va. @substituted. ft reir final KE with both
Loss= P 3’"“’-' +(usin@)" + "") e I 1- 75 25 25 components of velocity of B mcluded.
X Al
Loss = —mu*
23
Percentage loss = 24%
3
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26 = (9231/32_Winter_2023_Q7) - Equilibrium Of A Rigid Body Under Coplanar Forces

{a) (¢ \? Bl
Gainin KE= l’m‘ %,,‘zag | and Gain in GPE = mg « 3asing
- L J
1 B1
kmg Ay i
Loss in EPE = &—((3a)" -’
a
) iong M1 | KE. GPE and at lcast onc EPE present. allow sign errors.
g 6 B - 2 2 1 3 “CL.
Energy equation %m[;,ﬂug | +mg » 3asing = 2—((3(:) —a‘) dimensionally correct
Z4A / a
; Al | All correct
36 12 Al
Bmg + -S—Ing =4dkmg
24
25
5
b 3 2 M1 | Hooke's law.
® In lower position, tension T in spring = kmg x 2. 3kmg =%ng s caony
a 25
Perpendicular to red, 7' =(F +mg )cos@
2 Al
So, (#'+mg)cosd = Z—mg.
25
9
r =I—_mg
5
Alternative method for question 7(b)
2 2 M1
In lower position. tenston T in spring = kmg = %ﬂ =3kmg = -;—;mg Hooke’s Tt
7' cos & = Tsint? Eliminate 7°.
'sn@+ Teos@ = F +mg
Al
= l—_gmg
5
2
(c) Let tension m rod = 1 M1
Parallel to rod, 7" = (F +mg)sin@
—-— Al
B
Alternative method for question 7(c)
1" cosé = Tsind M1 | At least one equation seen with their T and/or F-
Tsin@+ Teos 0= F v mg
7= %M‘ Al
s
2
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1 = (9231/23_Summer_2017_Q1) - Rotation Of A Rigid Body

FURTHER MECHANICS -P3

CHJ16 - Rotation of a rigid body

EITHER: (B1
T« a=(%ma") 20/ dfor (Vs ma) d*x/ df
3mg — 09mg—T=3m < ad*0/ df or 3m &x/d M1 Al)
OR: (B1
Ta®="Y (Y2 ma®) (d6/ dt)*
(3mg — 0-9mg —T) af= Y% 3 m(a d6/dD’ M1 Al)
67=21mg—1,7=03mg M1 Al
Total: 3
2 = (9231/21_Summer_2017_Q4) - Rotation Of A Rigid Body
(1) Liws=Yama® +2 x Y ma® + m (d4a)*} M1 Al
[= (% + 2 = {33/2)} md* = 67 ma*/2]
Liz or Lic=Y(Yam) a* + (Yam) (2a)° (AEF) M1 Al
[= 13 ma®/9]
Tse=Ya(Yam) a& + (Yam) Qa3 ) (AEF) Al
[= 37 ma'/9]
I=(67/2+37/9+ 2 x 13/9) ma* = 81 ma’/2 Al
Total: 6
(ii) h=4a B1
V1w =4mgh o =64g /81a M1 A1 FT
o = (8/9) W(gla) or 0-889 W(gla) or 2-81Na Al
Total: 4
T
Ve
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3 - (9231/23_Summer_2017_Q11) - Rotation Of A Rigid Body, Bivariate Data

CHJ16 - Rotation of a rigid body

(D) | Lus =Y 8m (3a/2)* + 8m (a2) M1 Al
or 8m (3a) /12 + 8m (a/2)* [= 8 ma]
Laen = Ya ma® + m (2a)* [= (14/3) md?] M1
Tghere = (2/5) Bmi2)a® + 3m/2) 2a)’ [~ (33/5) ma*] M1 Al
1= (8+ 14/3 + 33/5) ma" = (289/15) md* AG Al
Total: 6
(i) | %le’ = (5mg2) 2a(l-cos a)—8mg (a/2) (1 —cos &) MI1 Al
or ((21/2ymg = 2a/21) (1 —cos @)
=mga (1 —cos &)= Smga/6 Al
@’ =25g/289% or 0-0865 gla Al
or @ = (5/17) \(gla) or 0294 g/ a)
Vias = 20 = 2a N(252/2894) M1
= \(10042/289) or (10/17V(ag)
or 0-588\(ag) or 1-86Va (AEF) Al
Total: 6
(b)i) |eg M1 Al
S, = 4510-99 — 191 = 188-8/8 = 3.39 or 0-424
Sg = 4564-46 — 191%8 = 4335 or 0-542
b=S.,/8,=339/4335=0-782
(v—188-8/8) = b (x — 191/8) M1 Al
(v—23-6) = 0-782 (x — 23-875), v = 0-782x + 4.93
Total: 4

A _
e N
| P o
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(b)(ii)

Ho: gty — 46, = 0.2, Hy: pt, — g2, 02

(AEF)

d: 03 02 0 06 03 05 02 01

d =22/8=0275

55 =(0-88-2.2%8)/ 7

f7, 0.0 = 141[5]

[ = 11/280 or 0-0393 or 0-1987]

1=(d —02)/ (s"\N8) = 1.07

M1 Al

[ Accept Hq:] No evidence for coach’s belief

(AEF) B1 FT

Total: 8

4 - (9231/21_Winter_2017_Q5) - Rotation Of A Rigid Body

(i) A 8. Arrume = 167 Bl | Usc arcas

M m2 to find masses Moo and m
I3 U Mazopl(3a)* + (2aF) B1 | Find MI of ABCD about axis al centre O

[= (133) Mysona’ = (1372) ma']
1) Vs mgrn ((2a) + o) Bl | Find Ml of /03! about axis ot centre 0

[~ (8/3) megag ™ = (56) ma’)
N eeas+ m < (6a) = (1212 113/6) mat M1 AL | Find MI of frame about axss at O

ar (17/3 + 36) ma® = (12573) me’] Result also follows from combining four rectangular parts
Lo = (11m12) + (4a)* [= (44/3) ma’) B1 | Find Ml of small object aboul axis at (7
I= (132506 + 36 + 443) ma’ = (169/3) ma’ AG Al | Combine to verity MI of system about axis at

-
(i) [-17 &0de ar [-]1e M1 AL | Use eqn of cireular motion to relate d°A/de to sin 6,
mg - G6asmf ¢ (1112png - 4asin & where # is angle of OO with vertical
ar (231 2)mg - (11623 ) sin &
| = (2%3) mga sin {7 |
d°0dr or e = - (292 1694) & M1 Al | Approximate sin & by & to show SIIM
{01722/ a) 8 (MO if wrong sign or cos @ = (used)
T=2/W292'169) Al | Find period 7 from 7= 2n'm
26m V(@' 29) or 152Wa'g) or 4 80va (ALF) (Al requires some simplification)
5

o
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5 - (9231/21_Summer_2018_Q5) - Rotation Of A Rigid Body

i 2 » *MI | Find Ml of 4/ to axi A's ; i
(i) L _% I 2aF (= 6 Mer] Find M1 of 4 // to axis { at 4"s centre by L axis theorem
1= 1+ 3M2a)' [=18Ma]  (dep*M1)|  MIAI | Find M of 4 about axis /
) » *4MI1 | Find M E o ¥ i i y i
I ‘__:. M Gay' =9 M) Find Ml of 8 {or (") // to axis / at its centre by L axis theorem
Iy = Iy + 2M (6a)’ [=81 M| (dep**M1)| M1 Al | Find Ml of B {or € ) about axis /
I=(18+2 x 81) Ma’ = 180 Md’ AG Al | Verify Ml of object about axis /(A0 if inadequate explanation)
SC: I.E% M 2a) +3M (2 ) = 12 Ma] (M1) | SC: Invalidly applying theorems in wrong order
2 2 ~ 11 2
Iy =% 12M (3a) +2M (6a) ) [=45 Ma'] o (mn.\? )
7
(i) d'o ; . *MI Al | Use eqn of circular motion to find d’(dr’ where # is angle
-1 ’F = 3Mg « Qasin G+ 2 x 2Myg x 6a sin 0 of plane of object with vertical
or TMg ég(—' sin 0 [=30Mgasin 7]
: R (0. \ M1 A1 | Approximate sin @ by @10 show SHM (no =" is M1 A0)
49 [&)oor (2128) (M1 dep *M1) PR A : ;
s L bir ) \: a -}
re_ 2% BIY | Find period 7 from 7= 2x/a
T (FT on @ requires some simplification)
)
=\ S
=2 ’ &) or 1541 2| or 487 (AEF)
R/ \&)
5
6 - (9231/23_Summer_2018_Q11) - Rotation Of A Rigid Body
AW | Lo = Y5 M a) + (% a)) [= (k6 Mer'] B1 | Find or state M1 of lamina about axis at its centre
1 s ™ Lo + EM((3a 2+ (3a2Y) [= (148/3) Md) M1 Al | Find MI of lamina about axis at 4
EITHER: [y =" Ma™+ Ma® [=(4/3) M’ | B1 | Find or state M1 of A8 (or AD) about axis at A
Ino =Y M+ Mi(a’+ (2a)) [= (16/3) M) M1 Al | Find or state MI of BC' (or DC) about axis at A
OR; Doi = 4 Ma® + Ma® |= (4/3) Ma’ | (B1) | Find or state M1 of any rod about axis at centre of frame
Towwe =4 x Lyt dM(a*+ad) [= (40:3) Ma') (M1 A1) | Find or state M1 of frame about axis at 4
T=(14k/3+2 % 413+ 2% 163) Ma” M1 | Verify Ml of system about axis at A
or (14K 3+ 4003) Mo
=3 M (Th+20) AG Al | AD if inadequate explanation
8
Alii) Yo len = kMg x 3a+2Mg x 2a + Mg x da M1 A2 | Find o or angular speed o1 when D below £ by energy
or kMg = 3a -+ 4Mg < 2a Award Al iferror in only term
= 1303k 4 8) / (Th + 20)) gla A1 | Find k by equating o~ to {%:¥(5g )}’
4% 33k~ 8)=5(Tk+20) k=4
M1 Al
6

2017 -2023 304




A-Level Cambridge

FURTHER MECHANICS -P3

CH16 - Rotation of a rigid body

B(i) x =469/250 = 1-876 and AG B1 | Verify mean and unbiased variance of data, showing method
& = {1195 — 4697250} / 249 = 1.266 AG B if biased variance, but allow other marks (max 3/4)
6% (-313 = 1-B78 amed 6 =« 0:313 < (687 = 1-29[0] M1 Al | Find mean sp and vanance npg of binomial distribution ‘
Means and variances are similar for Vand B(6, 0:313) A1 | Valid explanation (AEF; needs 1-878. 1:290 correct to 0-002)
4
B(ii) | 250 < "Cyx 0-313° « 0-687° [= 250 » 0-06795 = 16-99] M1 AT | Show how expected frequency for v = 4 is found
Allow 49:7 = ( °Cy % 0:313) / ( "Cs % 0-687) {AEF for "Ci= 15)
2
B(iii) | Ho [Binomial] distribution fits data (AEF) B1 | State (at least) null hypothesis
(:2283725320 *M1 Al | Combine last 3 cells so that all exp. value = 3
£,:26:371981-8497 203
XT=0703 + 1714+ 1174 + 0219 + 0:004 M1 Al | Find value of 7° from X (E,— O [ E Jor EOHE —n]
- 381 (o 3s.1) (Al dep *M1)
No. n nl:aullx 763 B1Y | State or use consistent tabular value Fnz .1..;: {to3sf)
Foroes - 1107 9488 7.815 |FT on number., #, of cells used to find X ]
Accept Hy if X7 < tabular value M1 | State or imply valid method for conclusion
1
381 [£001] < 7-81[5] so distribution fits Al | Conclusion (AEF: requires both values approx, comreet)
o scientist’s belief is correct
1
. |
7 = (9231/21_Winter_2018_Q3) - Rotation Of A Rigid Body
(i) Los="5 MGay + M(3ay or (33)MGay [~ 12 Md') B1 | Find or state M1 of rod A8 about axis /
Ipe =2 M+ 2M X [= Ma™ + 2M ¥} MI1A1 | Find M of disc about axis /
I=13Ma +2M ¥ Al | Find MI of object about axis
4
(ir) Yol o = Mg = 3a cos 0+ 2Mg x cos MIAL | Find &o” or angular speed o at angle € by energy,
with cos #=3/5
o =6(3a+ 2/ 5(13 4" + 2¢) Al
6at3a+2x) = 2(13 a +2x) MIAI | Equate o7 to 2g/5a and solve quadratic for x
¥ -3ax+2a =0, x~aora
5
8 - (9231/22_Winter_2018_Q5) - Rotation Of A Rigid Body
(i) Lo =% x Y4 3IM(2a) =3 Mu"l M1 | Find MI of disc parallel to axis { at its centre using perpendicular
axis theorem (MO if theorem not used)
T = Ly ¥ IM(Say = 78 Ma® MIAT | Find Ml of disc about axis /
Lo = "4 kM (3af2) + kM (a2 = 3k M B1 | Find or state Ml of rod A8 about axis /
1=(78 + 3k) M =3 Mo’ (26 + k) AG Al | Find MI of object about axis /
(A0 if inadequate explanation)
SCs: Lo, = Y 1Y 3M(2aY + 3M(Sa)' | = (R12) Mo (M1) | SC: Invalidly applying theorems in wrong order to disc (max 2)
s
(ii) |- £ & Nde* = 3Mg = Sa sin 0+ (kMg » (3a/2) sin & MIAL | Use eqn of circular motion to find d’#/'dr’ where ¢ is angle of rod
[=3(5+%k) MegasmO] with vertical
& = (g (10 + &) 1 226 + k)) 6 (AEF) MIAL | Approximate sin @ by @ 1o show SHM
(MO if cos & = # used or sign wrong: AD il
20N (10 +8) 7 226+ K)) = dn M1 | Find & by equating period 710 45
2(26 + k)= A0 +kLE=06 Al
6
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Q - (9231/23_Summer_2019_Q4) - Rotation Of A Rigid Body

(i) Lo =% 5M(Tai2) -‘SM(?u"Z ¥ ‘ Bl | Find or state MI of rod A8 about axis at A
or (43) M (Ta2y [=1245/3) Ma”|
Ly =% MQ2ay + M(Tay [~ (155/3) Ma?) M1 A1 | M1 for ane term correct, Al for both terms comrect
Toe =% kM a’ + kM (4oy [= (50/3) kMa7) M1 A1 | MI for one term correct, Al for both terms correct
1= (24573 + 155/3 + S0k3) Ma” =) (50/3) (8 + k) Ma® Al | Find M1 of object about axis at 4, simplified to 2 terms aef
[
(1) Veler =3Mg(Ta'2)(] - cos 60%) + Mg (Ta) (1 - cos 60°) *MI1 Al | Find egn. for a® when AB vertical by encrgy (3 terms on

RHS, same trig expression in each for M1)
Al for 2 terms correct on RHS

= kMg (da) () —cos 60" )

Al | Al for RHS and LHS all correct

YA (49 + 8K) /5 (50/3) (8 + k) = 81/A0

DM1 | Equate o’ to 81g / 400 to find &

4(494+86)=2T(B+ AL k=4

Al

Alternative method for question 4(ii)

6+ k) Mg = [(49 + BEY2(6 + K)) (1 —cos 60%)
= ¥ (49 = 8k) Mga (1 — cos 60%) = 4 (49 + 8k) Mea

*M1 AT | MI for mass x com « trig expression. Al for 2 parts correct
Al | Al all correct

Ya (49 + 8Kk) / 2 (S0/3) (8 + k) = 81/400

DM1 | Equate o’ to 81g / 400a to find &

A{49 4 Bh)=<2T(B 4 k) k=4

Al

s

10 - (9231/21_Summer_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

(i) T = Yo kM B1 | Find or state M1 of rod A5 about axis /.
Lot = % kM (2a) + kM (3a) [= (35k3) M) M1 AT | M for one term correct, Al for both terms correct
Lo = Vo e Ma® + M (2a) [=(9/2) Mo’} M1 Al | M1 for one term correct. Al for both terms correct
1= (ki3 + 3503 + 9/2) Ma' = (3/2) (Bk + 3) M’ AG Al | MI of object about axis L
6
(i) |1 £ d°0ds* = — kMg x 3a sin 8 + Mg x 2a sin 8 M1 Al | Use equation of circular motion to find d°4/dr’ where @ is angle
| ==(3k-2) Mgasind| of rod with vertical
d*dr =— 29 3k -2)/ 3a(Rk +3)) /! {(AEF) M1 | Approximate sin @ by # to give standard form of SHM equation
(MO if wrong sign or cos = @ used)
SHM if 3k-2=0, £>273 M1 AL | Find possible values of k
T=2n {38k + 3)/ 2¢ 3k -2)} A1 | Find period T
or & V{6 8k +3) / g (3k-2)}
6
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11 - (9231/21_Winter_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

(i) Loi= 4 AMd® + AMa'2) = (7/12) AMd’) B1 | Find or state M1 of rod A8 about axis L
lo= 4 3Md 4 IM(5a2) [=(83/4) M) M1 Al | Find MI of hollow sphere centre () about axis L
= (25) SMa’ + SM (3al2y' [=(53/4) Me') M1 A1 | Find MI of solid sphere centre C about axis L
I=(TA12 = 8314 + 534) Ma? Al | Verify M1 of object about axis L. AG
=((7T4+408) / 12) M
6
(ii) [<] 1 A7 = [~ 3Mg » (Sai2) sin 0+ SMg = (3a2) sin 0] M1 A1 | Use eqn of circular motion to find d'#/de’ where 7 is angle
AMeg < (a/2) sin @ of rod with vertical. AEF
ddr = - [6gA ! (TA+408)a) O M1* | Approximate sin # by @ to give standard form of SHM eqn
T=2nV{(TA + 408 64} = S1(2aig) DMIAL | Find possible values of 2 by equating period T to Sav(2ale) AEF
A=6 Al
6
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1 = (9231/23_Summer_2017_Q2) - Simple Harmonic Motion

CHA17 - Simple harmonic motion

(i) OL/OM =%, OM = 2 [m|] M1 Al
Total: 2
(ii) EITHER: (*M1 A1)
@t = sin™ (OL/2-5) + sin”™ (OM/2-5)
or @to; = sin” (OL2:5), @ (2 — to;) = sin™ OMI2-5)
s0 2= sin! 0-6 + sin"' 0-8 [~ 0-6435 + 0.9273]
OR: (*M1 A1)
@ 113 = cos ™ (—OM/2-5) —cos H(OL/2-5)
or wiy; = cos  (OL/2:3), @ (2 + f4;) = cos™ (-OM/2:5)
30 2= cos ' (—0-8) — cos ' 0-6 [= 2:498 — 0-927]
orm—cos ' 0-8—cos™! 0-6
w=7/40r0-785 (M1 dep *M1) DM1 Al
T=2n/w-8[s] BLFT
Total: 5
(iii) v;= W25 15 =2w=n/20r1-57 [ms] M1 Al
Total: 2
“ ! ' T
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2 = (9231/21_Summer_2017_Q11) - Simple Harmonic Motion, X2 Test

CHA17 - Simple harmonic motion

(@) | T=3mgsina [=2mg] Bl
T=lkmg(Said—a)/a |=Yalmg] B1
k=8 B1

Total: 3

(a)) | EITHER: (M1 Al
+ 2m dPOQ/AF = 2mg sin o — kmg (00 —a)/ a
d*0Q/df* = (4gla) (Tal6 — 0Q) Al
d*x/d# = — (4g/a) x where x = OQ — Ta/6 Al)
OR: (M1
2mgsin a=kmg(e—a)/ a,e="Ta/6
+2m d*/dP = 2mgsin ¢ — bmg (e +x —a)/a M1 Al
d*x/df = — (4gla) x Al)
Centre is 7a/6 (or 1-17 &) from O B1
Period is n\(a/g) or 0-993Va B1

Total: 6

(a)(n) |x=5a/d—e =a/l12 B1
Toun = kg (5a/d — 2x0— a) / a = 2 mgf3 M1 Al
(/A ) = [£] (Agla) 2= [£] Yo 2 M1 Al

Total: 5

A _
e N
| P o
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CHL17 - Simple harmonic motion

(b)) | x=(1/250) X x f(x) = 414/250 = 1-656 AG B1
Total: 1
b)) |p = x/6=0276,g=07T724 M1 Al
a=1250°C, ¢' p* = 7849 + 0.01 (to 2 d.p.) A2
h=250°C, ¢" p* = 1141+ 0.01 (to 2 d.p.) Al
Total: 5
(b)(iii) | Hyp: Distribution fits data or distribution is binomial (AEF) B1
O 48 69 78 32 23 MIFT A1l
E: 3601 8236 7849 3989 1326 (£ 0-01)
7 =3992 + 2:167 +0-003 + 1.561 +7-154 M1
=149 Al
No. n of cells: 7 6 5 4 3 B1FT
2,099 1509 1328 1134 9210 6-635
Accept H, if > tabular value (AEF) M1
149 [+ 0-1] > 11-34 so distn. doesn’t fit [data]
or manager’s belief not justified (AEF) Al
Total: 8

3 - (9231/21_Winter_2017_Q2) - Simple Harmonic Motion

@ = (wdy or =54

(AEF)

25/ (w'4) ~ 8[s] BIFT

(3w/5) = &f (a” —(a— 1-6) (AEF) M1 A1 | Use v* = & (a” — %) in cach posn. (M1 for cither)
(r/dy = of (&* —{a—02)) Al | Combine to find amplitude « and of (or o)
(3R/5F (04 - 0.04) = (R/4) (3.2 - 2:56)
1= 26 [m] MI AL | (MI for cither)

Al

Find other unknown

Find penod 1" from T~ 2r/@ (¥ on & or @)

A _
e N
| P o
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4 = (9231/21_Summer_2018_Q2) - Simple Harmonic Motion

or 4771 =111
or 6-1229- 1771,

(i) v =@l (@~ 16" and v’ = @’ (d® - 1:2%) Bl | Usev = @ (¢ ~ ) at A amd B (may be implied)
9 (" -16) (o' -236) M1 Al | Find eqn. for @ from ratio of v to vy
— e { or +— l
16 (o -12°) " (a*—1.44)
P = 40:96 - 12+ x28. 0 =4,a=2 Al 4
i e T e and hence a (error in —'9—6 will Jose all Als, so ma.\-l—l-)
4
) 2 M1 Al . 27
fu W= 1% % T=""-12 [s] Find e and hence period 7' from v, = exr and r==2
3a 6 w W
2
(iii) e b S o | R M1 | Find time from A to # from ¥ = & sin e or g ¢os of
o sin |—] + @ sin I_J |=w ?|
a L a 2
A /1.6 1.2 All tesms must be correct (FT on @, @) for M1
or o 'cos!| —— | —o 'cos '[-—'I
\a ) a )
1 (1.6 (1.2}
or —T-o'cos 'i 15 | — ' cos 'l,l_ [
2 \a ) a )
= (09273 + 0:6435) Al
or o (2498 -09273)
or 6o (064354 0927)  (AEF throughout)
= 1771+ 1229 Al | (OR use geometry of circular motion with radius « and angular

velocity o)

3
5 - (9231/23_Summer_2018_Q3) - Simple Harmonic Motion
(i) 0 (15-d)=2 0 (65-d).d=55 M1 Al | Find & by relating accelns. at 4 and 8 (3" may be omitted) [
2 |
(i) o =2n/T=2 B1 | Find a from period 7' (may be implied) "
a =0’ =2.5[m] (ignore sign: FT on ) BIV | Find amplitude o from max. acceleration 10 I
viewl(@ - x=7-d[=135] M1, M1 | Find speed v when OF = 7 (2nd M1 dep. on 1st M1)
=2 (25 - 1.5 =16, v=4[ms"] Al
5
(iii) w ' sin ' (xglay—e 'sin ' xda) M1 | Find time from A to B from x = a sin a¥ of @ cos ¥

or o 'cos! (xi/a)- " cos " (xy/ a)

(all terms must be correet { FT on @, er) for MT)

~ Yasin ' (2/2:5) = Vasin ' (1/2-5) Al | To 3 dip.. AEF throughout
or  Ycos (1/2:5) - Yacos '(202:5)
=%(0:9273 - 041 [3) or 0-4636 — (-2058
or V(11593 < 0-6435) or 05796 - 03218
=0-258[s] Al
3
6 - (9231/21_Winter_2018_Q1) - Simple Harmonic Motion
o=2x/T=4 Bl | Find o from period 1'(may be implied)
v=oVe - ) =G - 1)=8V2or 113 [ms ] MI1AL | Find speed v when BP =2
3

v
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7 = (9231/22_Winter_2018_Q1) - Simple Harmonic Motion

v = el (@ 0. and vy’ = of (@ - 0.57)

Use v’ = of (¢ —x')at A and B (may be implied)

@ =0.17=2(a" - 0.5) M1 | Find amplitude a from ratio 2 of [ m] v, 1o 4 m] vy’
« =05-001=049.4=0.7[m] Al | (taking ratio ¥ loses A1)
3
8 - (9231/21_Winter_2018_Q5) - Simple Harmonic Motion
(i) A(AE-125)/125= MIAL | Verify AE by equating equilibrium tensions
0.64(2.6 - AE - 1.0)/ 1.0 {AEF) Al | SC: vertical motion can cam M1 only
AE-125=12-0.75AE  AE=14 AG Al
4
(i) [E) mrdiedrt =~ A(0.05 4 %)/ 1.25+ 064 (0.2 -x)/ 1.0 MIA2 | Apply Newton's law at 1.4 < xor 1.4 - x from A
or +A05-x)/ 1.25-0.64(02+x)/ 1.0
(lose Al for one incorrect tension teem)
ddr =—(14 2/ 04)x=-35 Ax MIAL | Simplify to give SHM eqn. in standard form
(A0 if no minus sign, or dim. of acceln. is undefined)
SC: B2 i result stated without dervation (max 2/5)
5
(iii) =2/ (R/7) [~ 14] = V(3.5 4) MIAL | Find egn. for £ using 1= 2x/er with FT on e from SHM egn.
A= 14'13.5=36 Al | Solve for
3

Q - (9231/22_Winter_2018_Q11) - Simple Harmonic Motion, Inference Using Normal And T-distributions

Ali) EITHER: 40 ¢,/ 0.8 =28, ¢,= 04 [or OP; = 1.2] [m] MIAL | Find extension ¢, [or (F] at equilibrium position P,
2didr =—40 (e, +x)/ 0.8+ 2g MIALI | Use Newton's law at general point (e.g. x below or above )
ar =+40(es-x)/ 08 -2g (ignore LHS sign here only)
OR: 28dr =40 (y-0.8) /0.8 + 2¢ (M1A1 | Use Newton's law at general point in terms of v = (2
=-S50y+60 (ignore LHS sign here only)
Take x =y~ 1.2 10 give MIA1) | Change variable 10 give standard form of SHM eqn
dvidr =-25x¢ Al | Hence SHM (A0 if wrong sign or LHS unclear)
(B1 only for stating SHM eqn. without proof)
T=2n/ W(25) = 2%/5 AG Al | Verify period T using T'= 2m/es with o = ¥(25)
OFy=1.2[m] B1 | State OF; explicitly (may imply first M1 AT)
7
A(il) | 0.4°=25(a" - 0.06") MIAL | Find amplitude a from v' = of (& — )
a = U0.0064 + 0.0036) = 0.1 [m] Al
3
Aiil) |40/ 08=2+ Mg, [ =04+02 M) MIAL | Find extension ¢, [or OF] at first equilibrivm position
or d0(e, —e0) /0.8 = Mg [e1=en =02 M) or equate additional extension 1o M by Hooke's Law
e-o=a . M=a02=05 MIAL | Find M by relating e, ¢, and a
4
==
v o
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Bli) | Hopo =gy Hye gt = g (orin teems of gy, gg) BI | Suate hypotheses (BO fory ..)
80 =(14.1775 - 10.567/8) / 7 = 0.03404 and MIAL | Estimate both population variances
5, =(15.894 - 12.397/10) /9 = 0.06031 {to 3 5.£) {allow biased here: 0.02979 and 0.05428)
¥ =15 95/ 16 L MIAT | Find pooled estimate of common varance
or (141775 - 10.56°/8 + 15.804 - I2.3‘)‘!!0)1’ 16 (M1 A for s, and 5,” may be implied here)

=0.78 109 /16 ov 0.04882 or 0.22095° (to3s.1)

hsoo™ 1.337 (to3st) *B1 | State or use correct tabular £ value
=132 - 1.239)/ V(1710 + 1/8)=0.773 MIAT | Caleulate value of 1 (or =)

(or can compare ' —x = 0.081 with 0.140)

1 < tabular value B1 | Correct conclusion (FT on £ dep *Bl)
so claim not justified or A’s not heavier than B's (AEF)
SC:= =(1,32-1.239) / V(s,”/8 + 5,7/ 10) (B1 | SC: Implicitly taking 5,7, 5, as unequal popln. variances
=0.081 / {0.078) = 0.799 (may also eam first BI M1 A1)
=< 1,282 5o claim is not justified (AEF) B1) | Comparison with =,, and conclusion (FT on = max 59)
9
B | &= 128 and s = 0294 )7 [= 0,042 (or 0.205°)] M1 | Find sample mean & estimate popn. var (allow M1 if0.294/8)
1= (128 < p) 1 V(0.0428) (ALF) MIAL | Find value of
(> 1415 (<is A0), p< 1.28 - 01025, pye = 118 MIATL | Find p, by comparison with tabular value, here 15 54
5

10 - (9231/21_Summer_2019_Q2) - Simple Harmonic Motion

(i) ve=2v . v =4 vl of (@@ - 1) = 4o (0 - 3:57) M1 | Find amplitude a: allow M1 for v, =2 vy
34 =48 a= 4] 4 [m)] Al
1=aer. w=1Na[=%] Bl | Find @ from given maximum acceleration
vo=aw=Ya=2 [ms’) BI | Find speed v, at (2
4
(ii) @ty =sin” (3.5/a) + sin”'(1a) M1 Al | Find equation (AEF) for a2 /s, combining ¢, and £y,
=sin’ 0-875 +sin’' 0.25 using for example ¥ = a sin ex allow sign errors for the M1
= 1-065 + 0:253 (or L4z = 2:131 = 0-505) Al [ orx=acos av
L =2% 1318 =264 [s] Al | Hence find 1.4

Alternative method for question 2(ii)

Py

oty =cos” (-lia) - cos(3.5/a) M1 Al | orx=acos ex
= cos™ (~0-25) - cos™! 0-875
orn—cos' 025 -cos’' 0875  (AEF)

= 1:823 - 0-505 (or Ly = 3647 - 1011) Al
fug=2% 1-318 =264 [s] Al | Hence find 2.
4
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11 - (9231/21_Summer_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion

(i T = Y5 kM B1 | Find or state M1 of rod A8 about axis L
Lyt = % kM (2a) + kM (3a) [= (35k3) M) M1 A1 | M1 for one term correct, Al for both terms correct
Doy = Vo M + M (2a)’ [=(9/2) Mer') M1 Al | M1 for one term correct. Al for both terms correct
1= (ki3 + 3503 + 9/2) Ma' = (3/2) (Bk + 3) M’ AG Al | MI of object about axis L
6
(ii) |- £ d°idr* = — kMg = 3a sin 8 + Mg x 2a sin 8 M1 Al | Use equation of circular motion to find d°6/d* where 7 is angle
=—(3k-2) Mgasind | of rod with vertical
&*dr =— {2g 3k -2) ( 3a(Rk +3)} # (AEF) M1 | Approximate sin # by 7 to give standard form of SHM equation

(MO if wrong sign or cos ) = @ used)

SHM if 3k-2=0, £>213 M1 Al | Find possible values of &

T=2nV{3a(8k +3)/ 2 3k 2)} A1 | Find period T
or x {68k +3)/ g (3k-2)}

12 - (9231/23_Summer_2019_Q11) - Simple Harmonic Motion, Inference Using Normal And T-distributions

E(i) o mu’ = Y kg (Ve a¥la k= 16u’lag AG | M1 AL | Verify & by using conservation of energy
(MO if 235 found and SHM formula v = ae then used)
2
E(ii) | = mdxdi® = kmg xla M1 | Apply Newton's law at general point (e.g. OP = a +x).
requires
ddt’ =~ (kgiayx or ~ (16’ Ja’yx [0 = (kgla) or dwa) Al | Denve standard SHM form (requires minus sign)
Period is 2xV(a / kg) = 2xV(@® / 163°) = na / 2u DI::: Find period from 2m/a
4
EGil) | [amv? =% x Yomu') v =%’ or v=(N32)u M1 | Relate v and w using given loss in energy
x=(Yea)sin an, v = (Y4 a) @cos ax or ucos o¥ M1 | Relate v and ¢
cos @ = (V32) u/ ("4 a) = (V3/2) M1 A1 | Combine to find cos o
t=(n/6)/ (Awla) = ma ! 24u or 00417 ra/u or 0131 alu M1 Al | and hence ¢
6
0 ¥ -7 =0448 - 048 = [-] 0032 B | Find difference in sample means (cither sign: may be
implied)
st = (10-) = 22.47750) /49 = 00648 /49 [= 0001322 M1 Al | Estimate both population varances (may be implied)
s7 = (163 —28-8°/60) / 59 =2.476 / 59 [= 0:04197] Al | (allow biased here: 0-001296 and 0-04127)
s = 05750 + 5760 M1 | Estimate combined variance
< 00007259 ar 0-02694° (10 3 5.f throughout) Al
x =0032/y [or 0-032/ 5, (1150 + 1/60)] M1 Al | Find value of = (either sign)
= 1188 |or 1-0895]
(=)= 0-8826 [or 0-8620] Al | Find axz)
100 % (1 —d(z)) = 11-7 |or 13-8] M1 Al | Find limiting value for &, based on one-tail test
(MO for basing on two-tail test)
a>{or») |11-7[or 13-8] Al | Find set of possible values of & Allow |
(Misreading ¢ % as « loses only

2017 -2023 314




A-evel Cambridge FURTHER MECHANICS -P3 CH17 - Simple harmonic motion

0 Alternative method for question 110
T -7 = 0448 - 048 = [-] 0032 Bl | Find difference in sample means (either sign: may be
implied)

£ = (10-1 =22-47/50) 1 49 = 0-0648 / 49 [= 0001322 M1 AT | Estimate both population variances (may be implied)
57 = (163 - 28.87/60) / 59 = 2.476 / 59 [=0-04197] Al | (allow biased here: 0001296 and 0-04127)
Assume equal [population] varances B1 | State assumption

SE=(49 57 = 3957/ 108 o (0-0648 + 2.476) / 108 B1 | (Find pooled estimate of common variance sy and <" not

= (-02353 or 01534 needed explicitly so may be implied by result)
: =0032/5 for 0032/ s (1/50 = 1/60)] M1 A1 | Find value of = (either sign)

= 1188 for 1-0895]
D(z)=~ (-8826 lor 0-8620] Al | Find d(z)
100 % (1 —dyz)) = 11-7 for 13-8] M1 AT | Find limiting value for @ based on one-tail test

(MO for basing on two-tail test)
a>(orz) 117 |or 13-8) Al | Find set of possible values of a Allow 11,811 11,74 seen
(Misrcading &% as « loses only last Al)
12
13 - (9231/21_Winter_2019_Q5) - Rotation Of A Rigid Body, Simple Harmonic Motion
(i) L= 4 M + AMa2y = (7/12) AMa') B1 | Find or state Ml of rod A8 about axis L
lo= 4 3Md" 4 IM(5a2) [=(83/4) Mer'] M1 Al | Find Ml of hollow sphere centre €) about axis L
= (2/5) SMa’ + SM (3ai2)' [= (53/4) Mer') M1 A1 | Find MI of solid sphere centre C about axis L
I=(74/12+ 834 + 53/4) M Al | Verify M1 of object about axis [. AG
=((7A+408)/ 12) M«
6
(ii) [<]1 7 d*0dF = [~ 3Me » (5ar2) sin 0+ SMeg = (3al2) sin #) M1 A1 | Use eqn of circular motion o find d'8/dr’ where @ is angle
AMg = (a/2) sin @ of rod with vertical. AEF
&*00de’ =~ [6gA 1 (TA+408)a) O M1* | Approximate sin ¢ by ¢ to give standard form of SHM eqn
T=2nV{(TA +408)a [ 6gA} = SnV(2ale) DMIA1 | Find possible values of 2 by equating period T'to Sa(2aie) AEF
A=06 Al
6
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14 - (9231/21_Winter_2019_Q11) - Simple Harmonic Motion, X2 Test

A(1) 10(AP - 0-6) /06 =20(1-2 - AP - 0:4)/ 04 M1 A1 | Verify AP by equating equilibrium tensions. AEF
AAP-24=96-124P Al | AG
AP=0.75 [m]
3
AGi) | m @ de == 10(0-15 + x)/ 0-6 = 20 (0-05 - x) / 04 MI | Apply Newton’s law at 0-75 + x or 0-75 — x from A
or m & vdr =+ 10(0-15 — x) / 0-6 — 20 (0-05 + x) / 0-4 AL AT | (M1 requires LHS and 2 tensions: Al for each correct tension)
% dwide’ =~ (807 1:2) x . d*vidr’ = - 100 x M1 Al | Simplify to give SHM eqgn. in standard form
T=2nlw =20/10 = =/5 or 0-628 [5] DB1 | State the period 7" with FT on @ from SHM eqn.
6
AGi) | (@=0-75 - 07 =0-05) M1 | Find speed at equilibrium position from ca
Vires = ) % 01
Vi = 045 [ms ') Al
2
Aliv) | x=a2=0025 M1 | Find value of x giving half max. acceln.
vemV (@ -x') = 10V (005 - 0:025%) M1
v=0-433 [ms"'] Al | Find corresponding speed
3
B(1) X = (1/40) Z x f{x) = 6840 = 1.7 B1 | Find mean of sample
(1/40) £ flx) = 178/40 = 4.45, Var = 445 - 1.7° = 1.56 B1 | Find variance of sample
Mean and variance are similar so Poisson may be suitable B1 | State valid comment
3
B(ii) | a=40x 1.6 ¢ /5! =40 = 001764 M1 | AG
a=0-706 Al | Verify a from Poisson term
b=40-39.758 = 0.242 B1* | Find b
3
B(iii) | Hy: Distribution fits/models data BI | State (at least) null hypothesis in full
O 6 15 9 10 DMI1 | Combine values consistent with all exp. values > 5
&: 8076 12921 10337 8666 AL [ (FTon b, dep B1*)
Xo= (5337 +0:3345 +0-1729 + 0-2053 = | .25 M1 | Find value of X from £ (£~ O) ( E [or £ O/, ~n |
=125 Al
No. m of cells: 7 6 5 4 3 State or use consistent tabular value 7, 1 o5 (10 3 s.1)
Zot,09% 1064 9236 7.779 6251 4605 DBI | [FT on number. n. of cells used to find A°)
Accept Ho if X < tabular value (using their values) M1 | ALF
125 [+ 0-1] < 6:25 so distn, fits [data] Al | Conclusion (requires both values approx. correct). AEF
or distn. is a suitable model
8
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15 = (9231/31_Summer_2020_Q3) - Simple Harmonic Motion

(a) T-mg=ma M1
M1
T=Smg.%u la= -_%mg
3 Al
a==g (upwards) AG
3
b 2 iz B1
®) Gain in KE = %m\" Gain in GPE = %mgu
fny B1
A Smg.L:a]
Loss in EPE = —
2 a
£1. ¥ M1
Smg.l 4
L 5 e \27) - psd g L e =5
> ! > lga—2 [ 2m zmgu—smgu ]
Al
v=_ea
4
16 - (9231/33_Summer_2020_Q7) - Simple Harmonic Motion
B1
" Collision: (k+1)mv=mu so y=—t
kel
g = » |3 B1
Loss in KE= —m(k+1)| v/ ——»’
2 4
o ) faY Bl
Gain in EPE = % 4mgla. | — |
\4)
2 M1
So, l‘l.m[k +I]-—L—_— =oed
24 (k+1) 8
Use value of u and solve M1
k=3 Al
6
® T+F=4mE .
20
P M1
-lmg.l+F=9'£
a 5
4R =4mg /5 and compare with R =d4mg B1
e Al
5
4
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17 = (9231/33_Winter_2021_Q3) - Simple Harmonic Motion

2mee” 2me | Y[ o \ B1 | Either term correct.
Loss in EPE = L 12mge” 1 12mg (., _a |=2'"_-'-|6‘._‘,)
2 a 2 a L. i3 )
. B1
Gain in KE = %rm" and Gain in GPE = #
Gain in KE + Gain in GPE = Loss in EPE M1 | KE. GPE and at lcast one EPE term
lmvi +L3"=2'"_‘“((,‘,_u) Al | All terms correct
2 3 3
Simplify to a linear equation in ¢. M1
1 Al
e=—a
2
6

18 - (9231/32_Winter_2021_Q7) - Simple Harmonic Motion

(a) Coordinates of 4: x=asinbl), y=a-acos6l Bl
(a ‘]3 M1 | Substitute rheir (x, v) into correct trajectory equation
a_a 3J: 853
2 2 er.’_l
4
Rearrange to find 1° Ml
p? 3 v 3 Al
C=—ag, V= [—aq
2% \Hz 4
4
b 2 3 ) M1 | Encrgy equation.
® énm' —-,];ml-" =mga(l+cos60) B
259 Al | u is the speed at /.
u=—ag
- m M1 | N2L
T'=mg==—u"
a
Al
]‘=|—21-mg
4
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19 - (9231/31_Winter_2022_Q5) - Simple Harmonic Motion

2 " Bl | E ‘equation.
ad %mv‘ - -i—mu' = mga cos 6 e s e
[k(:g - %ug + 2ag cosl)]
2 Bl | N2L at B
T —mgcost = LN
a
So um_s: -m,s:t:():w:ﬂ kag , u—cos&:t
6 7] [
Solve simultancously. M1
Al | Both
kes el
3 2
-
(b Initial speed 7= fkag siné Bl
2 3 N 2 Ml
Use v =n" +2as 0=Hku;: sm&) -2gs
1 Al
S==q
2
ALFT
Height above lowest point = s +a—acos = lw” +a —l’a =a
-

20 = (9231/32_Winter_2022_Q6) - Simple Harmonic Motion

(a) . 6 B1 | May be implied.
I'=—mg
7
I'sin@=nmro’ =mhtand « o’ B1 | Allow r for radius.
Radius of circle = frtané B1
[So @ = ﬁoosf)|
Th
9 4 M1 | Se enario, valent resul
In socond sccnario, 9 3l 68 : onia I Second scenario, equivalent result
4 Th
Equate, ﬁ—xcosﬂ :i 4 ﬁcma sivig Al | Combine convincingly to obtain given result
7h 9 Th
cost = gcosa AG
5
(b First seenario: N + T'oosd = mg

B1 | Both.
Second scenano, %N+T'cosa =g

[ 12 Ml | 12cosa = 6eosd =7
Equate: mg —¥mgmsﬁ =2mg - ng COSG

3 Al
COS i ==
4
Al
N==mg
4
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21 = (9231/31_Summer_2023_Q1) - Simple Harmonic Motion, Hook's Law

(a) 3mg (2a ); Bl | Correct EPE term seen
2a
L. 3 e 30) Mg a2 M1 | Dimensionally correct encrgy equation. Must have
STl ] eyl I 0 (2a) onc KE, onc EPE term and at least one GPE.
Allow sign errors.
r_._s Al | AEF
v= ?ax [2 74\)agJ
3
3mg M1 | N2L and Hooke's |
(b) Tmg e sacd Tm ML e L and Hooke s law
a
Acceleration = 5g [upwards] Al | Allow +50 or +5g
2
22 - (9231/33_Summer_2023_Q1) - Circular Motion, Simple Harmonic Motion, Hook's Law
I 2aw | T S 9 M1 | Encrgy equation, 4 erms, dimensionally correct,
g g mgagcosa+cosd) mass must be present. allow sign erors, allow sin in
both terms on RHS
mr B1 | N2L. may iclude tension initially but not awarded
mig cosd = ED until tension = () used
3 | ” (4 g‘ M1 | Dependent on tension = () and on an cnergy
g o G SN e ' e equation, climinate v
3
—cost = T
2 10
o= 7 Al | If no m m encrgy equation and no further errors.
COSH:E 15 award SCB2 for correct final answer
4
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1 = (9231/31_Summer_2020_Q1) - Projectile Motion

BI
For greatest height, 7= =
2g
2 e M1
At a2l B R 2R 2
3 2. 3
uv3 Al
vy =
M1
w3
Speed = Jv 2 +v} = [—+—
i 36 4
7 Al
= —u
3
5
2 = (9231/33_Summer_2020_Q6) - Projectile Motion
{a} ool MI1Al
Cireatest height = I:Hh’fjl—lﬂ
2g
At ¥ greatest height, — veosa=ucosd M1
. in gt M1
AL % greatest height, T (rsine)’ =([using)’ —Zg.im
’ 4 2g
vsing = lJrﬁlnlﬂ al
2
Al
So tang = %l:m& AG
[
® lanaf—li-3 o
2'3 3
Téusin@ = usiné - gt
_ 2 Al
i
= t=d /ucosd M1
6u’ Al
Rl
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3 = (9231/31_Winter_2020_Q5) - Projectile Motion

(@) — x=ucosai B1 | Both
. 1.,
Ty=usinar——gr’
2
. | x ¥ M1 | Eliminate
Elimmate ¢ y=usinea - l l
ucos@ 27\ ucosa )
P Al | AG
V=xlana ——=sec'ar
20
3
(b) (nsine) ot M1 Al | Accept altemative methods, for example differentiate expression in
Greatest height » ———— = — (a) and equate to 0
2z 4z
? Al | AG
t=usin45/g so d =ucosd45usindsS/g = —
2g
3
(¢) Use greatest height displacements in trajectony equation M1 | Use equation of trajectory (substitute coordinates of Q
W ' y
— = —ma - —S——scc’
4g 2g 2 4g”

v s : N M1 Iee - 2
u'=2n'(ana—"7(l+tan‘a) Use of sec’a=(1+tan a)
tan‘a—-dtana+3=0 M1 | Obtam a three-term quadratic in tan&
tna=1. 3 so@=716" Al | Both solutions needed

4
4 - (9231/32_Winter_2020_Q5) - Projectile Motion
(a) Quotc trajectory equation from MF 19 and use cos@ =1/ secd B1 | Must include step with sec” @
e’ § Allow denved from first principles
yv=xtanf-=—(l+ tan"@) AG
P
1
(b) 16 = 20— I()’x I:()nl] “4) M1 | Substitute into result (a)
u =625, (u=25) Al
10x324 : M1
Js 1 in® 30=18tnf~ 1+ (tan @)
Use cquation again e (1+(tang)’)
2392(tan @)’ ) —18tan §+32.592=0 Al | 3 term quadratic
Alternatives include: 54¢° =375t +679=0,
32457 = 22500 + 4074 =0
Discriminant = 324 - 4x2.592x32 392 = ~13.91] M1 | Discriminant for allematives:
—6039 and -217404
As this is less than 0. no real solutions for Al [ CWO
6
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5 = (9231/31_Summer_2021_Q7) - Projectile Motion

(a) At greatest height 0 = 100sin @ ~ gf Mi
=% Al
Therefore times at height M are 1=3 (and £ =13) BI
Substitute into H = I(K)sinﬂl—%glz ol
H =195 Al
Altemative method to question 7(a)
fH:l(MJsmGl—%;zlT -

: 1 3 Al
And H =100sin8(r + lO)—-z-g(r«»I(b)
Subtract: 1000sin 8 = %g(zm +100) Mt
=3 BI
H=195 Al

(a) Altierative method to question 7(a)

TH =H)05in01—%gt: Bl
, J100sin @y - 2¢H M1 AL
Difference between roots = —
’2'1-
Equate to 10 and rearrange to find H M1
H =195 Al
5

(b) Time to required point = |3 s Bl
Ty=100sin8-10x1 51‘=_70] B1 | Both components.
—v=100c0s0 =60
Magnitude = 92.2 B1
Angle below horizontal = tan ' (70/60) = 49.4° B1

4
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6 - (9231/33_Summer_2021_Q7) - Projectile Motion

(a) ; : R M1
y=01in trajectory cquation:  Ktanf - g—— =10
2u” (cosd)

2’ sin@cos @ Al | Any equivalent single term expression, for example

(R =]"T’ only wWsn26 2 tand

g | gsec’d

working, not just quoting a result
SC Bl using SUVAT

. at least one intermediate line of

2
(b) iPsincad M1 | Oruse SUVAT.
x=their s and substitute in trajectory equation
' (sin@)’ Al | Single term
L —
2g
2
© Use R=2 and simplif: 1uné =3, 8 =60° B1 | AG
NG
1
(d) dv ax M1 | Differentiate with respect to x.
—_ an ¢ - ——
dx u“(cosO)’
Z M : e
mg_;‘:gl used Use i=i:l as limiting case.
A(cos@) dx
r=+l,x=1-1 Al
Vi-lexcfTal Al | Stnct inequality. exact values.

Alternative method for question 7(d)

ol _;. =3 % B x M1 | Diffcrentiate with respect to x.

p M1 y
‘hé=:tl used Use d—"-=ﬁ:l as limiting case.
v d
x:\/ﬂ_drl.x:ﬁ—l Al
Vi-lexedT+1 A1 | Strict inequality, exact values.

(d) Alternative method for question 7(d)

When moving at 435° to horizontal, V, =47, M1 | Used, both cases considered

‘}=\/4_00059. v, =Ja0sing-10r M1
’=ILO<J3_U-JE) 2 I=%(@+Jﬁ]

r=~3+1, x=41-1 Al
Vi-lexedivi Al | Strict incquality, exact values
4
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7 = (9231/33_Summer_2022_Q3) - Projectile Motion
(a) Components of velocity : —» 23cos@ T 23sin0-2g Bl
Specd = J(ZScosof + (255100 zg): M1 Al | Expression for speed or square of speed.
(250059)-‘ +(25sin0 - Zg]: —15 M1 | Attempt to solve and find valuc for sin@
625 100gsin8 +d4g” =225
g 300 _4 Al
1000 3
5
(b) 2x25 \ B1
Time of flight =[._me = 4(s)
\ g y
2x25 M i q )
Range = 2 SN0 g os0 11 | Any equivalent method
b4
Range = 60 (m) Al | CWO
Alternative method for question 3(b)
- | 3 B1 | Equation of trajectory.
y= 45 b
Substitute v =0 and solve MI
60 (m) Al
3

8 - (9231/32_Winter_2022_Q5) - Projectile Motion

s 3 X | B .
Eliminate ¢ y=usinfx——-—
) cosf th ucosd l

(a) —» x =noeosOt B1 | Result quoted from MF19 scores (/4.
) R Bl
T y=usings- =8
M1

yextand £ (1 an'0)
2u*

Al | Must be an intermediate line of working.
AG

|+|"{:]

/

(b) H
z|)=3(ixi—|t>-:1-.
3 2’

M1 | Substituting values correctly

' =625, [u=25]

Al

Substitute back into trajectory cquation.

20« 30an 0 f 30

: 36 .
sec 0w 30an 0 T‘“ +an0 )

18tan’@ —751an 0+ 68 = )

M1 | Obtain a 34crm quadratic.

One solution 1s 3;- (3tand - 4)(61an& -17)=0 L

Giving tané):—l(l al

5

2017 -2023 325




A-Level Cambridge

FURTHER MECHANICS -P3

CH22 - Projectile motion

Q - (9231/31_Winter_2022_Q7) - Projectile Motion

M1
(=) T0="¥sin 75 —%,p:rz
t= E5||'1 748 ubl Bk
£
2
(b Verical component nfvclo-cil;} is uurhangcd B1
1
(c) ( 13 Bl
Horizontally to wall, - 15=1cos75r;| r =— |
\ Veos75 )
¢Veos7s B1 | Speed after rebound.
SR - M1 | Time back to
= = f
eVeosT5 | 2 3_1']
LS I
Vertically for whole flight: M1
A
t+1 = ism 75°
15, 15 W . Al
VeosT8  eleos?S g
1% cos 73sin 75 = 20g Ml
Multiply by 2: I sinl50=40g, 17 =80g Al
V=B (-3944F)
7
10 - (9231/31_Winter_2023_Q2) - Projectile Motion
@ |2 e 02w L
dr
] M1 | Intcgrate to aIn t f th t form.
Separate vanables and attempt to integrate ——i'— =dr oA ik dak cal s Tioaiis Jo o
0.1{100-+7)
p R Al
L[ 102 1:().II+L'
20 \10-v)
il Lln.‘s M1 | Use initial condition
20
5 10+v o 10+wv M1 | Rearrange. removing In.
2t=In g 8=
3(10-v) 3(10-v)
e Al | AEF
3+
6
(b) v 10 BIFT | FT from expression of correet form.
1
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11 - (9231/31_Winter_2023_Q5) - Projectile Motion

(a) . e . Mi1
Use equation of trajectory. v =xtana - Sorca
2u
3 I (3«:)*{ I ]
—a=3ax——gx——r—o/1+—
8 3 S e 9
Sga Al | At lcast onc step of working.
—a==. w =8ga AG
u
2
® | For P, timie of fiight 7= 24518 -
For P, range = T cost) B1
; ¥ ) P Bl
For (). time of flight = -;I. S0 range = -;Il' cosa
Equate: ¥ cosa = 2ncost (1)
1 o Ml
For (2 vertically: 0=F sina x %T - 2T sol'= il
Equate with result for /7; Al
e 2
i‘-—slg = -"—"—s'ﬂ so Vsina =lusin9 2)
£ £ N
i ok ¢ S | 2 M1
From (D) and (2). ¥ =u"| 4(cos&) -:(sln a) J
2 ) Al
Ve=u"x 4)'-?--1!—'-J=li§u'
10 4 10 40
V=g
7
12 - (9231/31_Winter_2023_Q6) - Projectile Motion
(a) Angular speeds of P and  are equal. M1
-
X 3a-x
2xJag Al | Shown convincingly: angular speeds equal stated
o= 3a-x AG
2
» Bl
®) For I 1"+ mg cos 60° ~IxTae dag
3a-x
.2 B1
For (: T —mgcos60° = (]
x
2 M1
nv
Eliminate 7% —mg cos60° + LA 52 mg cos 607 + —=
Ja-x x
m = 4ag 2 mx4ag M1 | Solve to find x
la-x y (3a- "_)! Obtain 3-term quadratic cquation.
4a(3a-x)=(3a-x) +dax, ¥ +2ax-3a* =0
(x—a)(x+3a)=0, x=a Al
5
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(©) Encrgy changes from initial position:
Gain in KE of /: %m(-lug —u!)
Loss in KE of O —lm*‘((-'i\: - ..
> 3 -‘\\ 3 J (0]
Loss in GPE of P = mg(3a—x)(1-cos60°) (=mga)
| \

y
Gain in GPE of © = mgx(1-cos60°) | =—mga 1

B1 | KEs correct.

CH22 - Projectile motion

BIFT | GPEs correct

/

{7 2 \
%m(-‘ug—u")—%m! I%] —v,:', I:—mgx(l-oosNP)-mg(}:r-x)(l—cosN.P)
2 271\2)

M1 | Energy equation,

g 5., Al | AEF
Simplify: 4ag :u' rag =ag
. 16 4
u =—ag, u=-=yJSag
5 5
4

13 - (9231/32_Winter_2023_Q6) - Projectile Motion

(a) —» X =neosal

+ : Iy
Y=usinai —;gl

Bl | Both correct.

8 , 3 16
32tmrx—;sec‘a=1(32ma—73ec'a)

32I—§(|+I1)=-lﬂl—4(l+l:)

3 -1 +3=0

: 1 £ %N M1 | Eliminate,
Elimmnate 1. y =wsiner » ——g| '
uweosar 27\ uoosi )
L o Al
y=xtana --’ﬂ_—scc'a AG
2"
3
(b) 32? 6 B1
4 a2 _sec’@ [=32tana —Dsec‘af]
5 2 40° 5
+32° o " B1
f=321ana —-;’—L-—:scc‘a [= 32tana —%sec-a]
2(4042) e
M1 | Equate expressions for /1 and obtain a 3-term quadratic m

lanex .

1 Al | Both correct
=3 =
3
h=80 M1 | For using their value of ¢ to work out one value of /1
80
h= 7 Al | Both comrect
6
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1 = (9231/33_Summer_2020_Q2) - Linear Motion Under Variable Force

dv —dr M1
g-kv
M1
—%In[g— kv)=t+4
r=0v=10: .4=—llnx .
k
r — kv LN}
= ljn Q
LI
£ & MI1A1
v==|l-e
E(1-et)
[
2 = (9231/31_Summer_2020_Q5) - Linear Motion Under Variable Force
(a) v _ oy M1
Ju-v
~In(3u-~v)=k+d Mi
t=0v=u: d=—In2u
v=2u: l=lln2 =
&
3
b , y B1
O | v ame s g
dx 3u-v
(=(3u=v)+3u)dv Mi1Al
e = kde 50 v = 3uln (3w~ v) = ket o
3u-v
x=0v=wu: ¢c=—u-3uln2u Ml
Al
v=2u: .\'=£(3ln2—|]
k
5
3 - (9231/31_Winter_2020_Q7) - Linear Motion Under Variable Force
(a) dv 100 200 M1 A1 | Correct equation and attempt to integrate
TR i Correct
L ¢ 2
v m,
2 X x
x=lv=-10: A=200 M1 | Use inital condition
100{2x 1) M1 | Rearrange to find v
¥
10(2x~1) : Al | Convincingly shown (no mention of + scores A0)
= Fo— and take negative sign to meet mitial condition,
5 AG
10(1-2x)
SO V& ————
x
5
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® M ode
1-2x
1[ Ui lde=10d
2l1-2x )

Lfi-2d-E=torsn
4 2

M1 Al | Rearrange and attempt to integrate

|
r=0x=1: =
2

M1 | Use initial condition

2x=2=~dir =Inf]l - 2:) s0 ¢ =(2x 1)

Al | Convincingly shown, working required

AG
Bl | CAO
For large values of 1. x —>%
5
4 - (9231/32_Winter_2020_Q7) - Linear Motion Under Variable Force
(a) mvﬂ = e B1 | N2L, with m
dx
Inv=—kx+c M1 | Separate vanables and integrate
x=0yv=nu- c¢=lnu M1 | Use imtial condition
v=—u: In—=-kx Al [AG
2
x=—In2
4
(b) Sm Bl | N2L (allow missing m in this part)

iy D T SO
dr v

1 I 1
--ik—ln(s—kv‘]:\'—iln[_i-kn']-;ln‘.‘

Pdv y MIA1 | Scparate variables and integrate
‘dtl=dx —iln(S—hf‘)Lt(ﬂI) e o S
S<kv 3k
Using (a) MIMI

Use condition. MO if v=—;-u,.1'=() used unless %lnz is added on

later
Rearrange dependent on In solution

5

1, (40—t
x===In =
3k o\ S~k )

MIAI | Usc v=mn

5 = (9231/31_Summer_2021_Q1) - Linear Motion Under Variable Force

dv _ l0dr M1 | Separate vaniables
NI
o % i M1 Al | Attempt to integrate,

M1 | Use correct imtial condition.

s Al | CAO
C(r+l)
5
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6 = (9231/33_Summer_2021_Q5) - Linear Motion Under Variable Force

(a) dv B1 | Use of SUVAT implics (0 marks.
m;‘- =~mg = 2mv
NZL, must include » .
In(5+v)=-2¢(+4) M1 | Separate vanables and integrate 3-term N2L. condone omission
of constant
In{5+v)=-2+A A1 FT | FT only sign error in N2L.
t=0v=20, A=In25 M1 | Use correct inntial condition
{95 Y 33 28 M1 | Remove all logs.
e[ 2. =2
S4v S54v
v=25¢""-5 Al
Alternative method for question S(a)
dv BI | N2L. must include » .
nM—==mg - 2mv
dr
# » M1
‘7+2|f=-g Integrating factor = ¢
[t
‘[( w ) M1 | Integrate both sides. condone omission of constant.
=—ge?,  w =7 (44)
dt 2 !
3 2 ALFT | FT only sign error in N2L.
wi==Ze¢"+A
(a) t=0v=20, A=25 M1 | Use correct initial condition
w'' = —%ct' +25, v=25¢"-3 Al
6
(b) s - B M1 | Use of SUVAT implies O marks.
x==—-e" =5t(+B) Integrate their expression from part (a).
t=0x=0 B =32i ALFT FT only expressions of the form v=pe +(2 for P’ (2 non-zero.
25 2
===(1-¢7")=5
x > (l ) !
2
M1 | Usc of SUVAT i b) implies O marks,
© Greatest height when v =0, so ¢ = 0.8047 _or %ln h) l—’::do\‘a!uc 0} I :m‘;iz;dp::;‘ pampicy
¥=3598m Al | CWO
2

7 = (9231/31_Summer_2022_Q3) - Linear Motion Under Variable Force

dv_ 4000 400

= Y= =
di (5t+4) (5r+4) "

+A)

M1 Al | Integrate.

Constant of integration needed for Al

(=0, v=25 A=25-25=0

M1 | Find constant,

valk ;o $0(5r+4) '+ B
dt
x=0, t=0 B=20

M1 | Integrate and find constant

s S0 |'=ﬂ‘| Al
5t+4 S+ 4)
R
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8 = (9231/33_Summer_2022_Q5) - Linear Motion Under Variable Force

(a) dv B1
due—=—(de * +12)e *
lv‘h ( )L
:': =L 37 () M1 | Expression of the correct form.
v=4 x=0, 4 =2 M
2
Al | AG

Must see the factonisation.

e 1+ 3¢” Condone lack of justification for taking positive square root.
V=i
o
4
(b) dv 143" e MI1* Al | Intcgration to obtain In term
7 TR T I o l"-"=ll dt Correct answer with constant of integration
I
—In(3c" +1)=1(+8
Fn(3e” 1) =r(+8)
(=20, x=0, '‘Be %Inal DM | Find the constant and substitute into their general solution
a =2t
(4. 13 Al | OE
x=In| =c"-<
3 J
4
Q - (9231/32_Winter_2022_Q4) - Linear Motion Under Variable Force
(a) S dv 500 1 5 B1 | Sight of m or 5 is required.
Tde v 2
10w ady M1 | Separate vanables and attempt to mtegrate into a log term.
oo—v
0 Al
l—3—|n(|(lm )= x(+4)
s O S 10 1875 M1 | Evaluate constant: correct initial condition used
3
_10 “ 875 M1 | Make v the subject: correct use of logs.
301000y}
1 Al o 1
v=[ 000-875¢ "™ v=5[(8-7¢"" |5 AOife"terms
6
(b) Maximum value of vis 10 Bl | No FT' result can be found from initial equation
1
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10 - (9231/33_Winter_2022_Q4) - Linear Motion Under Variable Force

3 ; 2
(=) md—L =50-2v* i=-t(.’,.‘>-|’) R
dt dr
# o L3 oo . dv=[adr M1 | Scparate variables and usc partial fractions.
S—v S+v

1
10

M1 Al | Intcgrate into log terms.

{(-In(5-v)+In(5+v))=dr+ A {Note: formula on MF19)

1 M1 | Use nitial condition
Use 1 =0,v=3 to give .4=mln4 R end

1 3 R ST S+V M1 | Rearrange to make v the subject.
4f = —In 2 to =€
10 4(5-v) 20-4v
5(4-¢*) Al
v
d+e™
7
() As 1 x5 Bl

11 - (9231/31_Summer_2023_Q6) - Linear Motion Under Variable Force

) M1
@) v% =6wv+9 and attempt to separate variables and integrate
v+ 9=6x+A Al
x=2v=T2 A=6 M1 | Use initial condition to find constant
ve9(x+1) -9 Al | Comect, AEF
4
(b) . . ) ! \ M1 | Separate vanables and write in the form
ﬂ;o(.‘- +2x) & gar l| el {‘A-;odl PR
di ¥(x+2) 20 x+2) Ll _J([;_.‘j,
X x+C
Lo Al | Integrate, any correct form.
;-In[ J =0+ B

M1 | Use intial condition to find constant.

18 = ln|'4 2x | e o 2x M1 | Take loganthms

\x+2) x+2

20! 2 Al | Any cormrect form

= = Or X=

3 2~

s
12 - (9231/33_Summer_2023_Q6) - Linear Motion Under Variable Force
(a) dv e B1 | Mass must be seen at this point or carlier.

N (1-kv) [SUVAT does not apply |

M1 | S¢ ¢ variabl teg
-%In(l-kv):pfﬁ% cparate variables and integ;

Al | Correct, with consy;

felv=0 |[4=0] M1 | Use imtial condition t

LY TR Al | Any correet form with v

Lo Z( =8 ) Final AO if numerical v:
5
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(b)

B 008 B a6 dx _ le(l —ed g,) *MI1 | Attempt to ull'tcgratc if expression contains a term of
dr the form Ae
- A ¥ et Al f \
Integrate: & = 2"(! + 2 ’)< B " 1 4 ‘_I__" wlp
k \ gk J
=0 x=0 [ B= _.m] DM1 | Use initial condition to evaluate their constant
When v =12, from part (a), ¢ ¥ =1-005x12=04, ¢ =-2In0.4 M1 | 183,
=-d0n0d+40x04-40 =127 Al 5
S 40In=-24
2
Alternative method for question 6(b)
, i \ *M1 | Separate vanables and write i integrable form
v-‘-h-= g(1-4v) leading to [l—; [dv = —kendx o " " o
e 1—kv)
- +%Iu(l B =ltge B DM1 Al | Dependent on previous M1 Attempt to integrate.
v=0,x=0 [i;:u] and =005, v=12 12+ 20In0.4=-05x M1 | Dependent on both previous Mls.
Use mitial condition to evaluate their constant and
usc v=12
=127 Al 3
" 40In=-24
2
s

13 - (9231/32_Winter_2023_Q2) - Linear Motion Under Variable Force

05‘,ﬁ 150 450

dx—(x+l)3 _(x+I)’

M1 | Allow sign errors.

<. 300 450
Integrate: 0.5v2 =———+ =+
x+l (x+l)y

MIAL

Correct powers, allow sign errors.

x=0,v=20; A=50

M1 | Use imtial condition.

L 10 x —dx+4) Al | AEF
Rearmange: v = —————
(x=1)*

o 100(x - 2)° l’=‘}I(N,r-2) Al

(x+1)7 (x+1)

L= - . . 20 - 10x
From initial condition, sign must be negative, v= —] Signs dealt with convincingly.
X+ ?
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CH27 - HOOK'S LAW

1 = (9231/31_Winter_2020_Q1) - Hook's Law

3 r
Gain in EPE = X dngx
2 o«

B1 | EPE gain.

Loss in GPE = mgxsin @

M1 | Equate cnergies

With 7=k giving & =4mg
a

Equate

2% % Al | Using forces scores BUMOAO
==asind

3

3
2 = (9231/32_Winter_2020_Q6) - Hook's Law
i 7 M1
I'demg=m—g
3
a Al | AG

4
Let greatest height above O be ;tl +x

Gain in GPE = mgx and Loss in KE = Y2 m 2ga

GPE and KE

B1 | The length being found may be expressed as the total extension of
the string or the greatest height above Q

/ a % 2\
{

( aY (aY
x+=| | —l
3) \3;

_l_ dmg
2

Gain in EPE =

EPE Notc: initial EPE =

Amg( + 2ax & a' )
o e |+ gy = mga
3 9 9

2a |’

M1 Al | Energy equation, correct number of terms

Tax
2 bt =0
3

&l

M1 | Simplify to quadratic

5
X= l‘u so greatest height is l}u

Al

3 - (9231/33_Summer_2021_Q2) - Hook's Law

lx 36x° (= 25\;) Bl | EPE correct
2 08
Loss in GPE + loss in KE = gain in EPE *M1 | Energy equation with only GPE, EPE and KE terms, allow sign
: | 1 36x° errors. allow missing £ for M1 only, weight must be resolved
XMEsSina +—mx2=—xX——m X
2 2 08 (allow sin or cos).
All terms correct Al
"%x -%: %x" | [leading t045+" — 24x —4=0] DM1 | Simplify to 3-term quadratic and attempt to solve.
(3 =2)(15x+2}=0 Al
X i only
=3 onl
5
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4 - (9231/32_Summer_2021_Q3) - Hook's Law

(a)

a) leading to & =

Use Hooke's Law: dmg = Inpyiea)
a

da
X—

B1

AG. Shown convincingly.

(b) Gam in KE + gain in EPE = loss in GPE

Bl | Onc correct EPE term scen.

7

1 pa | kmg [ [ u /s s a
—x6mxEL ¢ 08 ,rc-val (x~a) |-(~mg)<-
2 2 2a il 3 ) ) 3

M1 | All 3 types of energy included m encrgy equation.
Al | All terms correct

Simplify and substitute for & from part (a) MI
Obtain lincar cquation i x and @ M1
5 Al | (k=6)
X - :(l
)
6
5 = (9231/31_Winter_2021_Q1) - Hook's Law
o 3mgx Bl | Their tensions equated to obtain a quadratic equation,
==
a CAO.
_ 4mga Bl
“3(a+x)
9x* 4 9ax—da’ =0 leading to (3x—a)(3x+4a)=0 Mi
| Al
Xr=—a
3
4
6 - (9231/32_Winter_2021_Q2) - Hook's Law
At the collision of P and Q: (m + km v = knmu M1 | Momentum conscrved, allow missing & on RHS
Al
(1+&)
= /N g \ B1
EPE = 12782 | l: Mga
2 a \5 1/
| . 1 Smg (aY M1 | Encrgy equation, LHS correct, EPE dimensionally correct
Loss in KE = Gain in EPE: ~m(k +1)" == x| £
2 2. a \§]
Substitute for v and rearrange to form quadratic equation in & M1
2067 =14k
Al
k=1
4
6
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7 = (9231/31_Winter_2021_Q3) - Hook's Law

2mee” 2me | Y[ e \ B1 | Either term correct.
Loss in EPE = Lx12mge” 1 12mg (| _a |=2&((‘._,,)
2 a 2 a \ 3 )
Gain in KE = %mv: and Gain in GPE = # o
Gain in KE + Gain in GPE = Loss in EPE M1 | KE. GPE and at lcast one EPE term
lmv: Jmea Z'Irg (6e=) Al | All terms correct
3 L]
Simplify to a linear equation in ¢. M1
1 Al
e=—a
2
6
8 = (9231/31_Summer_2022_Q1) - Hook's Law
(a) Teoost =75, Tsnf =10 Bl
i P BI
T=(75 +10°): =125N
2
S0x Bl
®) Hooke's law: 1" = -2'3- x=02
08
(x+08)sing=1x 2 L
125
- Al
Vertical distance = % =08
3

Q - (9231/33_Summer_2022_Q2) - Hook's Law

4 Bl | EPE term correct
| —{mg 1
- x°
3
B1 | Work term correct
—mex
Loss in KE = gain in EPE + work done against friction M1 | Energy equation with 3 terms, allow sign error
4
l v = l ;mg LI
5 max & m
2 M1
3%
5%7% =S—x"toex
2 a 3 ;
1652+ 8 ~3a° =0 Obtain and attempt to solve a 3-term quadratic equation
(4x-a)(4x+3a)=0
1 Al
x=—a
4
5
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10 = (9231/31_Winter_2022_Q2) - Hook's Law

(a) Loss in KE = Gan i EPE, so B1 | EPE terms correct.
Lo 1 (Y 1 dmgf(1 ¥ (1Y) ,
Sm Em!E»[ _Ex-;-| IIEaJ \:all l M1 | All 4 terms and no extras
zm\_z _A4mg i“_\ M1 | Simplify
a 16
vV eag, veJa Al
4
® Hooke's law: tension = dmg x%n(= 2mg) -l
o -
2mg Al -2g
Acceleration = e 2g Aoy
m
2
11 - (9231/31_Summer_2023_Q1) - Simple Harmonic Motion, Hook's Law
(a) 3mg (2a ); Bl | Correct EPE term seen
2a
.. 3 . BONIINE A3 M1 | Dimensionally correct energy equation. Must have
e ‘ 3a-Sa|=7>(20) onc KE, onc EPE term and at lcast one GPE.
Allow sign errors.
15 Al | AEF
V=g [274/ag |
3
3mg M1 N ke™
(b) Tmgwied sacd Trm mg 2 2L and Hooke's law
a
Acccleration = 5g |upwards] Al | Allow +50 or +5g
2
12 = (9231/33_Summer_2023_Q1) - Circular Motion, Simple Harmonic Motion, Hook's Law
I i T Y 0 M1 | Encrgy equation, 4 erms, dimensionally correct,
2 M-a8 = E"" =mga(cosa +cosd) mass must be present, allow sign ¢rrors, allow sin in
both terms on RHS
mr B1 | N2L. may include tension initially but not awarded
mig cosé = until tension = O used
3 | gy (4 g‘ M1 | Dependent on tension = () and on an cnergy
AL TG CONY = ee l ke equation, climinate v*
3 7
—c08f =—
o 10
F 7 Al | If no m mn energy equation and no fusther errors.
CORME: 15 award SCB2 for correct final answer
4

T
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