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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

1-(MAT/11_HL_Summer_2012_Q4)-Graphs,Functions-Roots

The graph below shows y= f(x}, where f(x})=x+Inx.

(a)  Onthe graph below, sketch the curve y = f'(x). [2 marks]
by
A

(b) Find the coordinates of the point of intersection of the graph of y= f(x) and
the graph of y= f7'(x). [4 marks]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

2-(MAT/12_HL_Summer_2012_Q10)-Functions-Roots,Graphs, Integration

The function f is defined on the domain [0, 3775] by f(x)y=e "cosx.

(ay State the two zeros of [ [ mark]

(by Sketchthe graph of 1. [1 mark]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

(¢} The region bounded by the graph, the x-axis and the y-axis is denoted by 4 and
the region bounded by the graph and the x-axis is denoted by B. Show that the
ratio of the area of 4 to the area of B 18

e’ [ez + IJ

J7 maris]
e" +1




IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

3-(MAT/12_HL_Summer_2012_Q11)-Functions-Roots,Probability

Consider the following functions:

2x°+3
x)= ,x=20
Sf(x) =
) | 3x-4 | n
xy=—,xe R.
£ 10
a} State the range of f and of g. 2 marks
2 . & / ,
" . : . . ax’ +bx+c
(b) Yind an expression for the composite function f o g(x) inthe form 3750
where @, b and ce 7. 4 marks]
() (i) Find an expression for the inverse function f'{x).
(i)  State the domain and range of /. [4 marks]

The domains of f and g are now restricted to {0,1, 2, 3, 4}.

(&) By considering the values of / and g on this new domam, determune which of
f and g could be used to find a probability distribution for a discrete random

variable X, stating vour reasons clearly. [6 marksf
{e} Using this probability distribution, calculate the mean of Y. [ 2 maris ]
=
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

4-(MAT/10_HL_Winter_2012_Q3)~-Functions-Roots,Graphs

Let f(x)=x"+ax* +bx+c, where a, b, c € Z. The diagram shows the graph of y= f(x).

A
2
1/ 0 1\/2 A
(a) Using the information shown in the diagram, find the values of @, 5 and c¢. [4 marks]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

(by If g(x)=3f(x-2).

() state the coordinates of the points where the graph of g intercepts
the x-axis.

(i) Find the y-intercept of the graph of g. [3 marks]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

5-(MAT/10_HL_Winter_2012_Q12)-Functions-Roots,Mathematicallnduction

Consider a function f, defined by f(x)=

X

for 0<x<1.

(ay  Find an expression for (f o /)(x).
Let F (x)= ;, where 0 <x <1,
2" —(2"-Dx
(by  Use mathematical induction to show that for any ne 77
(fofe..o)x)=F(x).
1 times
(¢)  Show that I (x) is an expression for the inverse of .
(dy (1) State F (0) and F (1).

(i) Showthat F (x)<x,given O<x<l, neZ”.

[3 marks]

[8 marks]

6 marics]

(i) For neZ', let 4, be the area of the region enclosed by the graph of 7,
the x-axis and the Iine x=1. Find the area B of the region enclosed by

. 1o o
Foand F7 mterms of A4 .

[6 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

6-(MAT/12_HL_Summer_2013_Q12)-Functions-Roots,Graphs

The function f is defined by f(x)= 21
x+2

, with domain D={x:-1<x<8}.

{a) Express f(x) inthe form A+ % where 4 and BeZ. [2 marks]
x+

(b} Hence show that f'(x) >0 on D, 2 marks]

{¢) Statethe range of 7. [Z marks]

(d) (i) Find an expression for f'(x).

(iy  Sketch the graph of y= f(x), showing the points of mtersection with
hoth axes.

(iiy  On the same diagram, sketch the graph of y= ' (x). f8 maris]

(e} (1) Onadifferent diagram, sketch the graph of y= f(| x|) where xe D.

(i1}  Find all solutions of the equation f(| x|) = —% . [7 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

7-(MAT/10_HL_Winter_2013_Q3)~Functions-Roots,Graphs

The diagram below shows a sketch of the graph of y = f(x).

Y
N
104
1 (410>///
T T T T T T = 1T T 1T 1T T 12
5 o 5 10~
54 '
(a) Sketch the graph of y = f'(x) on the same axes. [2]
(b) State the range of . /1]
(¢) Giventhat f(x)=In(ax+5), x> 1, find the value of a and the value of 5. [4]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

8-(MAT/11_HL_Summer_2014_Q4)-Functions-Roots

[Maximum mark: 6]

The equation 5x” +48x” +100x +2 =a has roots 7, 7, and 7, .
Given that ¥, +r, +7, + 7 r, , =0, find the value of a.

T

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

9-(MAT/12_HL_Summer_2014_Q8)-Functions-Roots

The function [ is defined by

fx)= %(x—2)2 -3, x>2

(a) Determine whether or not f is continuous. /2]

The graph of the function g is obtained by applying the following transformations to the
graph of f':

2
a reflection in the y—axis followed by a translation by the vector (O] .

(b) Find g(x). 4]

LN

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

10-(MAT/12_HL_Summer_2014_Q14)-Functions-Roots
Consider the following functions:
h(x)=arctan(x) L XE R
g(x)z%’ xeR x#0
(a) Sketch the graph of y=A{x). /2]
(b) Find an expression for the composite function /40 g (x) and state its domain. [2]
Given that f(x)=h(x)+hog2(x),
(¢) (1) find f'(x) in simplified form;

(ii) show that f(x) =g for x>0. [7]

Nigel states that f is an odd function and Tom argues that f is an even function.

(d) (i) State who is correct and justify your answer.

(i) Hence find the value of f(x) for x<0. /3]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

11-(MAT/10_HL_Winter_2014_Q1)~-Functions-Roots,Graphs

The function f is defined by f(x)= 1 , x#0.

X

The graph of the function y = g(x) is obtained by applying the following transformations to
the graph of y= f(x}:

-3
a translation by the vector [ OJ ;

0
a translation by the vector (J .

(a) Find an expression for g (x). /2]
(b) State the equations of the asymptotes of the graph of g. 27
...................................................................... L
o[
.................................................................... {(\/ &
O

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

12-(MAT/10_HL_Winter_2014_Q11)-Functions-Roots,Differentiation, Integration

The function f is defined as f(x)=e""', xeR.
(a) (i) Find F'(x).
(ii)  State the domain of . [4]

The function g is defined as g(x)=Inx, xeR".
The graph of y= g (x} and the graph of y = f '(x) intersect at the point P,

(b) Find the coordinates of P. /5]
The graph of y = g(x)} intersects the x-axis at the point Q.

(¢) Show that the equation of the tangent 7' to the graph of v=g(x} at the point Q
is y=x—1. /3]

Aregion R is bounded by the graphs of y = g (x}, the tangent 7" and the line x=-e¢.

(d) Find the arca of the region R. /3]

() (i) Showthat g(x})<x-1, xeR".

(i1) By replacing x with 1 in part (¢)(i), show that E <g{x), xeR". [6]
X x

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

13-(MAT/11_HL_Summer_2015_Q5)-Functions-Roots

The functions f and g are defined by f(x)=ax’+ bhx+c¢,xe R and
g(x)=psinx+qgx+r,xeR where a, b, ¢, p. g, r are real constants.

(@) Giventhat f is an even function, show that »=0. [2]

(b) Giventhat g is an odd function, find the value of r. [2]

The function /# is both odd and even, with domain R .

© Find h(x). 2]

Lo

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

14-(MAT/11_HL_Summer_2015_Q6)-Functions-Roots, Integration

- 1
Afunction f is defined by f(x):3x 2,xeR,x¢—.
2x -1 2
(@) Find an expression for £ (x). [4]

(b) Giventhat f(x) can be written in the form f(x)= 4+ 3 B

T find the values of the

constants 4 and B. [2]
3x-2

(¢} Hence, write down j Y dx [1]
2x-1

§
g
O
&
O

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

15-(MAT/11_HL_Summer_2015_Q7)-Functions-Roots
Let p(x)=2"+x" 26" 13+ 72x + 36, xe R.
(a) For the polynomial equation p(x) =0, state
(iy the sum of the roots;
(i)  the product of the roots. [3]
A new polynomial is defined by g(x)=p(x+ 4).

(b) Find the sum of the roots of the equation ¢ (x)=0. [2]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

16-(MAT/11_HL_Summer_2015_Q9)-Functions-Roots

The functions f" and g are defined by f(x) :2x+%,xe R and g(x)=3sinx+4,xeR.

(@) Showthat g o F(x)=3 Sin(2x 4 %} +4.
(b) Find the range of g = f.

. 3n i 371 .
(¢) Giventhat g=f E =7, find the next value of x, greater than % , for which
gof()="1.
(d) The graph of y=g < f(x) can be obtained by applying four transformations to the graph

of vy =sinx. State what the four transformations represent geometrically and give the
order in which they are applied.

(1]

(2]

(2]

[4]

20122022

~
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

17-(MAT/12_HL_Summer_2015_Q10)-Functions-Roots

The function f is defined by f{x) _3_x2, xeR,x#2.

(@) Sketch the graph of y= f(x), indicating clearly any asymptotes and points of

intersection with the x and y axes. [4]

(b)  Find an expression for /' (x). [4]

() Find all values of x for which f(x)= f'(x). [3]
: . 3

(d) Solve the inequality |f(x) | < ok [4]
: . 3

(e) Solve the inequality f(| x|) < > 2]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

18-(MAT/12_HL_Summer_2015_Q11)-Functions-Roots,Differentiation, Integration

Consider the functions f(x}=tanx, O§x<g and g(x) :x—Jri, xeR,x#1.

(a) Find an expression for g = f(x), stating its domain.

inx+
(b) Hence showthat go f(x) =o' 08
SINX —COSX

d
{c) Lety=ge f(x), find an exact value for ay at the point on the graph of y=g o f(x)

where x = g , expressing your answer in the form a+b\/§, a, be?.

(d) Show that the area bounded by the graph of y=g < f(x), the x-axis and the lines
x=0and x:g is ]n(1+\/§).

[2]

(2]

[€]

[6]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

19-(MAT/12_HL_Summer_2015_Q12)-Functions-Roots

The cubic equation x°+ px’+ gx + ¢ = 0, has roots «, 3, y. By expanding
(x— &) (x— B)(x— ) show that

@ O p=—(a+p+y);

(i) g=oaf+fy+ya;

(i c=-afy. [3]
It is now given that p = —6 and g = 18 for parts (b) and (c) below.

(b) () Inthe case that the three roots «, 3, y form an arithmetic sequence, show that
one of the roots is 2.

(il Hence determine the value of ¢. [5]

(c) In another case the three roots «, 3, y form a geometric sequence. Determine the
value of ¢. [6]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

20-(MAT/10_HL_Winter_2016_Q3)~-Functions-Roots

A rational function is defined by 7 {(x)=a + where the parameters «. b, ce 7 and

xe W\ fel. The following diagram represents the graph of v=f(x).

Ao ¥
6 |
. I
5
I
4 I
. I
3
I
2 I
s s o] —— - - - -
I i
M\\_(L o) _ !
I i I I | H 1 I H {
S 1 2 ? | 5 6 7 8
—1
I
iy |
R I
.
I
. I
Using the information on the graph,
(&) state the value of ¢ and the value of ¢; [2]
(by find the value of 5. [2]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

21-(MAT/10_HL_Winter_2016_Q5)~-Functions-Roots

[Maximum mark: 6]

The quadratic equation x*— 2kx + (k— 1) = 0 has roots « and f such that &’+ f>=4.
Without solving the equation, find the possible values of the real number £.

y?

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

22-(MAT/12_HL_Summer_2017_Q2)-Functions-Roots
The function £ is defined by f(x)=2x"+5,-2<x<2.
(@) Write down the range of .
(b)  Find an expression for f'(x).

(©) Wirite down the domain and range of /'.

20122022

[2]
[2]

[2]

A
) o)

24



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

23-(MAT/12_HL_Summer_2017_Q9)~-Functions-Roots,Differentiation, Integration

Consider the function f defined by f(x)=x'—a’, x € R where « is a positive constant.

(a) Showingany x and y intercepts, any maximum or minimum peints and any
asymptotes, sketch the following curves on separate axes.

N y=ri;
i L
AT
(iy y= 1 (8]
f|
(b)  Find [ £(x) cosx dx. 5]

The function g is defined by g(x)=xy/ f(x) for |x| > a.

() By finding g'(x) explain why g is an increasing function. [4]

y®



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

24-(MAT/11_HL_Summer_2017_Q11)~-Functions-Roots,Graphs,Integration
(@ () Express x’+3x+2 inthe form (x + h)’+k.

(i)  Factorize x*+3x +2. [2]

1
Consider the function f(x) = ———— xeR, x# -2, x # —1.
X +3x+2

(b) Sketch the graph of f(x), indicating on it the equations of the asymptotes,
the coordinates of the y-intercept and the local maximum. [5]

1 1 1
Show that - = :
© owtha x+1 x+2 xX+3x+2

[1]

(d) Hence find the value of p if I; F(x)dx =1n{p). [4]
(e) Sketch the graph of y = f(|x]). 2]
()  Determine the area of the region enclosed between the graph of y = f(\x\), the x-axis
and the lines with equations x=-1 and x=1. [3]
[
[ )

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

25-(MAT/11_HL_Summer_2017_Q12)~Functions-Roots,Graphs
Consider the polynomial P(z)=z"- 10z°+ 15z -6, ze C.
(a) Wirite down the sum and the product of the roots of P(z)=0. [2]
(b) Showthat (z— 1) is a factor of P(z). [2]
The polynomial can be written in the form P(z)=(z — 1) (22 + bz + c).
(¢) Find the value of » and the value of c. [5]
(d) Hence find the complex roots of P(z)=0. [3]
Consider the function g(x)=x’— 10x’+ 15x - 6,xe R.
(e} () Showthatthe graph of yv= g(x) is concave upfor x > 1.

(i)  Sketch the graph of v = g(x) showing clearly any intercepts with the axes. [6]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

26-(MAT/12_HL_Summer_2018_Q10)~Functions-Roots

The function f is defined by f{(x) = aerb,forxe]R,xi—é.
cx +d c

(a) Find the inverse function /', stating its domain. [5]

,xeR,x #2.
2

2
The function g is defined by g(x) = al

(by (i) Express g(x) inthe form 4 + where 4, B are constants.

x -2

(i)  Sketch the graph of y = g(x). State the equations of any asymptotes and the
coordinates of any intercepts with the axes. [5]

The function 4 is defined by Z(x) = Jx for x> 0.

(c) State the domain and range of s g. (4]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

27-(MAT/12_HL_Summer_2019_Q3)-Functions-Roots
[Maximum mark: 5]

Consider the function f(x)=x'—6x"-2x+4.xcR.

The graph of / is translated two units to the left to form the function g(x).

Express ¢ix) in the form ax'+ bx' + cx'+dv+ ¢ where ¢ . b.c.d.¢ceZ.

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

28-(MAT/12_HL_Summer_2019_Q5)~-Graphs,Functions-Roots

x—4
(a) Sketch the graph of v = 21

, stating the equations of any asymptotes and the
X —
coordinates of any points of intersection with the axes. [5]

¥

N

5..

i

7S]
t

Y

x—4
2x-5 "

(b) Consider the function f:x —
Write down
(i)  the largest possible domain of [,

(i) the corresponding range of /. [3]

[y 2

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

29-(MathAA/12_HL_Summer_2021_Q1)-Algebra-functions-Roots

[Maximum mark: 4]
Consider two consecutive positive integers, # and n# + 1.

Show that the difference of their squares is equal to the sum of the two integers,

A
) o)

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

30-(MathAA/11_HL_Summer_2021_Q1)-Algebra-functions-Roots

[Maximum mark: 5]

The graph of y =f(x) for -4 <x < 6 is shown in the following diagram.

y
8

—4—2024\6
-2

20122022

Write down the value of
@ SO
@iy  (fef)2).

1
Let g(x)= 5f(x)+1 for -4 <x < 6. On the axes above, sketch the graph of g.

y?

(2]

3]

32



IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

31-(MathAA/12_HL_Summer_2021_Q7)-Algebra-functions-Roots

[Maximum mark: 5]

The cubic equation x* — kx” + 3k = 0 where 4> 0 has roots «, # and « + f3.

-

Given that aff = % find the value of £.

20122022

A
) o)
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

32-(MathAA/10_HL_Winter_2021_Q2)-Algebra-functions-Roots,Graphs

{Maximum mark: 9]

The function [ is defined by f(x)=

2x+4

3-x

.where x = <, x#3.

~

(@) Write down the equation of
() the veriical asymptote of the graph of §;
(i)  the horizontal asymptote of the graph of f. (2]
(b) Find the coordinates where the graph of [ crosses
()  the v-axis;
(i) the y-axis. 2]
{c) Sketchthe graph of f on the axes below [1]
.’l'
151
104
S -
L] T ¥ T T T Ed X‘
i5 10 3 ] 5 L0 1S
_5 4
_ E 0 -
— E -73 4
. . . ax+4 . N -
The function g is defined by g(x)= 3 where ve <, vr3andue <.
-x
{d) Giventhat g{x) =g '(¥), determine the value of «. [4]
[
’

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

33-(MathAA/12_HL_Summer_2022_Q11)-Algebra-functions-Roots

[Maximum mark: 20]

Afunction f is defined by f(x) =ﬁ where x e &, x=—1,x=3.
X —2x—

(a) Sketch the curve y = f(x), clearly indicating any asymptotes with their equations. State
the coordinates of any local maximum or minimum points and any points of intersection
with the coordinate axes. [6]

1
A function g is defined by g(x) "S53 where y € &, x> 3.
- 2x -

(b) Theinverseof gis g '.

VaxT+x

() Showthat g '(x)=1+
X

(i) ~ State the domain of g '. (7]
Afunction / is defined by h(x)= arclan%., where x € ¥.

(c) Giventhat (h-g)(a) :g , find the value of a.

Give your answer in the form p+%ﬁj where p, g, re 7 . [7]

A

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

34-(MathAA/12_HL_Summer_2022_Q9)-Algebra-functions-Roots

[Maximum mark: 5]

Prove by contradiction that the equation 2x’ = 6y -~ | = 0 has no integer roots.

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

35-(MathAA/12_HL_Summer_2022_Q6)-Algebra-functions-Roots
[Maximum mark: 8]

Afunction f is defined by f(x)=xv1-x’ where —1 <x<1.

The graph of y = 7 (x) is shown below.

(a) Show that f is an odd function.
Therangeof fisa<y<h, wherea, he k.

(b) Find the value of ¢ and the value of 5.

20122022

(6]

A

37



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

36-(MathAA/12_HL_Summer_2022_Q2)-Algebra-functions-Roots

[Maximum mark: 6]

Consi
(@)
{b)

20122022

der any three consecutive integers, - 1, s and u - |,
Prove that the sum of these three integers is always divisible by 3. [2]
Prove that the sum of the squares of these three integers is never divisible by 3. [4]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

37-(MathAA/11_HL_Summer_2022_Q8)-Algebra-functions-Roots
[Maximum mark: 6]

Consider integers « and 4 such that ¢ + & is exactly divisible by 4. Prove by contradiction
that « and & cannot both be odd.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

38-(MathAA/11_HL_Summer_2022_Q3)-Algebra-functions-Roots

[Maximum mark: 7]

Consider the functions f(x) = ﬁsin x+cosxy where 0 <y < m and g(x) = 2x where x € K.

(a) Find (/- g)(x).

{b) Solve the equation ( /- g)(x) = 2cos2x where 0 <y <.

20122022

(2]

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

39-(MathAA/10_HL_Winter_2022_Q8)-Trigonometry,Algebra-functions-Roots
(Maximum mark: &]

Let fix}—cos(x—k), where Os<xy<ganda, ke« .

{(a) Ccnsider the case where 4 =

(Y]

By sketching a suitqble graph, or otherwise, find the largest value of « for which the
inverse function f ' exists. [2]

{0 Find the largest value of « for which the inverse function 7 ' exists in the case
where k==, [1]

{c) Find the largest value of & for which the inverse function f ' exists in the case
where © < & < 2%. Give your answer in terms of & [2]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

40-(MathAA/10_HL_Winter_2022_Q3)-Algebra-functions-Roots

[Maximum mark: 5]

Let g

(&) Showthat & +(a*2—l] :[a* i ]] ,

Consider a right-angled ftriangle with sides of length «, [a?_—l] and [

(b)

20122022

be a constant, where a = | .

2

Find an expression for the area of the triangle in terms of «.

el

a +1

)

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

1-(MAT/11_HL_Summer_2013_Q12)-Quadratics,Graphs,Integration

(a) Express 4x” —4x+5 inthe form a(x—hY +k where a, h, ke Q.

(b) The graph of y=x is transformed onto the graph of y=4x"—4x+5.
Describe a sequence of transformations that does this, making the order of
transformations clear.

The function [ is defined by f(x}= 2;
4x" —4x+5

(¢) Sketch the graph of y= f(x).

(d) Find the range of f.

(¢) By using a suitable substitution show that j f(x)dx= lj 21 de .
47w +1
a5 1 T
Prove that ——dx=—.
® -L 4x" —4x+5 16

[2 marks]

[3 marks]

|2 marks]

/2 marks]

[3 marks]

[7 marks]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

2-(MAT/12_HL_Summer_2014_Q4)-Quadratics
The roots of a quadratic equation 2x” +4x—1=0 are & and f.

Without solving the equation,

(a) find the value of &’ + #°; [4]
(b) find a quadratic equation with roots &* and j°. /2]
:5
&Qz
&

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

3-(MAT/10_HL_Winter_2014_Q2)~-Quadratics

The quadratic equation 2x° —8x+1=0 has roots « and .
(a) Without solving the equation, find the value of
D) a+f;

(i) af. (2]

Another quadratic equation x* + px+¢ =0, p, g € Z has roots 2 and z
a

(b) Find the value of p and the value of g. [4]
.
&
)&/&
4O

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

4-(MAT/10_HL_Winter_2020_Q6)-Quadratics, Trigonometry
[Maximum mark: 4]

Consider the equation ¢x* + bx + ¢ = 0, where & # 0. Given that the roots of this equation
are x =siné and x = cos 9, show that »" = o™ + 2ac.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

5-(MathAA/11_SL_Summer_2021_Q7)-Quadratics
[Maximum mark: 14]

Let f(x)=mx" — 2mx, where x ¢ 12 and m « 3. The line 1 = mx — 9 meets the graph of /
at exactly one point.

(a} Show that m=4. [6]
The function f can be expressed in the form f{xvy=4(x pHx ¢),where p, ¢ c .
{b} Find the value of p and the value of ¢. [2]

The function f can also be expressed in the form f(v) =4(x — h)Y ~k, where h, k € &.

(c) Find the value of 4 and the value of k. [3]
(d} Hence find the values of x where the graph of f is both negative and increasing. [3]
[===}

.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

6-(MathAA/10_SL_Winter_2021_Q1)-Quadratics
IMaximum mark: 7}

Censider the function f{x) = -2{x — 1){(x ~ 3}, for x = ©. The following diagram shows part
of the graph of f.

¥

{a) Forthegraphof [

(  find the x-coordinates of the x-intercepts;

(i)  find the coordinates of the vertex. 5]
The function f can be written in the form f{x) = —2(x - Y +k.

{by Write down the value of /i and the value of 4. 2]

.

20122022 48



IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

7-(MathAA/10_HL_Winter_2021_Q7)-Quadratics
[Maximum mark: 7]
The equation 3px + 2px + | — p has two reai, distinct roots.
{a) Find the possible values for p.
{p) Consider the case when p = 4. The roots of the equation can be expressed in

.:'ziqm

the form x= T where ¢ = 7. Find the value of «.

20122022

2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

1-(MAT/20_HL_Winter_2013_Q3)-Graphs,Exponentials-Logarithms
Consider f(x)=Inx—e"", 0<x<10.

{a) Sketch the graph of y = f(x), stating the coordinates of any maximum and minimum

points and points of intersection with the x-axis. [57
(b) Solve the nequality Inx <™, 0 <x < 10. 27
===
v

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

2-(MAT/20_HL_Winter_2013_Q13)-Functions-Roots,Exponentials-Logarithms,Integration

Afunction f is defined by f(x)= ;(ex + e_x) ,xel.

(a)

(b

(iy  Explain why the inverse fimction /™ does not exist,

(11} Show that the equation of the normal to the curve at the point P where x=In3
is given by 9x+12y-9In3-20=0.

(ii1) Find the x-coordinates of the points Q and R on the curve such that the tangents at
(J and R pass through (0, 0). [id}]

The domain of [ is now restricted to x 20,
(i)  Find an expression for 7 '(x).

(i) Find the volume generated when the region bounded by the curve y= f(x)
and the lines x=0 and y =3 is rotated through an angle of 27 radians about
the y-axis. J8]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

3-(MAT/22_HL_Summer_2016_Q3)-Exponentials-Logarithms
[Maximum mark: 6]

Solve the simultaneous equations
an =2
X

Inx*+1ny°=7.

G
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH3-EXPONENTIALS-LOGARITHMS

4-(MAT/21_HL_Summer_2016_Q7)-Exponentials-Logarithms

It has been suggested that in rowing competitions the time, T seconds taken to complete a
2000m race can be modelled by an equation of the form 7'= aN’, where N is the number of
rowers in the boat and a and 5 are constants for rowers of a similar standard.

To test this model the times for the finalists in all the 2000m men’s races at a recent Olympic
games were recorded and the mean calculated.

The results are shown in the following table for N=1 and N=2.

N T (seconds)
1 420.65
2 390.94

(a) Use these results to find estimates for the value of @ and the value of b. Give your
answers to five significant figures.

(b) Use this model to estimate the mean time for the finalists in an Olympic race for boats
with 8 rowers. Give your answer correct to two decimal places.

It is now given that the mean time in the final for boats with 8 rowers was 342.08 seconds.
(c) Calculate the error in your estimate as a percentage of the actual value.

(d) Comment on the likely validity of the model as & increases beyond 8.

[4]

(]

(]

(2]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

5-(MAT/22_HL_Summer_2017_Q6)-Exponentials-Logarithms
[Maximum mark: 5]

1 1
Given that lOgm(m(P - Zq)] = E(IOgmp +1og,,q), p>0,g>0,find p in terms of g.

y?

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

6-(MAT/21_HL_Summer_2019_Q11)-Exponentials-Logarithms
Consider the equation x - 3x* + mx’ + nx’ + px +¢ =0, where m.n.p.ge R.
The equation has three distinct real roots which can be written as log,«. log,5 and log,c.
The equation also has two imaginary roots, one of which is i where 4R
(a) Show that ubc =8, [5]
The values «. ~, and ¢ are consecutive terms in a geometric sequence.

(b) Show that one of the real roots is equal to 1. [3]

(¢} Giventhat g = 84", find the other two real roots. 9]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

7-(MAT/10_HL_Winter_2020_Q5)~Exponentials-Logarithms,Sequences-Series
[Maximum mark: 5]
The first term in an arithmetic sequence is 4 and the fifth term is log. 625.

Find the common difference of the sequence, expressing your answer in the form log, p,
where p e .

A
) o)

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH3-EXPONENTIALS-LOGARITHMS

8-(MathAA/10_HL_Winter_2021_Q3)~-Exponentials-Logarithms

{Maximum mark: 5]

Solve the equation log;«f._= 1
' 2log,3

20122022

+ log;(il.\':), where x = ()

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS
1-(MAT/21_HL_Summer_2016_Q5)-Graphs
2
The function [ is given by f(x) = %,xel@, x#2,x#-2.
(@) Provethat f is an even function. [2]
(b) () Sketchthe graph y=/(x).
(i)  Write down the range of 1. [5]
5
&Q;
&
O
[ W
=

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

2-(MAT/21_HL_Summer_2017_Q6)~-Graphs
T
Consider the graph of 3 = tan(x + Z] , where —nt <x <2m.
(a) \Vrite down the equations of the vertical asymptotes of the graph. [2]

1
The graph is reflected in the y-axis, then stretched parallel to the y-axis by a factor E

T
then translated by | 4

-3
(b) Give the equation of the transformed graph. [4]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

3-(MAT/20_HL_Winter_2018_Q8)~-Graphs

+1
Consider the function f(x) = ax_, X # 75, where a, b, ce 7.
bx +c b

The following graph shows the curve y=( f(x))*. It has asymptotes at x=p and y = g and
meets the x-axis at A.

P4

.
I
1
1
[
[
1
1
1
1
1
1
1
1
1
1
1
1
1
1
T
1
1
1

g g

(@) On the following axes, sketch the two possible graphs of y = f(x) giving the equations
of any asymptotes in terms of p and ¢. [4]

=
<
g |
=)

4 4 1
(b) Giventhat p = 3 q= 5 and A has coordinates (—5, 0], determine the possible

sets of values for ¢, » and ¢. [4]

o
o

v
’



IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

4-(MAT/22_HL_Summer_2019_Q9)-Graphs

Consider the pelynomial P(z)=z'— 62— 22+ 58z - 51.ze .

(a}
(b)

{c)

Express P(z) inthe form (" + az + A)(Z+ ¢z + o) where a. b.c.de X [7]

Sketch the graph of y =" — 6x'— 23"+ 38x — 51, stating clearly the coordinates of any
maximum and minimum peints and intersections with axes. [6]

Hence, or otherwise, state the condition on 4 € R such that all roots of the
equation f’(z) =k are real. [2]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

5-(MAT/20_HL_Winter_2019_Q3)~-Graphs

[Maximum mark: 8]

-

The following diagram shows the graph of 1 - f(x). -~ 3 <x < 5.

{a) Findthe value of ( /- /1),

{b) Giventhat / '(«) =23, determine the value of «.

{€y  Giventhat g(v)=2/(x— 1}, find the domain and range of g.

(2]
(2]

(2]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

6-(MAT/10_HL_Winter_2020_Q10)-Differentiation,Graphs
Consider the funclion f(x)=ax' +hx +oex+o where xc Tand a, b, ¢, dc <
(ay (i) Write down an expression for f'{x).

(it Hence, giventhat f ' does not exist, show that & — 3ac > 0.

(b) Consider the function g{x) = %x" —~3x +6x—8, where x € <.
(i) Showthatg ' exists.

(i) g(x)canbewrittenin the form p(x - 2)' + ¢, where p, g € *.
Find the value of p and the value of ¢.

(iiy Hence find g '(x).

The graph of y = g{x) may be obtained by transforming the graph of y = x* using a
sequence of three fransformations.

(c} State each of the transformations in the order in which they are applied.

(d) Sketch the graphs of y = g(x) and y = g '(x) on the same set of axes, indicating the
points where each graph crosses the ceordinate axes.

A
) o)

20122022

[4]

(8]

(3]

)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

7-(MAT/10_HL_Winter_2020_Q12)-Graphs,Integration

-5 . -
Consider the function defined by f(x)= kx_k ,where x € =\ {k}and & = 5.
X-

(a) State the equation of the vertical asymptote on the graph of y = f(x).

(b) State the equation of the horizontal asymptote on the graph of v = F{x).
(e) Use an algebraic method to determine whether f is a self-inverse function.
Consider the case where k=3

(d) Sketch the graph of y = f(x), stating clearly the equations of any asymptotes and the
coordinates of any points of intersections with the coordinate axes.

(e) The region bounded by the v-axis, the curve y=f(x}, and thelines x=5and x=7 is
rotated through 2x about the x-axis. Find the volume of the solid generated, giving your
answer in the form w{a + 4 In2), where a, b € 7.

A
) o)

20122022

(1]
(1]

[4]

(3]

[6]
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH4-GRAPHS

8-(MathAA/10_HL_Winter_2021_Q2)-Algebra-functions-Roots,Graphs

{Maximum mark: 9]

The function [ is defined by f(x)=

2x+4

3-x

.where x = <, x#3.

~

(@) Write down the equation of
() the veriical asymptote of the graph of §;
(i)  the horizontal asymptote of the graph of f. (2]
(b) Find the coordinates where the graph of [ crosses
()  the v-axis;
(i) the y-axis. 2]
{c) Sketchthe graph of f on the axes below [1]
.’l'
151
104
S -
L] T ¥ T T T Ed X‘
i5 10 3 ] 5 L0 1S
_5 4
_ E 0 -
— E -73 4
. . . ax+4 . N -
The function g is defined by g(x)= 3 where ve <, vr3andue <.
-x
{d) Giventhat g{x) =g '(¥), determine the value of «. [4]
[

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

9-(MathAA/20_HL_Winter_2021_Q10)-Algebra-functions-Roots,Graphs, Integration

{Maximum mark: 18]

Consider the funcion f{x)= Frox-l2 XE T x#E 5 )
‘ 2x—15 2
{a) Find the cocrdinates where the graph of f crosses the
(i} y-axis:
(i) y-axis. [3]
{b) Write down the equation of the vertical asymptote of the graph of [, (1]
{¢) The obligue asymptote of the graph of f canbe writtenas r=ax + b where «, h < .
Find the value of ¢ and the valua of /. (4]
{d) Sketch the graph of f for —30 < x = 30, clearly indicating the points of intersection with
each axis and any asymptctes. (3]
‘ 1 . .
{e) () Express — in partial fractions.
S{x)
i l
(i)  Hence find the exact value of J f'( ) dy, expressing your answer as a
LI X
single fogarithm. (7]
[

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

10-(MathAA/21_HL_Summer_2021_Q11)-Algebra-functions-Roots,Graphs

[Maximum mark: 20]

The function f is defined by f(x)= % forxeR,x#p,x#¢q.

x —
(a) Find the value of p and the value of ¢. 2]
(b) Find an expression for f'(x). [3]

The graph of y = f(x) has exactly one point of inflexion.
(c) Find the x-coordinate of the point of inflexion. [2]

(d) Sketch the graph of y = f(x) for —3 <x < 3, showing the values of any axes intercepts,
the coordinates of any local maxima and local minima, and giving the equations of
any asymptotes. [5]

2

The function g is defined by g(x) = 4x
3x+2

Jforx e R, x;t—%.

(e} Find the equations of all the asymptotes on the graph of y = g(x). [4]

(fy By considering the graph of y = g(x) — f(x), or otherwise, solve f(x)<g(x) forx e R. [4]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

11-(MathAA/11_HL_Summer_2022_Q5)~-Graphs
[Maximum mark: 7]

.r—3—271j+25 +¢,where x € K and ¢ > 0.

Consider f(x) =4sinx + 2.5 and g(x)= 4sin[
The graph of g is obtained by two transformations of the graph of /.
(a) Describe these two transformations. (2]

The y-intercept of the graph of g is at (0, 7).

(b) Giventhat g(x) > 7, find the smallest value of r. [5]

\ °)
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH4-GRAPHS

12-(MathAA/12_HL_Summer_2022_Q3)-Graphs

[Maximum mark: 8]

A function f is defined by f(x)=2x—_11, where x e R, x#—1.
x+

(a)

(b)

The graph of y = f(x) has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(i)  the horizontal asymptote. [2]
On the set of axes below, sketch the graph of y = f(x) .

On your sketch, clearly indicate the asymptotes and the position of any points of
intersection with the axes. [3]

(d)

20122022

-1

Hence, solve the inequality 0 < 2x " <2. [1]

2|x|-1
Solve the inequality 0 < J—I— <2. 2]

|x|+l

AR
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

13-(MathAA/L0_HL_Winter_2022_Q10)-Differentiation,Graphs
{Maximum mark. 20]
The function f is defined by f(x) = cos’x — 3sin’y, 0 <x < 7.
{a) Find the roots of the equation f(x) =0. [5]
() () Find f().
(i)  Hence find the coordinates of the points on the graph of y = f(x) where f'(x}=0. [7]

(c)  Sketch the graph of = | f{x)|, clearly showing the coordinates of any points

where f'(x} =0 and any points where the graph meets the coordinate axes. [4]

{d) Hence or otherwise, solve the inequality | f(x)}i > 1. [4]
[

[ )
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

1-(MAT/11_HL_Summer_2012_Q3)-ComplexNumbers

[AMaximum mark: 7]

If zy=a+a~31 and z, =1-1, where a is a real constant, express z, and z, in the

&
. . . .
form rcis®, and hence find an expression for (—IJ in termis of ¢ and i.

Z;

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

2-(MAT/12_HL_Summer_2012_Q6)-ComplexNumbers

[Maximum mark: 7]
Given that (4—5iym+4n=16+151, where i’ =1, find m and n if

(a) m and #» are real numbers; [3 marks]

(bY  m and » are conjugate complex numbers. [4 marks]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

3-(MAT/11_HL_Summer_2012_Q7)-ComplexNumbers

[Maximum mark: 6]

Given that z is the complex number x+iy and that | z |+ z=06-21, find the value of x
and the value of y.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

4-(MAT/12_HL_Summer_2012_Q12)-ComplexNumbers

Part A [Maximum mark: 12]

(a) Giventhat (x+iv)’ =—5+12i, x, ye R. Show that

(iiy xy=6. {2 marks]
{by Hence find the two square roots of —5+12i. [5 marks]
(¢}  For any complex number z, show that (z'Y =(z°) . [3 marks]
(dy Hence write down the two square roots of —5-121. [2 marks]
Part B [Maximum mark: 17]
The graph of a polynomial function f of degree 4 is shown below.
v
L3
(-4, 0) (2,0) o
(0, 32)
(a} Explain why, of the four roots of the equation f(x}=10, two are real and two
are complex. [2 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

(b} 'The curve passes through the point (-1, -18). Find f(x) in the form
f(xy=(x-a)(x=b)(x"+cx+d). where a, b, ¢, de 7.

{¢y Tind the two complex roots of the equation f(x}=0 in Cartesian form.
{d} Draw the four roots on the complex plane (the Argand diagram).

(2) Express each of the four roots of the equation in the form re'® .

20122022

[5 marks]
[2 marks]
[2 marks]

[ marks]

.
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

5-(MAT/10_HL_Winter_2012_Q10)-ComplexNumbers

Consider the complex numbers

(a)

(b)

{dy Find the smallest positive value of » for which [

20122022

.3 .
Zl=2\/§CIS " and z, = —1+4/3i.

2

(i)  Write down z, in Cartesian form.

(i) Hence determine (z,+z,) in Cartesian form.

(i)  Wrile z, in modulus-argument form.

(i) Hence solve the equation z° =z,.

[3 marks]

[6 marks]

Let z=rcisf, where reR” and 0<# <2rn. Find all possible values of r

and 8,

{y ifz'=(0+z):

Gy ifz=-—L
Zl

z

-

=

JeRﬁ

[6 marks]

[4 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

6-(MAT/11_HL_Summer_2013_Q1)-ComplexNumbers

()

(b)

If w=2+2i, find the modulus and argument of w. [2 marks]
. 5n . Sn . . 4 6
Given z =cos (?] +isin (?] , find in its simplest form w™z". [4 maris]

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

7-(MAT/12_HL_Summer_2013_Q7)-ComplexNumbers

Given the complex numbers z, =1431 and z, =-1-1.

{a)  Write down the exact values of' | z | and arg(z,). [2 marks|

(b} Find the minimum value of |z, +az, |, where a e R. [5 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

8-(MAT/12_HL_Summer_2013_Q13)-ComplexNumbers

(a) (1) Express each of the complex numbers Zl=\/§+i,22=— 3+1 and

z, =—2i m modulus-argument form.

(il Hence show that the points in the complex plane representing z,, z,
and z, form the vertices of an equilateral triangle.
" where ne N, [9 marks]

(iii) Showthat z»+ 2> =2z

(b () State the solutions of the equation z'=1 for zeC, giving them in
modulus-argument form.

(i) If w is the solution to z' =1 with least positive argument, determine the
argument of 14+w. Express your answer i terms of w.

(itt) Showthat z° — 2z cos [TRJ +1 is a factor of the polynomial z' —1. State the

two other quadratic factors with real coeflicients. [9 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

9-(MAT/10_HL_Winter_2013_Q12)-ComplexNumbers, Trigonometry,Integration

Consider the complex number z =cos# +isiné.

(a) Use De Moivre’s theorem to show that z° +z" = 2cosnf, ne 7. /2]
i iy L

(t)  Expand (z +z ) . [}

(¢) Hence show that cos'@= pcosdf +gcos28+r, where p, ¢ and r are constants to

be determined. [4]
oo 1 3 15 5

(d) Show that cos” @ =—cos60 +—cosdf+ —cos26 + —. [3]
32 16 32 16

(¢) Hence find the value of J.Oz cos’ #d@. [37

C e . . m
Theregion S is bounded by the curve y = sin xcos® x and the x-axis between x =0 and x = 3
(f)y Y is rotated through 2n radians about the x-axis. Vind the value of the volume generated.  [4/

. . C e . . . L2
{g)y (i) Write down an expression for the constant term in the expansion of (z+z 1) .
kel .

n

s B B ~ 5 2k - . -y
(il Hence determine an expression for I tcos™"#dE mterms of k. [3]
. [

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

10-(MAT/12_HL_Summer_2014_Q7)-ComplexNumbers

Consider the complex numbers # =2+3i and v=3+2i.

(a) Given that l+l = 19 , express w inthe form a+bi,a,beR. [4]
wovow
(b) Find w" and express it in the form re'’ . [3]
:5
&Q/
6\,’6\'
O

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

11-(MAT/11_HL_Summer_2014_Q13)-ComplexNumbers,Sequences-Series

A geometric sequence {un} , with complex terms, is defined by #,_,, =(1+1)u,_ and u, =3.

(a) Find the fourth term of the sequence, giving your answer in the form x+ )1, x, ye R. /3]

(b) Find the sum of the first 20 terms of {un } , giving your answer in the form ax(1+2")
where @ € C and m € Z are to be determined. /4]

A second sequence {vn} is defined by v, =uu, ., keN.

n+k?
(¢) (i) Show that {vﬂ} is a geometric sequence.
(i)  State the first term.

(i) Show that the common ratio is independent of %. /5]

A third sequence {wn} is defined by w, =u, —u,,,|.

n+l

(d) (1) Show that {wn} is a geometric sequence.

(i1) State the geometrical significance of this result with reference to points on the
complex plane. /5]

A
) o)

20122022
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MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

12-(MAT/10_HL_Winter_2014_Q13)-ComplexNumbers, Trigonometry,Integration

(a) (@

(i)

(iii)

(b) @

(it)

(iii)

20122022

Show that (1+itan)" +(1-itand)" = 2cosnb
cos

, cos8#0.

. .. 3m . .
Hence verify that 1tan§ is a root of the equation (1+z)* +(1-z)' =0, zeC.

State another root of the equation (1+z)' +(1-2)* =0, zeC. [16]

2tan B

Use the double angle identity tan26 = I 79 to show that tan g =21

Show that cos4x =8cos*x—8cos“x+1.

Hd

Hence find the value of J.Og =
cos‘ x

2cosdx

dx. [13]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

13-(MAT/12_HL_Summer_2015_Q7)-ComplexNumbers

(@) Find three distinct roots of the equation 82>+ 27 = 0, ze C giving your answers in
modulus-argument form. [6]

The roots are represented by the vertices of a triangle in an Argand diagram.

2743 i3]

(b) Show that the area of the triangle is e

(SN

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

14-(MAT/10_HL_Winter_2015_Q11)~-ComplexNumbers

(@)

(b)

20122022

Solve the equation z°= 8i, z € C giving your answers in the form
z=r(cosf +isinf) and in the form z=a + bi where a, b R.

. my .. (&
Consider the complex numbers z,=1+1 and 2, = Z[COS(gJ+1sm[ED.

@iy  Write z, in the form r(cosf +isiné).

(i)  Caleulate z, =z, and write in the form z=a + bi where a, be R.

(i) Hence find the value of tani—;E in the form ¢ + a’\/S_’ ,where ¢, de Z.

(iv) Find the smallest value p > 0 such that (z2 )P is a positive real number.

[€]

(1]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

15-(MAT/11_HL_Summer_2016_Q12)-ComplexNumbers

3
(@) Use de Moivre's theorem to find the value of (cos(gj + isin(gn ) [2]

(b) Use mathematical induction to prove that
(cos@ —isinf)'=cosnf —isinnb for ne 7.". [6]

Let z=cosA +1isinf.

(¢) Find an expression in terms of & for (z)'+ (z*)", n € Z" where z* is the complex
conhjugate of z. [2]

(dy () Showthatzz*=1.
(i)  Write down the binomial expansion of (z +z*)* in terms of z and z*.
(i) Hence showthat cos38=4cos’d — 3 cosé. [5]

(€) Hence solve 4cos’d—2cos’@—3cosf+1=0for0<h<m. [6]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

16-(MAT/12_HL_Summer_2016_Q12)-ComplexNumbers

2n .. 2m
Let w = cos— +1sin—.

(@) Verify that w is a root of the equation 27— 1=0,zeC. [3]
® @ Expand (w— D(1+w+w'+w'+w'+w'+uf).
(i  Hence deducethat 1 +w +w'+ w'+ w'+w’ +uw°=0. [3]

(¢) Wite down the roots of the equation z’— 1 =0, ze C in terms of w and plot these
roots on an Argand diagram. [3]

Consider the quadratic equation Z2+ bz + ¢ =0 where b, ce R, ze C. The roots of this
equation are « and «" where « is the complex conjugate of «.

(d () Giventhat a=w+w'+w', showthat o = w'+w'+w’.
(i)  Find the value of 5 and the value of ¢. [10]

(e) Using the values for 5 and ¢ obtained in part (d)(ii), find the imaginary part of «,
giving your answer in surd form. [4]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

17-(MAT/10_HL_Winter_2016_Q12)-ComplexNumbers

Let @ be one of the non-real solutions of the equation z*= 1.
(@) Determine the value of

i 1+o+o;

i) 1+o +(@). [4]
(b) Showthat (o — 36" )@’ — 3w) =13. [4]
Consider the complex numbers p=1-3i and g=x+(2x+ 1)i, where xe R.
(c)  Find the values of x that satisfy the equation |p| = ¢|. [5]

(d) Solve the inequality Re(pq)+ 8 < (Im(pq)) . [6]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

18-(MAT/11_HL_Summer_2017_Q2)~-ComplexNumbers

Consider the complex numbers z, =1 + \/gi v =1+1and w= i.
Z

(@) By expressing z, and z, in modulus-argument form write down
(i)  the modulus of w;

(i  the argument of w.

{(b) Find the smallest positive integer value of », such that w" is a real number.

20122022

[4]

(2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

19-(MAT/12_HL_Summer_2017_Q5)~-ComplexNumbers

[Maximum mark: 4]

In the following Argand diagram the point A represents the complex number —1 + 4i and
the point B represents the complex number -3 + 0i. The shape of ABCD is a square.
Determine the complex numbers represented by the points C and D.

TE

B\\/

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

20-(MAT/12_HL_Summer_2017_Q11)~-Trigonometry,ComplexNumbers

()

(b)

©

20122022

Solve 2 sin(x + 60°) = cos(x + 30°), 0° <x < 180", 5]
Show that sin 105° 105°= — 3]
ow that sin + cos = " r=.
NG

Letz=1-cos28—-isin28,zeC,0<8<m.

)] Find the medulus and argument of z in terms of 8. Express each answer in its
simplest form.

(i)  Hence find the cube roots of z in modulus-argument form. [14]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

21-(MAT/10_HL_Winter_2017_Q8)-ComplexNumbers
[Maximum mark: 7]

Determine the roots of the equation (z + 2i)’= 216i, z € C, giving the answers in the form
z =a+3 + bi where a,beZ.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

22-(MAT/12_HL_Summer_2018_Q7)-ComplexNumbers

Consider the distinct complex numbers z=a+1b, w=c+1id, where a, b,c,deR.

+
(a) Find the real part of = w.
z—w

z+

w
(b)  Find the value of the real part of when [z| =|w|.
W

z —

20122022

[4]

(2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

23-(MAT/11_HL_Summer_2018_Q11)-ComplexNumbers
. s . . T
Consider w = 2((:055 + 151115}.

@ (@@ Express w' and w' in modulus-argument form.
(il  Sketch on an Argand diagram the points represented by w°, ', w* and w’. [5]

These four points form the vertices of a quadrilateral, (.

2133

(b) Show that the area of the quadrilateral () is 5 [3]

Let z = 2[005E + isinE} ,ne Z . The points represented on an Argand diagram by
n n

2,2, 7, ..., 2" form the vertices of a polygon P, .

(¢} Show that the area of the polygon 7 can be expressed in the form a(b” — 1) sinE,
where a. b e R. n [6]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

24-(MAT/10_HL_Winter_2018_Q8)-ComplexNumbers

[Maximum mark: 7]

Consider the equation z*'+ oz’ + bz’ + cz+d=0,where a, b, ¢c,deR and ze C.

Two of the roots of the equation are log,6 and ia/3 and the sum of all the roots is 3 + log,3.
Show that 6a+d+12=0.

.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

25-(MAT/10_HL_Winter_2018_Q11)-ComplexNumbers

(@) Find the roots of z**= 1 which satisfy the condition 0 < arg(z) < g expressing your

answers in the form re, where r, 9eR". [5]
(b) Let S be the sum of the roots found in part (a).

() Showthat ReS=ImS.

Ja + b

(i) By writing il as r. I , find the value of c:os1 in the form
12 4 6 12 c

where a. b and ¢ are integers to be determined.

(1 V2) {1 VB iy [11]

[N

(il  Hence, or otherwise, show that § =

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

26-(MAT/10_HL_Winter_2019_Q5)~-ComplexNumbers
[Maximum mark: 7]
Consider the equation ='=—4, where z e T
(a) Sclve the equation, giving the solutions in the form « +1h, where . he .

(b) The solutions form the vertices of a polygon in the complex plane. Find the area of the
polygon.

[5]

[2]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

27-(MAT/10_HL_Winter_2020_Q4)-ComplexNumbers

[Maximum mark: 5]

-
=

Consider the equation —— =1, where z=x+1y and x, y € ~x
2=z

Find the value of x and the value of 3.

20122022

A
) o)

98



IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

28-(MAT/10_HL_Winter_2020_Q7)-ComplexNumbers

Consider the complex numbers z; = cos——+isin— and z, = cos—+isin—
12 12 : 6 6

(@ () Find =1
(i) Find 2=
®) 0.2 and 2= are represented by three points O, A and B respectively on an

- =

Arga}ud diagram. Determine the area of the triangle OAB.

20122022

(3]

(]

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

29-(MathAA/11_HL_Summer_2021_Q7)-ComplexNumbers

[Maximum mark: 8]
Consider the quartic equation z* 1 4=° + 8z° 1 80- - 400=0, z e C.
Two of the roots of this equation are ¢ + M and b1 «i, where «, b € Z.

Find the possible values of «.

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

30-(MathAA/10_HL_Winter_2021_Q12)-ComplexNumbers
{Maximum mark: 22]

Consider the equation (z - i}’ =1, z < -Z. The roots of this equation are @, , @. and o,
where Im(w,) > 0 and Im{w.) < 0.

{a (i) Verify that @ =1+ c'“ is a root of this equation.
(i)  Find . and @, expressing these in the form « + ¢, where o € < and 6= 0. (8]

The roots @, ¢, and @, are represented by the points A, B and C respectively on an

|

Argand diagram.
{(h) Plotthe points A, B and C on an Argand diagram. (4]
(c) Find AC. (3]

3

Consider the equation (z - 1Y’ =iz', 2 ¢ .

1
{d) By using de Moivre's theorem, show that ¢ = — Is & root of this equation. (3]
|- cl“
{e) Determine the value of Re(w). (6]
=]

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

31-(MathAA/11_HL_Summer_2022_Q9)-ComplexNumbers

[Maximum mark: 6]

Consider the complex numbers z, = 1 + bi and z. = (1 — b") — 2hi, where h= &, h+0.
(a) Find an expression for z z, in terms of b. [3]
(b) Hence, given that arg(:lzz)=g‘ find the value of b. [3]

A
‘0)

20122022 N 102



IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

32-(MathAA/12_HL_Summer_2022_Q12)-ComplexNumbers

[Maximum mark: 18]

[n the following Argand diagram. the peints 7, O and 7. are the vertices of triangle 7 07.

described anticlockwise.

Imz

] ' Re-=

The point 7., represents the complex number =, = r e, where r, = 0. The point 7.

represents the complex number =, — r.e'’, where r. > 0.

Angles ¢, & are measured anticlockwise from the positive direction of the real axis such

that 0=, B=2rand O< o — 6 < x.

{a) Showthat =,z * =rre" " where z.* is the complex conjugate of =..

{b} Giventhat Re(z, -.*) — 0, show that Z OZ. is a right-angled triangle.

(n parts (c), (d) and {e), consider the case where Z.0Z. is an equilateral triangle.
€y

Express z, interms of =..

(i) Henceshowthat ="~z =z.z..

(2]

Let =. and z. be the distinct rocts of the equation = | wz 1 h=0 where -« Cand v, he <.

{(d) Use the result from part {c){ii) to show that «= 35 =0

Consider the equation =" +az + 12=0, wherez € Zand ¢ = <.

(3]

{e} Giventhat 0 < o — 8 <, deduce that only cne equilateral triangle Z OZ. can be

formed from the point O and the rocts of this equation.

20122022

[3]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

33-(MathAA/10_HL_Winter_2022_Q5)~-ComplexNumbers
{Maximum mark: 7]
Consider the equation =° + pz' + 542" — 1082 +80=0where zc Zand pe <.
Three of the roots of the equation are 3 +1, o and o, where o € <.
{a) By considering the product of all the roots of the equation, find the value of «. [4]

(b) Find the vaiue of p. 3]

A
) o)

20122022 104



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

34-(MathAA/10_HL_Winter_2022_Q12)-ComplexNumbers
[Maximum mark: 18]
Let =, be the complex number defined as =, — (# +n~ 1)+ for n € N.

(@ () Findarg(z).

{iy  Write down an expression for arg(z,) in terms of ». [3]
Let w =z.zz.z,..z, z, forne N
_ . +h
(b) () Show that arctan{«}+ al‘clan(b) - arctan[ 4 ; J fora, he <, ab=1.
— b
(i)  Hence or otherwise, show that arg (w,) — arctan(2). [5]

{c) Prove by mathematical induction that arg (i) = arctan{s + 1) for n = Ix. [10]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

1-(MAT/10_HL_Winter_2014_Q10)-Permutation-Combination
[Maximum mark: 7]

A set of positive integers {1, 2,3,4,5,6,7, 8,9} is used to form a pack of nine cards.
Each card displays one positive integer without repetition from this set. Grace wishes to select
four cards at random from this pack of nine cards.

(a) Find the number of selections Grace could make if the largest integer drawn among the
four cards is eithera 5, a6 ora 7. /3]

(b) Find the number of selections Grace could make if at least two of the four integers drawn
are even. [4]

AN
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

2-(MAT/10_HL_Winter_2018_Q2)~-Permutation-Combination

Ateam of four is to be chosen from a group of four boys and four girls.
(@) Find the number of different possible teams that could be chosen. [3]

(b) Find the humber of different possible teams that could be chosen, given that the team
must include at least one gitl and at least one boy. [2]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

3-(MathAA/11_HL_Summer_2021_Q9)-Permutation-Combination

[Maximum mark: 8]

A farmer has six sheep pens, arranged in a grid with three rows and two columns as shown
in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens. Each
pen is large enough 1o hold all of the sheep, Amber and Brownie are known to fight.

Find the number of ways of placing the sheep in the pens in each of the following cases:

(a) Each pen is large encugh to contain five sheep. Amber and Brownie must not be
placed in the same pen. [4]

(b} Each pen may only contain one sheep. Amber and Brownie must not be placed in pens
which share a boundary. [4]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

4-(MathAA/10_HL_Winter_2022_Q11)-Permutation-Combination,Remainder &FactorTheorem
[Maximum mark: 18]

Consider a three-digit code «bc, where each of «, & and ¢ is assigned one of
thevalues 1,2,3,4 0r 5.

{a&) Find the total number of possible codes
(i)  assuming that each value can be repeated (for example, 121 or 444),
(i} assuming that no value is repeated. [4]

Let #(x) = x' +ax” + hx + ¢, where each of a, 5 and ¢ is assigned one of
the values 1, 2, 3. 4 or 5. Assume that no value is repeated.

Consider the case where /*(x) has a factor of (x" + 3x + 2).

{by (Y Find an expression for A in terms of «.
(iiy Hence show that the only way to assign the values is ¢ =4, =5 and ¢ = 2.
(i) Express F(x} as a product of linear factors.

{iv) Hence or otherwise, sketch the graph of y = #(x), clearly showing the
coordinates of any intercepts with the axes. {12}

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

1-(MAT/12_HL_Summer_2012_Q4)-BinomialTheorem

. 2y
{a} Expand and simplify [x ——J : /3 marks}
x
2 4
(b) Hence determine the constant term in the expansion (2x°+ l)[x——J . /2 marks]
X

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

2-(MAT/10_HL_Winter_2012_Q2)~-BinomialTheorem

[Maximum mark: 4]

4
Expand and simplify [f—zj .
¥

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

3-(MAT/12_HL_Summer_2013_Q3)-BinomialTheorem

[Maximum mark: 4]

Expand (2—3x)’ in ascending powers of x. simplitving coefficients.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

4-(MAT/11_HL_Summer_2013_Q13)-Probability,BinomialTheorem

On Saturday, Alfred and Beatrice play 6 different games against each other. In each

game, one of the two wins. The probability that Alfred wins any one of these games is % .

(a) Show that the probability that Alfred wins exactly 4 of the games is % [3 marks]

(b) (i) Explain why the total number of possible outcomes for the results of the
6 games is 64.

(i) By expanding (1+x)° and choosing a suitable value for x, prove

IR

(ii1) State the meaning of this equality in the context of the 6 games played. [4 marks]

(¢) The following day Alfred and Beatrice play the 6 games again. Assume that the
probability that Alfred wins any one of these games is still % .

(i) Find an expression for the probability Alfred wins 4 games on the
first day and 2 on the second day. Give your answer in the form

2 5 ¢
(6} [%] (%] where the values of r, s and ¢ are to be found.
»

(i1) Using your answer to (¢)(i) and 6 similar expressions write down the

probability that Alfred wins a total of 6 games over the two days as the
sum of 7 probabilities.

12 6% (6% (6% (6 (6% (6% (6Y
(iii) Hence prove that = + + + + + + . [9 marks]
6 0 1 2 3 4 5 6
(d) Alfred and Beatrice play » games. Let 4 denote the number of games Alfred wins.

. 1 n a}’
The expected value of 4 can be written as E(A4) = ZI"( Jy .
r

r=0
(1) Find the values of @ and 5.

(i) By differentiating the expansion of (1+x)", prove that the expected

number of games Alfred wins is 2?” . [6 marks]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

5-(MAT/12_HL_Summer_2015_Q2)-BinomialTheorem
[Maximum mark: 4]

Expand (3 — x)! in ascending powers of x and simplify your answer.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

6-(MAT/11_HL_Summer_2015_Q4)-BinomialTheorem,Differentiation

(@ Expand (x+h) . (2]
(b) Hence find the derivative of f(x)=x" from first principles. [3]
3
L5
&
@{&
O
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

7-(MAT/10_HL_Winter_2015_Q3)~-BinomialTheorem

(@) Write down and simplify the expansion of (2 + x)* in ascending powers of x. [3]
(b)  Hence find the exact value of (2.1)". [3]
o
[
QJ‘
&
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

8-(MAT/12_HL_Summer_2016_Q6)-BinomialTheorem

Consider the expansion of (1 + x)" in ascending powers of x, where n>3.
(a) Write down the first four terms of the expansion. [2]

The coefficients of the second, third and fourth terms of the expansion are consecutive terms
of an arithmetic sequence.

(b) () Showthat ©*— 97+ 14n=0.

(i)  Hence find the value of #. [6]

-
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH8-BINOMIALTHEOREM

9-(MAT/12_HL_Summer_2017_Q1)-BinomialTheorem

[Maximum mark: 5]

10
Find the term independent of x in the binomial expansion of (2x2+ 21—3J .
X

20122022

y?

118



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH8-BINOMIALTHEOREM

10-(MAT/10_HL_Winter_2017_Q4)-BinomialTheorem

[Maximum mark: 4]

2 7
Find the coefficient of x* in the expansion of (xz - —) .

20122022

X

A
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

11-(MAT/11_HL_Summer_2019_Q2)-BinomialTheorem
Maximum mark: 4]

Determine the first three terms of (1 — 2x)'' in ascending powers of x, giving each term in its
simplest form.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH8-BINOMIALTHEOREM

12-(MathAA/12_HL_Summer_2021_Q3)-BinomialTheorem
[Maximum mark: 5]
In the expansion of (v + kY, where & € 13, the coefficient of the term in x” is 63 .

Find the possible values of %.

20122022

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

13-(MathAA/10_HL_Winter_2021_Q9)-BinomialTheorem

[Maximum mark: 7]

1
Consider the expression f*\“ —x wherea c ., w=0.

| + eix

The binomial GXPEHSEOI‘I of this GXP(ESSiOﬂ, n ascending powers of x, as far &s the term in ,‘l’:
is 4hy + by where h e .

{a) Find the value of « and the value of 5. {6]

{b) State the restnction which must be placed on x for this expansion to be valid, 1]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH8-BINOMIALTHEOREM

14-(MathAA/11_HL_Summer_2022_Q6)-BinomialTheorem

[Maximum mark: 5]

_ . ;1Y . .
Consider the expansion of [Rx ——} where n € 7' . Determine all possible values of n for

2x
which the expansion has a non-zero constant term.

20122022

A
AR
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

15-(MathAA/12_HL_Summer_2022_Q5)-BinomialTheorem

[Maximum mark: 7]

Consider the binomial expansion (x + 1) — x' +ax” = b + 35x + .. = | where v .2 {}
and «. he 7

(a) Showthat h=21I. (2]

The third term in the expansion is the mean of the second term and the fourth term in
the expansion.

{b) Find the possible values of x. [9]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR

THEOREM

1-(MAT/12_HL_Summer_2012_Q1)-Remainder&FactorTheorem

The same remainder is found when 2xX°+hk7+6x+32 and x* =6k x+9 are
divided by x+1. Find the possible values of £.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR

THEOREM

2-(MAT/10_HL_Winter_2013_Q1)~-Remainder&FactorTheorem

[Maximum mark: 5/

The cubic polynomial 3x” + px® + g — 2 has a factor (x+2) and leaves a remainder 4 when
divided by (x+1). Find the value of p and the value of ¢.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR

THEOREM
3-(MAT/11_HL_Summer_2014_Q1)-Remainder&FactorTheorem
[Maximum mark: 5]
When the polynomial 3x° +ax+5 is divided by (x—2), the remainder is 2, and when divided
by (x+1), it is 5. Find the value of a and the value of 5.
{
S|
6\,6‘
L
=
A _
v
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH9-REMAINDER&FACTOR

THEOREM

4-(MAT/10_HL_Winter_2017_Q3)-Remainder&FactorTheorem

[Maximum mark: 6]

Consider the polynomial g(x)=3x"— 11x*+ kx + 8.

(a) Giventhat g(x) has a factor (x — 4), find the value of £.

(b) Hence or otherwise, factorize g(x) as a product of linear factors.

20122022

(3]

(3]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR
THEOREM

5-(MAT/11_HL_Summer_2018_Q1)-Remainder&FactorTheorem
[Maximum mark: 5]

Let /' (x)=x"+ px’+ gx + 5 where p, g are constants.
The remainder when f'(x) is divided by (x+ 1) is 7, and the remainder when f(x) is divided
by (x—2) is 1. Find the value of p and the value of ¢.

.
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH9-REMAINDER&FACTOR

THEOREM
6-(MAT/11_HL_Summer_2019_Q10)-Remainder&FactorTheorem,Probability
The function p(x) is defined by p(x) =x" = 3x + 8x — 24 where xe £ .
(a) Find the remainder when p{x) is divided by
M (=2
(i) (x—3). (3]
(b} Prove that p(x) has only one real zero. [4]
(c}  Write down the transformation that will transform the graph of = p(x) onto the graph
of y=8x" — 12x"+ 16x — 24, [2]
The random variable Y follows a Poisson distribution with & mean of 2 and
OP{X=3)=3PXN=2)-2P{(X=1)+3P(X=0).
{(d) Find the value of A. [6]
A
T
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR
THEOREM

7-(MathAA/10_HL_Winter_2022_Q11)-Permutation-Combination,Remainder&FactorTheorem
[Maximum mark: 18]

Consider a three-digit code «bc, where each of «, & and ¢ is assigned one of
thevalues 1,2,3,4 0r 5.

{a&) Find the total number of possible codes
(i)  assuming that each value can be repeated (for example, 121 or 444),
(i} assuming that no value is repeated. [4]

Let #(x) = x' +ax” + hx + ¢, where each of a, 5 and ¢ is assigned one of
the values 1, 2, 3. 4 or 5. Assume that no value is repeated.

Consider the case where /*(x) has a factor of (x" + 3x + 2).

{by (Y Find an expression for A in terms of «.
(iiy Hence show that the only way to assign the values is ¢ =4, =5 and ¢ = 2.
(i) Express F(x} as a product of linear factors.

{iv) Hence or otherwise, sketch the graph of y = #(x), clearly showing the
coordinates of any intercepts with the axes. {12}

.



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

1-(MAT/11_HL_Summer_2012_Q11)-Mathematicallnduction

(a) A and U are square matrices, and X =U ' AU. Use mathematical induction to
prove that X" =U"A"U, for ne Z".

(2 —3) (3 1J
(b) Let 4= and U = .
1 =2 11

(1)

(i)

(iii)

(iv)

20122022

TFind the matrix P such that AU =UD.

Write down the matrix D*.

10
Hence prove that 4™ = (0 1} for ne 7.".

Using the result from part (iii), show that (4"} = A", for ne Z".

[7 marks]

[10 marks]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

2-(MAT/12_HL_Summer_2012_Q13)-Differentiation,MathematicalInduction

(a) Using the definition of a derivative as f'(x}= %inol[ , show that

f(X+h)—f(X)]
h

the derivative of Y is 2 _21)2 . [4 marks]
x4+ x4+
73
(b) Prove by induction that the »™ derivative of (2x+1)" is (-1)" 2—n J9 marks]
(2x+n™

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

3-(MAT/10_HL_Winter_2012_Q12)-Functions-Roots,Mathematicallnduction

Consider a function f, defined by f(x)=

X

for 0<x<1.

(ay  Find an expression for (f o /)(x).
Let F (x)= ;, where 0 <x <1,
2" —(2"-Dx
(by  Use mathematical induction to show that for any ne 77
(fofe..o)x)=F(x).
1 times
(¢)  Show that I (x) is an expression for the inverse of .
(dy (1) State F (0) and F (1).

(i) Showthat F (x)<x,given O<x<l, neZ”.

[3 marks]

[8 marks]

6 marics]

(i) For neZ', let 4, be the area of the region enclosed by the graph of 7,
the x-axis and the Iine x=1. Find the area B of the region enclosed by

. 1o o
Foand F7 mterms of A4 .

[6 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

4-(MAT/10_HL_Winter_2013_Q6)-Mathematicallnduction

[Maximum mark: 7]

Prove by mathematical induction that #° +11n is divisible by 3 forall ne Z".

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

5-(MAT/10_HL_Winter_2014_Q8)~-Mathematicallnduction

[Maxirmum mark: 7]

Use mathematical induction to prove that (2n)!>2"(n!Y’, neZ".

LA

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

6-(MAT/12_HL_Summer_2015_Q13)~-Mathematicallnduction

1
(a) Show that 7:\/7‘&17\/; where n>0,ne 7.

‘\/;‘F n+l

{b) Hence showthat J2-1< L .

2

F=R 1
{(c) Prove, by mathematical induction, that ZT > \/E forn=2,ne?.
F

r=1

20122022

[2]

[2]

[®]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

7-(MAT/10_HL_Winter_2015_Q8)~-Mathematicallnduction
. e
(a) Show that sin (9+ 5} =cosf. [1]

(b) Consider f(x)=sin(ax) where g is a constant. Prove by mathematical induction that
nm
) =a sin[a’x + 7} where ne Z" and ™ (x) represents the »™ derivative

of f(x). [71

T

20122022 138



IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

8-(MAT/12_HL_Summer_2016_Q8)-MathematicalInduction

[Maximum mark: 8]

Use mathematical induction to prove that n(n2+ 5) is divisible by 6 for ne Z".

L

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

9-(MAT/11_HL_Summer_2017_Q8)-Mathematicallnduction

[Maximum mark: 6]

Use the method of mathematical induction to prove that 4"+ 157 — 1 is divisible by
9forneZ'.

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

10-(MAT/12_HL_Summer_2017_Q8)~-Mathematicallnduction

[Maximum mark: 9]

o ) 2 3 4 n-1 n
Prove by mathematical induction that “+ + + ...+ = ,
2 2 2 2 3

where neZ,n>3.

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

11-(MAT/10_HL_Winter_2017_Q11)-MathematicalInduction
[Maximum mark: 21]
Consider the function f,(x) = (cos 2x)(cos 4x)...(cos2"x), ne Z'.
(a) Determine whether f, is an odd or even function, justifying your answer. [2]

(b) By using mathematical induction, prove that

sin2"" x mn
fi(x)= ———, x#— where meZ. 8]
2" s 2x 2
(¢) Hence or otherwise, find an expression for the derivative of f,(x) with respectto x. [3]

(d) Show that, for n > 1, the equation of the tangent to the curve y =71 (x) at x= Tis
dx—2y-m=0. 4 [8]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

12-(MAT/11_HL_Summer_2018_Q6)~-Mathematicallnduction
[Maximum mark: 7]

Use the principle of mathematical induction to prove that

1 1Y (1Y 1" n+2
1+2(—)+3(—j +4(—j +...+n(—) =4——,whereneZ’.
2 2 2 2 2’

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

13-(MAT/10_HL_Winter_2018_Q6)-MathematicalInduction

[Maximum mark: 6]

Use mathematical induction to prove that Zr(r!) ={n+1)!—1,forne?Z’.

=1

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

14-(MAT/10_HL_Winter_2019_Q6)-MathematicalInduction

[Maximum mark. 7]

th

Consider the function f(x) = xe™, where x € R The »" derivative of f(x) is denoted by #"'(x}.

Prove, by mathematical induction, that #*'(x) = (2"x + #2° )¢, ne 7"

A
) o)

20122022

145



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

15-(MathAA/12_HL_Summer_2021_Q12)-Trigonometry,MathematicalInduction

[Maximum mark: 19]

The following diagram shows the graph of y = arctan(2x+1)+% for x € R, with asymptotes

(a) Describe a sequence of transformations that transforms the graph of y = arctan x to the

graph of y=arctan(2x+1)+§ for x e R. [3]
(b) Show that arctan p +arctan g = arctan [lplj where p, ¢>0 and pg <1. [4]
—Pq
(c) Verify that arctan(2x+1) = arctan(il] +§ forxe R, x>0. [3]
X+
(d)y Using mathematical induction and the result from part (b), prove that
Zarctan (sz = arctan [Lj for n e Z". [9]
= 2r n+l

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

16-(MathAA/11_HL_Summer_2021_Q12)-Differentiation,Mathematicallnduction

[Maximum mark: 20]

Let f(x)=~1+x for x>—1.

1

— 3
41+ x)’ :

. . . (n) 1 - (21’1—3)' l—n
(b)  Use mathematical induction to prove that /" (x) = 3 W(ny
n—2)!

forneZ,n>2. [9]

(@) Showthat f"(x)=—

Let g(x)=¢™, meQ.

Consider the function % defined by /4 (x) =f(x) x g(x) for x> —1.

It is given that the x> term in the Maclaurin series for % (x) has a coefficient of %

(c¢) Find the possible values of m . [8]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

17-(MathAA/10_HL_Winter_2021_Q11)~-Mathematicallnduction

{Maximum mark: 14]

{a) Prove by mathematical induction that %(_r"c* ) = [xl +2nx+a{n- ])]c“' for me 7 . 7)
v
{h) Hence or otherwise, determine the Maclaurin series of f(x) — x'¢" in ascending powers
of ¥, up to and including the term in x*. (3]
) (xzc" —.\’3)‘
{€} Hence or otherwise, determine the value of lm} x—° , (4]
=l

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH11-RADIAN

1-(MAT/11_HL_Summer_2015_Q1)-Radian

The logo, for a company that makes chocolate, is a sector of a circle of radius 2cm, shown
as shaded in the diagram. The area of the logo is 3mem®.

diagram not to scale

4

(a) Find, in radians, the value of the angle &, as indicated on the diagram. [3]
(b)  Find the total length of the perimeter of the logo. [2]
C
-
&QJ
6\,/&
Es

——
v
’
20122022 149



IBDIPLOMA MATHEMATICSAA-HL-P1 CH11-RADIAN

2-(MAT/10_HL_Winter_2015_Q1)-Radian
[Maximum mark: 4]

The following diagram shows a sector of a circle where AOB = x radians and the length of

the arc AB = %cm.

Given that the area of the sectoris 16 cm?, find the length of the arc AB.

-
~
// N
/ B
/
!
[ 2
\ O x
\
\\ /A
- /s
~ .~

.C}\

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH11-RADIAN

3-(MAT/11_HL_Summer_2019_Q3)-Radian
[Maximum mark: 4]

A sector of a circle with radius rcm, where r > 0, is shown on the following diagram.
The sector has an angle of 1 radian at the centre,

Let the area of the sector be .1 ¢m” and the perimeter be Pem. Given that 4 = P, find the
value of r.

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

1-(MAT/11_HL_Summer_2012_Q5)-Trigonometry

sin3x cos3x

sinx  cosx

Let f(x)=

(a)  Forwhat values of x doeg f(x)} not exist? [2 marks]

sin3x cos3x

(b)  Simplity the expression — .
sinx  cosx

[5 marks]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

2-(MAT/12_HL_Summer_2012_Q9)-Trigonometry
SMeximum mark: 6]

Show that w =sec24+tan24.

cosAd—sinA

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

3-(MAT/11_HL_Summer_2012_Q10)-Trigonometry

In the triangle ABC, ABC =90°, AC=+/2 and AB=BC+1.

(a) Show that cos A—sin 4= 1 .

NG

(b) By squaring both sides of the equation in part (a), solve the equation to find the
angles in the triangle.

(¢) Apply Pythagoras’ theorem in the triangle ABC to find BC, and hence show that

6=
—

sin 4=

(d) Hence, or otherwise, calculate the length of the perpendicular from B to [AC].

[3 marks]

/8 marks|

[6 marks]

[4 marks]

A
) o)

20122022

154



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

4-(MAT/10_HL_Winter_2012_Q1)-Trigonometry

[AMaximum mark: 4]

. T 3 .
Given that 5 <a<rmand cosa = —Z, find the value of sin2er .

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

5-(MAT/10_HL_Winter_2012_Q7)~-Trigonometry

In the

(a)

triangle POR, PQ=6, PR =% and PQR =30".

For the case k£ =4, find the two possible values of QR. [4 marks]

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

CY

Determine the values of & for which the conditions above define a
wnique triangle. /3 marks]

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

6-(MAT/12_HL_Summer_2013_Q10)-Trigonometry

(a) Given that arctan [§]+ arctan (%) = arctan [iJ . where peZ', find p. [3 marks]
P
. 1 1 1 . .
() Hence find the value of arctan 5 + arctan 3 +arctan s/ [3 marks]
==

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

7-(MAT/11_HL_Summer_2013_Q11)-Trigonometry

(a) (i) Express cos (g +x} in the form acosx—hsinx where a, beR.

(i1) Hence solve \Ecos x—sinx=1for O0<x<2m.
(b) Let p(x)=2x" —x* —2x+1.
(i)  Show that x=1 is a zero of p.
(ii) Hence find all the solutions of 2x* —x* —2x+1=0.
(iii) Express sin20cos0 +sin” 0 in terms of sin@ .

(iv) Hence solve sin20cos® +sin’ @ =1 for 0<f=<2x.

20122022

[7 marks]

[12 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

8-(MAT/10_HL_Winter_2013_Q8)~-Trigonometry

(a)  Prove the trigonometric identity sin(x+ y)sin(x — y)=sin® x—sin’ y. [4]
by Given f(x)= sin(x+g]sin(x—%] , x€[0, w], find the range of . /2

(¢} Given g(x)zcsc(x+%)csc(x—%}, xe[0, w]. x#%, x#%, findtherange of 2. [2/

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

9-(MAT/10_HL_Winter_2013_Q12)-ComplexNumbers, Trigonometry,Integration

Consider the complex number z =cos# +isiné.

(a) Use De Moivre’s theorem to show that z° +z" = 2cosnf, ne 7. /2]
i iy L

(t)  Expand (z +z ) . [}

(¢) Hence show that cos'@= pcosdf +gcos28+r, where p, ¢ and r are constants to

be determined. [4]
oo 1 3 15 5

(d) Show that cos” @ =—cos60 +—cosdf+ —cos26 + —. [3]
32 16 32 16

(¢) Hence find the value of J.Oz cos’ #d@. [37

C e . . m
Theregion S is bounded by the curve y = sin xcos® x and the x-axis between x =0 and x = 3
(f)y Y is rotated through 2n radians about the x-axis. Vind the value of the volume generated.  [4/

. . C e . . . L2
{g)y (i) Write down an expression for the constant term in the expansion of (z+z 1) .
kel .

n

s B B ~ 5 2k - . -y
(il Hence determine an expression for I tcos™"#dE mterms of k. [3]
. [

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

10-(MAT/11_HL_Summer_2014_Q5)-Trigonometry

(a) Use the identity cos28 = 2cos”#—1 to prove that cos%x = "H_C% ,0€x <. /2]
(b) Find a similar expression for sin%x, 0<x=<m. 2]
(¢) Hence find the value of E(J1+ cos x ++/1—cos x) dx. [4]
<
&
/&
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

11-(MAT/12_HL_Summer_2014_Q5)~-Graphs, Trigonometry

(a)  Sketch the graph of y= cos(%) for 0€x<8n. 2]
x 1
(b) Solve COS(ZJ ‘ = 5 for 0<x<8m. [3]
€
&Y
/&

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

12-(MAT/11_HL_Summer_2014_Q7)-Trigonometry

[Maximum mark: 5]

The triangle ABC is equilateral of side 3cm. The point D lies on [BC] such that BD=1cm.
Find cos DAC.

T~

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

13-(MAT/12_HL_Summer_2014_Q9)-Sequences-Series, Trigonometry

. . . . i m
The first three terms of a geometric sequence are sinx, sin2x and 4sinxcos” x, — 5 <x< 7

(a) Find the common ratio r. 1]

(b)  Find the set of values of x for which the geometric series sin x+sin 2x +4sinxcos’ x+._.

converges. [3]

Consider x = arccos (i), x>0,

(¢) Show that the sum to infinity of this series is

M‘SI
wh

3]

T

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

14-(MAT/11_HL_Summer_2014_Q10)-Trigonometry

[Macirmum mark: 6]

Given that sinx+cosx = % , find cos4x.

L

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

15-(MAT/10_HL_Winter_2014_Q13)-ComplexNumbers, Trigonometry,Integration

(a) (@

(i)

(iii)

(b) @

(it)

(iii)

20122022

Show that (1+itan)" +(1-itand)" = 2cosnb
cos

, cos8#0.

. .. 3m . .
Hence verify that 1tan§ is a root of the equation (1+z)* +(1-z)' =0, zeC.

State another root of the equation (1+z)' +(1-2)* =0, zeC. [16]

2tan B

Use the double angle identity tan26 = I 79 to show that tan g =21

Show that cos4x =8cos*x—8cos“x+1.

Hd

Hence find the value of J.Og =
cos‘ x

2cosdx

dx. [13]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

16-(MAT/12_HL_Summer_2015_Q3)-Trigonometry

[Maximum mark: 8]

Find all solutions to the equation tanx +tan2x = 0 where 0° < x <360°.

L

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

17-(MAT/12_HL_Summer_2015_Q6)-Trigonometry

In triangle ABC, BC=\/§cm, ABC =46 and BéA=§.

3
(@) Show that length AB =—/—=—————. [4]
\/§COSQ +siné
(b) Given that AB has a minimum value, determine the value of 0 for which this occurs. [4]
:S
&Q;
@,”6\‘
e
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

18-(MAT/10_HL_Winter_2015_Q9)-Trigonometry

Solve the equation sin2x — cos 2x = 1 + sinx — cosx for x € [-&, «].

L
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

19-(MAT/11_HL_Summer_2016_Q3)-Trigonometry

The following diagram shows the curve y = asin (b(x + c)) +d, where a, b, ¢ and d are all
positive constants. The curve has a maximum point at (1, 3.5) and a minimum point
at (2,0.5).

57y
4
(1,3.5)
(2,0.5 .
[ 0 [ | | I |
-1 1 2 3 4 5
-1
(@) VWrite down the value of g and the value of 4. [2]
(b)  Find the value of 5. 2]
(¢) Find the smallest possible value of ¢, given ¢ > 0. [2]

L
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

20-(MAT/12_HL_Summer_2016_Q3)-Trigonometry, Integration

(@) Showthat cot a=tan| = —a |for 0 <o <. 1]
2 2

cotar 1 T

(b) Hence find j —dx. 0<a<—. [4]
tanccl +x 2

,
&Q;
({\,6‘
5
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

21-(MAT/11_HL_Summer_2016_Q5)~-Trigonometry

(@) Expand and simplify (1-4/3)". ]

(b) By writing 15° as 60°— 45" find the value of cos(157). [3]

The following diagram shows the triangle ABC where AB=2, AC= \/5 and BAC =15".

B
2
C
AL V2
(¢) Find BC in the form a + Jb where a,be7. 4

i
x21
QO
&:{“
L
#
=
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

22-(MAT/12_HL_Summer_2016_Q9)-Trigonometry

Consider the equation \/37 1 + \E tl = 4\/5, 0<x <g. Given that sin(%} = M

sin x cOs X 4
) A6 +2
and cos| — | = ——
12 4
(@) verify that x = % is a solution to the equation; [3]
(b) hence find the other solution to the equation for 0 < x <g . [5]
:S
&
&,&
O

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

23-(MAT/10_HL_Winter_2016_Q13)~-Trigonometry

@

(b)

©

(d)

] LT . 3n . 5n . In . 9n
Find the value of st + st + sih— + sin— + sin—.
1—cos2x .
Show that ——— =sinx, x # kx where ke Z.
2sinx

Use the principle of mathematical induction to prove that

1-— cos2nx

sinx + sin3x +...+ sin(2n - Dx = ,ned’ x#krn where ke Z.

2sin x

Hence or otherwise solve the equation sin x + sin 3x = cos x in the interval 0 <x < w.

(2]

(2]

El

€]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

24-(MAT/11_HL_Summer_2017_Q3)-Trigonometry

[Maximum mark: 5]

Solve the equation sec’x +2tanx=0,0<x<2m.

20122022

A
D)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

25-(MAT/12_HL_Summer_2017_Q11)~-Trigonometry,ComplexNumbers

()

(b)

©

20122022

Solve 2 sin(x + 60°) = cos(x + 30°), 0° <x < 180", 5]
Show that sin 105° 105°= — 3]
ow that sin + cos = " r=.
NG

Letz=1-cos28—-isin28,zeC,0<8<m.

)] Find the medulus and argument of z in terms of 8. Express each answer in its
simplest form.

(i)  Hence find the cube roots of z in modulus-argument form. [14]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

26-(MAT/11_HL_Summer_2018_Q8)-Trigonometry

[Maximum mark: 5]

Leta:sinb,0<b<g.

Find, in terms of b, the solutions of sin2x=—a, 0 <x <m.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

27-(MAT/10_HL_Winter_2018_Q3)-Trigonometry
. . n s
Consider the function g(x)=4cosx+1,a£x < E) where g < 5
(@ Fora= —g, sketch the graph of y = g(x). Indicate clearly the maximum and minimum
values of the function. [3]
(b) \White down the least value of ¢ such that g has an inverse. [1]
(¢) For the value of a found in part (b),
(i)  write down the domain of g™ ;

(i) find an expression for g (x). [3]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

28-(MAT/11_HL_Summer_2019_Q4)-Trigonometry

The lengths of two of the sides in a triangle are dcm and Sem . Let 7 be the angle between

cm’.

5
the twe given sides. The triangle has an area of

15

{a) Show that sinf :T'

{b) Find the two possikle values for the length of the third side.

20122022

[1]

(6]

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

29-(MAT/11_HL_Summer_2019_Q9)-Trigonometry,Integration

2

{a) Show that (sinx + cosx) =1 + sin2x.

COSY + 8inx
{(b) Show that sce2x +lan2x= ——.
COSY — SNy

(2]

[4]

{c} Hence or otherwise find J'I‘_‘(scdx + tan 2x)dx in the form In (a + h) where w.he & . [9]

20122022

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

30-(MAT/10_HL_Winter_2019_Q4)-Trigonometry

[Maximum mark: 7]

2 . 1
A and B are acute angles such that cos A = 3 and sin B= 3

X2 45

27 27

Show that cos(24+ B) = -

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

31-(MAT/10_HL_Winter_2019_Q9)-Trigonometry
[Maximum mark: 14]
{a) Given that cos75"= ¢, show that cos1053°=—y. 1]

In the following diagram, the points A. B. C and D) are on the circumference of a circle with
centre () and radius r. |AC] is a diameter of the circle. BC =r. AD =CD and ABC=ADC =90 .

B

(b} Show that BAD =75°. [3]
€) () By considering triangle ABD, show that BD'= 5" 21" V6 .

(i) By considering triangle CBD, find another expression for BD' in terms of » and ¢. [7]

(dy Use your answers to part (¢} to show that cos75 = [3]

1
Ve+v2

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

32-(MAT/10_HL_Winter_2020_Q6)-Quadratics, Trigonometry
[Maximum mark: 4]

Consider the equation ¢x* + bx + ¢ = 0, where & # 0. Given that the roots of this equation
are x =siné and x = cos 9, show that »" = o™ + 2ac.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

33-(MAT/10_HL_Winter_2020_Q8)-Trigonometry

(@ Showthat SMXBENX_ Vo ne
l-cosx cos X
{b} Hence determine the range of values of & for which —s;n vtan x
- COS X

20122022

(3]

=k has no real solutions. [4]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

34~-(MathAA/12_HL_Summer_2021_Q2)-Trigonometry

[Maximum mark: 7]

Solve the equation 2cos’x + Ssiny =4, 0 < x < 2.

20122022

A
) o)
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

35-(MathAA/11_HL_Summer_2021_Q5)-Trigonometry

[Maximum mark: 8]

(a} Showthat sin2x t cos2y

I =2smx({cosx sinx).

(b} Hence or otherwise, solve sin2y 1 cos2y 1 t cosy siny=0 for 0 <x < 2m.

20122022

2]

(6]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

36-(MathAA/12_HL_Summer_2021_Q6)-Trigonometry
[Maximum mark: 7]
The following diagram shows triangle ABC, with AB =10, BC=x and AC = 2x.

diagram not to scale

10

2x

Given that cosC = % find the area of the triangle.

pq

Give your answer in the form = where p,q e Z".

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

37-(MathAA/11_HL_Summer_2021_Q6)-Trigonometry

[Maximum mark: 4]

It is given that cosecd =-

(ISR

id 3
, where EL< 6 <?H . Find the exact value of cot 4.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

38-(MathAA/12_HL_Summer_2021_Q10)-Trigonometry
[Maximum mark: 15]
Consider the function f defined by f(x}=6+ 6cosx, for 0 <x <4n.

The following diagram shows the graph of v = f(x).

A~
¥

W

The graph of f touches the x-axis at points A and B, as shown. The shaded region is
enclosed by the graph of y = f(x) and the x-axis, between the points A and B.

(a) Find the x-coordinates of A and B. [3]

(b) Show that the area of the shaded region is 12x. (5]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

The right cone in the following diagram has a total surface area of 12n, equal to the shaded
area in the previous diagram.

The cone has a base radius of 2, height /1, and slant height /.

diagram not to scale

(c) Find the value of /. [3]

{d} Hence, find the volume of the cone. (4]

20122022 191



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

39-(MathAA/12_HL_Summer_2021_Q12)-Trigonometry,Mathematicallnduction

[Maximum mark: 19]

The following diagram shows the graph of y = arctan(2x+1)+% for x € R, with asymptotes

(a) Describe a sequence of transformations that transforms the graph of y = arctan x to the

graph of y=arctan(2x+1)+§ for x e R. [3]
(b) Show that arctan p +arctan g = arctan [lplj where p, ¢>0 and pg <1. [4]
—Pq
(c) Verify that arctan(2x+1) = arctan(il] +§ forxe R, x>0. [3]
X+
(d)y Using mathematical induction and the result from part (b), prove that
Zarctan (sz = arctan [Lj for n e Z". [9]
= 2r n+l

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

40-(MathAA/10_HL_Winter_2021_Q6)-Trigonometry

[Maximum mark: 7]

(a) Showthat 2x—-3- = e v, x7l.

6

{b) Hence or otherwise, solve the equation 2sin20 -3 - ——

sin 20 —

20122022

0 for 0= 0<%, Oig,

(2]

(5]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

41-(MathAA/12_HL_Summer_2022_Q4)-Trigonometry

[Maximum mark: 5]

Find the least positive value of x for which cos(% + g] =—,

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

42-(MathAA/10_HL_Winter_2022_Q8)-Trigonometry,Algebra-functions-Roots
(Maximum mark: &]

Let fix}—cos(x—k), where Os<xy<ganda, ke« .

{(a) Ccnsider the case where 4 =

(Y]

By sketching a suitqble graph, or otherwise, find the largest value of « for which the
inverse function f ' exists. [2]

{0 Find the largest value of « for which the inverse function 7 ' exists in the case
where k==, [1]

{c) Find the largest value of & for which the inverse function f ' exists in the case
where © < & < 2%. Give your answer in terms of & [2]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

1-(MAT/12_HL_Summer_2012_Q5)-Matrices

Three non-singular 2x2 matrices A, 8 and X satisty 44-5BX =8
{a) Find X nterms of 4 and B. [2 marks]
(b Giventhat 4=2B, find X. /3 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

2-(MAT/10_HL_Winter_2012_Q6)~-Matrices
Consider the following equations, where a, be R :

x+3y+(a—1z=1
2x+2y+(a—2)z=1
3x+y+(a-3z="4h

(a} If each of these equations defines a plane, show that, for any value of a,
the planes do not intersect at a unique point. [3 marks]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

(b)

Find the value of b for which the intersection of the planes is a straight line. [4 marks]

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

3-(MAT/10_HL_Winter_2012_Q11)-Matrices

] ] a a-—1
Consider the matrix 4= (b 5 J ,bh=0,

(a)

(b)

For a=2 and b =1, show that (4> -34)’ =1T.

Find the value of @ and the value of b in each of the following cases:

o 443
o <L)

Consider the lines [ and [, defined by the equations ax+(¢—1)y=0 and
bx+by =1, respectively, where h#0.

(i)  Find the coordinates of the intersection point of the lines [, and /, interms

of @ and b,

(1)  Given that the lines are perpendicular, find the coordinates of the point
of intersection i terms of 5.

CH13-MATRICES

[3 marks]

[6 marks]

[9 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

4-(MAT/12_HL_Summer_2013_Q2)-Matrices

. } 53 3 -5
Consider the matrices A= ., B= .
32 2 -3

(a) Find det A and hence write down the matrix 4™, /2 maris]

(by Find the matrix A7 B. /3 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

5-(MAT/11_HL_Summer_2013_Q3)~-Matrices

[Maximum mark: 5}

1 2 4 -3
Given A= [1 J and B= [1 ) J, find the matrix X . such that AX4A"' =B.

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

6-(MAT/11_HL_Summer_2013_Q6)~-Matrices

[Maxiraum mark: 6]

The matrix 4 is such that 4% = I', where I is the identity matrix. Use mathematical
induction to prove that (4+7I) =2""(4+1I).forall ne Z".

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

7-(MAT/10_HL_Winter_2013_Q4)~-Matrices

[Maximum mark: 5]

1 a(a+1)

Consider the matrix A=
1 b(b+1D)

j, a#b. Given that 4 is singular, find the

valueof a+b.

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES
8-(MAT/12_HL_Summer_2014_Q3)-Matrices
(a) Show that the following system of equations has an infinite number of solutions. [2]
x+y+2z=-2
3x—y+14z=06
x+2y=-5
The system of equations represents three planes in space.
(b) Find the parametric equations of the line of intersection of the three planes. [3]
:S
&Ql
/&
&

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

9-(MAT/12_HL_Summer_2016_Q1)-Matrices
[Maximum mark: 6]
The following system of equations represents three planes in space.
x+3y+z=-1
x+2y—2z=15
x+y—z=06

Find the coordinates of the point of intersection of the three planes.

L

20122022

205



IBDIPLOMA MATHEMATICSAA-HL-P1

CH13-MATRICES

10-(MAT/10_HL_Winter_2018_Q4)-Matrices

Consider the following system of equations where a € R.

2x+4y-z=10
x+2y+az=>5
Sx+12y=2a.

(a) Find the value of a for which the system of equations does not have a unique solution. [2]

(b)  Find the solution of the system of equations when a=2.

20122022

[3]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

1-(MAT/12_HL_Summer_2012_Q2)-Vectors-Lines-Planes

[Maximum mark: 5]

1 -1
Find the values of x for which the vectors | 2cosx | and | 2sinx | are perpendicular,
. 0 1
O0<x<—.
2

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

2-(MAT/10_HL_Winter_2012_Q9)~Vectors-Lines-Planes

Two boatg, A and 8. move so that at time t hours, their position vectors, in kilometres,
are v, =(9)E+(3-6t)j and r, =(7-40)i+(7t-06) j .

{a) Find the coordinates of the common point of the paths of the two boats. [4 marks]

A
) o)

20122022 208



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(b} Show that the boats do not collide. 2 marks]

A
) o)

20122022 209



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

3-(MAT/11_HL_Summer_2013_Q2)-Vectors-Lines-Planes

Consi

(a)

(b)

der the points A(1, 2, 3), B(1,0,5) and C(2,-1,4).

Find ABx AC. 74 marks]

Hence find the arca of the triangle ABC. [2 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

4-(MAT/12_HL_Summer_2013_Q11)-Vectors-Lines-Planes

The vertices of a triangle ABC have coordinates given by A(-1, 2,3), B4.1,1
and C(3, -2, 2).

{ay (i) Find the lengths of the sides of the triangle.

(iy  Find cos BAC. 6 marks]

(by (i) Showthat BCxCA=-7i-3j-16k.

. : | . L

(i1y Hence, show that the arca of the triangle ABC iz 5\13 4. /3 marks]

{¢} Find the Cartesian equation of the plane containing the triangle ABC. [3 marks]
{d} Find a vector equation of (AB). [2 marks]

The point I3 on (AB) is such that OD is perpendicular to BC where O is the origin.
(¢} (i) Findthe coordinates of D.

(i1} Show that D does not lie between A and B. 15 maris]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

5-(MAT/10_HL_Winter_2013_Q11)-Vectors-Lines-Planes

Consider the points A(1, 0,0), B(2, 2, 2) and C(0, 2, 1).

(a) Findthe vector CAxCB. 4]
(b) Find an exact value for the area of the triangle ABC. /3]

(¢) Show that the Cartesian equation of the plane II, containing the triangle ABC,
18 2x+3y—4z=2. 37

A second plane 11, is defined by the Cartesian equation Il:4x—y—z=4. L is the line of
mtersection of the planes I and II,.

(d) Find a vector equation for 7, . /5]

Acthird plane 11, 1s defined by the Cartesian equation 16x+ay-3z= 4.

(e) Findthe value of « if all three planes contain . [3]
(f)y Find conditions on « and g if the plane 11, does not intersect with I, . [2]
=
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

6-(MAT/12_HL_Summer_2014_Q6)-Vectors-Lines-Planes

PQRS is arhombus. Giventhat PQ=a and QR =5,

(a) express the vectors PR and QS interms of @ and b, 2]
(b) hence show that the diagonals in a rhombus intersect at right angles. [4]
:S
g
&
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

7-(MAT/11_HL_Summer_2014_Q12)-Vectors-Lines-Planes

(a) Show that the points O(0,0,0). A(6,0,0), B(6,—Jﬁ,Jﬁ), c(o,—Jﬁ,Jﬁ) form

a square. [3]
(b) Find the coordinates of M, the mid-point of [OB]. /1]
(¢) Show that an equation of the plane // , containing the square OABC, is y+ J2z=0. /3]
(d) Find a vector equation of the line 7., through M, perpendicular to the plane /7. /3]
(¢) Find the coordinates of D, the point of intersection of the line /. with the plane whose

equation is y=0. /3]
(f)  Find the coordinates of E, the reflection of the point D in the plane /7. /3]
(g) (i) Find the angle ODA .

(i1)  State what this tells you about the solid OABCDE. [6]

20122022

A
) o)

214



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

8-(MAT/12_HL_Summer_2014_Q12)-Vectors-Lines-Planes

Given the points A(1, 0, 4), B(2,3,-1) and C(0, 1, -2),
(a) find the vector equation of the line [, passing through the points A and B. /2]

x-1 y+2 z-1
1 -2

The line Z, has Cartesian equation

(b) Show that L, and L, are skew lines. /5]

Consider the plane /7, parallel to both lines 7, and L,. Point C lies in the plane /7 .

(¢) TFind the Cartesian equation of the plane [7 . [4]
3 k

The line L, has vector equation r=| 0 |+ 4| 1
1 -1

The plane /7, has Cartesian equation x+y =12.

The angle between the line 7., and the plane [7, is 60°.

(d) (1) Find the value of £.

(i) Find the point of intersection P of the line 7, and the plane 77, . [7]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

9-(MAT/10_HL_Winter_2014_Q3)~Vectors-Lines-Planes

[Maximum mark: 5]

L+
N
A point P, relative to an origin O, has position vector OP =| 3 +2s|, se R.
1-5

Find the minimum length of (;P.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

10-(MAT/10_HL_Winter_2014_Q12)-Vectors-Lines-Planes

The position vectors of the points A, B and C are a, b and ¢ respectively, relative to an
origin O. The following diagram shows the triangle ABC and points M, R, S and T.

A diagram not to scale

M is the midpoint of [AC].

R is a point on [AB] such that AR = % AB.
S is a point on [AC] such that ;S —% _)C .
. . 2. 2>
T is a point on [RS] such that R'T = 3 S.

(a) (1) Express A_I\)/I in terms of @ and c.

(i) Hence show that BM = %a —b +%c . [4]

(b) (i) Express IgA interms of @ and b.

(i) Show that iT—§a§b+gc. /5]

(¢) Provethat T lies on [BM]. /5]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

11-(MAT/11_HL_Summer_2015_Q13)~Vectors-Lines-Planes

Two Ilnes [, and [, are given respectlvely by the equations r, —OA +Av and r, = OB + uw

where OA*I+2_]+3]€ v=i+j+k, OB 2i+j—k, w=i—j+2k and O is the origin.
Let P be a pointon [, and let Q be a pointon /.

(@ Find PQ, interms of A and u. [2]

(b) Find the value of A and the value of i for which PQ is perpendicular to the direction
vectors of both /, and /,. [5]

(¢) Hence find the shortest distance between /, and /,. [3]

(d) Find the Cartesian equation of the plane I, which contains line /, and is parallel to the
direction vector of line /,. [5]

Let OT =OB+n(vxw).
(e) Find the value of 7 for which the point T lies in the plane I1. [2]

-

BT|. (2]

)] For this value of 77, calculate

(g) State what you notice about your answers to (c) and (f), and give a geometrical
interpretation of this result. [2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

12-(MAT/10_HL_Winter_2015_Q13)-Vectors-Lines-Planes

R
C

Consider the triangle ABC. The points P, Q and R are the midpoints of the line
segments [AB], [BC] and [AC] respectively.

let OA=a, OB=h and OC = c.

(a) Find BR interms of @, b and c. [2]

(b) (i) Find a vector equation of the line that passes through B and R interms
of @, b and ¢ and a parameter 4.

(i)  Find a vector equation of the line that passes through A and Q in terms
of @, b and ¢ and a parameter .

(i) Hence show that O_E} = %(a + b + ¢) giventhat G is the point where
[BR] and [AQ] intersect. 9]

(c) Show that the line segment [CP] also includes the point G. [3]
The coordinates of the points A, B and C are (1,3,1),(3,7,-5)and (2,2, 1)
respectively.

A point X is such that [GX] is perpendicular to the plane ABC.

(d) Given that the tetrahedron ABCX has volume 12 units®, find possible coordinates
of X. [©]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

13-(MAT/11_HL_Summer_2016_Q8)~-Vectors-Lines-Planes

[Maximum mark: 5]

O, A, B and C are distinct points such that OTA =a, (;B =) and (;C =c.

It is given that ¢ is perpendicularto AB and b is perpendicularto AC.

—

Prove that a is perpendicular to BC .

Lo
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

14-(MAT/12_HL_Summer_2016_Q10)-Vectors-Lines-Planes

Aline L has equation X2 =29 _ ;| where p.geR.

p 2

Aplane /7 has equation x+y +3z=9.
(a) Show that . is not perpendicular to /7. [3]
(b) Giventhat L lies in the plane /7, find the value of p and the value of g. [4]

Consider the different case where the acute angle between L and I7 is &

where 8 = arcsin[ij.

Vi1

(c) (i) Showthat p=-2.

(i) If L intersects /7 at z=—1, find the value of g. [11]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

15-(MAT/11_HL_Summer_2016_Q11)-Vectors-Lines-Planes

Two planes have equations

II:dx+y+z=8and /[],:4x+3y—-z=0

a) Find the cosine of the angle between the two planes in the form £ where p, g e 7. 4
q p.4q

Let L

(b)

be the line of intersection of the two planes.

-1
(i) Showthat L has direction | 2
2

(i) Showthat the point A(1, 0, 4) lies on both planes.

(i)  WWrite down a vector equation of L. [6]
B is the point on [/, with coordinates (a, . 1).
(¢) Given the vector A_>B is perpendicular to L find the value of o and the value of 5. [5]
(d) Showthat AB=342. [1]
The point P lies on L and ABP =45,
(e) Find the coordinates of the two possible positions of P. [5]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

16-(MAT/10_HL_Winter_2016_Q1)-Vectors-Lines-Planes

Find the coordinates of the point of intersection of the planes defined by the equations
x+y+z=3,x—y+z=5and x+v+2z=0.

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

17-(MAT/10_HL_Winter_2016_Q4)-Vectors-Lines-Planes

Consider the vectors a=i—-3j -2k, b=-3j+ 2k.
(@ Findaxbh. [2]

(b) Hence find the Cartesian equation of the plane containing the vectors a and b, and
passing through the point (1, 0, -1). [3]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

18-(MAT/10_HL_Winter_2016_Q8)-Vectors-Lines-Planes

Consider the lines {, and /, defined by

-3 1
6 — —
r=-2 |+ 4 andl:—x=y—2=1—zwhereaisaconstant.
h o3 4
a 2

Given that the lines /, and /, intersect at a point P,
(a) find the value of a;

(b) determine the coordinates of the point of intersection P.

20122022

[4]

(2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

19-(MAT/11_HL_Summer_2017_Q5)~-Vectors-Lines-Planes
ABCD is a parallelogram, where AB=—-i + 2j + 3k and AD=4i — j - 2k.
(a) Find the area of the parallelogram ABCD. [3]

(b) By using a suitable scalar product of two vectors, determine whether ABC is acute or
obtuse. [4]

.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

20~-(MAT/10_HL_Winter_2017_Q2)-Vectors-Lines-Planes

[Maximurm mark: 6]
The points A and B are given by A(0, 3, -6) and B(6, -5, 11).
The plane I is defined by the equation 4x — 3y + 2z =20.

(a) Find a vector equation of the line L passing through the points A and B.

(b) Find the coordinates of the point of intersection of the line /. with the plane /.

20122022

[3]

[3]

A
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

21-(MAT/10_HL_Winter_2017_Q9)-Vectors-Lines-Planes

[Maximum mark: 18]

- - —> —>
In the following diagram, OA =a, OB = b. C is the midpeint of [OA] and OF = %FB.
O F > B

(@ Find, interms of @ and b

0] OF;

(i) AF. [3]
It is given also that AD = A AF and CD = uCB, where A, ueR.
(b) Find an expression for

0] O_)D interms of a, b and 4;

(i) OD intermsof a,b and . [4]

1

(¢) Showthat u= 3’ and find the value of A. [4]
(d) Deduce an expression for CB in terms of @ and b only. [2]
(e) Giventhat area AOAB = k(area ACAD), find the value of %. [5]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

22-(MAT/12_HL_Summer_2018_Q1)-Vectors-Lines-Planes
[Maximum mark: 4]

The acute angle between the vectors 3i — 4j — 5k and 5i— 4j + 3k is denoted by 4.
Find cosé.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

23-(MAT/12_HL_Summer_2018_Q9)-Vectors-Lines-Planes

The points A, B, C and D have position vectors a. b, ¢ and d, relative to the origin O.

It is given that AB = DC.

@ Explain why ABCD is a parallelogram.
(i)  Using vector algebra, show that AD = BC. [4]

The position vectors QA , OB, OC and OD are given by

a=i+2j-3k

b=3i—j+pk

c=gqgi+j+2k

d=—i+rj-2k
where p. g and r are constants.
(b) Showthatp=1,g=1and r=4. [5]
(¢) Find the area of the parallelogram ABCD. [4]

The point where the diagonals of ABCD intersect is denoted by M.

(d) Find the vector equation of the straight line passing through M and normal to the
plane I/ containing ABCD. [4]

(¢) Find the Cartesian equation of /. [3]
The plane /7 cuts the x, 3 and z axes at X, Y and Z respectively.
H () Findthe coordinates of X, Y and 7.

(i) Find YZ. [4]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

24-(MAT/11_HL_Summer_2018_Q10)~Vectors-Lines-Planes

The following figure shows a square based pyramid with vertices at O(0, 0, 0), A(1, 0, 0),
B(1,1,0),C(0,1,0) and D0, 0, 1).

B

(a) Find the Cartesian equation of the plane //,, passing through the points A, B and D. [3]
The Cartesian equation of the plane I7,, passing through the points B, C and D,is y+z=1.

(b) Find the angle between the faces ABD and BCD. [4]
The plane /I, passes through O and is normal to the line BD.

{c) Find the Cartesian equation of /7,. [3]

II, cuts AD and BD at the points P and Q respectively.

(d) Show that P is the midpoint of AD. [4]
(e) Find the area of the triangle OPQ. [5]
==
[ )
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

25-(MAT/10_HL_Winter_2018_Q5)-Vectors-Lines-Planes

1 0
The vectors @ and b are defined by ¢ =|1|, b =| —t |, where e R.
f 4¢
(a) Find and simplify an expression for @ « b in terms of . [2]

(b) Hence or otherwise, find the values of ¢ for which the angle between « and b is obtuse.  [4]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

26-(MAT/10_HL_Winter_2018_Q9)-Vectors-Lines-Planes

Consider a triangle OAB such that O has coordinates (0, 0, 0), A has coordinates
(0,1, 2) and B has coordinates (25, 0, 5— 1) where 5 < 0.

(a) Find, interms of &, a Cartesian equation of the plane 7 containing this triangle. [5]
Let M be the midpoint of the line segment [ORB].

(b) Find, interms of 5, the equation of the line L which passes through M and is
perpendicular to the plane I7. [3]

(¢) Showthat /. does not intersect the v-axis for any negative value of b. [7]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

27-(MAT/11_HL_Summer_2019_Q1)-Vectors-Lines-Planes

[Maximum mark: 4]

2 -3
lete=| & |and b=|k+2 |, kelz.
-1 k

Given that @ and b are perpendicular, find the possible values of 4.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

28-(MAT/12_HL_Summer_2019_Q2)-Vectors-Lines-Planes

Three points in three-dimensicnal space have coordinates A{0.0.2).B(0.2.0) and

C{3.1.0).
(a) Find the vecior

—

() AB:

iy AC.

(b) Hence or otherwise, find the area of the triangle ABC.

20122022

[2]

[4]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

29-(MAT/11_HL_Summer_2019_Q11)~Vectors-Lines-Planes
Two distinct lines, /, and /,, intersect at a point P. In addition to P, four distinct points are
marked out on /, and three distinct points on /,. A mathematician decides to join some of
these eight points to form polygons.

(8) (1) Find how many sets of four points can be selected which can form the vertices of
a quadrilateral.

(i Find how many sets of three points can be selected which can form the vertices

of a triangle. (6]
| I
The line /, has vector equation r,=| 0 |+ A| 2 . Ae & andthe line /, has vector equation
] 1)
-1 5
r=| 0 |+pul6|l.uek.
2 2

The point P has coordinates (4. 6. 4).

{b) Verify that P is the point of intersection of the two lines. [3]
The point A has coordinates (3. 4. 3) and lies on /.

{c) Write down the value of A corresponding to the point A. [1]

The point B has coordinates {—1.0.2) andlies on /,.

(d) Write down PA and PB. 2]

Let C be the point on {, with coordinates (1. 0. 1) and D be the point on /, with
parameter g =-2.

(&) Find the area of the quadrilateral CDBA. 8]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

30-(MAT/10_HL_Winter_2019_Q3)-Vectors-Lines-Planes
[Maximum mark: 5]
Three planes have equations:
2x—y+z=5
x+3y—z=4 ,where ¢_.he X,

3x—3y+uz=>5h

Find the set of values of « and b such that the three planes have no points of intersection.

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

31-(MAT/10_HL_Winter_2019_Q8)-Vectors-Lines-Planes

[Maximum mark: 6]

5 5
Astraight line, L, has vector equation +=| 0 |+ 4| sinf |. L. fc k.
0 cosO

The plane, /1, has equation x =p. pe X,

Show that the angle between £, and /i, is independent of both # and p.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

32-(MAT/10_HL_Winter_2019_Q11)-Vectors-Lines-Planes,Graphs

[Maximum mark: 17]

Points A(0. 0. 10), B(0, 10, 0). C(10.0.0), Hp. p. p) form the vertices of a tetrahedron.

(a)

(c)

10-2p
()  Show that AB x AV =-10 P and find a similar expression for AC x AV .
P

(i)  Hence, show that, if the angle between the faces ABV and ACV is 6, then
p(3p-20)

cos=—————— (8]
6p —-40p+100
Consider the case where the faces ABV and ACV are perpendicular.
()  Find the two possible coordinates of V.
(i)  Comment on the positions of V in relation to the plane ABC. [4]

The following diagram shows the graph of ¢ against p. The maximum point is shown by X.

g
A

e e - = = = = = == - .

(i) At X, find the value of p and the value of #.

(i)  Find the equation of the horizontal asymptote of the graph. [5]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

33-(MathAA/12_HL_Summer_2021_Q5)-Vectors-Lines-Planes
[Maximum mark: 4]

Given any two non-zero vectors, ¢ and b, show that |a x b " =|a| b|"—(a - b)".

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

34-(MathAA/12_HL_Summer_2021_Q8)-Vectors-Lines-Planes

[Maximum mark: 8]

The lines /, and /, have the following vector equations where /4, pt € I5.

730
Lin=| 2 +2
.y
(2
Lo — 0|+ u
KL ¥

(a} Showthat / and /, do not intersect.

(b} Find the minimum distance between /, and /,.

20122022

2

L =2

2

(3]
(5]

A
) o)

241



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

35-(MathAA/11_HL_Summer_2021_Q11)-Vectors-Lines-Planes

[Maximum mark: 19]

1
Consider the line L, defined by the Cartesian equation % =y=3-z.

(@) (i) Show that the point (-1, 0, 3) lieson L,.

(iiy  Find a vector equation of L. [4]
0 a
Consider a second line L, defined by the vector equation r=| 1 |+¢| 1 |,
2 -1

where r € Rand ¢ € R.
(b) Find the possible values of a when the acute angle between L, and L, is 45°. [8]
It is given that the lines L, and L, have a unique point of intersection, A, when a # k.

(c) Find the value of k, and find the coordinates of the point A in terms of «. [7

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

36-(MathAA/11_HL_Summer_2022_Q11)-Vectors-Lines-Planes
[Maximum mark: 15]

Consider the three planes

(a) Show that the three planes do not intersect.
(by (i} Verify thatthe point P(1. -2, 0) liesonboth [ and []..
(i) Find a vector equation of /., the line of intersection of [], and []..

{c) Find the distance between /. and []..

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

1-(MAT/11_HL_Summer_2014_Q2)-Statistics
[Maximum mark: 4]

Four numbers are such that their mean is 13, their median is 14 and their mode is 15. Find the
four numbers.

L
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

2-(MAT/11_HL_Summer_2015_Q2)-Statistics

A mathematics test is given to a class of 20 students. One student scores 0, but all the other
students score 10.

(@) Find the mean score for the class. [2]
(b) Whkite down the median score. [1]
(c) \Wkite down the number of students who scored

() above the mean score;

(iiy below the median score. [2]

.C\}\
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

3-(MAT/12_HL_Summer_2017_Q7)=-Statistics,Probability

3
(a) The random variable X has the Poisson distribution Po(m). Given that P(Y > 0)= —
find the value of m in the form Ina where a is an integer.

[3]
{(b) The random variable ¥ has the Poisson distribution Po(2m). Find P(Y > 1) in the form

b—Inc where b and ¢ are integers. [4]
¢

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

4-(MAT/11_HL_Summer_2017_Q10)-Probability,Statistics

The continuous random variable X has a probability density function given by

N
f) = ksm[?], 0<x<6

0, otherwise.

(a) Find the value of k. 4]
(b) By considering the graph of f write down

(i) the meanof X,

(i) the median of .\;

(i) the mode of X, [3]

© () Showthat P(0<X <2)= % .

(il Hence state the interquartile range of X. [6]
(d) Calculate P(X <4|X>3). (2]
o
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

5-(MAT/10_HL_Winter_2017_Q10)-Statistics

[Maximum mark: 11]

Chloe and Selena play a game where each have four cards showing capital letters A, B, C
and D.

Chloe lays her cards face up on the table in order A, B, C, D as shown in the following
diagram.

Chloe | A B C D

Selena

Selena shuffles her cards and lays them face down on the table. She then turns them over
one by one to see if her card matches with Chloe’s card directly above.
Chloe wins if no matches occur; otherwise Selena wins.

3
(a) Show that the probability that Chloe wins the game is g [6]

Chloe and Selena repeat their game so that they play a total of 50 times.
Suppose the discrete random variable X represents the number of times Chloe wins.

(b) Determine
(i) the mean of X;

(i) the variance of X. [5]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

6-(MathAA/11_HL_Summer_2021_Q3)-Statistics

[Maximum mark: 5]

A research student weighed lizard eggs in grams and reccrded the results. The following
box and whisker diagram shows a summary of the results where £ and {/ are the lower
and upper quartiles respectively.

diagram not to scale

10 L 40 U 7

LA

The interquartile range is 20 grams and there are no outliers in the results.
{(a} Find the minimum possible value of (/. [3]

(b} Hence, find the minimum possible value of /.. [2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS

7-(MathAA/11_HL_Summer_2022_Q2)-Statistics

[Maximum mark: 7]

A survey at a swimming pool is given to one adult in each family. The age of the
adult, a years old, and of their eldest child, ¢ years old, are recorded.

The ages of the eldest child are summarized in the following box and whisker diagram.
diagram not to scale
ages of eldest child (years)

2 6 7 10 18

(a) Find the largest value of ¢ that would not be considered an outlier. [3]

The regression line of a on ¢ is a:%c+20. The regression lineof c on a is ¢ :%a—‘).
(b) (i) One of the adults surveyed is 42 years old. Estimate the age of their eldest child.

(i)  Find the mean age of all the adults surveyed. [4]

A
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

1-(MAT/12_HL_Summer_2012_Q3)-Probability

On a particular day, the probability that it rains 1s 3 The probability that the “Tigers™
soccer team wins on a day when it rains is 2 and the probability that they win on a

. .. 4
day when it does not rain is 7

(a)  Draw atree diagram to represent these events and their outcomes. [1 mark]
(b)  What s the probability that the “Tigers” soccer team wins? [2 marks]

(¢}  Giventhat the “Tigers” soccer team won, what is the probability that it rained on
that day? [2 marks]

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

2-(MAT/12_HL_Summer_2012_Q11)-Functions-Roots,Probability

Consider the following functions:

2x°+3
x)= ,x=20
Sf(x) =
) | 3x-4 | n
xy=—,xe R.
£ 10
a} State the range of f and of g. 2 marks
2 . & / ,
" . : . . ax’ +bx+c
(b) Yind an expression for the composite function f o g(x) inthe form 3750
where @, b and ce 7. 4 marks]
() (i) Find an expression for the inverse function f'{x).
(i)  State the domain and range of /. [4 marks]

The domains of f and g are now restricted to {0,1, 2, 3, 4}.

(&) By considering the values of / and g on this new domam, determune which of
f and g could be used to find a probability distribution for a discrete random

variable X, stating vour reasons clearly. [6 marksf
{e} Using this probability distribution, calculate the mean of Y. [ 2 maris ]
=
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

3-(MAT/10_HL_Winter_2012_Q5)~Probability

The continuous random variable X has probability density function given by

age*, 0<x<l

0, otherwise.

f(x)={

(a)y State the mode of X [ mark]

(b) Determine the value of «. [3 marks]




IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

{c)

Find E(X). [4 marksy

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

4-(MAT/11_HL_Summer_2013_Q4)-Probability

JMaximum mark: 5]

The probability density function of the random variable X is defined as

. n
sinx, 0<x<—

J=

0, otherwise.

Find E(X).

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

5-(MAT/12_HL_Summer_2013_Q4)-Probability
Tim and Caz buy a box of 16 chovcolates of which 10 are milk and ¢ are dark

Caz randomly takes a chocolate and eats it. Then Tim randomiy takes a chocolate
and eats it.

{a) Draw a tree diagram representing the possible outcomes, clearly labelling cach

branch with the correct probability. /3 marks]
{by Find the probability that Tim and Caz eat the same type of chocolate. [Z marks]
==
o
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

6-(MAT/11_HL_Summer_2013_Q9)-Probability

[Maximum mark: 6]

Two events 4 and B are such that P{4 0 B)=0.7 and P(A4|B"Y=0.6.

Find P(B).

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

7-(MAT/11_HL_Summer_2013_Q13)-Probability,BinomialTheorem

On Saturday, Alfred and Beatrice play 6 different games against each other. In each

game, one of the two wins. The probability that Alfred wins any one of these games is % .

(a) Show that the probability that Alfred wins exactly 4 of the games is % [3 marks]

(b) (i) Explain why the total number of possible outcomes for the results of the
6 games is 64.

(i) By expanding (1+x)° and choosing a suitable value for x, prove

IR

(ii1) State the meaning of this equality in the context of the 6 games played. [4 marks]

(¢) The following day Alfred and Beatrice play the 6 games again. Assume that the
probability that Alfred wins any one of these games is still % .

(i) Find an expression for the probability Alfred wins 4 games on the
first day and 2 on the second day. Give your answer in the form

2 5 ¢
(6} [%] (%] where the values of r, s and ¢ are to be found.
»

(i1) Using your answer to (¢)(i) and 6 similar expressions write down the

probability that Alfred wins a total of 6 games over the two days as the
sum of 7 probabilities.

12 6% (6% (6% (6 (6% (6% (6Y
(iii) Hence prove that = + + + + + + . [9 marks]
6 0 1 2 3 4 5 6
(d) Alfred and Beatrice play » games. Let 4 denote the number of games Alfred wins.

. 1 n a}’
The expected value of 4 can be written as E(A4) = ZI"( Jy .
r

r=0
(1) Find the values of @ and 5.

(i) By differentiating the expansion of (1+x)", prove that the expected

number of games Alfred wins is 2?” . [6 marks]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY
8-(MAT/10_HL_Winter_2013_Q2)-Probability
The discrete random variable X has probability distribution:
X 0 1 2 3
P(X=x)| + 1 3 .
6 2 10
(ay Tind the value of . 1]
(by Find E(X). 2
(¢} Find Var(X). 3]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

9-(MAT/12_HL_Summer_2014_Q1)-Probability

Event

s 4 and B are such that P(A)=%, P(B)=% and P(A\B)=£

11
(a) Find P(A~RB). /2]
(b) Find P(4w B). [2]
(¢) State with a reason whether or not events 4 and B are independent. /2]
:S
&QJ
‘6\’/‘6\'
i
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10-(MAT/1

(a)

(b)

20122022

2_HL_Summer_2014_Q11)=-Probability

Mobile phone batteries are produced by two machines. Machine A produces 60% ofthe
daily output and machine B produces 40% . It is found by testing that on average 2% of
batteries produced by machine A are faulty and 1% of batteries produced by machine B
are faulty.

(1)  Draw atree diagram clearly showing the respective probabilities.
(i) A battery is selected at random. Find the probability that it is faulty.

(iii) A battery is selected at random and found to be faulty. Find the probability that it
was produced by machine A. [6]

In a pack of seven transistors, three are found to be defective. Three transistors are
selected from the pack at random without replacement. The discrete random variable X
represents the number of defective transistors selected.

(i) Find P(X =2).

(i1) Copy and complete the following table:

x 0 1 2 3
P(X =x)

(iii) Determine E({X). [6]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

11-(MAT/10_HL_Winter_2014_Q4)-Probability

Events 4 and B are such that P(4)=0.2 and P(B)=0.5.
(a) Determine the value of P (4w B} when

(1) A and B are mutually exclusive;

(i1) A4 and B are independent. /4]
(b) Determine the range of possible values of P(A4|B). /3]
:5
&Qa
/&
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

12-(MAT/10_HL_Winter_2014_Q9)-Probability
A continuous random variable T has probability density function f defined by

|2—¢], 1<2<3

0, otherwise.

f(l‘){

(a) Sketch the graph of v = f(¥). 27
(b) Find the interquartile range of 7. /4]
-
S
&
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

13-(MAT/12_HL_Summer_2015_Q1)-Probability

A and B are two events such that P(4)=0.25, P(8)=0.6 and P{(4 U B)=0.7.

(@) Find P4 n B). [2]
(b) Determine whether events 4 and B are independent. [2]
.
&QJ
@{&
L&
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

14-(MAT/11_HL_Summer_2015_Q10)-Probability
[Maximum mark: €]

A football team, Melchester Rovers are playing a tournament of five matches.

The probabilities that they win, draw or lose a match are % % and % respectively.

These probabilities remain constant; the result of a match is independent of the results of
other matches. At the end of the tournament their coach Roy loses his job if they lose three
consecutive matches, otherwise he does not lose his job. Find the probability that Roy

loses his job.

G
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

15-(MAT/10_HL_Winter_2015_Q6)-Probability

A box contains four red balls and two white balls. Darren and Marty play a game by each
taking it in turn to take a ball from the box, without replacement. The first player to take a
white ball is the winner.

(@) Darren plays first, find the probability that he wins. [4]

The game is now changed so that the ball chosen is replaced after each turn.
Darren still plays first.

(b)  Show that the probability of Darren winning has not changed. [3]

T
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16-(MAT/11_HL_Summer_2016_Q4)-Probability

(a) On the Venn diagram shade the region 4'nB’". [1]
A B
Two events 4 and B are such that P(4~B')=0.2 and P(4UB)=0.9.
(b) Find P(4"|B"). [4]
1
{
Sl
&{&
L
=
=
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

17-(MAT/12_HL_Summer_2016_Q5)-Probability

A biased coin is tossed five times. The probability of obtaining a head in any one throw is p.

Let X be the number of heads obtained.

(a) Find, interms of p, an expression for P(\'=4). [2]
(b) ()  Determine the value of p for which P(X = 4) is a maximum.
(i)  For this value of p, determine the expected number of heads. [6]
s
-
&QJ
&,6‘
S
("7
=
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

18-(MAT/12_HL_Summer_2016_Q7)-Probability

A and B are independent events such that P(A)=P(B)=p, p=0.

(@ Showthat P(AUB)=2p—p’. 2]
(b) Find P(4|AwB) in simplest form. [4]
g
@ -
&
&,«*‘
e
=
=
v
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

19-(MAT/10_HL_Winter_2016_Q2)-Probability

The faces of a fair six-sided die are numbered 1,2, 2,4,4,6. Let X be the discrete
random variable that models the score obtained when this die is rolled.

{a) Complete the probability distribution table for X [2]
x
P(X=x)
(b) Find the expected value of X . [2]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

20-(MAT/10_HL_Winter_2016_Q10)-Probability

Consider two events 4 and B defined in the same sample space.

(@) Show that P(4 L B)= P(4)+ P(1' ~ B).
) 4 1 o1
(b) Giventhat P(AUB) = 5 PB| 4)= § and P(B | 4 = g

(i) showthat P(4) = %;

(i)  hence find P(B).

20122022

(3]

(6]
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

21-(MAT/11_HL_Summer_2017_Q4)-Probability

[Maximum mark: 5]

Three girls and four boys are seated randomly on a straight bench. Find the probability that
the girls sit together and the boys sit together.

20122022

y?

272



IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

22-(MAT/12_HL_Summer_2017_Q7)-Statistics,Probability

3
(a) The random variable X has the Poisson distribution Po(m). Given that P(Y > 0)= —
find the value of m in the form Ina where a is an integer.

[3]
{(b) The random variable ¥ has the Poisson distribution Po(2m). Find P(Y > 1) in the form

b—Inc where b and ¢ are integers. [4]
¢

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

23-(MAT/11_HL_Summer_2017_Q10)-Probability,Statistics

The continuous random variable X has a probability density function given by

N
f) = ksm[?], 0<x<6

0, otherwise.

(a) Find the value of k. 4]
(b) By considering the graph of f write down

(i) the meanof X,

(i) the median of .\;

(i) the mode of X, [3]

© () Showthat P(0<X <2)= % .

(il Hence state the interquartile range of X. [6]
(d) Calculate P(X <4|X>3). (2]
o
o

.
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24-(MAT/11_HL_Summer_2018_Q3)~-Probability

MATHEMATICSAA-HL-P1

CH16-PROBABILITY

Two unbiased tetrahedral (four-sided) dice with faces labelled 1, 2, 3, 4 are thrown and

the scores recorded. Let the random variable 7' be the maximum of these two scores.

The probability distribution of T is given in the following table.

t

2

1
1

P(T=1) "

[#]

NRIES

(a) Find the value of & and the value of b.

(b) Find the expected value of T.

3]

(2]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

25-(MAT/12_HL_Summer_2018_Q3)~-Probability

The discrete random variable X has the following probability distribution, where p is a

constant.
x 0 1 2 3 4
P(X=x) P 05-p 0.25 0.125 P
(a) Find the value of p. [2]

(b) (i) Find u, the expected value of X.

(i)  Find P(X > 1). [4]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

26-(MAT/10_HL_Winter_2018_Q1)-Probability

Consider two events, 4 and B, such that P(4)=P(4'~ B)=0.4 and P(4d ~ B)=10.1.
(a) By drawing a Vlenn diagram, or otherwise, find P(4 U B). [3]

(b) Show that the events 4 and B are not independent. [3]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

27-(MAT/11_HL_Summer_2019_Q6)-Probability

Let X be a random variable which follows a normal distribution with mean g Given that
PN <u—35)=0.2, find

(@ P{V>u+5): [2]

by P{(Yepu+35[X>pu-3). [5]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

28-(MAT/11_HL_Summer_2019_Q10)-Remainder&FactorTheorem,Probability
The function p(x) is defined by p(x) =x" = 3x + 8x — 24 where xe £ .
(a) Find the remainder when p{x) is divided by
i =-2)
{ny  (x—3).

(b} Prove that p(x) has only one real zero.

(3]

[4]

(¢} Write down the transformation that will transform the graph of - = p7(x) onto the graph

of y=8x"'— 12x"+ 16y - 24.

The random variable Y follows a Poisson distribution with a mean of 2 and
OP{X=3)=3PXN=2)-2P{(X=1)+3P(X=0).

{(d) Find the value of A.

20122022

[2]

[6]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

29-(MAT/12_HL_Summer_2019_Q10)~Integration,Probability

The random variable .Y has probability density function f given by

(@)
(b)

(©)

_ k{m—aresinx) 0<x<] _ »
Fix)= , where k is a positive constant.

0 otherwise
State the mode of X.

{i) Find jarcsin xdx.

2
(i)  Hence show that ¥ = ——.
2+7

a3

Given that y = [%Jﬂrcsin X— [%)arcsin X +(§} VI-x*, show that

. dy .
{i) 2 xarcsin x|
dx
In

(i) F.(X):m.

20122022

(1]

6]

(2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

30-(MAT/10_HL_Winter_2019_Q1)-Probability
[Maximum mark: 5]

The probability distribution of a discrete random variable, X', is given by the following table,
where N and p» are constants.

X 1 5 10 N
PX=x) L ! ! ?
- 2 5 5 !

(a) Find the value of p.

by Given that L(X) = 10, find the value of N.

20122022
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MATHEMATICSAA-HL-P1

CH16-PROBABILITY

31-(MAT/10_HL_Winter_2020_Q1)-Probability

[Maximum mark: 4]

A discrete random variable X has the probability distributicn given by the following table.

Given that E(X) :%, determine the value of p and the value of ¢.

20122022

P{X=x)

P
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=

d
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

32-(MAT/10_HL_Winter_2020_Q3)-Probability

At Nusaybah’s Breakfast Diner, three types of omelette are available to order: chicken,
vegetarian and steak. Each omelette is served with either a portion of fries or hash browns.

It is known that 20 % of customers choose a chicken omelette, 709 cheoose a vegetarian
omelette and 10% choose a steak omelette.

Itis also known that 65 % of those ordering the chicken omelette, 70% of those ordering the
vegetarian omelette and 60 % of those ordering the steak omelette, order fries.

The following tree diagram represents the orders made by each customer.

20122022

Fries
Chicken
Hash browns
Fries
Vegetarian
Hash browns
Fries
Steak
Hash browns
{(a) Complete the iree diagram by adding the respective probabilities to each branch. [2]
{b) Find the probability that a randomly selected customer orders fries. 2]

{c) Find the probability that a randoemly selected customer orders fries, given that they do
not order a chicken cmelette. [3]

A
i
’
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MATHEMATICSAA-HL-P1 CH16-PROBABILITY

33-(MathAA/11_HL_Summer_2021_Q10)-Probability

[Maximum mark: 16]

A biased four-sided die, A, is rolled. Let X be the score obtained when die A is rolled. The
probability distribution for X is given in the following table.

X 1 2 3 4
1
P(X=1x) p p p P
(a) Find the value of p. [2]
(b) Hence, find the value of E(X). 2]

A second biased four-sided die, B, is rolled. Let Y be the score obtained when die B is rolled.
The probability distribution for Y is given in the following table.

y 1 2 3 4
P(Y=y) q q q r
() (iy State the range of possible values of r.
(iiy Hence, find the range of possible values of ¢. [3]
(d) Hence, find the range of possible values for E(Y). [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls

1
die B once. The probability that Agnes’ score is less than Barbara’s score is 5

(e) Find the value of E(Y). [6]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

34-(MathAA/10_HL_Winter_2021_Q4)-Probability

[Maximum mark: 5]

Box 1 contains 5 red balls and 2 white balis.
Box 2 contains 4 red balls and 3 white balls.

(@)

A box is chosen at random and a bhall is drawn. Find the probability that the ball is red. [3]

Let 4 be the event that “box 1 is chosen” and let /& be the event that “a red pall is drawn’.

(b)

Determine whether events A4 and /X are independent. 2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

35-(MathAA/11_HL_Summer_2022_Q7)-Probability

[Maximum mark: 8]

The continuous random variable X" has probability density function

k
—_—— (< x <]
S(x)=1+4-3x7
0, otherwise.

(@) Find the value of k.

(b) Find E(Y) .

20122022

(4]

[4]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

36-(MathAA/12_HL_Summer_2022_Q8)-Probability

[Maximum mark: 6]

A continuous random variable X has the probability density function

2 - - - .
m( u), a<x<c
f(x)= 2 x), c<x<h.

(-a)o-0)

0, otherwise

The following diagram shows the graph of y = f(x) fora<x < bh.

W
P

a b

. +b . . .
Giventhat ¢ = aT , find an expression for the median of X interms of &, » and ¢.
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

37-(MathAA/12_HL_Summer_2022_Q10)-Probability

[Maximum mark: 16]

A biased four-sided die with faces labelled 1, 2, 3 and 4 is rolled and the result recorded.
Let X be the result obtained when the die is rolled. The probability distribution for X is given
in the following table where p and ¢ are constants.

x 1 2 3 4
P(X=1x) P 0.3 q 0.1

For this probability distribution, it is known that E(X)=2.

(a) Showthat p=04and ¢g=0.2. [5]
(b) Find P(X >2). 2]
Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five

rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her

score is at least ten.

After three rolls of the die, Nicky has a score of four.

(¢) Assuming that rolls of the die are independent, find the probability that Nicky wins
the game. [5]

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair.
Both yellow dice have faces labelled 1, 2, 3 and 4. Let § represent the sum obtained by
rolling the two yellow dice. The probability distribution for § is shown below.

s 2 3 4 5 6 7 8

1 2 3 4 2 1

PS=s) | — | = | = | 2 | 2| 2| L
16 16 16 16 16 16 16

The first red die has faces labelled 1, 2, 2 and 3. The second red die has faces

labelled 1, a,a and b, where a <b and a, b € 7. The probability distribution for the sum
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling

the yellow pair.

(d) Determine the value of 5. [2]

(e) Find the value of a, providing evidence for your answer. [2]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

38-(MathAA/10_HL_Winter_2022_Q6)-Prabability
IMaximum mark: 8]
Events 4 and 5 are such that P{4) =03 and P(»)=038.
{a) Determine the value of P(4 K} in the case where the events 4 and A are independent. [1]
(b Determine the minimum possible value of P(4~#). [3]

{c} Determine the maximum possible value of P4~ 1), justifying your answer. [2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

1-(MAT/21_HL_Summer_2012_Q1)-Differentiation

[Maximum mark: 5/

Given that the graph of y=x"—6x"+kx—4 has exactly one point at which the
gradient is zero, find the value of £.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

2-(MAT/22_HL_Summer_2012_Q6)-Differentiation

COSX . .
{a) Sketchthe curve v =——=, —4 < x = 4 showing clearly the coordinates of the
¥ +1
x-intercepts, any maximum points and any minimum points. [4 marks]
{by Write down the gradient of the curve at x=1. [1 mark]
(¢} Iind the equation of the normal to the curve at x=1. [3 marks]




IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

3-(MAT/21_HL_Summer_2012_Q10)-Differentiation

[Meaximum mark: 8]

. . . 1 1
Atriangle is formed by the three tines y=10-2x, v=mx and y = ——x, where m > 5
m

Find the value of m for which the area of the triangle is a minimum,




IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

4-(MAT/21_HL_Summer_2012_Q11)-Differentiation
The function f(x)=3sinx+4cosx is defined for 0 <x < 27.

(a) Write down the coordinates of the minimum point on the graph of f. [l mari}

(by The points P(p,3) and Q{q,3), g>p. lie on the graph of v=f(x).
Find p and ¢. [2 marks]

(¢) Find the coordinates of the point, on p = f(x), where the gradient of the
graph is 3. {4 marks|

(dy Findthe coordinates of the point of intersection of the normals to the graph at the
points P and Q. [7 marks]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

5-(MAT/20_HL_Winter_2012_Q12)-Differentiation

The diagram showsthe plan of an art gallery « metres wide. [ AB] represents adoorway,
leading to an exit corridor # metres wide. In order to remove a painting from the
art gallery, CD (denoted by 1) is measured for various values of « , as represented in

the diagram.

a b
+

. ?
S Cosa

(a)y If @ is the angle between [CD] and the wall, show that =

O<a<g. /3 marks]

(by If @=35 and b =1, find the maximum length of a painting that can be removed
through this doorway. [4 marks]

Let =3k and b=F.

(¢) Find % [3 marks]
de

(d) Find, interms of £, the maximum length of a painting that can be removed from
the gallery through this doorway. [6 marks]

() Find the minimum value of £ if a painting 8 metres long is to be removed through
this doorway. [2 marks]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

6-(MAT/22_HL_Summer_2013_Q12)-Differentiation, Integration

dy

Consider the differential equation ya =cos2x.

{(a)y (1) Show that the function y=cosx+sinx satisfies the differential equation.

(i1} Findthe general solution of the differential equation. Express vour solution
in the form y = f(x), involving a constant of integration.

(111} For which value of the constant of integration does your solution coincide
with the function given m part (1)? [0 marks]

(by A different solution of the differential eguation, satisfying vy =2 when x=—.
defines a curve .

(iy  Determine the equation of C in the form y = g (x), and state the range of
the function g.

Aregion K in the xy plane 1s bounded by ', the x~axis and the vertical hines

x=0 and x==.
(1} Findthe areaof K.

(11) Find the volume generated when that part of R above the line y=1 is
rotated about the x-axis through 2x radians. [12 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

7-(MAT/21_HL_Summer_2013_Q13)-Differentiation

The function f has inverse f* and derivative f’(x) forall xeR. For all functions
with these properties you are given the result that for ge R with b= f(a) and

(@

(a)

(b)

(€)

(d)

20122022

#0

, 1
Y (h)= .
(S () @)

Verify that this is true for f(x)=x"+1 at x=2.

Given that g (x)= xe”, show that g'(x)>0 for all values of x.

Using the result given at the start of the question, find the value of the gradient
function of y=g™'(x) at x=2.

(i) With fand g as defined in parts (a) and (b), solve go f(x)=2.

(i) Let h(x)=(go /) '(x). Find #'(2).

[6 marks]

[3 marks]

[4 marks]

[6 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

8-(MAT/22_HL_Summer_2013_Q13)-Differentiation

A straight street of width 20 metres is bounded on its parallel sides by two
vertical walls, one of height 13 metres, the other of height 8 metres. The intensity
of light at pomt P at ground level on the street 1s proportional to the angle 6

where @ = APB, as shown in the diagram.

diggram not to scale

B
A
8m 13m
g
P
20m

(a) Find an expression for # interms of x, where x is the distance of P from the
base of the wall of height Em. [2 marks]

(by (1) Calculate the value of 8§ when x=0,

(i1} Caloulate the value of 8 when x=20. [2 marics]

(¢} Sketchthe graph of 8, for 0 <x <20, {2 marks]
dég 5(744—64x—x*

(d) Showthat —= ( ) [6 marks]

(x* +64)(x* — 40x+569)

(¢)  Usingthe result i part (d), or otherwise, defermune the value of x corresponding
1o the maximum hght intensity at P. Give your answer to four significant figures. [3 marks]

(f)  The point P moves across the street with speed 0.5 ms™ . Determine the rate of
change of f with respect to time when P is at the midpoint of the street. [4 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

9-(MAT/22_HL_Summer_2014_Q9)-Differentiation

[Maximum mark: 5]
Sand is being poured to form a cone of height #cm and base radius #cm. The height
remains equal to the base radius at all times. The height of the cone is increasing at a rate of

0.5cmmin .

Find the rate at which sand is being poured, in ¢cm® min™, when the height is 4cm.

.C}\
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

10-(MAT/2

1_HL_Summer_2014_Q10)~Functions-Roots,Differentiation

e +1

Let f(x)= .

(a)

(b)

(e

e" -2

Find the equations of the horizontal and vertical asymptotes of the curve y = f(x). /4]

(1) Find f'(x).

(i)  Show that the curve has exactly one point where its tangent is horizontal.

(i1i) Find the coordinates of this point.

8]

Find the equation of L , the normal to the curve at the point where it crosses the y-axis. /4]

The line L, is parallel to L, and tangent to the curve y = f(x).

(d)

20122022

Find the equation of the line L, .

[5]

A
) o)

299



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

11-(MAT/22_HL_Summer_2014_Q10)~-Differentiation

Consider the curve with equation (x2 +y? )2 =dxy’.

(a) Use implicit differentiation to find an expression for % /3]
(b) Find the equation of the normal to the curve at the point (1, 1). /3]
3
&
/&
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

12-(MAT/22_HL_Summer_2014_Q12)-Differentiation

Engineers need to lay pipes to connect two cities A and B that are separated by a river of width
450 metres as shown in the following diagram. They plan to lay the pipes under the river from
Ato X and then under the ground from X to B. The cost of laying the pipes under the river is five
times the cost of laying the pipes under the ground.

Let EX=1x.
< 1000m >

E x X Ground B

@)
450m
River

2

A

Let % be the cost, in dollars per metre, of laying the pipes under the ground.

(a) Show that the total cost C, in dollars, of laying the pipes from A to B is given by

C =5k4202500+ x* + (1000 — x)k .

; . . dC
b d —.
(by () Fin =

2]

(i1) Hence find the value of x for which the total cost is a minimum, justifying that this

value 1s a minimum.

(¢} Find the minimum total cost in terms of £.

The angle at which the pipes are joined is AXB=0.

(d) Find & for the value of x calculated in (b).

For safety reasons @ must be at least 120°.

Given this new requirement,

(¢) (1) findthe new value of x which minimises the total cost;

(i1) find the percentage increase in the minimum total cost.

20122022

[7]

[

[2]

¢
&
&ﬂ“
&

A _
i
’

301



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

13-(MAT/20_HL_Winter_2014_Q10)-Differentiation

Consider the triangle PQR where QPR =30°, PQ=(x+2)em and PR =(5 x)’cm,
where -2<x<35.

(a)  Show that the area, 4 cm’, of the triangle is given by 4 = %()f —8x” +5x+ 50). [2]
. d4

b i)y  State —.

®) @ =

1
(i)  Verify that % =0 when x= 3 [3]

2

(¢) (1) Find d 4

2

o I . . .
and hence justify that x = 3 gives the maximum area of triangle PQR.

(i) State the maximum area of triangle PQR.

(iii) Find QR when the area of triangle PQR is a maximum. /7]

A
) o)
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14-(MAT/20_HL_Winter_2014_Q13)-Differentiation, Integration

The vertical cross-section of a container is shown in the following diagram.

IN
50—

40—

30—

20—

10—

I . ~
I I 0 I | “x
20 -10 10 20

The curved sides of the cross-section are given by the equation y =0.25x* —16. The horizontal
cross-sections are circular. The depth of the container is 48cm.

(a) Ifthe container is filled with water to a depth of 4 em, show that the volume, 7 em’, of

2
the water is given by V = 471[% + lﬁh} . /3]

A
) o)
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The container, initially full of water, begins leaking from a small hole at a rate given by
v 2504n

= where ¢ 1s measured in seconds.
ds n(h+16)

(by (i) Show that da = —EL\/EQ.
d# 4n (h+16)

- 2
(i) State a4 and hence show that 7 = ——
dh 250

2 1 1
j(hz +32h2 + 256 Zth.

(i) Find, correct to the nearest minute, the time taken for the container to
become empty. (60 seconds = 1 minute) [10]

Once empty, water is pumped back into the container at a rate of 8.5cm’s™!. At the same time,

»s0d0E L

water continues leaking from the container at a rate of —————cm’s
n{h+16)

(¢) Using an appropriate sketch graph, determine the depth at which the water ultimately
stabilizes in the container. [3]

A
) o)

20122022
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15-(MAT/21_HL_Summer_2015_Q5)~-Differentiation
[Maximum mark: 5]

Abicycle inner tube can be considered as a joined up cylinder of fixed length 200 cm

and radius rcm. The radius r increases as the inner tube is pumped up. Air is being
pumped into the inner tube so that the volume of air in the tube increases at a constant rate

of 30cm’s™. Find the rate at which the radius of the inner tube is increasing when r =2cm.

[
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16-(MAT/21_HL_Summer_2015_Q6)-Differentiation

[Maximum mark: 4]

Afunction [ is defined by f(x)=x"+¢"+ 1, xeR. By considering /'(x) determine
whether f is a one-to-one or a many-to-one function.

.C}\
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17-(MAT/21_HL_Summer_2015_Q9)-Differentiation

[Maximum mark: 7]

Find the equation of the normal to the curve y :M at the point where x=10.

(x” + 1)5

In your answer give the value of the gradient, of the normal, to three decimal places.

T
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18-(MAT/22_HL_Summer_2015_Q11)-Differentiation

Acurve is defined by x*— Sxy+3'=17.

dy 5y-2
@ Showthat & =2Y"=% [3]
dx 2y-35x
(b) Find the equation of the normal to the curve at the point (6, 1). [4]
{(c) Find the distance between the two points on the curve where each tangent is parallel to
the line y=x. [8]

A
) o)
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19-(MAT/20_HL_Winter_2015_Q13)-Differentiation

The following diagram shows a vertical cross section of a building. The cross section of the

x]

roof of the building can be modelled by the curve f(x) = 30e “°  where —20 < x < 20.

Ground level is represented by the x-axis.

Y
30 N
f(x)=30e 40
F E
0 X
] ]
=20 C 0 D 20
(@ Find f"(x). [4]
(b)  Show that the gradient of the roof function is greatest when x = —4/200 . [3]

The cross section of the living space under the roof can be modelled by a rectangle CDEF
with points C(—a, 0) and D(a, 0), where 0 <a < 20.

1
{¢) Show that the maximum area 4 of the rectangle CDEF is 600\/5e 2. [5]

(d) Afunction [ is known as the Insulation Factor of CDEF. The function is defined

as [(a)=%

where ° = Perimeter and A = Area of the rectangle.
()  Find an expression for P interms of «a.

(iy  Find the value of & which minimizes /.

(il Using the value of a found in part (ii) calculate the percentage of the cross
sectional area under the whole roof that is not included in the cross section of the
living space. [9]

A _
i
’
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20~-(MAT/22_HL_Summer_2016_Q7)-Differentiation

Consider the curve with equation x*+3°= 4xy.

dy 4y -—3x°

(a) Use implicit differentiation to show that — > . [3]
de 3y - 4dx
The tangent to this curve is parallel to the x-axis at the point where x=%, k> 0.
(b) Find the value of k. [5]
g
Sl
@{6\’
=
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21-(MAT/22_HL_Summer_2016_Q11)-Differentiation

Points A, B and T lie on a line on an indoor soccer field. The goal, [AB], is 2 metres wide.
A player situated at point P kicks a ball at the goal. [PT] is perpendicular to (AB) and is

6 metres from a parallel line through the centre of [AB]. Let PT be x metres and

let 2= APB measured in degrees. Assume that the ball travels along the floor.

(a) Find the value of o when x=10. [4]
2x
(b) Showthat tana = — . [4]
x +35
The maximum for tan o gives the maximum for c.
{(c) () Find 4 (tana)
™ .
. e d
(i)  Hence or otherwise find the value of « such that . (tana) = 0.
dl
(i)  Find — (tana) and hence show that the value of « never exceeds 10°. [11]
dx
(d) Find the set of values of x for which a =7". [3]

A _
i
’
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CH17-DIFFERENTIATION

22-(MAT/2

1_HL_Summer_2016_Q12)~-Differentiation

Consider the curve, C defined by the equation 1*— 2xy =5 — ¢". The point A lies on C and
has coordinates (0, a), a > 0.

(@)

(b)

(©)

(d)

()

20122022

Find the value of a.

dy_ 2y—eé”
Show that dr —Z(y—x)'

Find the equation of the normal to C at the point A.

Find the coordinates of the second point at which the normal found in part (c)
intersects C.

Given that v=3", v >0, find % at x=0.

(2]

[4]

[3]

[4]

[3]

A
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CH17-DIFFERENTIATION

23-(MAT/22_HL_Summer_2016_Q12)~Differentiation,Integration

The functions f and g are defined by

fx) =2 ¢ xeR
2
gx)= °© ¢ .xelR
2
eJC
a i Show that = .
@ 0 4f(x)—2g(x) e +3
In3 1
(il Use the substitution x = ¢” to find j — dx. Give your answer in the
o 4/(x) — 2g(x)

na

form Ta where a,beZ'.

Let A(x) = nf (x)+ g(x) where ne R, n>1.

E)

(b) (i) By forming a quadratic equation in ¢*, solve the equation s(x) =&, where ke R".

(i)  Hence or otherwise show that the equation 4(x) = & has two real solutions

provided that & > \f/n*—1 and ke R".

g(x)

Let 7(x) = o)

[FO] - [g@)]
[FoT

(i)  Hence showthat t'(x) > 0 for xe R.

(¢ () Showthat ¢'(x)= for xe R.

20122022

(6]

[6]

A
) o)
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24-(MAT/20_HL_Winter_2016_Q6)-Differentiation

An earth satellite moves in a path that can be described by the curve 72.5x°+ 71.5y'=1
where x = x(f) and y = y(f) are in thousands of kilometres and ¢ is time in seconds.

Given that ;ﬁ = 7.75 %107 when x=3.2 x 107, find the possible values of j—y
t

Give your answers in standard form.

.
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25-(MAT/20_HL_Winter_2016_Q10)~Functions-Roots, Differentiation, Integration

27 X
Let the function f be defined by f(x)} = 2x—el, xeD.

e J—
(@) Determine [, the largest possible domain of f. [2]
(b) Show that the graph of " has three asymptotes and state their equations. [5]

3e*

(¢ Showthat f'(x) =  ———.
(2e* 1)

[3]

(d) Use your answers from parts (b) and (c) to justify that /" has an inverse and state its
domain. [4]

(e) Find an expression for f/7'(x). [4]

(f)  Consider the region R enclosed by the graph of 3= f(x) and the axes.
Find the volume of the solid obtained when R is rotated through 2r about the y-axis. [4]

.
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CH17-DIFFERENTIATION

26-(MAT/21_HL_Summer_2017_Q2)-Differentiation

The curve C is defined by equation xy—Iny=1,y>0.

d
(a) Find ay in terms of x and y.

2
(b) Determine the equation of the tangent to C at the point (—,e).
e

20122022

[4]

[3]

A
) o)
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27-(MAT/22_HL_Summer_2017_Q2)-Differentiation,Integration

Consider the curve defined by the equation 4x*+3°=7.

(a) Find the equation of the normal to the curve at the point (1 , \/?_; ) [6]

(b)  Find the volume of the solid formed when the region bounded by the curve, the x-axis
for x = ( and the y-axis for v = 0 is rotated through 2n about the x-axis. [3]

A
) o)
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28-(MAT/21_HL_Summer_2017_Q8)-Differentiation

Awater trough which is 10 metres long has a uniform cross-section in the shape of a
semicircle with radius 0.5 metres. It is partly filled with water as shown in the following
diagram of the cross-section. The centre of the circle is O and the angle KOL is # radians.

diagram not to scale

(a) Find an expression for the volume of water V(ms) in the trough in terms of 4. [3]

The volume of water is increasing at a constant rate of 0.0008m>s™ .

de
(b) Calculate & when 8 = g [4]

.
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29-(MAT/21_HL_Summer_2017_Q12)~-Functions-Roots,Graphs,Differentiation
. 2
Consider f(x}=-1+ ]n(\lx - 1).

(@) Find the largest possible domain [ for f to be a function. [2]
The function £ is defined by f(x) :—1+]11(\/x2 —1), xeD.

(b) Sketch the graph of 1= f(x) showing clearly the equations of asymptotes and the

coordinates of any intercepts with the axes. [3]
(¢} Explainwhy f is an even function. [1]
(d) Explain why the inverse function /' does not exist. [1]

The function g is defined by g(x) = —1 + m(\/ﬂ) xell, o
(e) Find the inverse function g’ and state its domain. [4]
Find g'(x). [3]
(@) Hence, show that there are no solutions to

0 g'®=0:

@ (g')w=0. [4]

.
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30-(MAT/20_HL_Winter_2017_Q10)~-Differentiation, Integration

[Maximum mark: 17]

Jx

Consider the function f(x)=——,0<x<x.
sin x

(@ () Showthatthe x-coordinate of the minimum point on the curve y=f(x) satisfies
the equation tanx = 2x .

(i) Determine the values of x for which f'(x) is a decreasing function. [7]

(b) Sketch the graph of ¥ =f(x) showing clearly the minimum point and any asymptotic
behaviour. [3]

(c) Find the coordinates of the point on the graph of f where the normal to the graph is
parallel to the line y =—x. [4]

Consider the region bounded by the curve y = f(x), the x-axis and the lines x = g X=—.

WA

(d)  This region is now rotated through 2n radians about the x-axis. Find the volume of
revolution. [3]

.
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31-(MAT/20_HL_Winter_2017_Q11)~-Trigonometry,Differentiation

[Maximum mark: 18]
Consider the function f(x) = 2sinx + 7sin2x + tanx — 9, 0 < x < g .
(@ () Determine an expression for f(x) in terms of x.

(i)  Sketchagraphof y=7'(x) for 0 £ x < g

(i)  Find the x-coordinate(s) of the point(s) of inflexion of the graph of y =f(x),
labelling these clearly on the graph of y=f"(x). [8]

(b) Letu=tanx.
()  Express sinx in terms of u.

(il Express sin2x interms of .

(i) Hence showthat f(x)=0 can be expressed as u’— 71’ + 15u— 9= 0. [7]

() Solve the equation f(x) =0, giving your answers in the form arctant where ke 7 . [3]
=

o

.
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32-(MAT/21_HL_Summer_2018_Q9)-Differentiation,Integration

The following graph shows the two parts of the curve defined by the equation x’y=5— 3",

and the normal to the curve at the point P(2, 1).

(@)
(b)
©
(d)

Y
A
/ L

v
&

Show that there are exactly two points on the curve where the gradient is zero.
Find the equation of the normal to the curve at the point P.
The normal at P cuts the curve again at the point Q. Find the x-coordinate of Q.

The shaded region is rotated by 2n about the y-axis. Find the volume of the solid
formed.

CH17-DIFFERENTIATION

[7]
El
3]

[7]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

33-(MAT/22_HL_Summer_2018_Q11)~Differentiation

Acurve C is given by the implicit equation x + y — cos(xy) =0.

dy
(a) Showthat —=—

1+ ysin(xy)
o — |

1 + xsin(xy)
(b) The curve xy = —g intersects C at P and Q.

(i)  Find the coordinates of P and Q.

(i)  Given that the gradients of the tangents to C at P and Q are m, and m,

respectively, showthat m, xm,=1.

{¢) Find the coordinates of the three points on C, nearest the origin, where the tangent is

parallel to the line y=—x.

CH17-DIFFERENTIATION

(3]

[7]

[7]
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CH17-DIFFERENTIATION

34-(MAT/20_HL_Winter_2018_Q5)-Differentiation

[Maximum mark; 5]

Differentiate from first principles the function 7 (x)=3x"- x.

20122022
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35-(MAT/20_HL_Winter_2018_Q9)~-Functions-Roots,Differentiation

The function f is defined by f(x)} = m;rl, 0<x<3.

(@) Find f(x). [4]

(b) Hence, or otherwise, find the coordinates of the point of inflexion on the graph

of y =/{(x). [4]
() Draw a set of axes showing x and y values between -3 and 3. On these axes

(i)  sketch the graph of v =f(x), showing clearly any axis intercepts and giving the
equations of any asymptotes.

(i)  sketch the graph of y= f'(x), showing clearly any axis intercepts and giving the

equations of any asymptotes. [8]
(d) Hence, or otherwise, solve the inequality £(x)> f'(x). [3]
o
o

.
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CH17-DIFFERENTIATION

36-(MAT/21_HL_Summer_2019_Q1)-Differentiation
[Maximum mark: 4]
Let / be the tangent to the curve y = x¢™ at the point (1.¢’).

Find the coordinates of the point where / meets the x-axis.

20122022
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37-(MAT/20_HL_Winter_2019_Q11)-Differentiation, Integration
[Maximum mark: 17]
The following diagram shows part of the graph of 2x’=sin’y for 0 <y <.

y

F 3

-1 1

dy
(@) () Using implicit differentiation, find an expression for d,_‘
X

1 5n
(i)  Find the equation of the tangent to the curve at the point [1, ?j [8]
The shaded region R is the area bounded by the curve, the y-axis and the lines y =0 and y=m.
(b) Find the area of R. [3]

The region R is now rotated about the y-axis, through 2z radians, to form a solid.

. 3 b . . . 27(
(c) By writing sin"y as (1 — cos”y) siny, show that the volume of the solid formed is ? [6]

y?
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CH17-DIFFERENTIATION

38-(MAT/20_HL_Winter_2020_Q8)-Differentiation

A small bead is free to move along a smaooth wire in the shape of the curve y = 3

(a) Find an expression for d—J
dx
At the point on the curve where x = 4 | it is given that % =—0.1ms".
!

(b)  Find the value of ;E at this exact same instant.
f

20122022

(3]
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39-(MathAA/21_HL_Summer_2021_Q9)-Differentiation,Kinematics,RelativeVelocity

[Maximum mark: 7]

Two boats A and B travel due north.

Initially, boat B is positioned 50 metres due east of boat A.

The distances travelled by boat A and boat B, after ¢ seconds, are x metres and y metres
respectively. The angle 6 is the radian measure of the bearing of boat B from boat A.

This information is shown on the following diagram.

diagram not to scale

N
N

/I\i boat B

0
boat A ym
xm
[ L
50m
(a) Show that y=x+ 50cot8. [1]

At time T, the following conditions are true.

Boat B has travelled 10 metres further than boat A.
Boat B is travelling at double the speed of boat A.
The rate of change of the angle 8 is —0.1 radians per second.

(b) Find the speed of boat A at time 7. [6]

A
) o)
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40-(MathAA/21_HL_Summer_2021_Q10)-Exponentials-Logarithms,Differentiation
[Maximum mark: 15]
Consider the function f defined by f(x)=90¢*" for x € R".
The graph of f and the line y =x intersect at point P.
(a) Find the x-coordinate of P. [2]
The line L has a gradient of —1 and is a tangent to the graph of f at the point Q.
(b) Find the exact coordinates of Q. [4]
(c) Show that the equation of L is y=—-x+21n45+2. [2]

The shaded region A is enclosed by the graph of f and the lines y=x and L.

<

> X

(d) (i) Find the x-coordinate of the point where L intersects the line y =x.

(i)  Hence, find the area of 4. [5]

A
) o)
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CH17-DIFFERENTIATION

The line L is tangent to the graphs of both f and the inverse function f .

> X

(e) Find the shaded area enclosed by the graphs of f and /' and the line L.

20122022

(2]
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41-(MathAA/22_HL_Summer_2021_Q11)-Differentiation

[Maximum mark: 18]

X

2
Afunction f is defined by f(x)zlk% where x e R, x>0 and k e R".
+e

The region enclosed by the graph of y = f(x), the x-axis, the y-axis and the line x=1In16 is
rotated 360° about the x-axis to form a solid of revolution.

2
L cubic units. [6]

(@) Show that the volume of the solid formed is

Pedro wants to make a small bowl with a volume of 300 cm’ based on the result from part (a).
Pedro’s design is shown in the following diagrams.

y=f(x)
Inl6

The vertical height of the bowl, BO, is measured along the x-axis. The radius of the bowl’s
top is OA and the radius of the bowl’s base is BC. All lengths are measured in cm.

(b) Find the value of k that satisfies the requirements of Pedro’s design. [2]
(c) Find

(i) OA;

(i) BC. [4]

For design purposes, Pedro investigates how the cross-sectional radius of the bowl changes.

(dy (i) By sketching the graph of a suitable derivative of f, find where the
cross-sectional radius of the bowl is decreasing most rapidly.

(i) State the cross-sectional radius of the bowl at this point. [6]

A
i
’
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CH17-DIFFERENTIATION

42-(MathAA/22_HL_Summer_2021_Q12)-Algebra-functions-Roots, Differentiation

[Maximum mark: 21]

2 J—
Afunction f is defined by f(x) =arcsin[x2 1] ,x e R.
X7+

(a) Show that f is an even function.

(b) By considering limits, show that the graph of y = f(x) has a horizontal asymptote and
state its equation.

2x
\/)7()62 + 1)

(iiy By using the expression for f'(x) and the result \/x_2=|x
decreasing for x < 0.

(c) (i) Showthat f"(x)= forxeR, x=0.

, show that f'is

2
Afunction g is defined by g(x)zarcsin(“ e
X

1},)CER,)C>O.

(d)  Find an expression for g '(x), justifying your answer.
(e) State the domain of g'.

(f)  Sketch the graph of y = g’l(x), clearly indicating any asymptotes with their equations
and stating the values of any axes intercepts.

(1]

(2]

[9]

[5]
(1]

[3]

A
) o)
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CH17-DIFFERENTIATION

43-(MathAA/20_HL_Winter_2021_Q8)-Differentiation
[Maximum mark: 8]

Consider the curve (" given by v —x — xvIn(xy) where x = 0, v = 0.

[m% + _\JJ(] +In{xy)}=1.

(b) Hence find the equation of the tangent to (7 at the point where x = 1.

{a) Show that d—‘-{»
dx

20122022
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44-(MathAA/21_HL_Summer_2022_Q10)-Algebra-functions-Roots, Differentiation, Integration

[Maximum mark: 20]

Consider the function f{x) =’ =1, where 1<x<2.

(a) Sketch the curve y = f(x), clearly indicating the coordinates of the endpoints. [2]

(b) (i)  Show that the inverse function of f is givenby f '(x)=+/x7+1.
(i)  State the domain and range of f . [5]

The curve y = f(x) is rotated 2n about the y-axis to form a solid of revolution that is used to
model a water container,

(c) (i) Showthatthe volume, I'm’, of water in the container when it is filled to a height
1 5
of & metres is givenby V = r:(sh' +h).
(i)  Hence, determine the maximum volume of the container. [5]

At 7= 0, the container is empty. Water is then added to the container at a constant rate
of 0.4m’s "

(d) Find the time it takes to fill the container to its maximum volume. [2]

(e) Find the rate of change of the height of the water when the container is filled to half its
maximum volume. [6]

\ °)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

45-(MathAA/22_HL_Summer_2022_Q10)-Trigonometry,Differentiation
[Maximum mark: 15]
A scientist conducted a nine-week experiment on two plants, 4 and 5, of the same species.
He wanted to determine the effect of using a new plant fertilizer. Plant 4 was given fertilizer

regularly. while Plant 8 was not.

The scientist found that the height of Plant 4, /7,cm , at time r weeks can be modelled by the
function &, (¢)=sin(2¢ + 6) + 97 + 27, where 0 <7< 9.

The scientist found that the height of Plant 8, /i,cm, at time 1 weeks can be modelled by the
function 4, (/) =8¢+ 32, where 0 </ < G.

(a) Use the scientist’s models to find the initial height of

(3 Plant A;

(i)  Plant 4 correct to three significant figures. [3]
(b)  Find the values of 7 when #.(r) = /1,{i). (3]
(€} For ¢= 6, prove that Plant 4 was always taller than Plant /3. [3]

(d) For 0<¢<9, findthe total amcunt of time when the rate of growth of Plant £ was
greater than the rate of growth of Plant 4. (8]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

46-(MathAA/20_HL_Winter_2022_Q2)-Differentiation, Integration
[Maximum mark: 8]

The function f is defined as f(x) = In(xe*+ 1) —x* for 0 < x <2 The graph of £ is shown
in the following diagram.

(o]
T

o)

The graph of f has a local maximum at point A . The graph intersects the x-axis at the origin
and at point B.

{a} Find the coordinates of A [2]
{h) Find the x-coordinate of B. [1
{c) Find the total area enclosed by the graph of | the v-axis and the line x =2. [3]
[

o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

47-(MathAA/20_HL_Winter_2022_Q8)-Differentiation
[Maximum mark: 6]

The following diagram shows liquid in a round-bottomed glass flask, which is made of a
sphere and a cylindrical neck.

Initially, the flask is empty. Liquid is poured into the flask at a rate of 2cm’s . You may
assume that the liquid does not reach the cylindrical neck.

The volume Fecm® and the height Acm of the liquid in the flask satisfy the equation

V =5rh’ flnh%.
3

Find the rate of change of the height of the liquid in the flask at the instant when the volume
of the liquid is 200cm’.

y?

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

48-(MathAA/20_HL_Winter_2022_Q11)-Algebra-functions-Roots, Differentiation
[Maximum mark: 15]
The function f is defined by 7(x)=e"(3x 4), where x ¢ %.
(@ Find /'(x). [3]

{b} Hence or otherwise, find the coordinates of the point on the graph of 1 = f(x) where
the tangent is parallel to the line v =x. [3]

The region enclosed by the curve y = f(x), the x-axis and the j-axis is rotated through
2w radians about the x-axis to form a solid of revelution.

{¢} Find the volume of this solid. [4]
Consider a function g such that g{0)=1 and g'(0)=2.
{d} Find the value of

O g)Xo);

iy ). (3]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

1-(MAT/11_HL_Summer_2012_Q6)-Integration

1 k
The graph below shows the two curves y=— and y=—, where k >1.
X X

J;\
diagram not to
scale

1 >

6 : 8
(a) Find the area of region 4 in terms of k. [3 marks]
(b) Find the arca of region B in terms of k. [2 marks]
(¢) Find the ratio of the area of region A to the arca of region B. [3 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

2-(MAT/12_HL_Summer_2012_Q10)-Functions-Roots,Graphs, Integration

The function f is defined on the domain [0, 3775] by f(x)y=e "cosx.

(ay State the two zeros of [ [ mark]

(by Sketchthe graph of 1. [1 mark]

A
) o)
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(¢} The region bounded by the graph, the x-axis and the y-axis is denoted by 4 and
the region bounded by the graph and the x-axis is denoted by B. Show that the
ratio of the area of 4 to the area of B 18

e’ [ez + IJ

J7 maris]
e" +1




IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

3-(MAT/11_HL_Summer_2012_Q12)-Differentiation, Integration

Let f(x)=‘/iq 0<x<l.

1 3

, 1 — - . . D L
{a) Showthat f(x)= Ex 2(1—-x) ? and deduce that 1 is an increasing function. [5 marks|
(b) Showthatthe curve v = f(x) has one point of inflexion, and find its coordinates. [& marks]

(¢)  Use the substitution x =sin® @ to show that j f(x)dx=arcsin \/_ —-Jx—x*+c. [1 marks]

A
) o)
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4-(MAT/12_HL_Summer_2013_Q1)-Integration

[Maximum mark: 6}

Find the exact value of f ((x -2y + 1 +sin Ttxjdx .
X

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

5-(MAT/11_HL_Summer_2013_Q10)~-Integration

(a)  Find all values of x for 0.1 < x <1 such that sin(mx")}=0. [2 marks]

1

(b) Find j E nx~ sin(nx " )dx, showing that it takes different integer values when

a+1
i 1s even and when # 1s odd. [3 marks]
(¢) Ewvaluate J.Ol]| T sin(me ') |dx . [2 marks]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

6-(MAT/11_HL_Summer_2013_Q12)-Quadratics,Graphs,Integration

(a) Express 4x” —4x+5 inthe form a(x—hY +k where a, h, ke Q. [2 marks]

(b) The graph of y=x is transformed onto the graph of y=4x"—4x+5.
Describe a sequence of transformations that does this, making the order of

transformations clear. [3 marks]

The function [ is defined by f(x}= 2;
4x" —4x+5
(¢) Sketch the graph of y= f(x). |2 marks]
(d) Find the range of f. /2 marks]
(¢) By using a suitable substitution show that j f(x)dx= %j 21 n de . [3 marks]
o+
(f)  Prove that rj;dx . [7 marks]
14y’ —4dx+5 16

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

7-(MAT/10_HL_Winter_2013_Q12)-ComplexNumbers, Trigonometry,Integration

Consider the complex number z =cos# +isiné.

(a) Use De Moivre’s theorem to show that z° +z" = 2cosnf, ne 7. /2]
i iy L

(t)  Expand (z +z ) . [}

(¢) Hence show that cos'@= pcosdf +gcos28+r, where p, ¢ and r are constants to

be determined. [4]
oo 1 3 15 5

(d) Show that cos” @ =—cos60 +—cosdf+ —cos26 + —. [3]
32 16 32 16

(¢) Hence find the value of J.Oz cos’ #d@. [37

C e . . m
Theregion S is bounded by the curve y = sin xcos® x and the x-axis between x =0 and x = 3
(f)y Y is rotated through 2n radians about the x-axis. Vind the value of the volume generated.  [4/

. . C e . . . L2
{g)y (i) Write down an expression for the constant term in the expansion of (z+z 1) .
kel .

n

s B B ~ 5 2k - . -y
(il Hence determine an expression for I tcos™"#dE mterms of k. [3]
. [

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION
8-(MAT/11_HL_Summer_2014_Q6)~-Integration,Graphs
The first set of axes below shows the graph of y = f(x) for -4<x<4.
y y
44 44
2 24
I T T T T T T L] 1 I T T T T T L] T T T > X
4 2 0 /' 2 o i 2 0 2 4
24 24
44 4
Let g(x):rC f()dr for —4<x=<4.
-4
(a) State the value of x at which g(x) is a minimum. 1]
(b)  On the second set of axes, sketch the graph of y = g(x). 57
¢
L
Q}-
¢
&
O

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

9-(MAT/12_HL_Summer_2014_Q10)~-Integration

[Maximum mark: 7]

2a
Use the substitution x = asec@ to show that j- =
aﬁstxl _gt 24a

20122022 349



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

10-(MAT/11_HL_Summer_2014_Q11)-Differentiation,Integration

Consider the function f(x)= ln_x , x>0,
x

The sketch below shows the graph of v = f(x) and its tangent at a point A.

}j \ diagram not to scale
B C
A * * N
“x
, I-lnx
(a) Showthat f'(x)=—— [2]
x
(b) Find the coordinates of B, at which the curve reaches its maximum value. /3
(¢) Find the coordinates of C, the point of inflexion on the curve. /5]
The graph of y = f(x) crosses the x-axis at the point A.
(d) Find the equation of the tangent to the graph of /" at the point A. [4/
(¢) Find the arca enclosed by the curve ¥ = f(x), the tangent at A, and the line x=¢. [7]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

11-(MAT/12_HL_Summer_2014_Q13)~Differentiation,Integration

x+1 is shown below.

The graph of the function f (x)=

x4+

¥
4 A1, 1) point of inflexion

A

v
=

b

|

|
—_
—_
()
w
.
A
O\‘ -

—14

(a) Find F'(x). [2]

(b) Hence find the x-coordinates of the points where the gradient of the graph of f is zero. [/

px)
(* +1)°*’
of degree 3. [3]

(¢) Find f"(x) expressing your answer in the form where p(x) is a polynomial

The point (1, 1) is a point of inflexion. There are two other points of inflexion.

(d) Find the x-coordinates of the other two points of inflexion. /4]

c Find the area of the shaded region. Express your answer in the form ——ln\/E,
g P
a

where a and b are integers. [6]

A _
i
’
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12-(MAT/10_HL_Winter_2014_Q6)~-Integration
[Meaximum mark: 6]

Jx
1+\/;

dix.

By using the substitution « = 1+\/; , find I

A

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

13-(MAT/10_HL_Winter_2014_Q11)-Functions-Roots,Differentiation, Integration

The function f is defined as f(x)=e""', xeR.
(a) (i) Find F'(x).
(ii)  State the domain of .

The function g is defined as g(x)=Inx, xeR".
The graph of y= g (x} and the graph of y = f '(x) intersect at the point P,

(b) Find the coordinates of P.

The graph of y = g(x)} intersects the x-axis at the point Q.

[4]

[5]

(¢) Show that the equation of the tangent 7' to the graph of v=g(x} at the point Q

is y=x—1.
Aregion R is bounded by the graphs of y = g (x}, the tangent 7" and the line x=-e¢.

(d) Find the arca of the region R.

() (i) Showthat g(x})<x-1, xeR".

(i1) By replacing x with 1 in part (¢)(i), show that E <g{x), xeR".
X x

20122022

137

5]

6]

A
) o)
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MATHEMATICSAA-HL-P1 CH18-INTEGRATION

14-(MAT/10_HL_Winter_2014_Q13)-ComplexNumbers, Trigonometry,Integration

(a) (@

(i)

(iii)

(b) @

(it)

(iii)

20122022

Show that (1+itan)" +(1-itand)" = 2cosnb
cos

, cos8#0.

. .. 3m . .
Hence verify that 1tan§ is a root of the equation (1+z)* +(1-z)' =0, zeC.

State another root of the equation (1+z)' +(1-2)* =0, zeC. [16]

2tan B

Use the double angle identity tan26 = I 79 to show that tan g =21

Show that cos4x =8cos*x—8cos“x+1.

Hd

Hence find the value of J.Og =
cos‘ x

2cosdx

dx. [13]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

15-(MAT/11_HL_Summer_2015_Q3)~-Integration

@) Find j(1+tan2x)dx. 2]
(b) Find j sin” xdx . 3]
§

&Q;

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

16-(MAT/12_HL_Summer_2015_Q5)~Integration
[Maximum mark: 8]

15
Show that J;nghlxdx:4h'127ﬁ.

L

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

17-(MAT/11_HL_Summer_2015_Q6)-Functions-Roots, Integration

- 1
Afunction f is defined by f(x):3x 2,xeR,x¢—.
2x -1 2
(@) Find an expression for £ (x). [4]

(b) Giventhat f(x) can be written in the form f(x)= 4+ 3 B

T find the values of the

constants 4 and B. [2]
3x-2

(¢} Hence, write down j Y dx [1]
2x-1

§
g
O
&
O

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

18-(MAT/11_HL_Summer_2015_Q8)~-Integration

[Maximum mark: 7]

By using the substitution x =¢*+ 3, find j

x

. °®
e™ +6e" +13

G

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

19-(MAT/12_HL_Summer_2015_Q8)~-Integration

dx

By using the substitution /1 =tanx, find Il —-
+s1mn” x

Express your answer in the form m arctan (n tanx)+ ¢, where m, n are constants to
be determined.

A2

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

20-(MAT/12_HL_Summer_2015_Q11)~-Functions-Roots,Differentiation,Integration

Consider the functions f(x}=tanx, O§x<g and g(x) :x—Jri, xeR,x#1.

(a) Find an expression for g = f(x), stating its domain.

inx+
(b) Hence showthat go f(x) =o' 08
SINX —COSX

d
{c) Lety=ge f(x), find an exact value for ay at the point on the graph of y=g o f(x)

where x = g , expressing your answer in the form a+b\/§, a, be?.

(d) Show that the area bounded by the graph of y=g < f(x), the x-axis and the lines
x=0and x:g is ]n(1+\/§).

[2]

(2]

[€]

[6]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

21-(MAT/10_HL_Winter_2015_Q2)-Integration

[Maximum mark: 4]

Using integration by parts find jxsin xdx.

T

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

22-(MAT/1

0_HL_Winter_2015_Q5)~-Integration

[Maximum mark: 4]

Use the substitution z = In x to find the value of je

xlnx

T

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

23-(MAT/10_HL_Winter_2015_Q12)-Differentiation, Integration

Consider the function defined by £ (x)=x+1-x" on the domain -1 <x<1.

(a)
(b)
(©
()

(e)

()

@

Show that f is an odd function.

Find f"(x).

Hence find the x-coordinates of any local maximum or minimum points.
Find the range of f.

Sketch the graph of vy = f(x) indicating clearly the coordinates of the x-intercepts and
any local maximum or minimum points.

Find the area of the region enclosed by the graph of y = f(x) and the x-axis for x> 0.

Show that ” PN/

dx > “llxle—xzdx‘.

[2]
[3]
[3]
[3]

[3]

[4]

[2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

24-(MAT/12_HL_Summer_2016_Q3)-Trigonometry, Integration

(@) Showthat cot a=tan| = —a |for 0 <o <. 1]
2 2

cotar 1 T

(b) Hence find j —dx. 0<a<—. [4]
tanccl +x 2

,
&Q;
({\,6‘
5

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

25-(MAT/11_HL_Summer_2016_Q13)~Integration

1 2
The following diagram shows the graph of y = %, x>0,

B

v

s}
=

(a) Given that the curve passes through the point («, 0), state the value of a. [1]

The region R is enclosed by the curve, the x-axis and the line x=-e¢.

(b) Use the substitution 1 = In x to find the area of the region R. [5]
et 7,= ["1 4 pen.
1y

(¢ (i) Findthe value of I.

neZ’.

n—1-2

(i) Prove that 7, =1+ 1

(i)  Hence find the value of /. [7]

(d) Find the volume of the solid formed when the region R is rotated through 2x about
the x-axis. [5]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

26-(MAT/12_HL_Summer_2017_Q6)-Integration

! 3
1
(a) Using the substitution x = tan& show that I—de = |cos*0de .
0 (xz -I—l) 0

1
(b) Hence find the value of J‘%dx
0 (x2 +1)

20122022

A
) o)

[4]

[3]
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27-(MAT/11_HL_Summer_2017_Q9)~Integration
[Maximum mark: 5]

Find _[ arcsin xdx .

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

28-(MAT/12_HL_Summer_2017_Q9)~-Functions-Roots,Differentiation, Integration

Consider the function f defined by f(x)=x'—a’, x € R where « is a positive constant.

(a) Showingany x and y intercepts, any maximum or minimum peints and any
asymptotes, sketch the following curves on separate axes.

N y=ri;
i L
AT
(iy y= 1 (8]
f|
(b)  Find [ £(x) cosx dx. 5]

The function g is defined by g(x)=xy/ f(x) for |x| > a.

() By finding g'(x) explain why g is an increasing function. [4]

y®



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

29-(MAT/11_HL_Summer_2017_Q11)~-Functions-Roots,Graphs,Integration
(@ () Express x’+3x+2 inthe form (x + h)’+k.

(i)  Factorize x*+3x +2. [2]

1
Consider the function f(x) = ———— xeR, x# -2, x # —1.
X +3x+2

(b) Sketch the graph of f(x), indicating on it the equations of the asymptotes,
the coordinates of the y-intercept and the local maximum. [5]

1 1 1
Show that - = :
© owtha x+1 x+2 xX+3x+2

[1]

(d) Hence find the value of p if I; F(x)dx =1n{p). [4]
(e) Sketch the graph of y = f(|x]). 2]
()  Determine the area of the region enclosed between the graph of y = f(\x\), the x-axis
and the lines with equations x=-1 and x=1. [3]
[
[ )

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

30-(MAT/11_HL_Summer_2018_Q4)-Integration

Giventhat | f(x)dx=10 and | f(x)dx=12, find
@ [ (f@+2)dy;

) | sx+2)dx.

20122022

[4]

(2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

31-(MAT/12_HL_Summer_2018_Q6)-Differentiation,Integration

Consider the functions £, g, defined for xe IR, given by f(x)=e¢"sinx and g(x) =e¢ "cos x.

(a) Find
M F);
(i)  gx).

(b) Hence, or otherwise, find J.e”‘ sin xdx.
0

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH18-INTEGRATION

32-(MAT/11_HL_Summer_2018_Q7)-Differentiation, Integration
X
Let y =arccos (5} .

d
@) Find =
dx

(b) Find J‘larccos[g}dx.

0

20122022

(2]

[7]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

33-(MAT/12_HL_Summer_2018_Q8)~Integration

1 dx
(@) Use the substitution u = x? to find j 3
x?+ x?
. 1 9 dx . .
(b) Hence find the value of —J‘ﬁ, expressing your answer in the form arctan g,
1 xz + xz

where ge Q).

20122022

[4]

3]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

34-(MAT/12_HL_Summer_2018_Q11)~-Exponentials-Logarithms,Integration
1 .
(@ Showthat log ,x = Elog, x where r,xe R". [2]

It is given that log, y +log, x+ log, 2x = 0.

(b) Express y in terms of x. Give your answer in the form y = px?, where p, g are
constants. [5]

The region R, is bounded by the graph of the function found in part (b), the x-axis, and the
lines x=1 and x= a where o> 1. Theareaof R is \/E

(c) Find the value of «. [5]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CHI18-INTEGRATION

35-(MAT/10_HL_Winter_2018_Q10)~-Integration

x x

(@) Use integration by parts to show that jex cos2xdx = sin2x + %cos 2x+c,ceR. [9]
(b) Hence, show that Iex cos “xdx = %Sin 2x + f—ocos2x + % +c,celR. [3]

The function f is defined by f(x) = ¢"cos’x, where 0 <x < 5. The curve y = f(x) is shown
on the following graph which has local maximum points at A and C and touches the x-axis

at B and D.

Ny
A
| B X
0

(¢) Find the x-coordinates of A and of C, giving your answers in the form a + arctan b,

where a, be R. [6]

(d) Find the area enclosed by the curve and the x-axis between B and D, as shaded on
the diagram.

(2]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION
36-(MAT/12_HL_Summer_2019_Q4)-Integration
[Maximum mark: 5]
cos'x dr

Using the substitution u = sinx, find I

20122022

Jsinx ‘

A
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

37-(MAT/11_HL_Summer_2019_Q8)-Integration

The graph of v = f'(x). 0 <x <35 is shown in the following diagram. The curve intercepts the
x-axis at (1.0) and (4, 0) and has a local minimum at (3. —1).

(a) Write down the x-coordinate of the point of inflexion on the graph of v = f(x). [1]

The shaded area enclosed by the curve y = f(x), the x-axis and the y-axis is 0.5.
Given that f/(0)=3,

(b) find the value of f(1). [3]
The area enclosed by the curve y = f"(x) and the x-axis between x=1 and x=4is 2.5.
(c) Find the value of f(4). 2]

(d)  Sketch the curve y = f(x). 0 <x <35 indicating clearly the coordinates of the maximum
and minimum points and any intercepts with the coordinate axes. [3]

20122022 377
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

38-(MAT/11_HL_Summer_2019_Q9)-Trigonometry,Integration

2

{a) Show that (sinx + cosx) =1 + sin2x.

COSY + 8inx
{(b) Show that sce2x +lan2x= ——.
COSY — SNy

(2]

[4]

{c} Hence or otherwise find J'I‘_‘(scdx + tan 2x)dx in the form In (a + h) where w.he & . [9]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

39-(MAT/12_HL_Summer_2019_Q9)-Differentiation, Integration
Consider the functions / and g defined on the domain 0 <x <2x by
f(x)=3cos2x and g(x)=4 - 11cosx.
The following diagram shows the graphs of y = f(x) and y = g(x).

_};‘

(a) Find the x-coordinates of the points of intersection of the two graphs. [6]

(b) Find the exact area of the shaded region, giving your answer in the form pm + ¢ NER
where p.ge Q. (3]

At the points A and B on the diagram, the gradients of the two graphs are equal.

(c) Determine the y-coordinate of A on the graph of g. (6]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

40-(MAT/12_HL_Summer_2019_Q10)~Integration,Probability

The random variable .Y has probability density function f given by

(@)
(b)

(©)

_ k{m—aresinx) 0<x<] _ »
Fix)= , where k is a positive constant.

0 otherwise
State the mode of X.

{i) Find jarcsin xdx.

2
(i)  Hence show that ¥ = ——.
2+7

a3

Given that y = [%Jﬂrcsin X— [%)arcsin X +(§} VI-x*, show that

. dy .
{i) 2 xarcsin x|
dx
In

(i) F.(X):m.

20122022

(1]

6]

(2]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

41-(MAT/1

[

0_HL_Winter_2019_Q2)-Integration
Maximum mark: 6]

&

Given that I e dv =12, find the value of k.

i

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

42-(MAT/10_HL_Winter_2019_Q7)~-Integration

[Maximum mark: 7]

(@) Write 2x - x” in the form a{x - 4y + k, where . h. ke R.

T
(b} Hence, find the value of | ~—=———==dx.
% V2x—x"

2]

(5]

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

43-(MAT/10_HL_Winter_2019_Q10)-Differentiation, Integration
[Maximum mark: 19]

Consider f{x)= 2"5_? ,—l<x<l.
X_i

@ () Find f1x).

(il Showthat, if /(x)=0,then x=2 -3,
{b) Forthe graph of y = f{x),

{i) find the coordinates of the y-intercept

(i) show that there are no x-intercepts;

{ii) sketch the graph, showing clearly any asymptotic behaviour.

Show that 3 B 1 2x-4
©) owina x+1 x-1 -1

[°]

5]

[2]

(d) The area enclosed by the graph of v = f(x} and the line y = 4 can be expressed

as Inv. Find the value of v.

20122022

[71

A
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MATHEMATICSAA-HL-P1

CH18-INTEGRATION

44-(MAT/10_HL_Winter_2020_Q9)-Integration

[Maximum mark: 8]

|
By using the substitution x = tan ¥, find the value of

20122022

¥

“(l+x:)%

dr.

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

45-(MAT/10_HL_Winter_2020_Q12)-Graphs, Integration

-5 . -
Consider the function defined by f(x)= kx_k ,where x € =\ {k}and & = 5.
X-

(a) State the equation of the vertical asymptote on the graph of y = f(x).

(b) State the equation of the horizontal asymptote on the graph of v = F{x).
(e) Use an algebraic method to determine whether f is a self-inverse function.
Consider the case where k=3

(d) Sketch the graph of y = f(x), stating clearly the equations of any asymptotes and the
coordinates of any points of intersections with the coordinate axes.

(e) The region bounded by the v-axis, the curve y=f(x}, and thelines x=5and x=7 is
rotated through 2x about the x-axis. Find the volume of the solid generated, giving your
answer in the form w{a + 4 In2), where a, b € 7.

(1]
(1]

[4]

(3]

[6]

.

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION
46-(MathAA/12_HL_Summer_2021_Q9)-Integration

[Maximum mark: 7]

By using the substitution u = sinx, find J' S XCOs X dx .

20122022

sin? x—sinx—2

A
) o)

386



IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

47-(MathAA/10_HL_Winter_2021_Q1)-Integration

{Maximum mark: 4]

Gi thticos(f—ﬂ) d y_2 when x=
ven tiha dy 3 an V- whnen x =

20122022

-

in
4

find y interms of x.

A
) o)
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MATHEMATICSAA-HL-P1

CHI18-INTEGRATION

48-(MathAA/11_HL_Summer_2022_Q1)-Integration

[Maximum mark: 5]

Find the value of f[

Jx

20122022

—3J;_5]dr

y?
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

49-(MathAA/11_HL_Summer_2022_Q12)-Sequences-Series,Differentiation, Integration
[Maximum mark: 21]
The function f is defined by f(x) = e"sinx, where x € &.

(a) Find the Maclaurin series for f(x) up to and including the X' term.

(b) Hence, find an approximate value for f e sin(x?)dx.

The function g is defined by ¢g(x) = ¢'cosx, where x ¢ k.

(c) () Show that g(x) satisfies the equation g"(x) = 2(g'(x) — g(x)).
(i) Hence, deduce that g "'(x) = 2(g""(x) — g"(x)) .

(d) Using the result from part (c), find the Maclaurin series for g(x) up to and including
the x* term.

.
. . . ecosx—1-x
(e) Hence, or otherwise, determine the value of lim ——— .

x—l X

20122022

[4]

[4]

[3]

(4]

(3]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

50-(MathAA/12_HL_Summer_2022_Q7)-Integration

[Maximum mark: 6]

By using the substitution u = secx or otherwise, find an expression for Isec xtanx dx in
terms of n, where » is a non-zero real number.

A
AR

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

51-(MathAA/10_HL_Winter_2022_Q4)-Integration
[Maximum mark: 5]

The derivative of the function f is givenby f'(x)=— ! T
X+

The graph of y = f(x) passes through the point (1, 3). Find an expression for f{x).

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

1-(MAT/11_HL_Summer_2009_Q13)-ComplexNumbers,DifferentialEquations

Part A [Maximuem mark: 9)
If z iz a non-zero complex mumber, we define L (2) by the equation
L{z)= ln‘ z ‘+iarg(z), O<arg(z) < 2w.
(a) Show that when z is a positive real number, L(z)=Inz. [2 marks]

(by Use the equation to calculate

1y L.
) L(1-i):
(i) L(-1+1). 5 marks]

{¢c) Hence show that the property L(zz,)=L(z)+L(z,) does not hold for all
values of z, and z,. [ 2 marks]

Part B [Maximum mark: 14]

Let f be a function with domain R that satisfies the conditions,

f(x+31)=f(x)f (), forall x and ¥ and f(0)=0.

{ay Showthat f(0)=1. [3 marks]
(b)Y Provethat f(x)#0,forall xe R. [3 marks]

(¢) Assumingthat f(x) exists forall xe R, use the definition of derivative to show

that f(x) satisfies the differential equation f'(x)=k f(x), where k= f7(0). [4 marks]
(d}  Solve the differential equation to find an expression for f(x). [4 maris]
==
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

2-(MAT/10_HL_Winter_2009_Q8)~-DifferentialEquations

A certain population can be modelled by the differential equation iiz=k ycoskt,
where y is the population at time ¢ hours and £ is a positive constant.

(a) Giventhat y=y, when ¢t =0, express y interms of k, ¢ and y,. [5 marks]

(b) Find the ratio of the minimum size of the population to the maximum size of
the population. [2 marks]

....................................................................
....................................................................
....................................................................

.

20122022

393



IBDIPLOMA MATHEMATICSAA-HL-P1

CH19-DIFFERENTIALEQUATIONS

3-(MAT/12_HL_Summer_2010_Q14)-DifferentialEquations, Trigonometry

[Maximum mark: 15]

Throughout this question x satisfies 0 < x < g >

(a)

(b)

20122022

dy

Solve the differential equation sec’ xa =-y?, where y=1 when x=0.

Give your answer in the form y = f(x).

(i) Provethat 1<secx<1+tanx.

(ii) DeducethatEsjisecxdxsz+lm2.
4 Jo 4 2

[7 marks]

[8 marks]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH19-DIFFERENTIALEQUATIONS

4-(MAT/10_HL_Winter_2011_Q13)-DifferentialEquations

The curve C with equation y = f(x) satisfies the differential equation

Y2 (x42), y>1.
de Iny

and y=e when x=2.

{a)

(b)

20122022

Find the equation of the tangent to C at the point (2, e).
Find f(x).
Dietermine the largest possible domain of f.

Show that the equation f{x)= f'(x) has no solution.

/3 marks]

[11 marks]

[ 6 marks]

[ 4 maris|

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

5-(MathAA/10_HL_Winter_2021_Q8)~-DifferentialEquations

[Maximum mark: 7]

c In2x 2y 1
Solve the differential equation i—}: n Ar ——}, x>0, giventhat y =4 at x :E_
X X X

Give your answer in the form - = /{x).

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

6-(MathAA/10_HL_Winter_2022_Q9)-DifferentialEquations

{Maximum mark: 10]

. _.3 ) 2
Consider the homogeneous differential equation % i ,where x, 1«0,
X XV

tisgiventhat y — 2 when x— 1.

{a) By using the substitution v = vy, solve the differential equation. Give your answer in the
form 5 = f(x). [}

The points of zero gradient on the curve v~ — £(x) lie on two straight lines of the form 1 — mx
where m € <.

{b) Find the values of m. 2]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1

CH20-KINEMATICS,RELATIVE

VELOCITY

1-(MAT/11_HL_Summer_2014_Q8)-Kinematics

[Maximum mark: 6]

A body is moving in a straight line. When it is s metres from a fixed point O on the line its

velocity, v, is given by v=— 5§>0.

-
s

Find the acceleration of the body when it is 50 cm from O.

‘k}\

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH20-KINEMATICS,RELATIVE
VELOCITY

2-(MAT/12_HL_Summer_2017_Q4)-Kinematics

A particle moves along a straight line. Its displacement, s metres, at time ¢ seconds

is given by s =1+ cos2t, i > 0. The first two times when the particle is at rest are denoted
by f, and £,, where ¢, <i,.

(@ Find r, and 1,. [5]

(b) Find the displacement of the particle when =1, . [2]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH20-KINEMATICS,RELATIVE
VELOCITY

3-(MAT/10_HL_Winter_2017_Q5)~Kinematics

[Maximum mark: 5]

A particle moves in a straight line such that at time f seconds (> 0), its velocity v, in ms ™,
is given by v=10f¢””. Find the exact distance travelled by the particle in the
first half-second.

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH20-KINEMATICS,RELATIVE
VELOCITY

4-(MathAA/12_HL_Summer_2021_Q11)~-Kinematics,RelativeVelocity
[Maximum mark: 20]

The acceleration, ¢ms -, of a particle moving in a horizontal line at time ¢ seconds, >0, is
given by ¢ = —(1+v} where vms ' is the particle’s velocity and v > —1.

At t =0, the parlicle is at a fixed origin O and has initial velocity », ms !

(a} By solving an appropriate differential equation, show that the particle’s velocity at time ¢
is given by v(#) — (1 +v)e ' — 1. (6]

(b} Initially at O, the particle moves in the positive direction until it reaches its maximum
displacement from Q. The particle then returns to O.

Let s metres represent the particle's displacement from O and s its maximum
displacement from O.

(i)  Show that the time 7 taken for the particle to reach s, satisfies the
equation ¢’ =1+ v,.

(iiy By solving an appropriate differential equation and using the result from part

(b} (i}, find an expression for s in terms of v, . (7]
Let v{T — 4} represent the particle's velocity & seconds before it reaches s, , where
WT-E=00+v)c”’ Y—1.
{(c) By using the result to part (b) (i}, show that v(7 — k)=c" - 1. (2]

Similarly, let v(7 : &} represent the particle’s velocity & seconds after it reaches s .

(d} Deduce a similar expression for v{7 &} in terms of . 2]

(e} Hence, showthat v(F-L) +v(T+4 =0, [3]

20122022 401



IBDIPLOMA MATHEMATICSAA-HL-P1 CH21-GEOMETRY

1-(MathAA/10_HL_Winter_2022_Q2)-Geometry
[Maximum mark: 7]

Consider a circle with a diameter AB, where A has coordinates (1.4, 1) and B has
coordinates (-3, 2, —4).

{a) Find

{iy  the coordinates of the centre of the circle;

(i} the radius of the circle. (41
The circle forms the base of a right cone whose vertex V has coordinates (-1, -1, 0).

diagram not to scale

{b) Find the exact volume of the cone. [3]

A
) o)
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ANSWERS

.
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IBDIPLOMA

MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS
1-(MAT/11_HL_Summer_2012_Q4)-Graphs,Functions-Roots
a
(a) %

| Note: Award A1 for correct asymptote with correct behaviour and A7 for shape.

(b) intersecton y=x

x+lnx=x=>khx=0
intersect at (1, 1)

2=-(MAT/12_HL_Summer_2012_Q10)~-Functions-Roots,Graphs, Integration

(a) e cosx=0
T 37m

= x=—, =
272

(b)

20122022

A
D)
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IBDIPLOMA MATHEMATICSAA-HL-P1

(c) attempt at integration by parts
EITHER
1= J-e"x cos xdx =—" cos xdx— J'e"x sin xdx
= ]=—¢"cosxdx— [—e_x S X + Ie_x cos xdx}

—X

==

(sinx—cosx)+C

Note: Do not penalize absence of C.

OR

= J'e'x cosxdx=c " sinx+ J.e"x sin xdx

==e¢"sinx—¢e” cosx—J'e_x cos xdx

—x

—>I=—7(@mx—cosx)+

Note: Do not penalize absence of C.

THEN

2 2
j ¢ cosxdy= {%(sinxcosx)} :e—Jr1

s 2 2
3n 3n ™
3n - 2 T2 2
= e . € 5
I,f ¢ “cosxdx= (sinx—cosx)| = —
E T 2 2

1
ratio of 4:5 1s A

Ini o =m
etle?+1
T 3
etle ? +e?
L
e"le? +1

e"+1

CH1-ALGEBRA-FUNCTIONS-ROOTS

)



IBDIPLOMA MATHEMATICSAA-HL-P1

3-(MAT/12_HL_Summer_2012_Q11)-Functions-Roots,Probability

1
(a) f(x)zg
gx) ER,g(x) =0

o
10
(b) feglx)= P
2(9x% - 24x + 16)
100 i
75
%%~ 24+ 166

3750

2
3x4} 3

3

(c) (i) METHOD1

B 2x* +3
75
2o 75y -3

Note:  Accept + in line 3 for the ¢41) but not in line 4 for the A1.
Award the A7 only if written in the form /' (x) =.

METHOD 2

2% 43
75
2
x:2y +3
75

_ [ 3
4 2

= (%)=

T5x-3
2

CH1-ALGEBRA-FUNCTIONS-ROOTS

Note:  Accept + in line 3 for the ¢41) but not in line 4 for the A1.
Award the A7 only if written in the form /' (x) =.

(i)  domain: x> % ; range: f1(x)>0

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

{(d) probabilities from F(x):

X 0 1 2 3 4
P(X=x) 3 5 11 21 35
75 5 29 ph 15

Note: Award A7 for one error, A9 otherwise.

probabilities from g(x):
X 0 1 2 3 4
P(X=x | 4 1 2 5 8

10 10 10 10 10

Notee Award 471 for one error, AG otherwise.

only in the case of f(z) does >’ P(X=x)=1, henceonly f(x) canbeused
as a probability mass function

(e
E(x)=Zx-P(X=x)
5 22 63 140 230( 46]

=—t—t—F—=—|=
F5 075 077578 15

4-(MAT/10_HL_Winter_2012_Q3)-Functions-Roots,Graphs

(a) METHOD 1

Fx)=(x+D(x-1)(x-2)
=x -2 —x+2
a=-2,b==-1land ¢=2
METHOD 2

from the graph or using f(0)=2

c=2

setting up lincar equations using f(1)=0 and f(-1)=0 (or f(2)=0)
obtain ¢ =-2, b=-1

b @® (1.0), (3,0)and (4, 0)

(i) g(0)occurs at 31(-2)
=-36

A _
i
’

20122022 407



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

5-(MAT/10_HL_Winter_2012_Q12)-Functions-Roots,Mathematicallnduction

X
X 2-
@) (fofxm=f(2_x)=2_ x
2-x
X
(Fofim=—

(b)y  P(m):(f oS o0 f)(x)=F (x)

n times

P f(x)=F(x)

X X X
LHS = = d RHS =F, (x) = =
/() 2o " 1 () 2-2'-Dx 2-x
S P(1) true
assume that P (k)is true, ie., (fo fo...0 f)(x)=F (x)
k times

consider P(k +1)

EITHER
(fof oo )@ =| fofof oo f (x)=f(F,(x)
k+1 times k times

o
_ x 2 (2 -Dx
_f(zk—(Zk—l)x _2_ X

2° - (2°-Dx
X X

22 -2 -l)-x 2T -@7 -2

OR

(fOfO---Of)(JC)={f°f"f°---"f (¥) = F(f(x))

k+1 times k times
X
_ ( X ) 2—x
=F, =
2-x 9 (2k 1 X
_ X
2 by x4 x
THEN
X
=l (x)

= 2[C+1 _ (2[C+1 _ l)x
P (k) true implies P(k +1) true, P(1) true so P(n) true forall n€ Z*

.



IBDIPLOMA MATHEMATICSAA-HL-P1

(¢) METHOD 1

y 5 p
x=—+ =25 (2" -Dxy=
> Dy (2" -Dxy=y
=2nx=((2”_1)x+l)y=y=(2n_21ﬁ
s o
(2" -Dx+1
F! -
- =
X+
2" 2"
FMx) =t
(1-2")yx+2™"
Fl'x)= X
- () 27 -27-Dx
METHOD 2
attempt 5 (E1 (x))
o
-, Ji _ 2"-2"-Dx
2" -(2"-Dx 27 (27 - 1) X
2" - (2" -Dux

X
T2 - (2 - 1)) - (2" - D)x

Note: Award A7 marks for numerators and denominators.

X
=—=X
1
METHOD 3
attempt F (Ffﬁ1 (x))
X
_F| x_n _ 27 - (27" -Dx
27 - (27" =-Dx

X
22" -@27 -Dx)-2" -Dx

Note: Award A1 marks for numerators and denominators.

X
=—=x
1

CH1-ALGEBRA-FUNCTIONS-ROOTS

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

@ @ FO=0 F0=1

(i) METHOD 1

2 (2" Ty =1=(2 = 1)(1- %)
>0if 0<x<l and nEZ

X X
$0 2" (2" -Dx>land F(x)=——— <~ (< x
(2'-1) = <Y
F(x)=— > <xforO<x<land n€Z"
> (2"~ 1x
METHOD 2
X

S <x e 2 (2 -Dx>1
-2 -T)x

= (2 -Dx<2' -1

; _i =1 true in the interval ]O, 1[

< x<

(i) B, = 2(41 -%) (=24 -1)

6-(MAT/12_HL_Summer_2013_Q12)-Functions-Roots,Graphs

(a) by division or otherwise

5
Je=2-1
. .5
(b) f(x)f(ﬂz)2

>0 as (x+2)° >0 (onD)

Note: Do not penalise candidates who use the original form of the function to
compute its derivative.

.
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MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

d @

EITHER

rearrange y = f(x) to make x the subject
obtain one-line equation, e.g. 2x—1=xy+ 2y
2
. y+1
2=y

OR

mnterchange x and y

obtain one-line equation, e.g. 2y—1=xv+ 2x
~ 2x+1

- 2—x

THEN

2x+1
2—x

)=

Note:  Accept

-2

- X

(i), (iii)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

() (D

—f}-

—g

Note: Al for correct sketch x>0, Al for symmetry, 41 for
correct domain (from —1 to +8).

Note:  Candidates can FT on their sketch in (d)(11).

(ii)  attempt to solve f(x)= _%

obtain x = 2
9
use of symmetry or valid algebraic approach

obtain x=— g
9

CH1-ALGEBRA-FUNCTIONS-ROOTS

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

7-(MAT/10_HL_Winter_2013_Q3)~Functions-Roots,Graphs

(a) y
A
10—
5_

— o o — -

T T T 1 — T T

5 O 10 %
_5_

shape with y-axis intercept (0, 4)

Note: Accept curve with an asymptote at x =1 suggested.

correct asymptote y =1

(b) rangeis f '(x)>1 (or ]1, w[)

Note: Also accept ]1.10]or [1,10[ .

Note: Do not allow follow through from incorrect asymptote in (a).

(¢) (4.0 =>Inda+b)=0
—da+b=1
asymptoteat x=1 >a+b=0

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

8-(MAT/11_HL_Summer_2014_Q4)-Functions-Roots

—48
F’1+?‘2+7‘3=?

9-(MAT/12_HL_Summer_2014_Q8)-Functions-Roots

(a) 1-2(2)=-3and %(2—2)2—3=—3

both answers are the same, hence f 1s continuous (at x=2)

Note: RI may be awarded for justification using a graph or referring
to limits. Do not award A0R1.

(b) reflection in the y-axis
1+2x, x=2-2

A %(x+2)2—3, x <=2

Note: Award M1 for evidence of reflecting a graph in y-axis.

. 2
translation (O]

2x=3, x=20

x)y=
g(x) %x2—3, x<0

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

10-(MAT/12_HL_Summer_2014_Q14)-Functions-Roots

(@) i

T/

= 7,

Note: Al for correct shape, A1 for asymptotic behaviour at y = +T

X
domain of ~og is equal to the domainof g : xe® , x#0

(b) hog(x)= arctan(l]

(¢) (1) f(x)=arctan(x)+arctan [l]
X

£(x) = 1 _y ll X_Lz
I+x 1+ — X
P

1

, 1 .
x)= +—
/(%) l+x* x°+1

A
) o)

20122022
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CH1-ALGEBRA-FUNCTIONS-ROOTS

(i)

20122022

METHOD 1

f 1s a constant
when x>0
n =

.f(1)=1+z

T

2

METHOD 2

(e

o
from diagram

1
@ = arctan—
X
o/ =arctanx

g+o="
2

hence f(x)= T
2
METHOD 3

tan( f(x)) = tan (arctan (x)+arctan (l J]
x

1
X+
— X

denominator =0, so f(x) =g (for x>0)

A
) o)

416
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(d) (1) Nigelis correct. Al
METHOD 1
arctan (x) 1s an odd function and i 1s an odd function
composition of two odd functions 1s an odd function and sum
of two odd functions is an odd function Ri

METHOD 2

f(=x)=arctan(—x)+ arctan [—l] =—arctan (x)—arctan (l]= —f(x)
X X

therefore f is an odd function. Ri

() f(x)=-3 Al

11-(MAT/10_HL_Winter_2014_Q1)-Functions-Roots,Graphs

@ g@=—+1

Note: Award A7 for x+3 in the denominator and A4 for the “+1"".

(b)y x=-3
y=1

.
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MATHEMATICSAA-HL-P1

12-(MAT/10_HL_Winter_2014_Q11)-Functions-Roots,Differentiation, Integration

(2)

(1) x = 63y+1

CH1-ALGEBRA-FUNCTIONS-ROOTS

Note: The MI is for switching variables and can be awarded at any stage.
Further marks do not rely on this mark being awarded.

(b)

(c)

taking the natural logarithm of both sides and attempting to transpose

(£ ) =3anx -1

(i) xe R or equivalent, for example x > 0.

1 1 1 :
Inx= g(ln x—1=In x—gln X= 3 (or equivalent)

Inx= —% (or equivalent)

1
coordinates of P are {e 2,—%]

coordinates of Q are (1, 0) seen anywhere
dy_1
dx x
dy
at Q, =—=1
Q dx
y=x -1

.
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(d) let the required area be 4
A= [ x=1dx— | Inxd

Note: The M1 is for a difference of integrals. Condone absence of limits here.

attempting to use integration by parts to find Ilnxdx

2 <]
= {x——x} —[xInx—x];
2 1k

2

Note: Award AF for %—x and Af for xInx—x.

Note: The second M1 and second A1 are independent of the first M7 and the first A1.
_ez_e_l &' —2e-1
2 2 2

(¢) (i) METHOD 1

consider for example A(x)=x—-1-Inx

A(H=0 and A'(x)=1- 1
x

as A'(x)20 for x=1,then A(x)=0 for x>1
as A'(x)<0 for 0<x<1,then A(x)20 for 0 <x<1
so g(x)<x—1, xeR"

METHOD 2

)=
x
2"(x)<0 (concave down) for xe R"
the graph of y =g (x) is below its tangent ( y =x—1 at x=1)
so g(x)<x—1, xeR’

.
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METHOD 3
Y

v

e
clear correct graphs of y = x — 1 and Inx for x > 0

statement to the effect that the graph of Inx is below the graph of
its tangent at x =1

(i1) replacing x by 1 to obtain ln[ljsll[: 2]
X

xX) x X
~lnx£l~1[— I—_xJ
X X

lnx> l—l{: x_—l}
X X

SO x—_ISg(x), xeR"
X

A
) o)

20122022 420



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

13-(MAT/11_HL_Summer_2015_Q5)-Functions-Roots

(a) EITHER
J(=x)=f(x)
= ax’—bx+tc=ax’ +bhx+c=2bx=0, (VxeR)
OR
y-axis is egn of symmetry
—-b
so —=1(
2a
THEN
=b=0

by g(—x)=—gx)= psin(—x)—gx+r=—psinx—gx—r
= -—psinx—gx+r=—psinx—gx—r

Note: M1 is for knowing properties of sin.

=2r=0=r=»0

Note: In (a) and (b) allow substitution of a particular value of x

©  h(-x)=h(x)=—h(x)= 2h(x)= 0= h(x)=0. (Vx)

.
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14-(MAT/11_HL_Summer_2015_Q6)-Functions-Roots, Integration

3x—2

@ [fixoy= fiy-ox
2x-1
3x-2
y= al = 3x—-2=2xy—y
2x-1
=3x—2xy=—y+2
x(3-2y)=2-y
9
x= b4
3-2y
- 2—-vy
Loy —
(= 32,

d,n 2—X 3
I @=300 (”2]

Note: xand y might be interchanged eatrlier.

Note: First M1 is for interchange of variables second M1 for
manipulation

Note: Final answer must be a function of x

0 X244 B a2 4@x-1)+B
2x—1 2x—1
equating coefficients 3=24 and -2=-4+25

A:3 and B:—l
2 2

Note: Could also be done by division or substitution of values.

©) jf(x)dx=%x—i]n|2x—1|+c

.
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15-(MAT/11_HL_Summer_2015_Q7)-Functions-Roots

(b)

(ii ((—1)”2—":}—%:(—18)

n

Note: First A7 is for the negative sign.

METHOD 1

if A satisfies p(4)=0 then g(1-4)=0
so0 the roots of ¢ (x) are each 4 less than the roots of p(x)

so sum of roots is —%—4>< 5=-20.5

METHOD 2

px+H=2x"+2x5x4x" ... +x".. =2 +41x" ...

s0 sum of roots is —7 =-20.5

CH1-ALGEBRA-FUNCTIONS-ROOTS

.
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16-(MAT/11_HL_Summer_2015_Q9)-Functions-Roots

@ gof(m=g(/f®)
T
=g (2x+;j

=3$in[2x+%]+4
(b) since —1<sinf <+1,rangeis [1, 7]

© 3sin| 20+ E |+4=7= 20+ =T 2pm = w2 SF b
5 ) 20

23
s0 next biggest value is 2—;

Note: Allow use of period.

(d) | Note: Transformations can be in any order but see notes below.

stretch scale factor 3 parallel to y axis (vertically)
vertical translation of 4 up

Note: Vertical translation is % up if it occurs before stretch

parallel to y axis.

1
stretch scale factor E parallel to x axis (horizontally)

horizontal translation of %to the left

.
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17-(MAT/12_HL_Summer_2015_Q10)-Functions-Roots

(@)

Note: |n the diagram, points marked A and B refer to part (d) and
do not need to be seen in part (a).

shape of curve

Note: This mark can only be awarded if there appear to be both
horizontal and vertical asymptotes.

intersection at (0, 0)
horizontal asymptote at y=3
vertical asymptote at x=2

(b) y=

.
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(©)

(d)

MATHEMATICSAA-HL-P1

METHOD 1

2 3
attempt to solve xR
x=3 x-2

2x(x—2)=3x(x-3)
x[2(x—2)—3(x—3)] =0
x(5—x)=0
x=0o0rx=5

METHOD 2

METHOD 1

3 _3 aNDatB: X =3
x=2 2 x=2 2
6x=3x-6

x=-2

at A:

3

2
solutionis -2 < x < ;

METHOD 2
3x ¥ (3Y
< —
x—-2 2

9x* < %(x—2)2

3 +4x—-4<0
(3x-2)(x+2)<0

x=-2

xX=

w | w2

2
solutionis —2< x < E

CH1-ALGEBRA-FUNCTIONS-ROOTS

.
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(e) —2<x<2

MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

18-(MAT/12_HL_Summer_2015_Q11)-Functions-Roots,Differentiation, Integration

tanx+1
@ gef(x)=——m—
tanx—1

T T
x#z—,0<x<—

4 2
sinx_|_1

b) tan x+1 _cosx
tan x—1 sinx_1
COS X

_sinx+cosx

SiN X — COS X

(c) METHOD 1

dy  (sinx — cosx)cosx — sinx) — (sinx + cos x)(cosx + sin x)

dx

(sinx — cos x)*

: 2 =2 : 2 =2
dy (2SIHXCOSJC—COS X — sin x)—(2smxcosx+cos X + sin JC)

dx cos? x +sin’ x — 2sin xcos x

-2

1-sin2x

Substitute %into any formula for

_2
1 - smn&
-2

1— &

2-B 2+ B
:ﬂ—_8_4\/§

" =

4 [Hﬁ]

.
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METHOD 2
dy _ (tanx —D)sec” x — (tanx + I)sec’ x
dx (tan x — 1)
_ —2sec’x
(tan x — 1)
4
2sect X -2 =
_ 2sec 6 _ (3] _ _g

] ]

Note: Award M1 for substitution of E.

-8 -8 (4+2\/§)

(1-+3) (4—2J§)(4+2J§)=‘8—4~/5

CH1-ALGEBRA-FUNCTIONS-ROOTS
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Sinx + cos x

(d) Area = dx

SinXx — COS x

cz!..—-..oqa

m
= |[]n|sinx — COS8 x|]§

Note: Condone absence of limits and absence of modulus signs at
this stage.

. T T
= [In[sin — — cos—
6

- lnlsinO — COS O|

=[ln|= - X2

= |In

w72 ()

=ln( 2 ><\/§+1]

\/5—1 Jg+1

.
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19-(MAT/12_HL_Summer_2015_Q12)-Functions-Roots

(@)

(b)

(i)—(iii) given the three roots «, f3, ¥ , we have
¥+ pxttgete=(x—a)(x—(x—-¥)

= (x2 —(a+ﬁ)x+a’ﬁ)(x— ¥)
=x"—(a+p+y)x" +(@f+ Py +ya)x—apy
comparing coefficients:

p=—(a+p+y)

q=(af+py+yx)

c=—apy

METHOD 1
i) Given —a—f—y=-6
And aff + By + vy =18

Let the three roots be o, 53,7 .

So p-a=y-p
or2f=a+y

Attempt to solve simultaneous equations:

p+2p=6
p=2

i) o+y=4

2042y +ay =18
= ¥ =4y +10=0

y_4ii\/ﬁ

2

Therefore c=—affy = —(

2 2

4+i«/ﬁ14—iﬂ]2=_20

CH1-ALGEBRA-FUNCTIONS-ROOTS

.
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CH1-ALGEBRA-FUNCTIONS-ROOTS

METHOD 2

() letthe threerootsbe o, a—d., a+d
adding roots
to give 3 =6
a=2

(i) o isaroot,so 2°—6x2*+18x2+¢c=0
8—24+436+c¢=0
c=-20

METHOD 3

() letthe threerootsbe ., a—-d., a+d

(ii)

adding roots
to give 3a =6
a=2

g=18=22-d)+2-2+d)+ 22+ d)

d*=—6=d =461
= c=-20

.
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(©)

METHOD 1

Given —a—-f—y=—6
And aff+ fy+ya =18

Let the three roots be ., f,¥ .

a p
or Br=ay

Attempt to solve simultaneous equations:

aff+y3+ =18
ﬁ(a+ﬁ+;f)=18
6/ =18

p£=3

a+y=3,a=

R

= 7> —3y+9=0

3+i427
r=——

Therefore ¢ =—affy = —[

2 2

METHOD 2

let the three roots be a, ar, ar’

3+i«/ﬁ}[3—im]3:_27

CH1-ALGEBRA-FUNCTIONS-ROOTS

attempt at substitution of «. ar, ar’ and p and g into equations from (a)

6=a+ar+ar (=a(1+r+r2))

18=d’r+a’r +a’r’ (= azr(l+r+r2))

therefore 3=ar
therefore ¢ =—a'r'=-3"=-27

.
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CH1-ALGEBRA-FUNCTIONS-ROOTS

20~-(MAT/10_HL_Winter_2016_Q3)=-Functions-Roots

@ a=1 A1
c=3 A1
[2 marks]
(b) use the coordinates of (1, 0) on the graph M1
b
f(l):0:>1+ﬁ:0:>b:2 A1
[2 marks]
21-(MAT/10_HL_Winter_2016_Q5)~-Functions-Roots
o+ p=2k A1
af=k-1 A1
(a+ BV =4 o'+ f*+ 2af = 4 M1)
——
k-1
at+ pr=akt- 2%k +2
a+ == 4 -2-2=0 A1
attempt to scolve quadratic M1)
k=1, -1 A1
2
[6 marks]
22-(MAT/12_HL_Summer_2017_Q2)-Functions-Roots
(@ -11<f(x)£21 A1A1
‘ Note: A7 for correct end points, AT for correct inequalities.
[2 marks]
" x—35
k) [f)=3 5 (M1)A1
[2 marks]
() -11£x<21,-2< /" (x)<2 A1A1
[2 marks]

A
i
’
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23-(MAT/12_HL_Summer_2017_Q9)~-Functions-Roots,Differentiation, Integration

\

@ (@
Tj =J(x)
- \7(_.
A1 for correct shape
A1 for correct x and y intercepts and minimum point
(ii)
; = J
! N7 )
| #)
' |
|
|
|
._a,; a ) x
I
|
[
|

[
|
|
l
|
|
|

A1 for correct shape

A1 for correct vertical asymptotes

A1 for correct implied horizontal asymptote
A1 for correct maximum point

y?

20122022 434
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iii)

( ¥, |

I |

! [

|

| |

| |

| |

l Va¥ J

F i e

| I

4 [

| |

A1 for reflecting negative branch from (ii) in the x-axis
A1 for correctly labelled minimum point
[8 marks]
(b) EITHER
attempt at integration by parts (M1)
j(xz - az)cosxdx = (xz— az)sinx - j2xsinxdx A1A1
= (xz—az)sinx —2[—xcosx+.fcosxdx] A1l
:(xz—az)sinx+2xcosx—2sinx+c A1l
OR
j(xz - az)cosxdx = J.xz cos xdx — jaz cos xdx
attempt at integration by parts (M1)
_[xz cosxdx = x”sinx — Iszinxdx A1A1
= x’sinx — 2[—xcosx + Icosxdx] At
= x?sinx + 2xcosx — 2sinx
—jaz cosxdx = —a’sinx
j(xz—az)cosxdx= (xz—az)sinx +2xcosx — 2sinx + ¢ A1
[5 marks]

A
i
’
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©) gx)= x(x2 -a )%

g'(x) = (x2 -a )5 + %x(xl— al)'% (2x) M1A1A1

| Note: Method mark is for differentiating the product. Award A7 for each correct term.

1
g'(x)= (x2 - 612)2 +x (xz— al) 2
both parts of the expression are positive hence g'(x) is positive R1

and therefore g is an increasing function (for |x| >a ) AG

[4 marks]

.
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CH1-ALGEBRA-FUNCTIONS-ROOTS

24-(MAT/11_HL_Summer_2017_Q11)~-Functions-Roots,Graphs,Integration
2
. 2 3 1
@ () x+3x+2=|x+=|-—
2 4

iy *¥+3x+2=(x+D(x+1)

(b)
Vertical Asymptote
x=-1
y v Intercept

Vertical Asymptote |+ | T [01 1]

x=-2 ' ' s 1 B Horizontal
: an Asymptote
b y=0
e :
2 2 -
do | \ Local Maximum
| 10 [—3, 4]

2

A1 for the shape

A1 for the equationy = 0

A1 forasymptotesx=-2and x=-1
3

A1 for coordinates (— a —4]

A1 y-intercept [ 0. 1 ]

2
© I 1 (x+2)—(x+1)
" ox+1l x2+2 (x+D(x+2)
_ 1
X+ 3x+2

20122022

A1

A1
[2 marks]

[5 marks]

m1

AG

[1 mark]

437
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CH1-ALGEBRA-FUNCTIONS-ROOTS

1
1 1
(d) —_—
v X+l x+2

=[In(x+1) - In(x +2)],

dx

=In2-In3-In1+1In2

e

o2
Sp 3

(e)
19y

(0,0.5) 1

=

N

<t

-5

symmetry about the y-axis
correct shape

| Note:  Allow FT from part (b). |

2 S

s

| Note: Do not award FT from part (e). ‘

(f)

20122022

At

M1

M1A1

[4 marks]

M1
Al

[2 marks]

(M1)(A1)

At

[3 marks]

A _
i
’

438
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25-(MAT/11_HL_Summer_2017_Q12)~-Functions-Roots,Graphs

(@ sum=20 A1
product =6 A1
[2 marks]
by PH=1-10+15-6=0 M1A1
= (z — 1) is a factor of P(z) AG
| Note: Accept use of division to show remainder is zero.
[2 marks]
(c) METHOD1
(2—1)3(22+ bz+c)=z5—10z2+15z—6 (M1)
by inspection ¢ = 6 A1
(z-”’— 322+ 3z — 1)(z2+ bz + 6) =~ 1022+ 152 - 6 (M1)(A1)
h=3 A1
METHOD 2
o, [} are two roots of the quadratic
h=—(aw+p),c=af (A1)
frompart(@) 1+ 1+1+a+p=0 (M1)
=h=3 A1
Ixlxlxapfp=6 (M1)
=c=6 A1
| Note: Award FT if b = —7 following through from their sum = 10.
METHOD 3
(zj—1022+152—6)+(Z—1)=Z4+23+Zl—9Z+6 (M1)A1
| Note: This may have been seen in part (b). |
z4+23+22—9z+6+(z—1)=23+222+32—6 M1)
23+222+3Z—6+(Z—1)=22+3Z+6 A1A1
[5 marks]
[
o

.
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MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS
d zZ+3z+6=0 M1
-3+, 9-4.6
z= 3 M1
_—3++-15
2
I NE A1
20 2
(orz=1)

Notes: Award the second M1 for an attempt to use the quadratic formula
or to complete the square.

Do not award FT from (c).

[3 marks]
d2
e ) ’: = 20x - 20 M1A1
dx
for x>1 20x — 20 >0 = concave up R1AG
(ii)
6/\y
x
- (1,0) %
(0,-0)
10y
x-intercept at (1, 0) A1
y-intercept at (0, -6) A1
stationary point of inflexion at (1, 0) with correct curvature either side A1
[6 marks]

20122022

A _
i
’
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26-(MAT/12_HL_Summer_2018_Q10)~Functions-Roots

(@) attempt to make x the subject of y = ax+b M1
cx+d
y(cx+d)=ax+b A1
P el A1
a-cy
S =S At
a—cx
| Note: Do not allow y = in place of f'(x). |
a
xX#E—, (xe R) A1l
¢
[ Note: The final A mark is independent. |
[5 marks]
. 1
(b) ) gx)=2+—— A1A1
x-2
(ii)
Y .
H !
5 s
.............. ) IR I
— ] :
I i
: x
2 -1 0 1o\ 2 30 4
1 E
2] E
hyperbola shape, with single curves in second and fourth quadrants and
third quadrant blank, including vertical asymptote x=2 Al
horizontal asymptote y =2 At
intercepts (i Oj, (O, E] A1
2 2
[5 marks]
(¢) the domain of /og is xé%, x>2 A1A1
the range of hog is yZO,y;t\E A1A1
[4 marks]
=
v o

)
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CH1-ALGEBRA-FUNCTIONS-ROOTS

27-(MAT/12_HL_Summer_2019_Q3)-Functions-Roots

2(x) = f(x+2)[=(x+2)* —6(x+2) ~2x+2)+4)

attempt to expand (x+ 2)'I

(v+2) = +a{2x" o 6(27 5" )+ 4{27x )+ 2!

=x'+8x +24x" +32x +16

g(x)=x" +8x" 4 24x" +32x +16-6(x" +4v+4)-2x-d+4

=x'+8x" +18x  +6x—8

M1

m1
(A1)
At

A1

Note: For correct expansion of f(x-2)= v —8x" +18x7 —10x award max MOM1(A1)A0AT. }

[5 marks]
28-(MAT/12_HL_Summer_2019_Q5)-Graphs,Functions-Roots
(a)

.‘.

N
correct shape: two branches in correct quadrants with asymptotic behaviour A1

4
crosses at (4, 0) and (0. g) A1A1
5 1
asymptotes at x = > and y= = A1A1
[5 marks]

20122022
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by (i) «x <5.x24 A1A1

iy Fx)=20. /()= NG (f(x)eR) Al

| Note: Follow through from their graph, as long as it is a rectangular hyperbola. |

| Note: Allow range expressed in terms of y |

[3 marks]
29-(MathAA/12_HL_Summer_2021_Q1)-Algebra-functions-Roots
attempt to subtract squares of integers (M1)
(n+ l]2 -
EITHER

correct order of subtraction and correct expansion cf (nr +1 )j , seen anywhere A1A7

=n:+2n+]—nl(=2u+l)

OR

correct order of subtraction and correct factorization of difference of squares ATAT

=(n+l-n)(n+l+n)(=2n+1)

THEN

=n+n+1 =RHS AT

Note: Do not award final AT unless all previous working is correct.

which is the sumof » and #+1 AG

Note: If expansion and order of subtraction are correct, award full marks for
candidates who find the sum of the integers as 2s+1 and then show that
the difference of the squares (subtracted in the correct order}is 2n+1 .

20122022

4 marks]

.
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CH1-ALGEBRA-FUNCTIONS-ROOTS

30-(MathAA/11_HL_Summer_2021_Q1)-Algebra-functions-Roots

(@ @ f(2)=6
(M (fof)2)=-2

A1

A1
[2 marks]

M1A1A1

(located roughly at y =3},

Note: Award M1 for an attempt to apply any vertical stretch or vertical translation,
A1 for a correct horizontal line segment between -4 and 0

A1 for a correct concave down parabola including max point at (2,4) and for
carrect end points at (0,3) and (6,0) (within circles). Points do not need to be

labelled.
[3 marks]
31-(MathAA/12_HL_Summer_2021_Q7)-Algebra-functions-Roots
a+pf+a+pf=k (A1)
k
a+ﬁ_2
apf(a+p)=-3k (A1)
2 3
_K [&)__3;( _k_:_g,k M1
4 2 8
3
attempting to solve —§+3f( =0 (or equivalent) for k (M1)
k=26 (=~24)(k>0) A1
Note: Award A0 for i =+2/6 (i\/24).
~ks]
=]

20122022

s
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32-(MathAA/10_HL_Winter_2021_Q2)-Algebra-functions-Roots,Graphs

@ O x=3 A1
(i vy=-2 A1
[2 marks]
() () (-2.0) (accept x=-2) a1
. 4 4 ) 4
(i) [0,3](accept b =3 and f (0) _3) A1
{2 marks]
()
.“'
151 ||
[
[
[
10 - :
[
[
[
51 [
|
[
|
[

—-15+1

Note: Award A1 for completely correct shape: two branches in correct
quadrants with asymptotic behaviour.

[1 mark]

20122022 445
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

(d) METHOD1

ax+ 4
e x = \;:
(g(x)=)v=S—
attempt to find v in terms of » (M)

OR exchange x and y and attempt to find 1’ in terms of x

Lad

y—xv=ax+4 At
ax+xy=3y-4

x(a+y)=3y-4

Jy—4
x=
y+a
Iv—4
L
i .l' = A1
8 ( ) X+tu
Note: Condone use of 1=
g(x}=g (v}
ax+4 _ 3v—4
3-x  x+a
=a=-3 A1t
[4 marks]

A
) o)

20122022 446



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

METHOD 2

g(.\')= ar+4

3—x
attempt to find an expression for ¢{g{x)) and equate to x (M1)
cr[u3;1‘+4}+4
7.:\‘
oy L« A1
glr)=—"~ cz.t+4) ‘
3-x

a(ax+4)+4(3-x)

(9-3x)—(ux+4) -

alav+4)+4(3-x)
5-(3+a)x

=\

a(ax+4}+4{(3-x)=x(5-(3+a)x} A1
equating coefficients of x* (or similar)
a=-3 A1

[4 marks]

Total [9 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

33-(MathAA/12_HL_Summer_2022_Q11)-Algebra-functions-Roots

(@)

y=0 v =—1 x=3
o5
3
, 1
V-intercept 0,—5 A1
Note: Accept an indication of —% on the ¥ —axis.
vertical asymptotes x=—1 and x=3 A1
horizontal asymptote y=0 A1
uses a valid method to find the x- coordinate of the local maximum point mM1)

Note: For example, uses the axis of symmetry or attempts to solve f° ’(x) =0.

1
local maximum point (l’_ZJ A1
Note: Award (M17)AQ for a local maximum point at x =1 and coordinates not
given.
three correct branches with correct asymptotic behaviour and the key features in
approximately correct relative positions to each other A1
[6 marks]

A
i
’

20122022 448



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

® 0 =

| Note: Award M1 for interchanging x and ¥ (this can be done at a |ater stage). |

EITHER
attempts to complete the square

1 —2}*—3:(J1F—1)2—4

o
(1) -4

()-‘1):4% [(J’l):=4+l]

x=

OR

attempts to solve xv° —2xy—3x—1=0 for v

L (20 +4x3x + 1)
. 2‘\-

Note: Award A7 even if — (in +) is missing

Cxzfl6xt +4x

2x

20122022

M1

M1
A1

A1

"1

A1

A1

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

20122022

THEN

VAT x

X

:I+

43 +
>3 and hence v=1-

X
is rejected
X

A1

R1

Note: Award R1 for concluding that the expression for V' must have the '+ sign

The R? may be awarded earlier for using the condition ¥ >3,

VAt 4y

X

N Vax'+x

¥

v=I+

g (%)

(i)

domainof g ' is x>0

AG

A1
7 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

(c) attempts to find (70 g)(a) (M1)
(hog)(a)=arctan| £ | (hog)(a) =aretan| ——L— (A1)
2 2(a®-2a-3)
g(a) TT 1 _ T
arctan| =——~2 |=— arctan| ———— |=—
m‘m[ 2 } 4 { {2(01‘—261—3)} 4]
attempts to solve for g(a) m1
Se(@)=2 |2
a)= T N
& (af —2a—3)
EITHER
=a=g 1(2) A1
attempts to find their g '(2) M1
4(2) +2
a1, 4R 2 A1
2
Note: Award all available marks to this stage if x is used instead of « .
OR
=2a —4a-7=0 A1
attempts to solve their quadratic equation M1
~(4)£(H4) +4((7) (_4£v72
a= = A1
4 4
Note: Award all available marks to this stage if x is used instead of « .
THEN
a:1+%~/§ (as a>3) A1
(p=1g=3r=2)
Note: Award A7 for a:1+%\/1_8 (p=Lg=1r=18).
[7 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

34-(MathAA/12_HL_Summer_2022_Q9)-Algebra-functions-Roots

METHOD 1 (rearranging the equation)

assume there exists some o €7 such that 2¢> +6a+1=0 M1

Note: Award M1 for equivalent statements such as ‘assume that « is an integer
root of 2a’ + 6a +1=10". Condone the use of x throughout the proof.

Award M1 for an assumption involving a’ + 3« +% =0.

Note: Award MO for statements such as “let's consider the equation has integer

roots...” ‘“let @ € Z be arootof 2&° +6a+1=0..."
Note: Subsequent marks after this M7 are independent of this M1 and can be

awarded.
attempts to rearrange their equation into a suitable form M1
EITHER
2a’ + 60 =-1 A1
ae? =20 +6c is even R1
2a" +6a = —1 which is not even and so ¢ cannot be an integer R1

Note: Accept ‘2a” + 6a =—1 which gives a contradiction’.

OR

1:2(—053—3(1) A1
an:)(—(Z3—3(I)EZ R1
=1 is even which is not true and so « cannot be an integer R1

| Note: Accept ‘=1 is even which gives a contradiction’.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

OR

1 3

—=—a —3a A1

2

an:)(—(XS—&I)EZ R1

; ) , 1 .

—a” —3a is not an integer =5 and so a cannot be an integer R1

Note: Accept ‘—a” —3a is not an integer =5 which gives a contradiction’.

OR

1
2(ar2 +3)
1
ael=>—-————cl R1
2(0:“ +3)
—+ is not an integer and so ¢ cannot be an integer R1
2(a +3)
Note: Accept —; is not an integer which gives a contradiction’.
2(a +3)

THEN

so the equation 2x’ +6x+1=0 has no integer roots AG
[5 marks]

20122022

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

METHOD 2

assume there exists some « €7 such that 2o’ +6a +1=0 M1

Note: Award M1 for statements such as ‘assume that « is an integer root of
20’ +6a+1=0". Condone the use of x throughout the proof. Award M1

Lo . 1
for an assumption involving &’ + 3« +E =( and award subsequent marks

based on this.

Note: Award MO for statements such as “let’s consider the equation has integer

FIA 3

roots...”, “let ¢ €Z be aroot of 2¢° +6a+1=0 ...

Note: Subsequent marks after this M7 are independent of this M7 and can be
awarded.

let f(x)=2x"+6x+1 (and f(a)=0)

f'(x)=6x"+6>0 forall xeR = f is a (strictly) increasing function M1A1

f(0)=1and f(-1)=-7 R1

thus f(x) =0 has only one real root between —1 and 0, which gives a contradiction

(or therefore, contradicting the assumption that f(a) =0 for some a €%), R1

so the equation 2x* +6x+1 =0 has no integer roots AG
[5 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

35-(MathAA/12_HL_Summer_2022_Q6)-Algebra-functions-Roots

(a)

attempts to replace x with —x

)= —rfi-(=)
=l () (=—F ()

M1

A1

Note:

Award M1A1 for an attempt to calculate both f(-x}and - f{-x)
independently, showing that they are equal.

Note: Award MTAQ for a graphical approach including evidence that either the

graph is invariant after rotation by 180° about the origin or the graph is
invariant after a reflection in the y-axis and then in the x-axis {(or vice

versa).

so [ is an odd function

attempts both product rule and chain rule differentiation to find f(\)

_f"(.r):xx;%(*z-\')x(l*"'2) IE-F(]f"rz)lle [_ - x"lx—z_\’zj

1 —2x°
NI

sets their f"(x}=0

]
= xyx=t—
NE)

attempts to find at least one of _f'[+LJ

V2

AG
[2 marks]

M

A1

M1

At

(M1)

Note:

Award M1 for an attempt to evaluate f(x)at least at one of their j"{_r) =0

roots.

1 1
a=——and h=—
2 2

At

Note:

Award AT for ,l <) sl.
2 2

20122022

[6 marks]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

36-(MathAA/12_HL_Summer_2022_Q2)-Algebra-functions-Roots

(@)

20122022

(!T—])+!I‘+(H+l)
=3n

which is always divisible by 3

(n —l)j +n +(n+l): (=0 =2u+1+w + +2n+1)

attempts to expand either (# - I): or {4+ l): (do not accept n° —1 or " +1)
=3 +2

demonstrating recognition that 2 is not divisible by 3 or % seen after correct
expression divided by 3

3n’ is divisible by 3 and s¢ 3a° +2 is never divisible by 3
OR the first term is divisible by 3, the second is not

3r72+2_ v 2

=0+ =

OR 3(:;-*%] OR

hence the sum of the squares is never divisible by 3

(A1)
A1

AG
f2 marksj

A1
(M1)

A1

R1

AG
f4 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

37-(MathAA/11_HL_Summer_2022_Q8)-Algebra-functions-Roots

Assume that ¢« and & are bath odd. m1

Note: Award MO for statements such as “let # and b be both odd”.

Note: Subsequent marks after this MT are independent of this mark and can be
awarded.

Then a=2m+1 and =20 +1 At

@+ =Qm+ 1) +(2n+1y

=4ur +dimn+1+4n" +4n+1 A1t
=4(m" +m+n’+n)+2 (A1)
(4(m2 +m+n +n) is always divisible by 4) but 2 is not divisible by 4. {or equivalent) R1
=« +b° is not divisible by 4, a contradiction. (or equivalent) R1
hence « and b cannot both be odd. AG

Note: Award a maximum of MTAGAO(ACIRTRT for considering identical or two
consecutive odd numbers for ¢ and b .

{6 marks]

.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

38-(MathAA/11_HL_Summer_2022_Q3)-Algebra-functions-Roots

(@)

(b)

(f e @)x) = f(2x)
£(2x) =+[38in2x + cos 2x

\/5 Sin2x+cos2x =2c¢o82x
\/5 sin2x=cos2x

recognizing to use tan or cot

1

tan2x = OR cot2x =\/§ (values may be seen in right triangle)

J_J g (seen anywhere) (accept degrees)

(A1)

A1
[2 marks]

M1

(A1)

(A1)

A1A1

Note: Do not award the final A7 if any additional solutions are seen.

Award A71AO0 for correct answers in degrees.
Award AOAO for correct answers in degrees with additional values.

20122022

[6 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH1-ALGEBRA-FUNCTIONS-ROOTS

39-(MathAA/10_HL_Winter_2022_Q8)-Trigonometry,Algebra-functions-Roots

(@)

A

Note: For sinusoidal graph through the origin seen with incorrect a, or use of
horizontal line test with incorrect a, award ATA0

AN .

sketch showing sinusoidal shape decreasing as it crosses the y-axis

(below or above the origin)

a=k-mx

20122022

A2
A1
(A1)

A1

[5 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

40-(MathAA/10_HL_Winter_2022_Q3)-Algebra-functions-Roots

(@)

CH1-ALGEBRA-FUNCTIONS-ROOTS

Note: Award a maximum of MTADAG if the candidate manipulates both sides of
the equation { such as moving terms from one side to the other ).

METHOD 1 (working with LHS)
attempting to expand (03 - I): (do not accept a* +1 or a* —1)

at = 2a" +1 da +at - 2a + 1
or 7

LHS=a" +

a+2a
4

_ (“:;]]2 (= RHS)

(M1)

A1l

At

AG

Note:

Do not award the final A1 if further working contradicts the AG.

METHOD 2 (working with RHS)
attempting to expand (a” +1 )2

at+2a” + 1

RHS =

Ad’rat -2a” +

(mM1)

A1

A1

Note:

Do not award the final A1 if further working contradicts the AG.

[3 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH1-ALGEBRA-FUNCTIONS-ROOTS

(b) recognise base and height as « and [aT

correct substitution into triangle area formula

T afa -1 P
Area :%[%] (or equivalent) | = ( ): a-d

— ] (may be seen in diagram) (M1)
A1

4 4
[2 marks]
[}

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

1-(MAT/11_HL_Summer_2013_Q12)-Quadratics,Graphs,Integration

(a)  4(x 037 +4

| Note: A7 for two correct parameters, 42 for all three correct.

0.5
(b) translation [ 0 j (allow 0.5 to the right™)

stretch parallel to y-axis, scale factor 4 (allow vertical stretch or similar)

0
translation (4} (allow “4 up™)

| Note: All transformations must state magnitude and direction. |

Note: First two transformations can be mn either order.

It could be a stretch followed by a single translation

0.5 0
of (4 } If the vertical translation 1s before the stretch it 1s (1 } .

(c)

o2

general shape (including asymptote and single maximum in first quadrant),

. 1 . 11
intercept | 0, — | or maximum | —, — | shown
5 2 4

o
o



IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

(dy 0<f(x)<

| =

Note: A1 for <%,A1 for 0<.

1
let u=x——
(e) et u=x >

jxu—l (or du=dx)
1
I4x—4x+5 -] e &
4[3(:—5] +4
J.4u +4 :_I u +1

Al mark.

Note: If following through an incorrect answer to part (a), do not award final

== U

35 1 e 1
I ———dr 3
U 4x” —4x+35 440547 +1

()

error in the integral).

Note: AT for correct change of limits. Award also if they do not change limits
but go back to x values when substituting the limit (even if there 1s an

i[arctan (”)]3_5

1 {arctan (3) —arctan (ID
4 2

let the integral =7

tan4/ = tan [arctan (3)—arctan {%D

3-05 25
1+3%x0.5 2.5
ar=" =>7="

4 16

)



IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

2-(MAT/12_HL_Summer_2014_Q4)-Quadratics

(a) using the formulae for the sum and product of roots:

o+ f=-2
1

off =——

# 2

o+ B =(a+ By - 208

, 1
i

=5

Note: Award M@ for attempt to solve quadratic equation.

) (x—)x=p)=x"—(+ )x+p

2
x —5x+(—l} =0
2

x2—5x+1:0
4



IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

3-(MAT/10_HL_Winter_2014_Q2)~-Quadratics
(a) using the formulae for the sum and product of roots:

() a+pf=4

() ap =2

Note: Award 4040 if the above results are obtained by solving the original
equation (except for the purpose of checking).

(b) METHOD 1

2 2 2y 2
required quadratic is of the form x* — (—+ Jx + (—](—J

a p) \a)\p
4
"
g=28
e
a f
_ 2+t B)
- 7
2x4
-
2
p=-16
METHOD 2
replacing x with 2
x
2
2[2] _8[E]+1=o
x x
%—E+1=O
X x
x'—16x+8=0

p=-16 and g=8

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH2-QUADRATICS

4-(MAT/10_HL_Winter_2020_Q6)-Quadratics, Trigonometry

METHOQD 1
. 1% ) h
sinf@cos@=— and sinf+cosf=—— At
o ¥
attempt to square sin @+cosf M1
b ] 2 .
— = |(sin@+cosB) =1+2sinfcosd A1
e
b; (=I+25in OcosO)=1 +£ A1
a- a
b =’ + 2ac AG
[4 marks]
METHOD 2
asin“@+hsin@+c=0 and acos" @+bcosH+c=10 At
adding the two equations 1
a+b(sind+cos@)+2¢c=0 At
b
g+hx——+2¢c=0 A1
o
at —b 20 =0
b =a +2ac AG
[+ marks]
[}

.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

5-(MathAA/11_SL_Summer_2021_Q7)-Quadratics

(a)

20122022

METHOD 1 (discriminant)

mx” —2mx =mx—9

mx® =3mx+9=0

recognizing A =0 (seen anywhere)

A= (—3m)2 —4(m)(9) (do not accept only in quadratic formula for x)
valid approach to solve quadratic for m

- 36++/36" —4x9x0

9m(m—4)=0 OR m
2x9

both solutions m =0,4

m# 0 with a valid reason
the two graphs would not intersect OR 0= -9
m=4

METHOD 2 (equating slopes)

mx® —2mx=mx—9 (seen anywhere)

f'(x)z 2mx—2m

equating slopes, f'(x)=m (seen anywhere)

2mx—2m=m

2
2m——m =—m=-9
4
om__
4
m=4

(M1)

M1
A1
(M1)

A1

R1

AG

(M1)

AG

A
) o)

467



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH2-QUADRATICS

METHOD 3 (using _—b)
2a

mx® —2mx = mx—9 (M1)
mx” —3mx+9=0
attempt to find x-coord of vertex using ;—b (M1)
a
—(-3
—(5m) At
2m
Jc:E A1
2
substituting their x value (M1)
[3] m—3m><z+9=0
2 2
2m—2m+9:0 A1
4 2
—9m =-36
m=4 AG
4x(x=2) (A1)
p=0and g=2 OR p=2 and ¢=0 A1
attempt to use valid approach (M1)
0+2 —(-8) 2 >
_, —, 1), 8x—8=0 OR 4({x" -2x+1-1}[=4(x-1) -4
= () ( J(=4(x-1)'-4)
h=1, k=—4 A1A1
EITHER
recognition x =/ to 2 (may be seen on sketch) (M1)
OR
recognition that f(x) <0 and f'(x)>0 (M1)
THEN
l<x<2 A1A1

| Note: Award A1 for two correct values, A7 for correct inequality signs.

20122022

A
i
’

[6 marks]

[2 marks]

[3 marks]

[3 marks]



IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

6-(MathAA/10_SL_Winter_2021_Q1)-Quadratics

(@ () setting /(x)=0
x=1, x=-3 (accept (1,0).(-3,0))

{i) METHOD 1
x=-]

substituting their x-coordinate into
r=8

(-1.8)

METHOD 2
attempt to complete the square

72((.\-+1)14)
y=-1, v=8

(-1.8)

by h=-1
k=8

20122022

(M1)
At

A1
(M1)
A1

(M1)

ATA1

5 marks]

A1t
At

[2 marks]
Total [7 marksj

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH2-QUADRATICS

7-(MathAA/10_HL_Winter_2021_Q7)-Quadratics
(a) attempt to use discriminant #” — 4ac(=0)
(2p) —=4(3p)(1-p)(>0)
1657 —12p(>0)
;)(4,()—3)(‘:- 0)
attempt to find critical values [p =0, p= %J
recognition that discriminant > 0

3
n <0 or p>—
yi P Py

Note: Condone ‘or’ replaced with 'and’, a comma, or no separator

() p=4=12x +8x=3=0

—h+AhT —dge
valid attempt io usex = % (or eguivalent)
i

. 814208
T

2213
' 6
a=-2

20122022

M1

(A1)
M1

(M1)

A1

5 marks]

At
2 marks]

Total [7 marks]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

1-(MAT/20_HL_Winter_2013_Q3)-Graphs,Exponentials-Logarithms

@ Y

D s

A correct graph shape for 0 <x<10.

maxima (3.78, 0.882) and (9.70, 1.89)
minimum (6.22, —0.885)

x-axis intercepts (1.97,0), (5.24,0) and (7.11,0)

Note: Award A7 if two x-axis intercepts are correct.

(b) 0<x<197
524<x<7.11

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

2-(MAT/20_HL_Winter_2013_Q13)-Functions-Roots,Exponentials-Logarithms,Integration

(a) (1) either counterexample or sketch or
recognising that y =% (k >1) intersects the graph of y = f(x) twice .
function 1s not 1-1 (does not obey horizontal line test)
so ' does not exist

(i) r=o(e—e")

7(In3) =§ (=1.33)

3
m=——
4
5
f(1n3)=5 (=1.67)
EITHER
_3
YTy 3
x—In3 4

20
4y—?=—3x+3]n3

OR

E=—§ln3+c
3 4

5 3
c=—+—In3
3 4

y=—%x+§+zln3

12y =-9x+20+4+9In3

THEN
9x+12y-9In3-20=0

(iii) The tangent at (a, f(a)) has equation v— f(a)= f'(a)(x—a).
f(a)

[(a)=—= (or equivalent)
o
e’ +e™ .
e’ —e’ = (or equivalent)
o
attempting to solve for a

a==1.20

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

(b)y () 2y=e'+e”

e’ —2ye" +1=0 MiAl
Note: Award M1 for either attempting to rearrange or interchanging
x and y.
2y=+ \/4 |
o = 2 Y Al
2
¢ =yxy’ -1
x=ln(yi yz—l) Al

fl(x)=ln(x+\/Jz) Al

Note: Award A1 for correct notation and for stating the positive “branch™.

Gy V=n f(ln ( e +\/y2_—1))2 dy MDA

d
Note: Award M1 for attempting to use " = nj x*dy .

=37.1 (unitsa) Al

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

3-(MAT/22_HL_Summer_2016_Q3)-Exponentials-Logarithms

METHOD 1

]nl=2:,>—lnx+lny=2
X

mhx*+Iny’'=7=2Inx+3lny=7

attempting to solve for x and y (to obtain Inx = l and In y= 1—51)
L

x=e%(=1.22)
H

y=e (=9.03)

METHOD 2

]n£=2:>y=ezx
x

Inx*+Inetx’=7

attempting to solve for x
1

x=¢% (=1.22)
E
y=e° (=9.03)

METHOD 3

]nZ=2:>y=e2x
x

hx’+ny’'=7= ln(x2y3) =7

x2y3 — e7

substituting y = ¢’x into x*y*= ¢’ (to obtain &°x’=¢")
1

x=¢ (=1.22)
E

y=e (=9.03)

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH3-EXPONENTIALS-LOGARITHMS

4-(MAT/21_HL_Summer_2016_Q7)-Exponentials-Logarithms

(@ a=420.65

39094 = g x 2
390.94

27 = =0.929...
420.65

h=-0.10567

(b) N =8 T =33767

| Note: Accept 5sf answers between 337.44 and 337.67.

(c) N =8 Percentage error 1.29%

| Note: Accept negative values of the above. |

(d) likely not to be a good fit for larger values of NV
likely to be quite a good fit for values close to 8

5-(MAT/22_HL_Summer_2017_Q6)-Exponentials-Logarithms

1 1
log,, m(p +2q) = 5(10310 p+log, CI)

1 1
log,, m(p +29)= EIng o

1

1 -
log,, m(p +2q) = log,,(pg)*

1 7
m(p +2q) = (pq)

(p+29)"=8pg

P+ Apg+ 44’ =8pq
P -4pg+4g°=0
(p—29Y=0

hence p=2g

(M1)
(M1)
(A1)
M1
A1
[5 marks]
[
[ )

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

6-(MAT/21_HL_Summer_2019_Q11)-Exponentials-Logarithms

{(a) recognition of the other root = —¢i (A1)
log, a+log. b+ log, e +di—di=3 M1A1

Note: Award M7 for sum of the roots, A1 for 3. Award AOM1A® for just log, a +log, b+ log,c=3. |

log, abe — 3 M1)
= yhe =27 A1l
abe —8 AG
[5 marks]
(b} METHOD1
let the geometric series be u, . ur, ur’
(Hlf')“: 8 M1
=2 At
hence one of the roots is log. 2 =1 R1
METHOD 2
b_e
o b
b =ac=b"=ubc=8 m1
h=2 A1l
hence one of the roots is log, 2 =1 R1
[3 marks]
{c) METHOD1
product of the roots is # x sy xIxdl x—di = -84/ : (M1)(A1)
rxr=—8 Al
sum of the roots is r +#, +1+di+—di=3 (M1)(A1)
KA =2 At
solving simultaneously (M1)
n=-2.n=4 A1A1

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH3-EXPONENTIALS-LOGARITHMS

7-(MAT/10_HL_Winter_2020_Q5)-Exponentials-Logarithms,Sequences-Series
u, =4+ 44 =log, 625 (A1)
4d =log, 6254
attempt to write an integer (eg 4 or 1) in terms of log, M1
4d =log, 625-lug, 16

attempt to combine two logs into one M1

625
del =log,| —
é"( IGJ

o
d—llogﬁ[EJ

4 16
attempt to use power rule for logs M1
625 l
d =log, [E]
5
d = lng(EJ AT
{5 marks]

‘ Note: Award methed marks in any order.

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH3-EXPONENTIALS-LOGARITHMS

8-(MathAA/10_HL_Winter_2021_Q3)~-Exponentials-Logarithms

attempt to use change the base
log, 2 5
log x =T+log;(4.\- )

attempt to use the power rule

log, Jx = log;ﬁﬂog; (4:{3)
attempt to use product or quotient rule for logs, Ing +Inh=Ingb

log,Vx = log, {42x")

(M1)

(M1)

mM1)

Note: The M marks are for attempting to use the relevant log rule and may be
applied in any order and at any time during the attempt seen.

Jr =42y

A=32x°

20122022

(A1)

A1

& marks]

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

1-(MAT/21_HL_Summer_2016_Q5)-Graphs

@ fon -2 10 A1
—x) =
(—x)2 -4
3x"+ 10
=g /W
S = f(=x) R1
hence this is an even function AG

| Note: Award A7TRT for the statement, all the powers are even hence f(x) = f(—x). |

| Note: Just stating all the powers are even is AORO. |

[ Note: Do not accept arguments based on the symmetry of the graph. |

(b) () | |
1101
8
T I
4
.
T T T T T : 0 ; T T T T T
-12-10 -8 6 -4 -2 [o2 4 6 8 10 12
V2]
A
T RE
Lof |
ol |
correct shape in 3 parts which are asymptotic and symmetrical A1l
correct vertical asymptotes clear at 2 and -2 A1
correct horizontal asymptote clear at 3 A1l Qﬁ“
(i f(x)>3
f(x)<-25

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

2-(MAT/21_HL_Summer_2017_Q6)~-Graphs

n
a x=— A1
(a) 2
4 4
[2 marks]
o . . T T
(b} reflection in the y-axis results in y = tan(—x + ZJ [= cot(x + ZD (A1)
. . 1 T 1 T
vertical stretch gives y =—tan| —x +— || = —cot| x + — (A1)
2 4 2 4
translation
1 T 7
y=—tan|—| x——-—1|-3
2 4 4
A1A1
=ltan —x+ 2 |-3 = lc:ot(x) -3
2 2 2
Notes: Award the A7s independently of each other.
Do not penalize the absence of y =.
[4 marks]
[
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS
3-(MAT/20_HL_Winter_2018_Q8)~-Graphs
(@)
y '
X=p
y=q !
........................... T S S
e : X
A\\ : f
v S
— E x
A ; .
y=-q !
either graph passing through (or touching) A A1
cerrect shape and vertical asymptote with correct equation for either graph A1
correct horizontal asymptote with correct equation for either graph At
two completely correct sketches Al
[4 marks]
1
by a -3 +1=0=a=2 A1
P4
from horizontal asymptote, (%j =5 (M1)
412 p-13 At
b 3
) 4
from vertical asymptote, & g +c=0
h=3 c=—4dorb=-3 c=4 A1
[4 marks]
A
v o
’
20122022 481



IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

4-(MAT/22_HL_Summer_2019_Q9)-Graphs

{ay METHOD 1

attempt to find roots or factors {(m1)
roots are -3, 1, (4+1).{4 1) ATAT

[ Note: Award A7 for each pair of roots or factors, real and complex. |

attempt to form quadratic M1
(z—l)(z+3)=zz+2z—3 At
(== (4+i)}(=—(4-1))
:z:—(4—i)z—(4+i)z+l? (A1)
=" —R-+17 At
6 -2 458--51= (:: —8:+|7)(:: +2=z —3]
[7 marks]
(b)
."
>X
—2001
shape A1
x-axis intercepts at (=3. 0), (1. 0) and y-axis intercept at (0, =51) A1A1
minimum points at (—1.62, —118) and (3.72,19.7) A1A1
maximum point at (2.40, 26.9) A1
| Note: Coordinates may be seen on the graph or elsewhere. |
I Note: Accept -3, 1 and —51 marked on the axes. |
[6 marks]
(c) from graph, 19.7<k<26.9 A1A1
| Note: Award A1 for correct endpoints and A1 for correct inequalities. |
[2 marks]
==
T

-
20122022 482



IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

5-(MAT/20_HL_Winter_2019_Q3)~-Graphs

@ /(1)=0 (AT}
F(0)=-1 A1

[2 marks]
() a=7(3) m1)
—a=4 A1

[2 marks]
{c) domainis -2<x<6 At
range is -6 < y <10 At

[2 marks]

6-(MAT/10_HL_Winter_2020_Q10)-Differentiation,Graphs
@ @ f(x)=3a’+2bx+c A1
(i since f ' does not exist, there must be two turning points R1

(= f’(x}=0 has more than one solution)

using the discriminant A > (0 M1
4h° —12ac =0 At
b =3ac >0 AG
[4 marks]

{by () METHOD 1

b-’—sm:=(—3):—3><%xe m1
=9-9

—0 A1
hence g ' exists AG

A
) o)

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH4-GRAPHS

(ii)

(i)

METHOD 2
. 3,
g (x):Ex‘ —6x+6

A=(76)2 74x%x6

A=36-36=0= there is (only) one point with gradient of 0
and this must be a point of inflexion (since g(x) is a cubic.)

hence g ' exists
P=3
(x—2) =x*—6x*> +12x-8
1 3 2 ] 3 2
—(x" —6x7 +12x—8) = x* ~3x” + 6x— 4
2 2
1 5
g(x):a(x—IZ) -4d=qg=—4

xzé(ny)'% -4

M1

R1

AG

A1

(M1)

(M1)

Note: Interchanging x and y can be done at any stage.

2(x+4)=(y-2)
y=32(x+4)+2
g'l(x)zm+2

(M1)

Note: g '(x)=... must be seen for the final A mark.

20122022

[8 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

2
{c} translation through [0]‘ A1l

Note: This can be seen anywhere.

EITHER

!
a stretch scale factor E parallel to the y-axis then a translation through ( 4} A2

OR

0 ]
a translation through [ 8Jthen a stretch scale factor 5 parallel to the y-axis A2

Note: Accept ‘shift’ for translation, but do not accept ‘'move’. Accept 'scaling’ for
‘stretch’.

{3 marks]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

(d)

L
-10 -8

A1A1A1
M1A1

Note: Award A1 for correct ‘'shape’ of g (allow non-stationary point of inflexion)
Award A7 for each correct intercept of ¢
Award M1 for attempt to reflect their graph in y =x, A7 for completely correct

g’l including intercepts

[5 marks]

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

7-(MAT/10_HL_Winter_2020_Q12)-Graphs,Integration

(@)

x=k
v=k
METHOD 1
Jx—5
. _ka—kJS
(J‘Of](x)—kxT
{xk)_k

 k(ke—5)-5(x—k)
 kx—5—k(x—k)

:klx—Sk—5x+5k
Jx—5—bx+k°

k*x—5x

k-5

()
K -s

=X

(fof)(x)=x, (hence ¢ is self-inverse)

A1
[1 mark]

A1
[1 mark]

M1

A1

R1

Note: The statement f(f(x)) = x could be seen anywhere in the candidate’s working to
award R1.

20122022

[4 marks]

A
i
’
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH4-GRAPHS

METHQD 2
. kx—5
X)=
flr)=——,
p= B3 M1
vk
Note: Interchanging x and y can be done at any stage.
x(v—ky=kv-5 A1
xv—xk =ky-5
xv—hkv=xk-5
v(ix—k)y=hr-5 A1
- IO- . . .
v=f x}= —k (hence ¢ is self-inverse.} R1
x—
{4 marks]
A _
v o
’
20122022 488



IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

(d)
y
]
I
I
]
I
]
I
]
1
1
I
]
]
]
I
I
I
_________________ e

—\ !
I
\ .
1

T X
I
1
I
I
1
I
I
I
I
I
]
I
]
1
I
[

attempt to draw both branches of a rectangular hyperbola M1
x=3andy=3 A1

[O,EJ and LE,OJ A1
3 3

[3 marks]

A
) o)

20122022 L 489



IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

(e)

20122022

METHOD 1

volume = J'EJ-:[ 3x -3 ] dx

x=3
EITHER
attempt to express 33 in the form p+ 4
x=3 y-3
v —
3x-=5 _34 4
x-3 x—3
OR

3"‘_5} or (3x—5)" and divide out

attempt to expand (

L

[3\‘—5 ) _g4 24x—56

-3 (_Fj,}l
THEN
[:u—s]: 24 16
=9+ —+ -
x=73 y—3 (x—3)'

7
volume =Jt[[9+ 243 +( 16 }J dx
xX- x=3)

3

= 1{9.\‘+ 24ln(‘r—3)—L)3}
x=-3

= x| (63+24In4-4)-(45+241n2-8)|

=u(22+24In2)

(M1)

M1

A1

M1

A1

{6 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

METHOD 2
1 3x=5Y
volume =7t dr M
J, [ — ] (M)
e e
substituting ¥ =xy-3=—=1 At
dv
Iv-5=3u+3)-5=3u+4
volume = n_[j[?’“ +4 ) dui M1
2 uo
:nj4f)+£+§du A1
z u-oou
- a
—T[\\‘:)I.!—E-O- 24]nu} A1
i .
Note: Ighore absence of or incorrect limits seen up to this point.
:n(22+24ln 2] A1
[6 marksj
8-(MathAA/10_HL_Winter_2021_Q2)-Algebra-functions-Roots,Graphs
@ (@ x=3 At
i y=-2 AT
[2 marks]
(6) (@ (-2.0) (accept x=-2) A1
1
(i) [0,—](accept _p:i and f(0) :i) A1
3 3 3
[2 marks]

20122022

A
i
’



IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

()

15 1

10 1

—-151

Note: Award A1 for completely correct shape: two branches in correct
quadrants with asymptotic behaviour.

20122022

[1 mark]

AR
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

(d) METHOD1

ax+ 4
e x = \;:
(g(x)=)v=S—
attempt to find v in terms of » (M)

OR exchange x and y and attempt to find 1’ in terms of x

Lad

y—xv=ax+4 At
ax+xy=3y-4

x(a+y)=3y-4

Jy—4
X=
y+a
Iv-4
L
i .l' = A1
8 ( ) X+tu
Note: Condone use of 1=
g(x)=g (v}
ax+4 _ 3v—4
3-x  x+ta
=a=-3 A1
[4 marks]
A
T
’
20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

METHOD 2

g(.\')= ar+4

3—x
attempt to find an expression for ¢{g{x)) and equate to x (M1)
cr[u3;1‘+4}+4
7.:\‘
oy L« A1
glr)=—"~ cz.t+4) ‘
3-x

a(ax+4)+4(3-x)

(9-3x)—(ux+4) -

alav+4)+4(3-x)
5-(3+a)x

=\

a(ax+4}+4{(3-x)=x(5-(3+a)x} A1
equating coefficients of x* (or similar)
a=-3 A1

[4 marks]

Total [9 marks]

A
) o)

20122022 494



IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

9-(MathAA/20_HL_Winter_2021_Q10)-Algebra-functions-Roots,Graphs, Integration

(@ (i

correct coordinates.

Note: In part {(a), penalise once only, if correct values are given instead of

attempts to solve x* —x—12=0
(-3,0) and (4,0}

4
. ot
{n) ( SJ

p—
LA

b) x=

IUI

5
Note: Award AQfor v # %

1
Award AT in part (b}, if v =?5 is seen on their graph in part (d}.

() METHOD 1
(ar + b)(Z,\'— 1 5) =xl—x—12
attempts to expand (ax+hH2x—15)
2ax” —15ax+2hx =150 =x"—x—12
0=
2

equates coefficients of x

==y,

20122022

(M1)
A1

At

{3 marksj

A1

{1 mark]

(M1)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

METHOD 2

attempts division on M
215

X «
Sk Ly
2¢-15 2 2x-15

N 2y =15}
,\"—x—llsw+(2x—15)b+c
2

equates coefficients of X :

—1:—E+2b
2

th

4
)

2 4
METHOD 4

. X —x-12
attempts division on ———
2x-15
13,1'_]2

Y ox—12 oy 9

2x—15 2 2x-15

2
13x
, 12 s
2x—15 4
b:E
4

20122022

M1
M1
A1

A1

A1

M1
(M1)

A1

M1

A1

M1

[4 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

(d)

."

30+

20T

—_——————— - ——_—_— ==

4_2()¢
_3()¢
v
two branches with approximately correct shape ( for —30 <x <30) A1
their vertical and oblique asymptotes in approximately correct positions with both branches
showing correct asymptotic behaviour to these asymptotes A1
their axes intercepts in approximately the correct positions A1

Note: Points of intersection with the axes and the equations of asymptotes
are not required to be labelled.

[3 marks]

20122022

AR

497



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH4-GRAPHS

{e)

(i)

i

attempts to split into partial fractions:
2x—15 _ 4 N B

(x+3)(x—4]_.1'+3 x—4

2x=15=A(x-4}+B(x+3)

attempts to integrate and obtains two terms invelving ‘In’
=[3tn]x+3|~1n|x-4]

=3In6-In1-3In3+In4

=3In2+In4 (= ln8+hl4)

=In32 (: 5In 2)

(M)

A1t
A1

(M1)
At
At

At

[ Note: The final A1 is dependent on the previous two A marks.

20122022

{7 marks]
Total [18 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

10-(MathAA/21_HL_Summer_2021_Q11)-Algebra-functions-Roots,Graphs

{a) attempt to solve 4x -] =0 e.g. by factorising 4x* -1 (M1)
pzéngfl or vice versa A1
{2 marks]
(b) attempt tc use guotient rule or product rule (M1}
EITHER

3(-4):2 —l)—Bx{3x+2) _—12x7—16x-3
(4x* 1) (4x* 1)

Note: Award A7 for each term in the numerator with cerrect signs, provided correct
dencominalor is seen.

ATA1T

fF{x)=

OR

7y =—8x(3x+2){ax —1) +3(4x* -1) A1A1

| Note: Award AT for each term. |

{3 marks]

(c) attempt to find the local min pointon y = f’(x) OR solve /*(x)=0 (A1)

y=-1.60 A1
{2 marks]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

(d)

=I5
(-1.11,-0.339)

A1A1A1A1A1

Note: Award A1 for both vertical asymptotes with their equations, award A1 for
horizontal asymptote with equation, award A7 for each correct branch including
asymptotic behaviour, coordinates of minimum and maximum points (may be
seen next to the graph) and values of axes intercepts.

If vertical asymptotes are absent (or not vertical) and the branches overlap as a
consequence, award maximum AOATAO0A1AT.

[5 marks]

20122022 500
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS
2
&) x= _5(: —0.667) At
(oblique asymptote has) gradient %{: 1.33) (A1)
appropriate method to find complete equation of cblique asymptote mi
4 8
—_———
9
Ix+2)4x +0x—1
4y + § X
3
8
——x—1
3
8 16
_—vl' — —
309
7
9
4 8
y= —,r——(: 1,33)‘—0.889) At
i 9
Note: Do not award the final A7 if the answer is not given as an equation. ]
[4 marks]

f}  attempling to find at least one critical value {.r =-0.568729....x =131 8?2.,.) (M1)

f%<x<70.569 OR —05<xy<05 OR x»132

ATATAT

Note: Only penalize once for use of < rather than <.

|

20122022

{4 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

11-(MathAA/11_HL_Summer_2022_Q5)~-Graphs

{a) translation (shift) by 3Tn to the right OR positive horizontal direction by 3?7:

translation (shift) by ¢ upwards OR positive vertical direction by ¢

A1t

A1

Note: accept translation by

Do not accept ‘move’ for translation/shift.

(o) METHOQOD 1
- : 3n ,
minimum of 4sin ,\'—? is -4 (may be seen in sketch)

—4+254+4g=7
g > 8.5 (accept ¢ =8.3)

substituting xy=0 and their q(: 8.5) to find »

(r=) 4sin(%’r]+2.5 +8.5

-

44+25+85

smallest value of # is 15

20122022

[2 marks]

(M1)

A1
(M1)

(A1)
A1

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

20122022

METHOD 2

substituting ¥ =0 to find an expression (for r ) in terms of ¢
. (=3
(g0y=r=) 4sin LTRJ +25+4

(r=)65+¢

minimum of 4sin(x—3?ﬁj is —4

—44+254+4=7
—44+25+(r-6.5)27 (accept=)

smallest value of r is 15

METHOD 3
_ n
4sm£x—?J+2.S+q =4cosx+25+¢

y-intercept of 4cosx+ 2.5+ ¢4 Is a maximum
amplitude of ¢(x) is 4

attempt to find least maximum

r=2x4+7

smallest value of » is 13

(m1)

A1

(m1)

(A1)
A1

A1

(m1)

(A1)
(m1)

A1
[5 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS
12-(MathAA/12_HL_Summer_2022_Q3)-Graphs
(@ @ x=-1 A1
(i y=2 A1
[2 marks]
(b)
Yy
=2
—_—T i S O A N y=2
T T T T T T T T T
-6 —4 -2 /l 2 4 6
2
x=-1
rational function shape with two branches in opposite quadrants, with two correctly
positioned asymptoies and asymptotic behaviour shown A1
axes intercepts clearly shown at v =% and v=-I A1A1
[3 marks]
A
v o
,’ r‘
20122022 e 504



IBDIPLOMA MATHEMATICSAA-HL-P1

CH4-GRAPHS

(©)

|
x> =
2

Note: Accept correct alternative correct notation, such as {% x-] and }

1
2

—, o

{

EITHER
2| -1

attempts to sketch v =
NER

OR

attempts to solve 2[x|-1=0

Note: Award the (M1) if :% and x = —15 are identified.

THEN

1 1
XY<——0r x>—
2 2

Note: Acceptthe use of a comma. Condene the use of ‘and’. Accept correct

alternative notation.

20122022

At

1 mark]

(M1)

(M1)

At

[2 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH4-GRAPHS

13-(MathAA/10_HL_Winter_2022_Q10)-Differentiation,Graphs
(@ cosx—3sinx=0
valid atternpt to reduce equation to one involving cne trigenemetric function {M1)

sin® x

] - . . .
- — OR l-sin"x-3sin"x=0 OR cos‘x—3(1—COS“x):0
cos x 3

OR cos2y—1+cos2x=0

correct equation (A1)

\ ] . 3 s 1
tan‘ng OR cos‘xzz OR sin"y=— OR cos2y=

| —

tanx=+—— OR cosx:i£ OR sinx:(ir)l OR 2v==2 S—I (A1)
3 2 2 303

w2t ATA1

T
x==,
6 6

Note: Award MTATAGATAQ for candidates who omit the + (for tan or cos) and
T
ive only x=—.
9 Y 6
Award MTATAQADAO for candidates who omitthe + (for tan or cos) and
give only =30
Award MTATATA1A0 for candidates who give both answers in degrees.

Award MTATATA1AOD for candidates who give both correct answers in
radians, but who include additional solutions outside the domain.

Award a maximum of MTAQGAQATAT for correct answers with no working.

[5 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

(b)

{0 attempt to use the chair rule {may be evidenced by at least cnecosxsinx term) (M1)

f’(.r) =-2cosxsinx—06sin .rcosx(: —8sin xcos.x = —4sin 2x) At
(i) valid attempt to solve their f'(x)=0 (M1)
at least 2 correct x-coordinates (may be seen in coordinates) (A1)
y=0,6 x= E, =T
2

Note:

Accept additional correct solutions outside the domain.

Award AQif any additional incorrect solutions are given.

correct coordinates (may be seen in graph for part {c})) A1A1A1

(0.1), (1), (;,_—ﬂ

Note:

Note:

Award a maximum of MTATATA1AD if any additional solutions are given.

If candidates do not find at least two correct y-coordinates, it is possible to
award the appropriate final marks for their correct ccordinates, such as
MTAQAGATAOQ.

[7 marks]

.

CH4-GRAPHS
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CH4-GRAPHS

(c)

20122022

11

|24
o 24
|

attempt to reflect the negative part of the graph of £ in the x-axis

endpoints have coordinates (0,1), (m,1)
. T
smooth maximum at [33)

sharp points ( cusps ) at x-intercepts % S?ﬂ

M1

A1

A1

A1

[4 marks]

A
i
’

508
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(d) considers points of intersection of y = ‘f(;\)| and y =1 on graph or algebraically {mM1)

—(coszx— 35i113x) =1 or —(l —4sin:x) =lor —(40033)(— 3) =1 or —(2 cos2x— I) =1

. .2 l . ]
tan- vy =10r sin"x :Eor cos‘x:E or cos2x=0 (A1)
T 3n
Y=o A1
PR (A1)
For |f(r)| > 1
e .7r<3—’}I At
4 4
4 marks]

A
) o)

20122022 509
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CH6-COMPLEXNUMBERS

1-(MAT/11_HL_Summer_2012_Q3)-ComplexNumbers

EITHER
6
’)6 6 ‘- 5 .
[Z_I] 2 @) (:Sa%is(—gn
)
% N 5] cis(zj =
OR

THEN

(.
=—-8a"1

2-(MAT/12_HL_Summer_2012_Q6)-ComplexNumbers

(a) attempt to equate real and imaginary parts

equate real parts: 4m + 4n =16 ; equate imaginary parts: —5m =15

—>m=-3,n=7

(b) let m=x+1y,n=x—1y
S@E-S)x+1p)+4(x—1y)=16+15
=dx S+ dy+5y+dx—Ay=16+15
attempt to equate real and imaginary parts
8x+3y=16, SBx=15

= x=-3,y=8
(=m=-3+81, n=-3-81)

20122022

A
) o)

510
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MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

3-(MAT/11_HL_Summer_2012_Q7)-ComplexNumbers

JE+ ¥ rx+pi=6-2i

equating real and imaginary parts
y=-2

\}x2+4+x:6

X'+ 4=(6—x)

—32_—12x:>x_§

20122022

A
) o)
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4-(MAT/12_HL_Summer_2012_Q12)-ComplexNumbers

Part A

(a)

(b)

(c)

i) (x+ip) =-5+12i
K2y ity =-5+121

(il)  equating real and imaginary parts
xl _ yZ _ _5
xXy==6

substituting

EITHER

x=42 and y=43
OR

36
—=y=-5
Y

' =5y -36=0
y=9,—4
y=13 and x=12

Note:  Accept solution by inspection if completely correct.

THEN

the square roots are (2+3i) and (—2—3i)

EITHER

consider z=x+1y

" =x—1y

(z'Y =x*—¥* —2ixy
() =x"—y" + 2ixy
(Y =x"—1* 2xy
(") =(z")

OR

z =re"’
(') =¢'e™

Z?. — r?.eZlG

CH6-COMPLEXNUMBERS

.
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(22 )”c — r?.e—ZiQ

(Z) ="

(d) (2-31) and (-2 +3i1)

Part B

(a)  the graph crosses the x-axis twice, indicating two real roots
since the quartic equation has four roots and only two are real, the other

two roots must be complex

(b)  f(x)=(x+)x-2)x" +cx+d)
fH=-32—>d=4
Since the curve passes through (— 1, — 18),
—18=3x(-3)}5-¢)
c=3
Hence f(x)=(x+4)}x-2)Xx" +3x+4)

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS
(d)
IM»\
2.§)
A
\
\
\\
\
\\
\
»- @ ,\Q\E
-4 / o

Py

; /
f
.3 - 1)/

Note: Accept points or vectors on complex plane.

Award A1 for two real roots and A7 for two complex roots.

(e)

20122022

real roots are 4e™ and 2¢°

J7

. 3.
considering —— + 1—
2 2

finding & using arc tan{?]

&= arctan(g}r 7T oor 8= arctan(—g}rn

—Z= zei["““’“[‘ﬁ*ﬂ] or > z= 2ei[mm[_\3ﬁ}n}

A
) o)
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5-(MAT/10_HL_Winter_2012_Q10)~-ComplexNumbers

@ @) z=243 cis3; =z = -243i

(i) zl+zl=—2\/3_’i—l+\/§i=—l—\/§i
(z, +2,) =-1 ++f3i

® G |z]=2
tand = 3

z, lies on the second quadrant
2n
f=argz, = ?

Z, = ZCiS?

(ii) attempt to use De Moivre’s theorem

2—E+2k7l:

z=3/5cis%,k=0,1and2

z =%/50isz—;, %/Ecis%c, %Ecish%n (=%/§cis(_gn))

Note: Award A7 for modulus, A7 for arguments.

Note: Allow equivalent forms for z |

(¢) () METHOD1
z* =(1—1+\/3_’i)2=—3(=z=i\/3_’i)
z =\/5_’cisg or z =\/§cis37n(=\/§cis(_7n))

80 r=4+f3 and 6=£ or 6:3_5': __T
2 2 2

Note:  Accept rcis(f) form.

METHOD 2

2 =(1-1+v3i) =—3= 7> = Jcis(2n+ D))
P =3=>r=4f3

T 3n
26=(2n+1)n=>49=5 or .-9=? (as 0= F<2m)

CH6-COMPLEXNUMBERS

.



CH6-COMPLEXNUMBERS

IBDIPLOMA MATHEMATICSAAHL-P1
(i) METHOD 1
1 CisTT
Z=-— I =z =
2cis— 2¢c18—

3

1 T

= 7=—Cl§—

3

S0 .1*‘=l and 6’=£
2 3

METHOD 2
z=—#=z=— ~1-+3i
! —l+\/§i ' (—1+\/§i)(—1—\/§i)

1+\/§i 1 .=
= =z =—CIS—
4 2 3
s0 r=—and §=2
3
z .
(dy —“+= \/g cl1s——
z, 6
z ’ n . S
—| = \/5_’ cis—
z, )
equating imaginary part to zero and attempting to solve
abtain n=12

A
) o)
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6-(MAT/11_HL_Summer_2013_Q1)-ComplexNumbers

(a)  modulus =J8_

argument = % (accept 457)

| Note: 40 if extra values given. |

(b) METHOD 1

4 _6 1 S
w'z" =6de™ <™

| Note: Allow alternative notation.

= 64T
— 64

METHOD 2

CH6-COMPLEXNUMBERS

7-(MAT/12_HL_Summer_2013_Q7)-ComplexNumbers

3n Sn
@ |z =+10; arg ()=~ [accept ﬂ

(b) |z taz| :\/(1 —a) +(3—a) or the squared modulus

attempt to minimise 2 —8c + 10 or their quadratic or its half or its square root

obtain o =2 at minimum
state -\/5 as final answer

.
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8-(MAT/12_HL_Summer_2013_Q13)-ComplexNumbers

. fm . (5w ) T . (3n
a 1 z, =2¢8| — |, z, =2¢c18| — |, z, =2c18| —— | or 2ci18| —
® O & [6] ’ [6] ’ [2] [2J

(b)

CH6-COMPLEXNUMBERS

Note:  Accept modulus and argument given separately, or the use of
exponential (Euler) form.
Note:  Accept arguments given in rational degrees, except where
exponential form is used.
(1)  the points lic on a circle of radius 2 centre the origin

differences are all 23—11 (mod 2m)

= points equally spaced = triangle is equilateral

Note:  Accept an approach based on a clearly marked diagram.

(iii)

(ii)

. (5
2+ 2, =2"cis [E]Jr 2V cis [ﬂ]
2 2
=2x2"cis [EJ
2
3n 3 - [ Onm RS
2z,7" =2x 27" s = =2x27"c1s 5

attempt to obtain seven solutions in modulus argument form
Z—cis[@),k =0,1...6

w has argument 2711 and 1+ w has argument ¢,

) [an
smm| —
then tan (@)= — 1 2

1+ cos(z—n}
7
T

.
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CH6-COMPLEXNUMBERS

(1) since roots occur in conjugate pairs,

z’ —1 has a quadratic factor [z— 013[27“]] X [z - cis[—%D
=z 22005{2}&
7

other quadratic factors are z* —2zcos [%] +1

and z* —2zcos [%) +1

20122022

A
) o)

519
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9-(MAT/10_HL_Winter_2013_Q12)-ComplexNumbers, Trigonometry,Integration

(2)

(b)

(©)

n

z" +z " = cosnb +isinn@ + cos(—nd) +isin(—nd)
= cosnf + cos nf+i sin nf —i sin nb
=2cosnb

SRR 0 2
z z z z

1y 4
Note: Accept (Z+Z") =16¢cos" .

METHOD 1

(z+z’1)4 =(z4 +i4]+4[z2 +i2]+6
z z

(2cos ) =2cos 40 +8cos20+6

Note: Award A7 for RHS, A7 for LHS independent of the M1,

cos' @ =1cos46 +1cos26 +2

orpet gol 23
P 8’q 27 8

METHOD 2

cos 9_(cos29+1]2
2

= %(cos2 20 +2cos 28 +1)

4
cos' @ =Lcos40 +1cos26 +2

or _1 _1 7’_3
P 8’q 27 8

! [M+200329+1]

CH6-COMPLEXNUMBERS

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

) (z+z7) =z"+6z [ﬂ +15z* (Ziz] +20z° (Z—tj +157° [%j +62 [is] Ly

z z z
1 1 1

(z+z‘1)6 = (zé +_6]+6(Z4 +—4]+15[z2 +—2j+20
z z z

(2cos8)° =2cos 66 +12¢cos 46 +30cos 26 + 20

Note: Award A7 for RHS, A1 for LHS, independent of the A1

cos® 6’=Lcos6t9+icos4t9+£cos2t€?+i
32 16 16

Note: Accept a purely trigonometric solution as for (¢).

Fcosﬁ ddée =J‘E i cos 68 +i cos49+£ cos 26 + > do
0 o {32 16 32

= Lsi1r16t9+isin4t9+£sin2t9+it9
192 64 64 16 |,
_51t

32

O V= nj: sin® x cos® xdx

3 3 P
=th cos’ xdx—n.[ cos® xdx
0

0

Fc0s4 xdx =3—n

0 16
B 3n° 3 Snt B n°
16 32 32



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

(g) (i) constant term= (

(ii) 2”.[0%003” Ad e =

k

2N (2t (2k)!
ket (ktY

(accept C¥)

Qi n

(k1Y 2

26

2k
n
k
or

_[fcos” Ade = (

20122022

22k+1 (k !)2

22k+1

A
) o)
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CH6-COMPLEXNUMBERS

10-(MAT/12_HL_Summer_2014_Q7)-ComplexNumbers

(a) METHOD 1

1 N 1 _2—3i+3—2i
2431 3421 4+9 9+4
Q_S—Si
w 13
130
W= -
5—-51
_130x5x(1+1)
50
w=13+131

METHOD 2

1 1 B 3+21+2+31

+ =
2431 3420 (2+3)(3+20)
10 5+5i

W 131
W 131

10 5+5i
130i  (5-50)
w= X _
(5+51)" (5-5i)
650+ 650i

50
=13+131

(b) W' =13-13i

2=+/338 * (: 13J2¢ * ]

A
) o)
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11-(MAT/11_HL_Summer_2014_Q13)-ComplexNumbers,Sequences-Series

(a) r=1+i
u,=3(1+1i)’
=—6+061

(b) SZU=M
1

3((2:‘)10 -1)

1

Note: Only one of the two MIs can be implied. Other algebraic methods
may be seen.

3(-2""-1)
i
=3i (21°+ 1)

(¢) () METHOD1
v, =(30+iy™)(3+iy )
O(1+1) (1+i)"*

=9(1+D) (+i))" (= 901+i) 2i)7)

this is the general term of a geometrical sequence

Notes: Do not accept the statement that the product of terms in a geometric
sequence is also geometric unless justified further.

If the final expression for v is 9(1+1) (1+4)**" award MIAIR0.

METHOD 2

vn+1 — Mn+lun+k+l

Vv uu

= Zl + i)(1”+ni+)k

this is a constant, hence sequence is geometric

Note: Do not allow methods that do not consider the general term.

i)  9(l+1)

(iii) common ratio is (1+7)*(=2i) (which is independent of k)

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

(d) (i) METHOD 1

w,=[B+iy =3(1+i)

n-1
=3[+ 1=+

n-1

=3|1+z'

(=3(ﬁ)”‘1]

this 1s the general term for a geometric sequence

METHOD 2

w =l —(1+1)u,

uﬁ

—i|

[3

B

=30 +iy*

-1

=3|(1+i)

(=3(~E)'“]

this 1s the general term for a geometric sequence

Note: Do not allow methods that do not consider the general term.

(11)  distance between successive points representing u, in the complex

plane forms a geometric sequence
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12-(MAT/10_HL_Winter_2014_Q13)-ComplexNumbers, Trigonometry,Integration

(@) (i) METHOD 1

" .
(1 + itan 8)" + (1 — itan )" = (1 + o2y 4 (1 — i Ly
cos ¢! cos
_(cos@ +ismné n+ cos@ —isin@ Y
cost cos

by de Moivre’s theorem

cos@ +isin@Y cosnd + isinnd
cost/

cos” &

recognition that cos& —isin & is the complex conjugate

of cosf+ising

use of the fact that the operation of complex conjugation commutes
with the operation of raising to an integer power:

[cos@ - isin@]ncosnﬁ — isin n0

cos & cos” &

a+nm0f+a—nm0f=39¥ﬁ
cos" @

METHOD 2
(1+itan &)+ (1 —itan &)’ = (1 + itan &)" + (1 + itan (&))"
_(cos® +isind)’ N (cos (—8) + isin (—6’))n

cos" @ cos" @

Note: Award M1 for converting to cosine and sine terms.

use of de Moivre’s theorem

= 1n (cosn@ + isin nd + cos(—nd) + isin (-nb))
cos” &

_ 2cosnd Coi no as cos(—nt)) = cosnt and sin(—nt)) = —sin nd
cos” @

.
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4 4 2008 4 % B—E
. . 3n .. 3m 8
(11) 1+1tan? + l—1tan? =

3
ZCOS—R

=0 as 00s3—n=0
2

Note: The above working could involve theta and the solution of cos(46) = 0.

., 3n . :
SO 1tan? is a root of the equation

. . 3n ., W . I
(u11) erther —1 tan? or —1tan§ or 1tan —

., 5 .7
Note: Accept 1tan?:rc or itan—.

Aceept —(1+\/5)i or (l—ﬁ)i 0r(—1+\/5)i.

i r_____ 8
(by (1) tan m

tan2%+2tang—l=0

T
let f =tan—
8

attempting to solve > +2r—1=0 for ¢

f=—1+2

T . : e e

Py is a first quadrant angle and tan is positive in this quadrant, so
s

tan—> 0
8

tan%zﬁ—l

.
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(i) cosdx = 2cos’ 2x — 1
=2(2cos2x—1)2—1
=2(4cos4x—4coszx+l)—1

=8cos’ x—8cos® x+1

Note: Accept equivalent complex number derivation.

(iid) J-O 20054xdx 2_[

COS X COS X

= ZES cos® x—8+sec’ xdx

Z8cos’ x—8cos® x+ldx

Note: The M1 is for an integrand involving no fractions.

use of cos’ x = %(cos 2x+1)
= 2_[0;40032x—4+seczxdx

= [4sin 2x—8x+ 2tan x]og

=42-n-2 (or equivalent)

CH6-COMPLEXNUMBERS

13-(MAT/12_HL_Summer_2015_Q7)-ComplexNumbers

(@) METHOD 1

27 27 ..
z = —?z—(cosn+1smn)

7 ..
= —(cos (m+2nm)+1sin(n+ 2mt))
3 n+2an) . . (#n+2nn
Z=— COs +1s1in
3 3
(cos—+1sm ]

COS T+151n TE)

E 7
0S—+1SlIl—

mlu m|w

)
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IBDIPLOMA
METHOD 2
8z°+27=10

3
:>z=—5 SO (22+3) is a factor

Attempt to use long division or factor theorem:
= 82°+27=(2z+3)(42° - 62+9)

= 42" —62+9=0
Attempt to solve quadratic:

34343

4
3 i T
z, = (cos§+1s1n§]

(COS m+1sin TE)

( . 511]
s—+1sm—

le m|m

)
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METHOD 3

82°+27=0

Substitute z=x+1y

8(x* +3ixy 31" —i3*)+27=0

= 8x* —24xy" +27=0 and 24x’y -8y =0
Attempt to solve simultaneously:

8y(3x2—y2)=0
y:O}y:x\/gjy:—x\lg
3 3 343
=——, :O S X ==, :i—

:>[ 5 y ]x 4y

I i
0s—+1s1n—
3

=

4

mlu m|w b2 | W

o

CO8 T+1sin TE)

=5t
( 5n_

m
w|g
+
o
=)
clg

)
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(b) EITHER

Valid attempt to use area= 3(%51!) sinC]

Note: Award A1 for correct sides, A7 for correct sin C.

OR

1
Valid attempt to use area:E base x height

1 (3 3) 63
area=—x| —+— [x——
2 {4

2 4

Note: AT for correct height, A1 for correct base.

THEN

273

16

CH6-COMPLEXNUMBERS

.
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14-(MAT/10_HL_Winter_2015_Q11)~-ComplexNumbers

(@ z°= S[COS [% + 2nk] + isin[% + 27[']6]]

attempt the use of De Moivre’s Theorem in reverse

el (] A ()
({2 efz]

| Note: Accept cis form. |
z=%43+1,—-21

Note: Award A7 for two correct solutions in each of the two lines above.

® O z=+2 (cos(%) +isin GD

(i) (zzz(\/g+i))
z7,= 1+ D)(V3 +i)
=(J§—1)+i(l+J§)

(i) ZIZZZZ\/E cos| 2+ Z | +isin| =+ Z
6 4 6 4

sn_ A3 +1

12 J3-1

=2+\/5T

Note: Award final M1 for an attempt to rationalise the fraction.

. p_ Aol o PR
(iv) 22—2(013(6]]

 is a positive real number when p =12

tan

Z3

.
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15-(MAT/11_HL_Summer_2016_Q12)-ComplexNumbers

3
@) [cos[gj + isin (g]] = COST + isin T M1

=-1 A1
(b) show the expression is true for n =1 R1
assume true forn=%  (cos@ —isin8) = cosk @ —isink# M1

| Note: Do not accept “let n=£" or "assume » = %", assumption of truth must be present.
(cos @—isin 6’);Hl = (cos @ —isin B)k (cos@—isin &)
=(cosk @ —isink&)(cos — isin ) m1
=coskfcosf —sinkésin@ —i(cosk #sin 6 + sink &cos &) A1

[ Note: Award A1 for any correct expansion. |
= cos((k + 1)f) — isin ((k + 1)#) A1

therefore if true for » = & true for m = & +1, true for n = 1, so true for all n(e Z+)R1

[ Note: To award the final R mark the first 4 marks must be awarded. |

(© ()+ (z* )n = (cos @ + isin )" + (cos & — isin &)"
= cosné + isin né + cos nf — isin né = 2cos(nb) (M1)A1

(dy () zz'=(cosd +isind)(cosd —isind)
=cos’ @ +sin* @ A1
=1 AG

| Note: Allow justification starting with |z| =1. |

(i) (Z+Z*)3=23+ 3%z + 32(2*)2+ (z*)3 (= z°+ 32+3Z*+(z*)3) A1
i) (z+z) =(2cos8)y A1
2+3z+32 + (') =2cos36 + 6c0s 8 M1A1
c0s36 = dcos’ @ — 3cosd AG
[===}
[ )

.
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(e)

4cos’ @ — 2¢cos’ @ —3cos@+1=0
4cos® @ —3cos@ = 2cos @ —1
cos (36) = cos(26)

Note: A7 for cos(38)and A7 for cos(26).

6=0

or 39 = 2w — 28 (or 36 = 4x — 26)
_2n 4n
575

CH6-COMPLEXNUMBERS

16-(MAT/12_HL_Summer_2016_Q12)-ComplexNumbers

(@)

(b)

EITHER
; 2n .. 2nY
w' =| cO§— + 181N —
7 7
=COS2m + 1sIn 271

=1
so wis a root

OR
z' =1= cos(2nk) + isin(2nk)

[mc] . (mr]

z = ¢cos| — |+ isin| —

7 7

k=1:>z=cos(2—n]+isin(E]
7 7

SO0 wis a root

(i) (w—l)(1+w+w2+w3+w4+w5+w6)

2 3 4 5 6 7 2 3 4 5 6
=w4+w+w+w+w+w+w —l—-w—-w—w—w-—w —w

=w —1(=0)

i) w-1=0and w—-1%0

sol+w+w+w+w'+w+nw=0

.
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(c) theroots are l,w,wg,w3,14:4,wj and w® At
In2 ~
L
W
W
p |
W
~
D
b
w
]
7 points equidistant from the arigin A1
approximately correct angular positions for 1, w, w?, w*, w', w* and w° A1

| Note: Condone use of cis notation for the final tan A marks. |

Note: Forthe final A mark there should be one root in the first quadrant, two in the
second, two in the third, one in the fourth, and one on the real axis.

@ ) o'=(wrw+w)

=w+ (w2 )++ (w“ :|+ A1

since w*=w®, (w’)‘= w and (w‘)*= w R1

Sa=w+ w+w AG
>
[

.
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(i) b =—(0( + 05*) (using sum of roots (or otherwise))
b=—(w+ w+w+ w+ W+ wﬁ)

=-(-
=1

c=oaa (using product of roots (or otherwise))

c = (w + wh+ w4)(w6+ w' + w3)

EITHER

=+ W+ W+ + P+ + v

=(w6+ w+w+w ' + w)+3

=3-1

OR

=w'+ w+ w4+ 3w+ w4+ v+ (= w4(1 + w4+ ws)(w3+ w2+1))
=w4(w6+ w4+ wh+ wh+ w+1+3w3)

=w4(w6+ wH+w+rw+w+ w1+ 2w3)

= w (2w3)

THEN

—1+i7
(@) ZZ+Z+2=O:>Z=TIJ_

Im(w+w2+ w4)>0

y®
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17-(MAT/10_HL_Winter_2016_Q12)-ComplexNumbers

(@)

(b)

(©)

() METHOD1

1+ +a’=

as o #1

METHOD 2

—1+4/31
solutions of 1 — @’ =0 are mzl,a)sz

verification that the sum of these roots is 0
i) 1+ +(a')=0
(a) - 3(02)(0)2 - 30)) =-30"'+ 100" - 30°
EITHER

=-30" (0" + o + 1)+ 13a°
=-3w'x0+13x1

OR
=-30+10- 30’ = -3(0’+ ® + 1) + 13
=-3x0+13
OR

-1+ +/31i
substitution by @ = TJ_I in any form

numerical values of each term seen

THEN
=13

ol =lol = \Fo ¥ - e ey
524+ 4x-9=0
(5x+9)x—1)=0

9

x=1,x=-—
5

CH6-COMPLEXNUMBERS

A1

R1

A1
R1

A2
[4 marks]

M1A1

1
A1

M1
A1

m1
A1

AG
[4 marks]

(M1)(A1)
A1
(M1)

A1
[5 marks]

.
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@)  pg=(@1-3)(x+2x+Di)=(Tx+3)+(1-xi M1A1
Re(pq) + 8 < (Im(pg)) = (Tx +3) + 8 < (1 - x)’ M1
=% -9x-10>0 A1
= (x+1D(x=10)>0 M1
x<=1, x>10 A1

[6 marks]

18-(MAT/11_HL_Summer_2017_Q2)-ComplexNumbers

=
4

(@ z= 2cis(§] and z, = \/Ecis( ] A1A1

| Note: Award A7AQ for correct moduli and arguments found, but not written in mod-arg form. |

M =42 A1

T
ii argw = — A1
(i) g 2

Notes: Allow FT from incorrect answers for z, and z, in modulus-argument form.

[4 marks]
(b) EITHER
. [ an
sin| — (=0 M1
() )
OR
arg(w”) =x (M1)
m_
12
THEN
son=12 A1
[2 marks]
19-(MAT/12_HL_Summer_2017_Q5)~-ComplexNumbers
C represents the complex number 1 — 2i A2
D represents the complex number 3 + 2i A2
[4 marks]
[
o

v
’
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20-(MAT/12_HL_Summer_2017_Q11)~-Trigonometry,ComplexNumbers

(@ 2sin{x + 60%) = cos(x + 30%)
2(sinxcos 60°+ cos x sin60° ) = cos x cos30° — sin x sin 30°

; 1 . 1
28X X —+ 2CO08X X — = COSX X — — SINX X —
2 2 2 2

3 NE)

= —8INX = — —COSX
2 2
= tanx=— L
3
=x=130°
(by EITHER

choosing two appropriate angles, for example 60° and 45°
8in105 = sin 60° cos 45" + cos 60" sin 45" and

c08105°= cos60° cos45° — sin 60" sin 45°

NI 1

sinl05°+ cos105 = — x —+l X —
2 2 2

V2

Ll L B
2 2 2 2

£

2

OR

attempt to square the expression

(sin105° +cos105")2 =sin?105° + 2sin 105° cos 105° + cos>105°

(sin105° +cos105°)2 —1+sin210°

sin105°+ cos105° = L

V2

_—_— —

CH6-COMPLEXNUMBERS

(M1)(A1)

A1

M1

A1

[5 marks]

M1

(A1)

A1

AG

M1

A1

A1

AG

[3 marks]

.
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(c)

(i)

MATHEMATICSAA-HL-P1

EITHER
z=(1-cos28) - isin2¢

z|= J(l —¢cos 2!9)2 + (sin 26’)2

z|= \/1 — 2¢0s26 + cos® 26 + sin® 26

= 2./ = cos26)
= {2 (ZSin2 9)
= 2siné
let arg(z) =«

sin 24
1—cos28
— 2sinf@cosf

2sin’ @

= —cotf

arg(z) = o = —arctan (tan(% - (9)]

tane = —

—p-=
2

OR
z=(1—-cos20)—1sin26

=2sin’ @ —2isinfcos &
= 2sin9(sin9—z’cos 9)

= —21’Sint9(0039+1'sint9)
= QSinﬂ(cos(ﬁ—£j+isin(9—£D
2 2
|Z|=2$in9
n
arg(z)— g — 2

CH6-COMPLEXNUMBERS

M1

A1
A1

A1

w1

(A1)
A1

A1

A1

M1A1
(A1)
M1A1

MiA1

A1

A1

.
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(i) attempt to apply De Moivre’s theorem M1
1 1 1 e — z + 2nm g — z + 2nn

(1 - cos26 — isin26)* = 2* (sin @ 3| cos 2# + isin 2#
A1A1A1

| Note: AT for modulus, AT for dividing argument of z by 3 and A7 for 2nm. |

Hence cube roots are the above expression when n=-1,0,1.
Equivalent forms are acceptable. A1
[14 marks]

21-(MAT/10_HL_Winter_2017_Q8)-ComplexNumbers

METHOD 1
216i = 216{ cos= + isin— AT
2 2
L
. b L. (T 3
z4+2i=3Y216 (cos(; + ZTCkJ + 1sm(5 + 211']{]} (M1)
z 4+ 21 = 6| cos E+ﬁ +1igin E+ﬁ A1
6 3 6 3
Z+21=6 cosE—i-isinE =6 ﬁ—i-i =3\/§+3i
6 6 2 2
Z,+21=6 coss—ﬁ—i-isins—7t =6 ﬂ—i-i =-33 +3i
6 6 2 2
Z+ 21=6(cos37n+isin37njz—6i A2

[ Note: Award A1AQ for one correct root. |
so roots are zl=3\/§+i, zz=—3\/§+i and z,=—8i M1A1
[ Note: Award M1 for subtracting 2i from their three roots. |

[7 marks]

.
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METHOD 2

(a T+ (b + 2)i)3= 216i

( ) 3¢ I) (b +2)173[¢7J§)(a 2P ith+ 2Y = 2160 MIAT
(w’_) 33 )b+ 2 +1( (HJ’E)Z (b+72) - (b+2)‘-‘)=216i
(QJ_) [ J_) (b +2Y=10 and w(.gf) (h+ 2y — (h+27°= 216 M1AT

afw’ = (b + 2y )= 0 and 9a' (6 +2) — (b + 2)' =216

a=0ora ={k+2y
ifa=0—(A+2V=2l6=H+2=-4

Lh==8 A1
(a,b)=0(0, -8

if o =(A+ 27, b+ 2A+D—(h+ 2P =216
Bilh+ 2}{j 216

b+ 2P=
b+ 2=3
h=1
L =9=g=1%3
cle, BY = (23, 1) A1AT
go roots are zl=3\."§+i, 7,==3J3 +1 and ;= —4&i
METHOD 3
(=+2i) ={=6i) =0
attemnpt to factorise: w1
[(:+zf)—(—sf)]((:+z:)"+(:+2;)(—m]+(—6f)*):o At
(z+8H)(="=26-=28) =0 A1
cH R =0= =8 At
. it j—4—{4x1x-28)
S === = 3 At
2i£108
T2
_2iE643
N
S=i133 A1AT

Special Case:

Note: If a candidate recognises that {216/ = =i/ (anywhere seen), and makes no
valid progress in finding three rools, award A7 only.

I7 marks}

)
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22-(MAT/12_HL_Summer_2018_Q7)-ComplexNumbers

z+w _{a+c)+i(b+d)

—w (a—c)+i(b—d)
{at+e)+i(b+d) y (a—c¢)—i(h—d)

(@)

M1A1
(a—c)+i(b—d) (a—c)-i(b—-d)
+c)(a—c) + (b+d)(b-d Ll yr - d
real part=(a c)(a Cz ( )(2 ) =2 Cz+b d 5 A1A1
(a—cYy +(b—4d) (a—c)y+(h-4d)
| Note: Award A1 for numerator, A1 for denominator. |
[4 marks]
® |d=m=d+b="+d R1
hence real part = 0 A1
[ Note: Do not award ROAT. |
[2 marks]

A
) o)
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23-(MAT/11_HL_Summer_2018_Q11)-ComplexNumbers

@ (@) w =4ciS(23—n); w’ =8cis(n) (M1)A1A1

| Note: Accept Euler form. |

| Note: M1 can be awarded for either both correct moduli or both correct arguments. |

Note: Allow multiplication of correct Cartesian form for M1, final answers must be in
modulus-argument form.

(ii)

-8 A1A1
[5 marks]
(b) useofarea = %ab sin C m1
l><1><2xsin£+lx2><4><sin£+l><4x8><sinE A1A1
2 3 2 3 2 3
Note: Award A1 for C = g , A1 for correct moduli.
21J3
_2143 AG
2
| Note: Other methods of splitting the area may receive full marks. |
[3 marks]
(c) —l—x2° x2' x sin X + X x 2'x22x sin & + L x2'x 2 xsin X 4 ... + ]—x2""x 2"x sin X
2 n 2 n =2 n 2 n
M1A1
Note: Award M1 for powers of 2, A1 for any correct expression including
both the first and last term.
= sinEx(Z" +224+2%+... +2”"2)
n
identifying a geometric series with common ratio 2°(=4) (M1)A1
_1-2" ein® -
1-4 n
| Note: Award M1 for use of formula for sum of geometric series.
=l(4"-1)sinE A1
3 n

[6 marks]

—
v
P
20122022 544
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24-(MAT/10_HL_Winter_2018_Q8)-ComplexNumbers

—iv/3 is a root (A1)
3+10g23—10g26[=3+10g2%=3—1=2J is a root (A1)
sum of roots: —a =3 +log,3=>a=-3-log,3 M1

| Note: Award M1 for use of —a is equal to the sum of the roots, do not award if minus is missing. |

| Note: If expanding the factored form of the equation, award M7 for equating « to the coefficient of z°. |

product of roots: (—1)'d = 2(log, 6) (1«/5)(—1«/5) M1
=6log, 6 A1

Note: Award M1AOfor d =—6log, 6.

6a+d +12 =-18-06log, 3+ 6log, 6+12

EITHER
= —6+6log,2=0 M1A1AG

| Note: M1 is for a correct use of one of the log laws. |

OR
=-6-06log, 3+6log,3+6log,2=0 M1A1AG

[ Note: M1 is for a correct use of one of the log laws. |

[7 marks]

.
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25-(MAT/10_HL_Winter_2018_Q11)-ComplexNumbers

@ (r(cosd +isin t9))24 =1(cos0 + isin0)
use of De Moivre’s theorem
=l=r=1

240 = 2nn = @ = E,(neZ)
12

0<argz<%:>n=1,2,3,4,5

LA S S

z=e2 ore!”> ore'? ore®? orel?

CH6-COMPLEXNUMBERS

(M1)
(A1)

(A1)

A2

no incorrect (or additional) roots.

Note: Award A1 if additional roots are given or if three correct roots are given with

2 3 4 5

by O ReS=cos£+cos—R+ cos—m—i—cos—ﬂ+cos—7L

12 12 12 12 12
ImS = sin— + sinz—ﬂ + sin?’—?t + sinﬂ + sins—Jt
12 12 12 12 12

[ Note: Award A1 for both parts correct. |
. Sn T . 4n 2n . 3m 3n
but sin— = cos—, sin— = cos—, sin— = cos —,
12 12 12 12 12 12

. 2n In . T Sn
sin — = cos— and sin — = cos—

2 12 12
= ReS =ImS

| Note: Accept a geometrical method. |

(i) COS— = cos[E - E] = cosZcosZ + sin Zsin =
12 6 4 6 4 6

4
2B 21
22722
_Yo+i2

4

[5 marks]
A1
M1A1
AG
M1A1
A1
[
[ )

.
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Sn T R A
(i) cO$=— =¢C08| — + — | = COS—COS— — SN —§INn—
12 6 4 6 4 6 4

o i n

12 4 6

5 : .
Note: Allow alternative methods eg cos% = sin— = sin [— - —J )

i 145G

2 2 212 4

T 2n RI dn Sn
ReS = cos— + cos— + cos— + cos— + cos—
12 12 12 12 12

_V2+6 M3 21 Vo -V2
4

2 2 2 4

=§(\/3+1+\/5+\5)
=%(1+~./5)(1+\/§)

S= Re(S)(1+i) since ReS =Im S,

S = %(1 + JE)(l + J§)(1 +i)

ReS

CH6-COMPLEXNUMBERS

(M1)

(A1)

A1

A1

R1

[11 marks]

.
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26-(MAT/10_HL_Winter_2019_Q5)~-ComplexNumbers

(a) METHOD 1

A=4a(=2) “an
n
ag(z) = (A1)
first solution is 1+1 A1
valid attempt to find all roots (De Moivre or +/— their components) (M1)
other solutions are —1+1, —1—1, 1—i A1
[5 marksj
METHOD 2
=4
7 +it’;r)4 =-4
attempt to expand and equate both reals and imaginaries. (M1}
a' +4a’bi-6a’b’ —4ab'i+b' =—4
(a" —buat +at=—4 :)a =+land (4a}b74ab} =0 :>)a =41h (A1)
first solution is 1+1 At
valid attempt to find all roots (De Moivre or +/- their components) (M1)
other solutions are —1+1i, —1—1, [—i At
[5 marksj
{b) complete method tc find area of 'rectangle’ (M1)
=4 A1
{2 marks]

27-(MAT/10_HL_Winter_2020_Q4)-ComplexNumbers
substituting = = x+iv and z" = x—iy M1

2(,\‘ +iv) i
3—(x—iv)

2x+2iv=—y+i(3-x)

equate real and imaginary: M1

p=-2x AND 2y =3—x Al

Note: If they multiply top and bottom by the conjugate, the equations
6x—2x" +2y° =0 and 6y —4xy=(3—x) + v may be seen. Allow for AT,

solving simultaneously:

x=-1,y=2{z=-1+2i}) A1A1
Ks]

)

s

20122022 548
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28-(MAT/10_HL_Winter_2020_Q7)-ComplexNumbers
. zZ e n)y . {llm =
a i — =008 — —— |[+18in| — —— M1
@ 0 z, [12 GJ [12 §] (W)
=Cos3—]rr+isin3—]1I A1
4
‘{
(i) Z—cos>R—isin X A1
z, 4
Note: Allow equivalent forms in part (a), e.g. cis[ﬁJ.
Note: Ignore subsequent work once correct answer(s) are seen,
[3 marks]
(b} valid attempt to calculate area of their triangle (M1)
{(angle between OA and OB is ;}::: area [—%x Ix IJ —% At
[2 marks]

A
) o)

20122022 549
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29-(MathAA/11_HL_Summer_2021_Q7)-ComplexNumbers

METHOD 1
other two roots are a—b1 and b—ai At
sum of roots = —4 and product of roots =400 A1

attempt to set sum of four roots equal to —4 or 4 OR

attempt to set product of four roots equal to 400 M1
a+bita-bi+b+ai+b—ai=—4
2a+2h:—4(:>a+b=—2) A1

(a+bi) (a—bi) (b+ai)(b—ai)=400

2 23\2

(a’+b7) =400 Al
@ +b'=20
attempt to solve simultaneous equations (M1)
a=2ora=-4 A1A1

[8 marks]
METHOD 2
other two roots are a —bi and b—ai A1
(z—(a+bi))(z—(a—bi))(z—(b+ai))(z—(b—ai))(= 0) A1
((z—a) +b7)((z—b)* +a”)(=0)
(22—2a2+az+b2)(22—2bz+b3+a2)(=0) A1
Attempt to equate coefficient of z’and constant with the given quartic equation M1
~2a-2b=4 and (a’ +b’) =400 A1
attempt to solve simultaneous equations (M1)
a=2ora=-4 A1A1

[8 marks]

A
) o)

20122022
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30-(MathAA/10_HL_Winter_2021_Q12)-ComplexNumbers

(@ i

{Hcl"]J

Note:

Candidates who solve the equation correctly can be awarded the

above two marks. The working for part {i) may be seen in part (ii).

20122022

Sn

(k=)= —1+c®

A

(k=2)=w=1+c "

A1

At

AG

(M1)

(M1)

A1t

[6 marks]

A
i
’
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(b) EITHER

X 5n 9z

attempt to express c':, es E ¢ © in Cartesian form and translate 1 unit in the

positive direction of the real axis (M1)
OR
attempt to express w;,w, and wy in Cartesian form mM1)
THEN
N
=
£ 2]
>
®
E
14
B A
Wl
" >
- 0 1 2 3
w, Real
<3
-24
Note: To award A marks, it is not necessary to see A,.Bor C, the w, , or
the solid lines
A1A1A1
[4 marks]
(c) valid attempt to find @, — @, {or @, — @) M1
©,— o, = l+£+li —(l—i)=£+2i OR cosZ +isinZ+isin=
’ Z 2 6 6 2
; : 3.3
valid attempt to find —i—+ —2-1 M1
3.9
= |=—t -
4 4
AC=+3 A1
[3 marks]

20122022

.
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CH6-COMPLEXNUMBERS

(d) METHOD 1

Note: This step ta change from z to ¢ may occur at any point in MS.

ir
a=-l=act

[_
a—ac® =1

a[]—ci?)—[

| I
] ——=¢"
Z

Note: This step to change from z to &« may occur at any point in MS.

a

=
|—¢¢ =

2 |

20122022

M1

A1

A1

AG

M1

Al

At

A
) o)

553
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CH6-COMPLEXNUMBERS

METHOQOD 3

LHS=(z—1)’ =

i i

_[HIEJF 'i_aﬁﬂ{sﬁ_sJ

22 2 2

Note: Award M1 for applying de Moivre’s theorem (may be seenin
modulus- argument form.)

RHS= iz’ =i

20122022

M1A1

A1

AG

A
) o)

554
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CH6-COMPLEXNUMBERS

METHOD 4
(z-1) =iz’
327432 -1=12

(1 —1)z' =3z +3:-1=0

Note: If the candidate does not interpret their conclusion, award
(M1)}{A1)AG as appropriate.

20122022

(M1)

(A1)

A1

AG

[3 marks]

A
) o)

555
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CH6-COMPLEXNUMBERS

(e}

METHOD 1

| ]

i T .. T
1—ef® 1—|cos  +isin
b 6

B 2
23—

attempt to use conjugate to rationalise

C4-2{342i

(2—J§)3+1

_4-23+2i

T 8-43

—

= Rc(a)zE

Note: Their final imaginary part does not have to be correct in order for the

final three A marks to be awarded

20122022

M1

A1t

M

A1l

A1

[6 marks]

A
) o)

556
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MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

METHOD 2

I [

1_eL: 1—(cosn+isinnj
6 6

attempt to use conjugate to rationalise

Ty ..
I—cos ™ |+1sin
I ( 6)

= b4

ny .. T Ty ..
(]—cos J—lsm [l—cos ]+1s1n
6 6 6

T} .. =@
|-cos— |+1sIm—
[ 6] G

£y

it .- I
[l cos—} +8in"—
G G

TY .. om
| —cos— [+1sin—
( 6) 6

b4 R S &
1—2¢cos—=+¢cos” —+sin" —
6 &) 6

Yy .. @
(]—CDS )+l$l]]
_ 6 o

yid
2-2cos8

LT
1s1n—
6

r | =

2- QCOSE
6

= Re(a)= %

T
6
T
6

final three A marks to be awarded

Note: Their final imaginary part does not have to be correct in order for the

20122022

M1

M1

At

A1t

Al

A1t

{6 marks]

A
i
’

557
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CH6-COMPLEXNUMBERS

METHOD 3

14
]
[2

attempt to multiply through by — ©
e "2

s

4 b n

| e”—ei|3

attempting to re-write In r-cis form

iT - T
COs| —— |+1sIn| ——
[ 12) ( 12]

T T . . IC 3 .. L
COS—+18IN— —| CO8| ——— |+181n| ——
12 12 [ ( 12] [ IZD

i N ¢
COS— —ISIn—
2 12

N
2isin—

12

20122022

M1

A1

M1

A1

AT

Al

f6 marks}

A
) o)
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METHOD 4
: J—e ¢
attempt to multiply through by - M1
l—e C
e
1 - ]7“ e _ A1
l—e® l-e ®—g®+]
attempting to re-write in r-cis form M1
a .. n
I—cos  —isin
= 6 " 6 At
2-2¢os
6
attempt to re-write in Cartesian form M1
B2
_ 2 2 | __2 ;2
2-43 2-v3 2-43
= Rela) = % A1
Note: Their final imaginary part does not have to be correct in order for the
final A mark tc be awarded
[6 marks]
Total {22 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

31-(MathAA/11_HL_Summer_2022_Q9)-ComplexNumbers
@ 2z =(1+bi)((1-57)~(2b)i)
=(1-5> =20 )+i(-2b+b-b’)

=(1+5*)+i(-p-b")

M1

A1A1

| Note: Award A1 for 1+b* and A1 for —bi—b'i.

—-b-b T
(b) arg(zz,)=arctan| —— |==
g(5) ( 1+ J 4

EITHER

arctan(—b):% (since 1+5” =0, for beR)

OR

~b—b*=1+b" (or equivalent)

THEN
b=-1

20122022

[3 marks]

(M1)

A1

A1

A1
[3 marks]

A
) o)

560



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

32-(MathAA/12_HL_Summer_2022_Q12)-ComplexNumbers

= L ai

(a) z, =ne

21:2‘ — fieiurle—iﬁ

le; — i"li'zeiiu i7)
Note: Accept working in modulus-argument form
(D) Rc(zlz;] =.f'|f'3COS({I*0) (20)

a—G=arccos0 (r,r, >0}
a—@:% (as D<a—-0<m)

so 2,07, is a right-angled triangle

(¢ () EITHER
i[z Al ”'} —¢ (since ;; =1)
Z: !‘:
OR
1";1';‘ . ‘g
z=ret | =ree’
THEN
o= :zci-T
Note: Accept working in either modulus-argument form te obtain

T .. =W
5= 31[C037+ 1510 Ej or in Cartesian form te obtain z =z, ( 7

3

20122022

(A1)
A1

AG

[2 marks]

A1

A1

AG
[2 marks]

(M1)

(M17)

A1t

N
')



IBDIPLOMA MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

"

(i) substitutes = ==.c” into 7 +2.°
i +z0 = zfel‘T +z) [— z.} [ell-‘“ +ID
EITHER
elzTN +1 :ei;
OR

f
=z,| z2,e"

4
s0 Z, +2.7 =55,

e
i}
=
[
"
(gl
]

I

JI

te

Note: For candidates who work on the LHS and RHS separately to show

T =a

i — =
zz,=z,¢ct and ATfor ¢ * +1=¢e"' Acceptworking in either modulus-
argument form or in Cartesian form.

equality, award M1AT for 7>+ 2, =z.%e ' +2.] (— :’f[e] 3 +IB, A1 for

20122022

M1

A1

A1

A1l

A1

AG

[6 marks]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS
(d METHODA1
5+z,=-a and 7z, =b (A7)
a :;'|2+z22+2:,:1 A1
a’ =2z,z,+5:5,(=352,) A1
substitutes b = Z,Z, into their expression M1
a=2h+b OR o =3b A1
Note: [f Z +Z, =—d is not clearly recognized, award maximumn (AG)JATATMTAG.
s0 a’ ~3b=0 AG
METHOD 2
Z+z,=—¢ and 7,7, = (A1)
(= +=, ): =2+, +2z77, At
{(z,+2.) =22z, +z,2,(=3z2z,) At
substitutes b=z z, and z, +z, =—4 into their expression M1
a’=2h+b OR u =3b A1
Note: [f z, +z, = —¢ is not clearly recognized, award maximum {A0JATATM1AO.
so a’ —3b=0 AG
{5 marks]
(e a —3x12=0
a=16 (=2 £6z+12=0) A1
for a =—6:
: , 5
d :3+~.f§1, z,=3 ~\31 and & -@ = —?ﬂ which does not satisfy 0 <a—68 <= Rt
for a=6:
z]:—B—ﬁij33:—3+\/§i and a’—B:% At
I
so (for 0 <a -6 <), only one equilateral triangle can be formed from point O and
the two roots of this equation AG
{3 marks]
==
’

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

33-(MathAA/10_HL_Winter_2022_Q5)~-ComplexNumbers

(a) product of roots =80 (At}
3-1 is aroot (A1)
attempt to set up an equation involving the product of their four roots and 180 (A1)

(3+i)(3-i)a’ =80 = 10a" =80

a=2 A1

[4 marks]}

(o) METHOD 1

sum of roots =-p (A1)

—p=3+i+3-i+2+4 (M1)

Note: Accept p=3+i+3-1+2+4 for (M1)

p=-12 A1
METHOD 2

(z-(3+1))(z-(3-1))(z-2)(=-4) (1)
((z-3)-)z-3)+)(=-2)(=-4) (A1)

(z7-6z+10)(z" —6z+8)=z"-12z"+ ..
!):—]2 A1

[3 marks]

.



IBDIPLOMA

MATHEMATICSAA-HL-P1

34-(MathAA/10_HL_Winter_2022_Q12)-ComplexNumbers

@

z, =141

arg(z, )= arctan(1) = % =45°

Note: Accept any of these three forms, including an answer marked on an
Argand diagram.

(ii)

(i

arg(z, ) = arctan [;]

a+a+l

attempt to use the compound angle formula for tan

tan (arctan (a)) +tan (arc‘ran (b))
1 -tan (arctan (a)) tan (arctan (b))

tan (arctan () +arctan (h)) =

_a+b

Cl—ab

= arctan(a)+ arctan ($) = arctan [ atb j
1—ab

METHOD 1
arg () =arg(z,7,) = arg(z, ) +arg(z)

= arctan (l) +arctan {%]

1+

wo—

= arctan
1—

by —

= arctan (2)

CH6-COMPLEXNUMBERS

(A1)

A1

A1

{3 marks]

M7

A1

AG

M1

(A1)

A1



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH6-COMPLEXNUMBERS

20122022

METHOD 2
w, =z, = (1+1)(3+1)
=2+44

arg{w, ) = arctan [%J or labelled Argand diagram

= arctan(2)

(M1)

A1t

A1

AG

[5 marks]

A
) o)

566



IBDIPLOMA MATHEMATICSAA-HL-P1

c) letn=0

LHS = arg(w, )= arg(z, ) = arctan (I)[: E]

RHS = arctan(l)(:%] 50 LHS = RHS
Vi

Note: Award R0 for not starting at # — 0, for example by referring to the result in

(b) (i) for n=1. Award subsequent marks.

assume true for # =4, (so arg(w, ) =arctan(k +1))

Note: Do not award M1 for statements such as "let #=4%"or“n =% is true”.

Subsequent marks can still be awarded.

arg(w, )

= arg(u-‘kz‘_ q )(: arg(u-‘k ) + El]'g(Z‘__] ))

=arctan (k + ) +arctan - !
(k+1y +(k+1)+1
I'( 1 l}
= arctan i ) bk
;’f+l
{(kﬂ (k+1 +1J
!{+])+[ ]
K +3k+3
= arctan
1—{4+1 .
( " )(k"+3;'(+3]
(k+ D) (k" +3k +3)+1
= arctan -
(k'+3!(+3)—(k+l)

CH6-COMPLEXNUMBERS

R1

M1

(M1)

A1

M1

(A1)

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH6-COMPLEXNUMBERS

k' +4k” +6k+4
=arctan - A1
k- +25+2
(k+ 2)(;’(3 +2k + 2)
= arctan . A1
k™+25+2
=arctan(;’(+2)(= arctan((k+])+l)) A1
since true for # =0, and true for n =& +1 iftrue for n = & , the statement is
true for all 7€ M by mathematical induction R1
Note: To obtain the final R1, four of the previous marks must have been
awarded.
[10 marks]
[===}
[ )

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

1-(MAT/10_HL_Winter_2014_Q10)-Permutation-Combination

(a) use of the addition principle with 3 terms
to obtain 'C, + °C, + °C, (= 4+ 10 + 20)

number of possible selections is 34

(b) EITHER

recognition of three cases: (2 odd and 2 even or 1 odd and 3 even or 0
odd and 4 even)

(°C,x*C,) + (PCx*Cy) + (PCo x *CL ) (= 60 + 20 + 1)

OR

recognition to subtract the sum of 4 odd and 3 odd and 1 even from
the total

°C,—*C,-(*C,x 'C,) (=126-5-40)

THEN

number of possible selections 1s 81

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

2-(MAT/10_HL_Winter_2018_Q2)~-Permutation-Combination

(@) METHOD 1

4

8! 8xTxb6x5

= = =7><2><5
4140 4 x3x2x1

=70

METHOD 2

recognition that they need to count the teams with 0 boys, 1 boy... 4 boys
4 4 4 4 4 4

1+ X + X + X +1
1 3 2 2 1 3

=1+ 4 xH+ (6 x6)+ (4 x 4)+1

=70

(b) EITHER
recognition that the answer is the total number of teams minus the humber
of teams with all girls or all boys
70 -2
OR

recognition that the answer is the total of the number of teams with 1 boy,
2 boys, 3 boys

O () o

THEN
=68

(A1)

(M1)

A1

w1

(A1)
A1

(M1)

(M1)

A1

{3 marks]

[2 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH7-PERMUTATION-COMBINATION

3-(MathAA/11_HL_Summer_2021_Q9)-Permutation-Combination

(a)

METHOD 1

B has one less pen to select

EITHER

A and B can be placed in 6x5 ways
C, D, E have 6 choices each

OR

A (or B), C, D, E have 6 choices each
B (or A) has only 5 choices

THEN

5x6" (= 6480)

METHOD 2
total number of ways =6’

number of ways with Amber and Brownie together = 6
attempt to subtract (may be seen in words)

65 _ 64
= 5x6° (= 6480)

METHOD 1

total number of ways = 6!(=720)

number of ways with Amber and Brownie sharing a boundary
=2 7x4!(: 336)

attempt to subtract (may be seen in words)

720-336 =384

METHOD 2
case 1: number of ways of placing A in corner pen
3x4x3x2x1

Four corners total no of ways is 4><(3><4><3x2><l) = 12x4!(=288)
case 2: number of ways of placing A in the middle pen
2x4x3x2x]

two middle pens so 2x(2x4x3x2x1)=4x4!(=96)

attempt to add (may be seen in words)

total no of ways =288 +96

=16x4!(=384)

20122022

(M1)

(A1)
(A1)

(A1)
(A1)

A1
(A1)
(A1)

(M1)

A1
[4 marks]

(A1)
(A1)

(M1)
A1

(A1)

(A1)
(M1)

A1
[4 marks]

A _
i
’



IBDIPLOMA MATHEMATICSAA-HL-P1

4-(MathAA/10_HL_Winter_2022_Q11)-Permutation-Combination,Remainder &FactorTheorem

CH7-PERMUTATION-COMBINATION

(@ @O s (A1)
=125 At
(i) P=5x4x3 (A1)
=60 A1
4 marks]
(b} () METHOD 1
x*+3x+2=(x+1){x+2) (A1)
corract use of factor theorem for at least one of their factors M)
P(-1)=0or P(-2)=0
attempt to find two equations in ¢, and ¢ M)
(—l)3 +a(—l): +b(-1)+c=0(>-1+a-h+c=0)
(<2) +a(=2) +6(-2)+c=0
—8+da-2h+¢=0and -1+u-h+c=0 At
attempt o combine their twe equations in —8+4a —2h + ¢ =0 to eliminate ¢ M)
h=3a-7 At

Note: Award at most ATMIMTAOM1AO for b= -3a-7 from *(1)=P(2)=0

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

METHQD 2

P(x)=x"+ax +hx+c=(x" +3x+2)(x+d) (M1)
=x +(3+d)x +{243d)x+2d (A1)
attempt to compare coefficients of x* and M1)
a=3+d and h=2+3d At
attempt to eliminate (1)
=bh=3a-7 At
METHQD 3

attempt to divide x* +eax” +bx+c¢ by X7 +3x+2 M1

(Ba+b+T)x+{c-2a+06)
¥ 4+3x+2

X HaxT +hx+c

ATATAT

< ={x+a-3
X +3x+2 (‘+u )+

Note: Award AT for x+a—3, Affor (-3a+h+7)x and At for c—2u+6

recognition that, if (f +3x+ 2) is a factor of P(x), then -3a+h+7=0 M1)
leadingto h=3a-7 Al
[
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

METHOD 4

X 43x+2=(x+1)(x+2) (A1)
attempt to use Vieta's formulae for a cubic with roots -1, -2 and “p” (A1)
(-D+(-D+p=-a(=p=3-a) A1
(-D=2)+(=Dp+(-2)p=5 A1
Attempt to eliminate "p” M1)

2-(B-a)-203-a)=b

h=3a-7 A1

Note: Award at most ATMTAGAOMTAQ for = -3a -7 fromroots 1, 2 and “p”

(i) METHOD 1

a=12.5 lead to invalid values for A RrR1
a—3.h—2=¢ -0 s0not possible R1
S0 «—4,h—5,c— 2 is the only solution AG
METHOQD 2

¢=2u-06 R1
correctly argues « — 4 is the only possibility R1
s0 w=4,h=5c=2 is the only sclution AG

(i) ' +4xT+5x+2= (07 +3x+2)(x+1)

=(x+2)(x+1)(x+1) A1

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH7-PERMUTATION-COMBINATION

(iv)

2
T A‘
2 -1 0
positive cubic shape with y-intercept at (0,2) A1
x-intercept at (—2,0)and local maximum point anywhere between x=-2 and x =-1 A1
local minimum point at (—1,0) A1

Note: Accept answers from an approach based on calculus.

[12 marks]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

1-(MAT/12_HL_Summer_2012_Q4)-BinomialTheorem

(a) (x—g] :x4+4x3[—2]+6x2[—2] +4x(—z] +[—zj
X X X x X

Note: Award (A1) for 3 or 4 correct terms.

4
Note: Accept combinatorial expressions, e.g. (ijor 6.

:x4—8x2+24—¥+¥
X X

4
(b)  constant term from expansion of (2x* + l){x - 2] =—64+24=-40
X

2-(MAT/10_HL_Winter_2012_Q2)-BinomialTheorem

bkl ko k)

Note: Award M1 for attempt to expand and A7 for correct unsimplified expansion.

o e yz y4
=5 -4 5 +06-4"+ (:

2

xF —4x®y? +6xtyt —AxTy® 43"
¥ v XX

1_4
Xy

3-(MAT/12_HL_Summer_2013_Q3)-BinomialTheorem

clear attempt at binomial expansion for exponent 5

L NPLN (—3x)* + ¥x 2% 5 (=3x)°

20+ 5% 2V (=3x) +

Sxdx3x2
_l'_i

YR (=3x)" + (=3x)’

Note:  Only award M1 if binomial coefficients are seen.

—=32-240x+ 720x” —1080x° + 810x" — 243%°

.




IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

4-(MAT/11_HL_Summer_2013_Q13)-Probability,BinomialTheorem
2
a Bl 6, —
@ 56.3]
6y 2Y 1Y
4) = — | =
P (4][3}(3)
6
=15

4
15,2 80
3% 243

(b) (i) 2 outcomes for each of the 6 games or 2° = 64

R N Y P G P G

Note: Accept "C. notation or 1+ 6x+15x” + 20x° +15x" + 6x° + »°

setting x =11n both sides of the expression

Note: Do not award RI if the right hand side is not in the correct form.

O

(1) the total number of outcomes = number of ways Alfred can win
no games, plus the number of ways he can win one game efc.

(¢) (1) Let P(x, v) be the probability that Alfred wins x games on the first day
and y on the second.

s CRCRHICRC!
& GIG) «(EIG)

r=2ord,s=t=

y®



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

(i) P(Total=6)=
P(0, 6)+ P(L, 5)+ P(2, 4)+ P(3,3)+ P(4, 2) - P(5, 1)+ P(6, 0)

HISIORHIBIORSHISIO)
S GG

| Note: Accept any valid sum of 7 probabilities. |

NORC
(111) useo N

(can be used either here or in (c)(ii))

p(wmsfoumfm ( ] 6 5 ﬁ
= (HRARHENEHEHE )=
R HE R N EHEHE R

- i (2T & (my
@ o e 35 2

(a=2,b=3)

2

/—‘\

| Note: M0A0for a=2, h=3 without any method. |

() nl+x)"= i[n}rx”
v

r=1
(sigma notation not necessary)
(if sigma notation used also allow lower limitto be »=0)
let x=2

3;’1—1: [ 7 2r—1

r=1

multiply by 2 and divide by 3"

EEI S

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

5-(MAT/12_HL_Summer_2015_Q2)-BinomialTheorem

(B-x)'=13"+43 (-x)+6.3* (—x)* +4.3(=x)’ +1(-x)* or equivalent
=81-108x+54x" —12x" + x°

6-(MAT/11_HL_Summer_2015_Q4)-BinomialTheorem,Differentiation
(@) (x+hY=x"+3x"h+3xh*+
. (x+hY X%
by [fi(x)= ljm S =X
h—0
X433+ B -0

=lim
h—0 h

= 1im(3x2 +3xh+ hz)
-0

=3x?

7-(MAT/10_HL_Winter_2015_Q3)=-BinomialTheorem

@ C+x)'=2'+42x+62"x"+4-2x"+x* M1(A1)

| Note: Award M1 for an expansion, by whatever method, giving five terms in any order. |
=16+ 32x 4+ 24x* + 8’ + x* A1

Note: Award M1A1A0Q for correct expansion not given in ascending powers of x.

(b) let x =0.1 (in the binomial expansion) (M1)
2.1'=16 + 3.2 + 0.24 + 0.008 + 0.0001 (A1)
=19.4481 A1

.




IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

8-(MAT/12_HL_Summer_2016_Q6)-BinomialTheorem

(a) l, nx, n(n — 1) x2 , n(n — 1)(71 — 2) xS
2 6

| Note: Award A1 for the first two terms and A7 for the next two terms. |

n

r

Note: Accept[ ] notation.

[ Note: Allow the terms seen in the context of an arithmetic sum. |

| Note: Allow unsimplified terms, eg, those including powers of 1 if seen. |

(b) () EITHER
using u, — u, = u, — i,
n(n —1) = nn —Dn -2) nn-1)
2 6 2

attempting to remove denominators and expanding (or vice versa)
3" = 9n=n"— 61"+ 5n (or equivalent, eg, 67" — 12n=n"— 31" + 2n)

OR

using u, +u, = 2u,
N an — Din—2)
6
attempting to remove denominators and expanding (or vice versa)
6n+n’ —3n° +2n=06n"—6n (or equivalent)

= n(n-1

THEN

=9 +14n =0

(i) nrn-2n-T=0o0r(n—-2n-7=0
n="7only(as n = 3)

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

9-(MAT/12_HL_Summer_2017_Q1)-BinomialTheorem

attempt at binomial expansion, relevant row of Pascal’s triangle or use of
general term with binomial coefficient must be seen M1)

10 !
term independent of x is { A ](2;& )5 (%} (or equivalent) (A1)(A1)(A1)
X

Notes: x's may be omitted.

10
Also accept P or 210.

=840 A1
[5 marks]
10-(MAT/10_HL_Winter_2017_Q4)-BinomialTheorem
7 o {=2Y
each term is of the form ( J(x2 )7 (—2] (M1)
r x

7
— { Jx142r(_2)r xfr

»
so14—-3r=8 (A1)
r=2

AVIRCI A 7 )
SO require x — | (or simpl -2 A1
q [J()[xj( ply | |(=2))
=21x4
=84 A1
Note: Candidates who attempt a full expansion, including the correct term, may only be awarded
M1AOGAOQAQ.
[4 marks]
11-(MAT/11_HL_Summer_2019_Q2)-BinomialTheorem
attempt at binomial expansion M1

|+[l]l](—z,\‘){'zlj(—zx)*’+.,_ (A1)
(121]_ 55

1-22x+220x A1A1

[ Note: A7 for first two terms, A7 for final term. |

Note: Award M1(A1}AGAO for (—2x)”+[ :é }(—2.-}'”{ 191 }[—z.r)”+...,

20122022




IBDIPLOMA MATHEMATICSAA-HL-P1

CH8-BINOMIALTHEOREM

12-(MathAA/12_HL_Summer_2021_Q3)-BinomialTheorem

EITHER
attempt to use the binomial expansion of (x -H’c)7 (M1)
TCXTK +TCx k' + 'Cxk L (or TC kX + TCE X + TG L)
identifying the correct term "C,x’k” (or "C.k*x") (A1)
OR
attempt to use the general term 'C x'k"" (or 'C k"x"") (M1)
r=2 (orr=5) (A1)
THEN
'C, =21 (or 'C, =21) (seen anywhere) (A1)
21x°k% = 63x° (217 =63, k* =3) A1
k=+3 A1
Note: If working shown, award MTATATA1AO for k = \/g
[5 marks]
13-(MathAA/10_HL_Winter_2021_Q9)-BinomialTheorem
(a) attempt to expand binomial with negative fractional power M)
] ! R
:(I+(L\')-’:l—£+3“ a At
V1 +ax 2 8
Jv=(l-a)r =12 © A1
—x=(l-xp= —E—?+...
! - l—r—(l_a)r+ da” +1 o+
J+ax _ 2 8 _
attempt to equate coefficients of x or x° {M1)
- . T4+
X ]—a-flb;.r‘ : 3 =h
8
attempt to solve simultanecusly m1)
o= 1 b= 1 At
3 6
6 marksj
(b) |v/<1 A1
[1 mark]
Total [7 marks]
A _
v o
’
20122022 582



IBDIPLOMA MATHEMATICSAA-HL-P1 CH8-BINOMIALTHEOREM

14-(MathAA/11_HL_Summer_2022_Q6)-BinomialTheorem

EITHER
attempt to obtain the general term of the expansion
nr 1 r - 1 n=r

T,="C(8x) |-— | ORT_ ="C,  (8x) | -—— M1

r+l r( ) [ ZIJ r+l n—r( ) [ 2}_} ( )
OR
recognize power of x starts at 3n and goes down by 4 each time M1)
THEN
recognizing the constant term when the power of x is zero (or equivalent) {M1)
r :% or n :%F or 3n—4r=0 OR 3r—(n—r)=0 (or equivalent) A1
r is a multiple of 3 (r = 3,6,9,...) or one correct value of » (seen anywhere) (A1)
n=4kkel’ A1

Note: Accept » is a (positive) multiple of 4 or n=4,8,12,...
Do not accept n=4,8,12

Note: Award full marks for a correct answer using trial and error approach
showing n =4,8,12,...and for recognizing that this pattern continues.

[5 marks]

A
) o)

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH8-BINOMIALTHEOREM

15-(MathAA/12_HL_Summer_2022_Q5)-BinomialTheorem

(a) EITHER
recognises the required term {or coefficient) in the expansion

b’ ="C,x'I° OR h=7C, OR 'C,

7! 7!
TR T T

correct working

TxOHXIxAx3Ix2x%x] OR Txb 42
2xIx5x4dx3x2x] 2! 2

OR
lists terms from row 7 of Pascal’s triangle

1,7,21,..

THEN
h=21]

by a=7
correct equation

. ax"+35x _ 7x" 4357

21x OR 21x" =

correct quadratic equation
Tx'=42x+35=0 OR x'—6x+5=0 (or equivalent)

vald attempt to solve their quadratic

o6y - a()(5)
2(1)

(x—1}{x-5)=0 OR

x=] x=5

Note: Award final A0 for obtaining x=0, x=1 x=5.

20122022

(M1)
A1

(M1)
A1

AG
[2 marks]

(A1)

I5 marks]

A
i
’
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH9-
REMAIND
ER&FACT

ORTHEOR
EM

1-(et f(x)=2x"+/x* +6x+32  Mheorem
let g(x)=x"—6x" —kK'x+9
F(-D) =2+ k—6+32=24+k)
g(-D=1-6+k+9(=4+k"

= 2U+k=4+ 1
=k —k=20=0
— (k—5)(k+4)=0

—k=5-4
2 f(-2)=0 (= -24+4p-2g-2=0) M1
D=4 (=-3+p—-g-2=4) M1

side correct.

Note: In cach case award the M marks if correct substitution attempted and right-hand

attempt to solve simultaneously (2p—g=13, p—g=9) M1
p= 4 Al
qg= -5 Al
-0P(2)=2442a+bH=2, P(-1)=-3-a+h=5
(2a+b=-22,—a+bH=18)
Note: Award M1 for substitution of 2 or —1 and equating to remainder,
Al for each correct equation.
attempt to solve simultaneously
a=-10,b=-2
o
o

.




IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR
THEOREM

4-(MAT/10_HL_Winter_2017_Q3)-Remainder&FactorTheorem

@ gH=0 (M1)

192 —176 + 4k + 8 =0 (24 + 4k = 0) A1

k=-6 A1

I3 marks]

(b) 3’ — 116 — 6x + 8= (x — 4)(3x" + px - 2)

equate coefficients of x*: (M1)

12+ p=-11

p=1

(xr— H(3x"+ x - 2) (A1)

(x=—DHGCx = Dx+ 1D A1
| Note: Allow part (b) marks if any of this work is seen in part (a). |
[ Note: Allow equivalent methods (eg, synthetic division) for the M marks in each part. |

I3 marks]
5-(MAT/11_HL_Summer_2018_ Q1)-Remainder&FactorTheorem
attempt to substitute x=—1 or x=2 orto divide polynomials M1)
1- p-—g+5=7,16+8p + 29 + 5 =1 orequivalent A1A1
attempt to solve their two equations M1
p= -3, q= 2 At
[5 marks]
=
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH9-REMAINDER&FACTOR
THEOREM

6-(MAT/11_HL_Summer_2019_Q10)-Remainder&FactorTheorem,Probability

(@ () p(2)y=8-12+16-24

(M1)

| Note: Award M1 for a valid attempt at remainder theorem or polynomial divisicn. |

=—12
remainder =-12

(i p(3)=27-27+24-24=0
remainder = (}

{(by x=23 (is a zero)

| Note: Can be seen anywhere. |

EITHER
factorise to get (x —3) [f +8)

X' +8=0 (for xc R) (or equivalent statement)

| Note: Award R1 if correct two complex roots are given. |

OR
plx)=3x" —6x+8
attempling 1o show p'(x)=0

eg discriminant = 36 — 96 < {J. completing the square
no turming poinis

THEN

only one real zero (as the curve is caontinuous)

{c) newgraphis v= p(2x)
stretch parallel to the x-axis {(with x =0 invariant), scale factor 0.5

At

At

[3 marksj

At

(M1)A1
R1

At
Mt

Rt

AG
{4 marksj

(m1)
At
[2 marks]

| Note: Accept “horizonial” instead of *parallel tc the x-axis".

20122022

.
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH9-REMAINDER&FACTOR

THEOREM

= 24" +3¢7"

[ Note: Allow factorfals in the denominator for A7, |

247347 +44-6=0

| Note: Accept any correct cubic equation without factorials and ¢ -

-

20122022

EITHER
4(22" 327 +42-6)=81"—122" +164-24 =0

A=3

b

M1A1

A1

(m1)
{A1)

(M1){A1)

At

[6 marks]

A
) o)

588



IBDIPLOMA

MATHEMATICSAA-HL-P1

7-(MathAA/10_HL_Winter_2022_Q11)-Permutation-Combination,Remainder&FactorTheorem

(@
(1)
(b) (i}

5!‘_’; =5x4x3

=60

METHOD 1

x*+3x+2=(x+1){x+2)

correct use of factor theorem for at least one of their factors
P(-1)=0or P(-2)=0

attempt to find two equations in ¢, and ¢

(1) +a(=1Y +b(-1)+c=0(—>-1+a—bh+c=0)

(<2) +a(=2) +6(-2)+c=0
—8+da-2h+c=0and -l+u-h+c=0
attempt o combine their twe equations in —8+4a —2h + ¢ =0 to eliminate ¢

b=3a-7

CH9-REMAINDER&FACTOR
THEOREM

(A1)

Al

(A1)

At

4 marks]

(A1)

(M1)

{M1)

At

(M1)

Al

Note: Award at most ATMIMTAOM1AO for b= -3a-7 from *(1)=P(2)=0

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR

THEOREM

METHQD 2

P(x)=x"+ax +hx+c=(x" +3x+2)(x+d) (M1)
=x +(3+d)x +{243d)x+2d (A1)
attempt to compare coefficients of x* and M1)
a=3+d and h=2+3d At
attempt to eliminate (1)
=bh=3a-7 At
METHQD 3

attempt to divide x* +eax” +bx+c¢ by X7 +3x+2 M1

(Ba+b+T)x+{c-2a+06)
¥ 4+3x+2

X HaxT +hx+c

ATATAT

< ={x+a-3
X +3x+2 (‘+u )+

Note: Award AT for x+a—3, Affor (-3a+h+7)x and At for c—2u+6

recognition that, if (f +3x+ 2) is a factor of P(x), then -3a+h+7=0 M1)
leadingto h=3a-7 Al
[
o

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH9-REMAINDER&FACTOR
THEOREM
METHOD 4
X 43x+2=(x+1)(x+2) (A1)
attempt to use Vieta's formulae for a cubic with roots -1, -2 and “p” (A1)
(-D+(-D+p=-a(=p=3-a) A1
(-D(-2)+{(-Dp+{(-2yp=>~ At
Attempt to eliminate "p” M1)
2-3-a)-2G-a)=b
h=3a-7 At
Note: Award at most ATMTAGAOMTAQ for = -3a -7 fromroots 1, 2 and “p”
(i METHOD 1

(iif)

a=1,2.5 lead to invalid values for A
a—3.h—2=¢ -0 s0not possible

S0 « —4,h —5,¢ -2 15 the only solution
METHOQD 2

c=2u-06

correctly argues « — 4 is the only possibility

s0 «=4,h=5,c=72 15 the only solution

V4 +5x+2 = (_\r: +3x+2)(_¥+ 1)

:(x+2)(x+])(.r+])

R1

R1

AG

R1

R1

AG

A1

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH9-REMAINDER&FACTOR
THEOREM

(iv)

2
T A‘

2 -1 0
positive cubic shape with y-intercept at (0,2) A1
x-intercept at (—2,0) and |ocal maximum point anywhere between x =-2 and x=-1 A1
local minimum point at (—1,0) A1

Note: Accept answers from an approach based on calculus.

[12 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

1-(MAT/11_HL_Summer_2012_Q11)-Mathematicallnduction

(a) ifn=1

X'= '4'U which is given, so true for #=1
Assume true for 2=k

xt=ula'v
Note: Only award M7 1f the word “true” or equival ent appears.
if n=k+1
Xv(-i-l = Hﬂ
~vavuA'u
=Ulaidv=uvladv
=4y

Astrue for n=1, and true for 2=k =true for #=Xk+1, then by the
principle of mathematical induction the statement s true for all n(€ Z*)

.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

(b) (i) METHOD 1
AU =UD—= D=U"'AU

U4:l 1 -1
211 3
1 1y2 3Y3 1% /1 0
p-viay -1 -
201 301 201 1) lo 1
METHOD 2
2 -3Y3 1) (3 Iya b
1 2,1 1) 1 1lc 4
3 -1 B 3a+c 3b+d
1 -1, \a+c b+d

solving simultaneously
a=1,¢=0,56=0, d=-1

o0
D=

0 -1
S (10
() 01

(i) DY =U"'AU—= A" =UD"U"
U
—uUt =1

Gv) A" —I=AA =1
:>(Al’1)—1 :An

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

2-(MAT/12_HL_Summer_2012_Q13)-Differentiation,MathematicalInduction

and using the result f'(x)= Lm(}

__1 Slx+h)—f(x)
@ et =77 ( h )

1 1
2(x+)+1 2x+1
h

£ = lim

2x+1]-[2(x+ A)+1
)t 220 B 1)
h[2(x+ ) +1][2x+1]
-2
— =
A h"”([Z()C+ h)+1][2x+1]j
, -2
:> -
A (2x+1y
by let y= L
Y1
I M '
we want to prove that &y =(-1" 2
dx” (2x+1)*!
let ne1 = -y 20
et n= :>
( 1)1+1
dy — C
=== —-which is the same result as part (a)
dx (2x+1)
hence the result is true for »=1
d" 2k
assume the result is true for n=F% : —= = (-1)" —_—
(2x+ 1)
&y d ( 1 2%k
d)ck+1 - (2x+ 1)k+1
dk+1 d B
= dxkj’ — [( 1 2 k(2 + 17 |
dk+1y
— o = (=D 2"k —k-D(2x+ 1) x
dk+1y
=T D2 K DI 2xr 1)
dk+1 ( )k+l 2k+l (k+ 1)'
dx.chrl (2x+ l)fc+2

hence if the result 1s true for n=1%, it is true for n=%+1
since the result is true for » =1, the result 1s proved by mathematical induction

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

3-(MAT/10_HL_Winter_2012_Q12)-Functions-Roots,Mathematicallnduction

X
X 2-
@) (fofxm=f(2_x)=2_ x
2-x
X
(Fofim=—

(b)y  P(m):(f oS o0 f)(x)=F (x)

n times

P f(x)=F(x)

X X X
LHS = = d RHS =F, (x) = =
/() 2o " 1 () 2-2'-Dx 2-x
S P(1) true
assume that P (k)is true, ie., (fo fo...0 f)(x)=F (x)
k times

consider P(k +1)

EITHER
(fof oo )@ =| fofof oo f (x)=f(F,(x)
k+1 times k times

o
_ x 2 (2 -Dx
_f(zk—(Zk—l)x _2_ X

2° - (2°-Dx
X X

22 -2 -l)-x 2T -@7 -2

OR

(fOfO---Of)(JC)={f°f"f°---"f (¥) = F(f(x))

k+1 times k times
X
_ ( X ) 2—x
=F, =
2-x 9 (2k 1 X
_ X
2 by x4 x
THEN
X
=l (x)

= 2[C+1 _ (2[C+1 _ l)x
P (k) true implies P(k +1) true, P(1) true so P(n) true forall n€ Z*

.



IBDIPLOMA MATHEMATICSAA-HL-P1

(¢) METHOD 1

y 5 p
x=—+ =25 (2" -Dxy=
> Dy (2" -Dxy=y
=2nx=((2”_1)x+l)y=y=(2n_21ﬁ
s o
(2" -Dx+1
F! -
- =
X+
2" 2"
FMx) =t
(1-2")yx+2™"
Fl'x)= X
- () 27 -27-Dx
METHOD 2
attempt 5 (E1 (x))
o
-, Ji _ 2"-2"-Dx
2" -(2"-Dx 27 (27 - 1) X
2" - (2" -Dux

X
T2 - (2 - 1)) - (2" - D)x

Note: Award A7 marks for numerators and denominators.

X
=—=X
1
METHOD 3
attempt F (Ffﬁ1 (x))
X
_F| x_n _ 27 - (27" -Dx
27 - (27" =-Dx

X
22" -@27 -Dx)-2" -Dx

Note: Award A1 marks for numerators and denominators.

X
=—=x
1

CH10-MATHEMATICALINDUCTION

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

@ @ FO=0 F0=1

(i) METHOD 1

2 (2" Ty =1=(2 = 1)(1- %)
>0if 0<x<l and nEZ

X X
$0 2" (2" -Dx>land F(x)=——— <~ (< x
(2'-1) = <Y
F(x)=— > <xforO<x<land n€Z"
> (2"~ 1x
METHOD 2
X

S <x e 2 (2 -Dx>1
-2 -T)x

= (2"-Dx<2" -1
2" -1_ . .
1 =1 true in the interval ]O, 1[

(i) B, = 2(41 -%) (=24 -1)

< x<

4-(MAT/10_HL_Winter_2013_Q6)-Mathematicallnduction

n=1:1TP+11=12
=3 x4 or a multiple of 3
assume the proposition is true for n=% (iek>+11k=3m)

Note: Do not award M1 for statements with “Tet n= £ .

consider n=/k +1: (k+1) +11(k+1)

=k +3 +3k+1+11k+11
=K +11k+ 3k  + 3k +12)

=3(m+k*+k+4)

Note: Accept k> +11k+3(k> +k +4) or statement that &> + 11k +(3k* + 3k +12) is
a multiple of 3.

truefor n=1,and n=F% true = n=%k+1 true

hence true for all ne Z*

[===}
[ )

v
’



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

5-(MAT/10_HL_Winter_2014_Q8)~-Mathematicallnduction
let P(#) be the proposition that (2n)! > 2"(n!)*, neZ"
consider P(1):
2!=2 and 2'(1!)" =2 so P(1) is true
assume P (k) istrue je (2k)!1=2°(k!), ke Z"

Note: Do not award M1 for statements such as “let n=£4%"".

consider P(k+1):

(20 +1))t= 2k +2) 2k +1)(2k)!
(2(k+D)12 2k +2)(2k + 1) (k) 2

=2k + D2k + (kD 2"
> 2 e+ Dk +D(kY) since 2k +1> k +1
=2 ((k+ 1))

P (% +1) is true whenever P(k) is true and P (1) is true, so P(n) istrue for ne 7"

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

6-(MAT/12_HL_Summer_2015_Q13)~-Mathematicallnduction

. 1 _ 1 x\/n+l—\/;
Jo+idn+l Jn+dn+l Jn+1-n

_Jrri-v

(n+1)—n

e S

b 2-1=

1
< —

V2

1
V241

(¢) consider the case n=2: required to prove that 1+— J_ > J_

1
from part (b) ——= > \E—l

NP

hence 1+L>\E is true for n=2

Nz

1
now assume true for n=%: T >k
r

L

NN

1 1 1
attempt to prove true for n=k+1: +——=+—F—>k+1
BN/ PN vy
1 1 1 1
from assumption, we have that —+ .. .+ — > \/i;+—
f NN JE+1

so attempt to show that \/E + k+1

=
Jk+1

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

EITHER

1
>Jk+1—JE
Nk+1

1 1
>
Vi1 Ve +Je+1

OR

Jia] e+ 1k +1
JEk+1 Je+1

ik +1

THEN

, (from part a), which is true

sotrue for n=2 and n=%k true = n=%+1 true. Hence true forall n > 2

7-(MAT/10_HL_Winter_2015_Q8)~-Mathematicallnduction

(@) sin 6+ Z|=sind cosE + cos@ sin =
2 2 2

= cosf

| Note: Accept a transformation/graphical based approach. |

(b) consider n=1, f'(x) = a cos(ax)

. : T .
since sm[ax + E] = cos ax then the proposition is true for n =1

: kn
assume that the proposition is true for n =k so /" (x) = &" sm(ax + ?]

®)
FEP(x) = M (= a(ak cos[mc + %]D

dx
- kn m _
=q sin| ax + 7 + E (using part (a))

=g" sin(ax + W—%)

given that the proposition is true for n =k then we have shown that the
proposition is true for # =k + 1. Since we have shown that the proposition

is true for 72 =1 then the proposition is true for all ne Z*

T

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

8-(MAT/12_HL_Summer_2016_Q8)-MathematicalInduction

let P(n) be the proposition that n(rfl + 5) is divisible by 6 for ne 7"
consider P(1):
when n=1, n(n2+ 5) =1x (12+ 5) =6 and so P(1) is true

assume P(k) is true je, k(k2 + 5) = 6m where k, meZ"

Note: Do not award M7 for statements such as “let n =& "
consider P(k +1):

(k + D((k + 1" + 3)

= (k + D (kK + 2k + 6)

=k +3*+8k+6

= (k> + 5k ) + (3&" + 3k + 6)
=k(K+5)+3k(k +1) +6

k(k + 1) is even hence all three terms are divisible by 6

P(k + 1) is true whenever P(k) is true and P(1) is true, so P(») is true for ne Z*

9-(MAT/11_HL_Summer_2017_Q8)-MathematicalInduction

let P(7) be the proposition that 4" + 151 — 1 is divisible by 9
showing true for n =1 A1

je forn=1,4+15x1-1=18
which is divisible by 9, therefore P(1) is true
assume P(k) is true so 4° + 15k —1=94, (AeZ*) M1

Note: Only award M1 if “truth assumed” or equivalent. ‘

consider 4" +15(k +1) -1
=4 x4+ 15k +14

=494 - 15k + 1) + 15k + 14 M1
=4x94—-45k +18 A1
= 9(44 — 5k + 2) which is divisible by 9 R1

| Note: Award RT for either the expression or the statement above. |

since P(1) is true and P(k) true implies P(% + 1) is true, therefore (by the principle

of mathematical induction) 7(») is true for neZ" R1

| Note: Only award the final Rf if the 2 M1s have been awarded. |

[6 marks]

T

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION
10-(MAT/12_HL_Summer_2017_Q8)~-Mathematicallnduction
2 3 4 n=1 n
+ + + ...+ =
2 2 2 2 3
show true for s2 = 3 (M1}
2 3
LHS = =1 RHS = =1 Al
2 3

hence true for n =3

2 3 4 k-1 k
assume true for 7 = & ; + + + ...+ = M1
2 2 2 2 3

2 3 4 k-1 k
consider for =4 + | : + + + ...+ + (M1}
2 2 2 2 2
k k
- + Al
3 2

& k! k1 | 3 .
= + =— + Or any correct expression
(k — 330 (k-2)121 3N (k-3 (h-2)
with a visible common factor {A1}
KN Ahk-2+43 . ‘ .
=3 W or any correct expression with a common denominator {A1)
At - L}

_ kY k+]
31| (k- 2)!

[ Note: At least one of the above three lines or equivalent must be seen. |

!
= Mm’ equivalent Al
3Nk - 2)1

B k+1

L3

Resultis true for & = 3. If result is true for & itis true for & + 1. Hence result is true
for all £ = 3. Hence proved by induction. R1

Note: In order to award the R1T at least [5 marks] must have been awarded. I

[9 marks]

A
i
’

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

11-(MAT/10_HL_Winter_2017_Q11)-Mathematicallnduction

(a) even function A1
since coskx =cos(—kx) and [, (x) is a product of even functions R1
OR
even function A1
since (cos2x)(cos4x)...= (cos(—Zx))(cos(—4x))_ .. R1

| Note: Do not award AORT. |

(b) considerthe case n=1
sindx  2sin2xcos2x

- = - cos 2x M1
2sin2x 2smn2x
hence true for n =1 R1
) - 2k+1
assume true for n =k, ie, (cos 2x)(cos 4x)...(cos 2¢ x) = s1kn_x M1
2" sin2x

| Note: Do not award M1 for “let n = £” or "assume n = k£” or equivalent. |

consider n=F% +1:

Sia @)= f,(0)(c0s 2 x) 1)
: 2k+1

= Slkn_—xcos 2y A1
2" sin2x
2 - 2k+1 2k+1

_ 2sin me.cos X a1

2" sin2x
: 2k+2

-tz ar
2" sin 2x

so n=1trueand n =k true = n =k + 1 true. Hence true for all neZ" R1

[ Note: To obtain the final R7, all the previous M marks must have been awarded. |

[2 marks]

[8 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

(c) attempttouse f'= u (or carrect product rule) M
5

(2': &in 21‘)(2""1 cox 27! x) - (sin 2“",\‘}(2”'1 cas 2x)

fx= - ATAT
(2': sin Zr)
| Note: Award AT for carrect numerator and Af for correct denaminatar. |
3 marks]
[2‘” sin%][l"" cos 2™ %] - [sin 25! %}[2“' cosg)
@ £ GJ - (MT)(AT)

pe
2" sin =
2

1'("{]: (2‘.)[2”0%2“%) (A1)

Lol T
4 @)
=2cas2™ E(: Zens27 n) Al
4
i
L= 1=2 A1
. [ 4 ]
I
[Z]=0 Al
/. ( 4J
[ Note: This A mark is independent from the previous marks, |
_},==2(xﬁ] MiA1
4
Jx—2v—n=10 AG
[8 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

12-(MAT/11_HL_Summer_2018_Q6)~-Mathematicallnduction

if 2 -1
<
LHS—I;RI[S_cl—_Z‘T_LI—F-_I M1
hence true for » =1
assume true for » - & M1

Mote: Assumption of truth must be present. Follawing marks are not dependent on the first

two M marks.
& % A= 2 5
so 1+ 2[]—] + ’4[]—] + 4(l] ¥ +A[]—] ! :_f
2 2 2 2 2
it =441
2 k] =1 [
1+E(]]+3[1] + 4[1] ++k[]] +(fr+1)[l]
2 2 2 2 2
n 3 B
=4_’*Tl“+(k+1)[l) m1A1
2 2
finding a commeon denominator for the two fractions M7
2Hk+ E+1
- AR
_4q 2k +2)-(A+1) k43 (k+1)+72
=T : At
2 2° zh-—l]-l

hence if true for 7 =4 then alsc true for n=4&+1, as true for n=1, so true {for
all we= 77) R1

[ Note: Award the final RY only if the first four marks have been awarded, |

[7 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

13-(MAT/10_HL_Winter_2018_Q6)-MathematicalInduction

considern=1. 1(1!) =1 and 2! —1 =1 therefore true for n =1 R1

Note: There must be evidence that » = 1 has been substituted into both expressions, or an expression
such LHS=RHS=1 is used. “therefore true for n = 1” or an equivalent statement must be seen.

&
assume true for n = k , (so that Zr(r!) =(k+1D!-1) M1

r=1

| Note: Assumption of truth must be present. |

consider =k +1
£+l

3D =Zk:r(r!) + (k + D)k + 1! (M1)

f(k + D=1+ (k + D)k + 1! A1
=(k+2)E+DI-1 w1

Note: M1 is for factorising (k + 1)! |

=(k+2)-1

=((k+1)+1)!—1

so if true for n = &, then also true for n = &k + 1, and as true for » = 1 then true for

all n(eZ') R1

Note: Only award final R7 if all three method marks have been awarded.
Award RQ if the proof is developed from both LHS and RHS.

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

14-(MAT/10_HL_Winter_2019_Q6)-MathematicalInduction

f.l{x) _ 62.\' + zrel\'

‘ Note: This must be obtained from the candidate differentiating 7(x). |

=(2'x+1x27") ™

(hence true for n=1)

assume true for n =k :
F(x)= (2 + 2 e

| Note: Award M1 if truth is assumed. Do not allow "let #=4". |

consider n=4k+1:

() _5((2* x+k27)e™)
.

attempt to differentiate '*'(x)

f“"”

(I) _ ziel\ + 2(2A x+k2£ 1 )ez.
P =2 42 k2t e
f!hll (Y) =(3“',\‘+(R’ + |)2‘ )Cz..—

_ (2*'" x+(.1(+ ]]2[.‘:+l]-l )elr

True for i =1 and # = & true implies true for n =k +1.
Therefore the statement is true for all n(e A )

Note: Do not award final R7 if the two previcus M1s are not awarded.
Allow full marks for candidates who use the base case n=0.

20122022

A1l

At

M1

M1

A1l

At

Rt

[7 marksj

A
) o)
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

15-(MathAA/12_HL_Summer_2021_Q12)-Trigonometry,MathematicalInduction

(a) EITHER
horizontal stretch/scaling with scale factor %
| Note: Do not allow ‘shrink’ or ‘compression’
followed by a horizontal translation/shift % units to the left A2
| Note: Do not allow ‘move’
OR
herizontal translation/shift 1 unit to the left
followed by horizontal stretch/scaling with scale factor % A2
THEN
0
vertical translation/shift up by % (or translation through| ~ |) A1
4
(may be seen anywhere)
[3 marks]
(b) let g =arctan p and S =arctang M1
p=tana and g =tan 8 (A1)
7+
tan(a+f) = pPTq At
I-pq
+
a+[)’—arctan[p qJ A1
1-pq
_ P+q
so arctan p +arctan g = arctan ] where p,g >0 and pg <1 AG
—Pq
[4 marks]

20122022

A
i
’
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

(c)

20122022

METHOD 1

% =arctan | (or equivalent)

X
. —+1
arctan (—J +arctan 1 = arctan X+l
x+1 1— X (])
x+1
x+x+1
— arctan| —X+1_
x+1—-x
x+1
= arctan (2x + l)
METHOD 2

tan% =1 (or equivalent)

x+1

tan Larctan (2x + 1) — arctan (L)J

x+1

X i
Consider arctan (2.x+1)—arctan [—} =%

dx4l-—

x+1

1+x(2x+1)
x+1

(2x+1)(x+1)—xJ

x+1+x(2x+1)

= arctan

= arctan

=arctan1

A1

A1

A1

AG

[3 marks]

A1

A1

AG

[3 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION
METHOD 3
tan (arctan(2x + 1)) = tan| arctan [LJ +Z
x+1 4

20122022

tang =1 (or equivalent)

LHS = 2x+1

A1

A1

A1

[3 marks]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

» n l n
let P(}z) be the proposition that E arctan 7 = arctan —1 for neZ”
F n+

r=1

consider P(]) :

L 1 1
when n=1, Zarctan[7]=mctm[EJ:RHS and so P(l) is true R1
r=1 r-
u 1 k .
assume P(k) is true, ie. Zarctan — |=arctan| — (keZ ) M1
= 2r k+1

Note:
Note:

Award MO for statements such as “let n =% ",

Subsequent marks after this M7 are independent of this mark and can be
awarded.

consider P (k + 1) :

k+1 1 k l 1
arctan = |= ) arctan — |+arctan| ————— M
> [21‘“} 2 [2 J [2(k+1)‘J MY

r=1 r

k 1
=arctan| — |+arctan| ———— A1
[k+1) LZ(kH)zJ

k l
k+1 2(k+1)

5

(k+1)(2k +2k+1)]

= arctan

M1

= arctan

A1

2(k+1) =k

Note:

Award A1 for correct numerator, with (k + 1) factored. Denominator does not
need to be simplified

k+1)( 2k +2k +1
=arctan[( )( )] A1

2k + 6k +5k+2

Note:

Award A7 for denominator correctly expanded. Numerator does not need to
be simplified. These two A marks may be awarded in any order

k+1)(2k% + 2k +1 :
= arctan ( i )( " +) —arctan(kJrl] A1
(k+2)(2k +2k +1) k+2

Note:

The word ‘arctan’ must be present to be able to award the last three A marks

20122022

A
i
’



MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

IBDIPLOMA

P(k+l) is true whenever P(k) is true and P(1) is true, so
R1

P(n) is true for n e Z*

Note: Award the final RT mark provided at least four of the previous marks have

been awarded.
Note: To award the final R1, the truth of P(k) must be mentioned. ‘P(k) implies

P(k+1)’ is insufficient to award the mark.

[9 marks]

.

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

16-(MathAA/11_HL_Summer_2021_Q12)-Differentiation,Mathematicallnduction

(a) attempt to use the chain rule

1

() =5(1+x)

f(x)= —%(l+x)
1

B 44J(1+x)*

Note: Award MTAOAQ for ['(x)=

[N

or equivalent seen

l
Jl+x

(b) letn=2

1 Y 1 1,
" = || == | =11 2
) L 41+ x) J( 4J TR

M1

A1

A1

AG

[3 marks]

R1

appropriate.

Note:Award RO for not starting at n=2. Award subsequent marks as

. k—1 _ 17
assume true for n=k, (so ['(“(x') —(—l} (Zk—3)1(1+x)3 A)

4) (k-2)!

Subsequent marks can still be awarded.

Note:Do not award M1 for statements such as “let n=k" or “n=kis true”.

considern=Fk +1

dl r®
LHS = %" (x) = M
dx
(LAY R=3 L .
_[ 4J (k—2)! [2 kJ(lﬂ) (or equivalent)
EITHER
RHS=J (')[ 4J k—1)! (1+x) (or equivalent)
_(_lJ (Zk—l)(2k—2)(2k—3)!(1+x)%,k,,
4 (k—1)(k —2)!

20122022

A1

A1

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

(kll) | _ 1
_ (_lJ M(] +x7 Y _Rris
4 (k+1)-2)!

THEN
since true for n =2, and true for n =k +1 if true for n =k , the statement is
true for all n e Z,n =2 by mathematical induction R1

Note:To obtain the final R17, at least four of the previous marks must have been

20122022

awarded.
[9 marks]
METHOD 1
}'?(x) — 1+x eﬂl’(
using product rule to find A'(.x) (M1)
1

W{x)=l+xme™ + e™ A1

( ) 241+ x

— 1 1 1

h" ‘_x_ — n’l 1+Xmeili7f + eme_l_—memx emx A1

0 L 24J1+x 2J1+x 44J(1+x)
substituting x =0into A"(x) M1

" 2 1 ] 1 2 ]
AOy=m"+—m+—m——|=m +m—— A1

2 2 4 4
2
’ X "

h(x)="h(0)+xh (0)+Eh (0)+...
equating x’ coefficient to % M1
no)_7 [:h”(o):7]

21 4 2
dm’ +4m—15=0 A1
(2m+5](2m—3)=0
m=——or m:E A1

2 2
[8 marks]

A
i
’

615



IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

METHOD 2

EITHER

attempt to find f(O), f’(O], f"(O)

f'(x):(1+x)% F(0)=!
(=5 ) 103
f'"(x_)zfi(l"'x)% f’"(O_)=—i

OR

attempt to apply binomial theorem for rational exponents

1 1
f'(x):(]+x)% =1+%x+w_ 2

2!

f‘(x)=1+%x—%x2+...

THEN

2

g(x)zlJrrchr%x2 +...

h(x)= l+lx—lx1+...] l+tme+ x4
2 8 2

2
coefficient of x” is ﬂ+ﬂ_l
2 2 8

attempt to set equal to % and solve

moom 1.7
2 2 8 4
dm* +4m—-15=0

(2m+5)(2m-3)=0

5
m=—— 0or m=—
2 2

20122022

(M1)

A1

(M1)

(A1)

(M1)

[8 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

20122022

METHOD 3

g!(x) — mefm‘ and g"(x) — l”1264':'13;

h(x):h(0)+xh’(0)+;—!h”(0)+...

equating x* coefficient to %

0.1 v

using product rule to find 4’(x) and 4"(x)
H(x)=r(x)g'(x)+/"(x)g(x)
'(x)=f(x)g"(x)+2/"(x)g' (x)+ /" (x)g(x)

substituting x=0into A"(x
1'(0)=£(0)g"(0)+2¢'(0).£'(0)+g(0)./"(0)
=1xm’ +2mx— +1><L J {—m +m——)

Adm’ +4m—15=
(2m+5)(2m—3

\_/'-._/

0
)=0
3
2

5
m=—=o0r m=
2

(A1)

m1

(M1)

A1
M1

A1

[8 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

17-(MathAA/10_HL_Winter_2021_Q11)~-Mathematicallnduction

C)

For =1

LHS: %(.\‘zc‘}z et +2.rc"(= c"(.ﬁc2 + 2.).‘))

RHS: (v +2(1)x+1(1-1))e" (=" (¥ + 2v))

sotrue for n=1

£

truefor n=+k ;ie —(x'c")=|x"+ 2k +k(k-1)|c"
now assume true for e r‘(lc) [r+ b\ ((f )]c

A1

A1

M1

Note: Do not award M7 for statements such as “let 7=4". Subsequent
marks can still be awarded.

attempt to differentiate the RHS

(@)= [ 2k (k)]

X
:[2.)r+2:’c}c:?+{)(2 +2kx +k(k —1))0‘
:Ex: +2(k+x+k(k+ l}]e“'

so true for n=£ implies true for n =4 +1

therefore s=1 trueand n=4% true = n=Lk+1 true

therefore, true for all ne 7

M

Note: Award R1 only if three of the previous four marks have been

awarded

20122022

[7 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

() METHOD 1
attempt to use w(fc‘r) :E\': + 2:1.r+u(nf ] )]c‘Y {M1)
Note: For x=0, %{xzc’)hiu =n(n —1)may be seen.
F(0)=0,77(0}=0, f7(0)=2, /"(0} =6, f‘:“((}) =12
2 3 4
. , X . X m i
use of f{x)=f(0}+xf (0)+Ej (0)+ E‘j (0)+Z_f (0)+... (M1)
:}f(.\')::x?+x‘+%_r4 At
{3 marks]
METHOD 2
‘v’ x Maclaurin series of ¢*’ (mM1)
e X A1
X X +2—!+... (A1)
) N
= flx)=x"+x +5.r At
[3 marksj
y A
T
’
20122022 619



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH10-MATHEMATICALINDUCTION

(c)

20122022

METHOD 1

. 2o : s b
attempt to substitute r ¢’ = v + v +5Jr4 into

.)—x?]j

N
2 N ATEN X+
(x C_r_x_) (x ) 21(

(x"c‘ —x“)

Y

49 -~ Ui
X X

EITHER

THEN
=1 (+ higher order terms)

( xe —x ) |

S0 lim 5

X X

M1

(A1)

At

14 marks}

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH10-MATHEMATICALINDUCTION

METHQD 2
Yo —xt) ot -2y
litm (—)] - lim["‘c—.XJ M1
>} X v} _r‘
(e 1Y
= Im'1 (A1)
A=) X
attempt to use L'Hépital's rule Mt
: [c" —0]‘1
=lim
v—) 1
= [lime‘}'
v}t
=1 AT
4 marks]
Total [14 marks]
[

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

1-(MAT/11_HL_Summer_2015_Q1)-Radian

(@) METHOD 1

area = n22—%229(= 3n)

Note: Award M7 for using area formula.

:>29=n:>9=g

Note: Degrees loses final A1

METHOD 2
let x=2n-0

1
area = 522x(= 3m)

3
— X=—T

2
9=l

2
METHOD 3

Area of circle is 4n

Shaded area is % of the circle

==

(SR

(b) arclength =237n

perimeter = 23%+ 2x2

=3n+4

.

CH11-RADIAN



IBDIPLOMA MATHEMATICSAA-HL-P1

CH11-RADIAN

2-(MAT/10_HL_Winter_2015_Q1)-Radian

2 2
arclength =—=rx|=>r=—
x

arc length = 4(cm)

3-(MAT/11_HL_Summer_2019_Q3)-Radian

A=P
use of the correct formula for area and arc length
perimeteris € +2r

[ Note: A1 independent of previous M1. |
%;-f (1)= (1) + 2

i —6r=0
=6 (asr = 0)

Note: Do not award final Af if » = 0 is included.

20122022

(m1)
(A1)

At

At

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

1-(MAT/11_HL_Summer_2012_Q5)-Trigonometry

(a)

cosx=0,snx=0

ni

x=—,n€EZ

(b)

20122022

EITHER

sin3xcosx—cos3xsinx
SILXCOS X

_an(3x-x)

isin 2x
2

OR

SIN2XCOSX+COS2XsinX  cosZxcosx—sinZxsnx

sin x cosx

: 2 Dozt . 3 i
2emnxcos x4+ 2cos” xanx—anx  2cos x—cosx— 2sin” xcosx

sin x cosx
. 9
=4cos® x—1-2c0s x +1+2sin’ x
=2cos® x+ 2dn’x
=2

A
AR

624



IBDIPLOMA MATHEMATICSAA-HL-P1

2-(MAT/12_HL_Summer_2012_Q9)-Trigonometry

METHOD 1

w =sec2A4+tan24
cosA—smA

consider right hand side
sec2Ad+tan24 = ! sin 24

+
cos24  cos2A
cos® A+ 2sinAcos A + sin® A
cos’ A—sin’ A

CH12-TRIGONOMETRY

cos” A+sin* 4=1.

Note: Award A7 for recognizing the need for single angles and A7 for recognizing

B (cos A+ sin A)*
(cos A+ sin A)(cos A —sin A)

_cos A+sin A

cosd—sin A

METHOD 2
cosd+sind (cos A +sin A)
cosA—sinAd (cosA—sinA)(cosAd+sinA)

cos? A+ 2sin Acos 4 + sin® A

2 =2
cos” A —sm” A

Note: Award A7 for correct numerator and A7 for correct denominator.

1y sin 2.4

 cos24
=sec24+tan2.4

.



IBDIPLOMA MATHEMATICSAA-HL-P1

3-(MAT/11_HL_Summer_2012_Q10)-Trigonometry

(a)

(b)

cosA:B—Jg
sinff_B—Jg

cos A —sin A= —BA_BC

N

1
2
2 0 ;o ~ -2 - ].
cos” 4 —2cosAdsind +smn A:E
.o |
1-2sinA4 cosA=—
2
sin2AA:l
2

2A4=30°
angles in the triangle are 15°and 75°

Note:

Accept answers in radians.

(c)

C* +(BC+1) =2
2BC? + 2BC-1=0

—2+JE{_ ﬁz—lj

BC=

4

smA_—:J_—
222
o2 J_

CH12-TRIGONOMETRY

)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

(d) EITHER

h=ABand
=(BC+1)sin 4
it v _iE

2 4 4

OR

1ABBC=1ACh
V3-1v3+1 - \/ﬁ

E:ﬁ}g

4

}2:

1
242

4-(MAT/10_HL_Winter_2012_Q1)-Trigonometry

i~ 1_(_2)2 V7

4 4
attempt to use double angle formula
. 7703y 3T
sm2a=2— —Z = —T

5-(MAT/10_HL_Winter_2012_Q7)~-Trigonometry

(a) attempt to apply cosine rule
# =6 +QR*-2-QR-6c0s30° (or QR* ~6v/3 QR +20=0)

QR=3\/§+\/7 or QR=3\/§—\E

(b) METHOD 1
k=6
k=6sin30°=3

Note: The M1 in (b) is for recognizing the right-angled triangle case.

METHOD 2

k=6

use of discriminant: 108 - 4(36 -k* ) =0
k=3

20122022

.
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

6-(MAT/12_HL_Summer_2013_Q10)-Trigonometry

tan (4) + tan (B)
1—tan (A) tan (B)

(a)  attempt at use of tan(A+B)=

Note:  the value of p needs to be stated for the final mark.

1 1 1

(b)  tan| arctan| — |+ arctan| — |+ arctan| —
2 5 8

1 1 1y =

arctan| — |+ arctan| — |+ arctan| — | =—

2 5 8/ 4

20122022

A
) o)
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IBDIPLOMA

MATHEMATICSAA-HL-P1

7-(MAT/11_HL_Summer_2013_Q11)-Trigonometry

(a)

(b)

(ii)

(iii)

(iv)

(1)

(ii)

T . .
CO8| — |COSX —S8SIN| — [(S1n.X
[6] [6]

N

1.
——CO8X— —sinx
2

V3

—COsSX——sinxy =—
2 2 2

T 1
Cos| —+x |=—
F)3

METHOD 1
substitute x=1

p1)=0
hence x=1 is a zero

METHOD 2

Correct result when dividing by x—1
Statement that remainder is zero
hence x=1 is a zero

x=1is aroot

valid method, for example, dividing or comparing coefficients

(may be seen in (b)(1))

1

other roots are —1 and 5

2sin & cos Hcos &+ sin’
2sin 6’(1—sin2 6’)+sin2 g

(2sin 0 —2sin’ O+ sin 9)

2sind — 2sin’ 8+ sin* 6 =1

i 1
smnéd—=—-1—,1
1’2
g1 mm3m
6 6 2 2

CH12-TRIGONOMETRY

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

8-(MAT/10_HL_Winter_2013_Q8)~-Trigonometry

(a) sin(x+ y)sin(x— y)
= (81N xCOS ¥ + COS X $iN )(SIN X COS 3 — COS X SIN y)
=sin® xcos® y+sin xsin ycos xcos ¥ —sin xsin ycos x cos y —cos” xsin® y
=sin® xcos’ y—cos® xsin’ p
=sin’ x(l —sin’ y) —sin’ y(l —sin’ x)
=sin* x —sin® xsin® y —sin® y+sin’ xsin® y

=sin® x—sin’ p

.o 1
by [f(x)=sin"x n

1 3

rangeis f €| ——, — )
geis f [ 2 4}

Note: Award A/ for each end point. Condone incorrect brackets.

1
© g=—r
)
s’ x——
4
. 4
range 1s ge]—oo,—4]u|:§,oo|: .

.



IBDIPLOMA MATHEMATICSAA-HL-P1

9-(MAT/10_HL_Winter_2013_Q12)-ComplexNumbers, Trigonometry,Integration

(2)

(b)

(©)

n

z" +z " = cosnb +isinn@ + cos(—nd) +isin(—nd)
= cosnf + cos nf+i sin nf —i sin nb
=2cosnb

SRR 0 2
z z z z

1y 4
Note: Accept (Z+Z") =16¢cos" .

METHOD 1

(z+z’1)4 =(z4 +i4]+4[z2 +i2]+6
z z

(2cos ) =2cos 40 +8cos20+6

Note: Award A7 for RHS, A7 for LHS independent of the M1,

cos' @ =1cos46 +1cos26 +2

orpet gol 23
P 8’q 27 8

METHOD 2

cos 9_(cos29+1]2
2

= %(cos2 20 +2cos 28 +1)

4
cos' @ =Lcos40 +1cos26 +2

or _1 _1 7’_3
P 8’q 27 8

! [M+200329+1]

CH12-TRIGONOMETRY

.



IBDIPLOMA

MATHEMATICSAA-HL-P1

z

) (z+z7) =z"+6z [ﬂ +15z* (Ziz] +20z° (Z—tj +157° [%j +62 [is] Ly

1 1 1
(z+z‘1)6 = (zé +_6]+6(Z4 +—4]+15[z2 +—2j+20

z z z
(2cos8)° =2cos 66 +12¢cos 46 +30cos 26 + 20

z

Note: Award A7 for RHS, A1 for LHS, independent of the A1

cos® 6’=Lcos6t9+icos4t9+£cos2t€?+i
32 16 16

Note: Accept a purely trigonometric solution as for (¢).

() FCosﬁﬁdH:_P iCos6t9+i cos4t9+E cos2¢9+i de
0 o\ 32 16 32
— Lsin6€+isin49+zsin29+iﬁ
192 64 64 16
s
32
(0 V=njfsin2x00s4xdx

3 3 P
=th cos’ xdx—n.[ cos® xdx
0

0

Fc0s4 xdx =3—n

0 16
B 3n° 3 Snt B n°
16 32 32

CH12-TRIGONOMETRY

z



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

(accept C¥)

(g) (1) constant term= (Zk] - @)t _ (2k)!

k| ok (k)
a !
(i) 2% [ cos™ 0do = (2k )2' z
0 (k1Y 2
(Zk
n
o (2k)n e
_[0 Cos ng - 22k+1(k!)2 or 22k+1

10-(MAT/11_HL_Summer_2014_Q5)-Trigonometry

(a) cosx= ZCOSZ%X—I

1 1+cosx
cos—x==%
2 2

positiveas 0Sx<n

1 1+cosx
COS—x =
2 2

(b) cos20=1-2sin*0
1-cosx

Sin—x=

= 1 1
2 _ —
(©) \/ZL COs 2x+sm 2xdx

1 1 g
=\/§ 28iNn—x—2¢C08—x
2 2

=J20)-42(0-2)
=22

.



IBDIPLOMA MATHEMATICSAA-HL-P1

11-(MAT/12_HL_Summer_2014_Q5)~-Graphs, Trigonometry

(a) ﬂ

X 1
b cos| — |=—
(b) (4] 3
drn
xX=—
3

attempting to find any other solutions

CH12-TRIGONOMETRY

Note: Award (M) if at least one of the other solutions is correct
(in radians or degrees) or clear use of symmetry is seen.

4t 20w
x=8T—-—=—
3 3
roapdm_8n
3 3
4 16
x=4nr —TC=TTE

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

12-(MAT/11_HL_Summer_2014_Q7)-Trigonometry

METHOD 1
AD? =2 +3-2x2x3%cos60°

(orAIﬁ=12+3?-2x1x3Xmm60ﬂ

Note: M1 for use of cosine rule with 60° angle.

AD?=7
9+7-4

cOoS DAC ==
253%~7

Note: AMTI for use of cosine rule involving DAC.

2

V7

METHOD 2

let point E be the foot of the perpendicular from D to AC
EC =1 (by similar triangles, or triangle properties)

(or AE=2)

DE = \/g and AD= ﬁ (by Pythagoras)

cos DAC = i

N7

.



IBDIPLOMA MATHEMATICSAA-HL-P1

13-(MAT/12_HL_Summer_2014_Q9)-Sequences-Series, Trigonometry

(a) sinx, sin2x and 4sinxcos’ x
2sin xcos x
F=—————"=2c0sX
sin x

Note: Accept

sin 2x

sin x

(b)

(c)

EITHER

|r|<1:>|2cosx|<l

OR

—I<r<l=-1<2cosx<l1

THEN

0<c0sx<l for —E<x<E
2 2

T T T T
——<x<——o0or —<x<—
2 3

sin x
S, =—
1—2cosx

sin(arccos[%n
S, = :
1—2cos| arccos| —

J1s

wh

l\.)lb-|-b-‘

Note: Award Al for correct numerator and A I for correct denominator.

.

CH12-TRIGONOMETRY



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

14-(MAT/11_HL_Summer_2014_Q10)-Trigonometry

- 2 2 . 4
sin” x+cos” x+ 28N xCosx = —
9
- . 2 2
using sin” x+cos” x=1
281N XCOSX =——
9
using 2sin xcos x =sin 2x

sin2x=—§
9

cosdx=1-2sin*2x

Note: Award this M1 for decomposition of cos4x using double angle formula
anywhere in the solution.

=1—2><22
81
_31
81

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

15-(MAT/10_HL_Winter_2014_Q13)-ComplexNumbers, Trigonometry,Integration

(@) (i) METHOD 1

" .
(1 + itan 8)" + (1 — itan )" = (1 + o2y 4 (1 — i Ly
cos ¢! cos
_(cos@ +ismné n+ cos@ —isin@ Y
cost cos

by de Moivre’s theorem

cos@ +isin@Y cosnd + isinnd
cost/

cos” &

recognition that cos& —isin & is the complex conjugate

of cosf+ising

use of the fact that the operation of complex conjugation commutes
with the operation of raising to an integer power:

[cos@ - isin@]ncosnﬁ — isin n0

cos & cos” &

a+nm0f+a—nm0f=39¥ﬁ
cos" @

METHOD 2
(1+itan &)+ (1 —itan &)’ = (1 + itan &)" + (1 + itan (&))"
_(cos® +isind)’ N (cos (—8) + isin (—6’))n

cos" @ cos" @

Note: Award M1 for converting to cosine and sine terms.

use of de Moivre’s theorem

= 1n (cosn@ + isin nd + cos(—nd) + isin (-nb))
cos” &

_ 2cosnd Coi no as cos(—nt)) = cosnt and sin(—nt)) = —sin nd
cos” @

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

4 4 2008 4 % B—E
. . 3n .. 3m 8
(11) 1+1tan? + l—1tan? =

3
ZCOS—R

=0 as 00s3—n=0
2

Note: The above working could involve theta and the solution of cos(46) = 0.

., 3n . :
SO 1tan? is a root of the equation

. . 3n ., W . I
(u11) erther —1 tan? or —1tan§ or 1tan —

., 5 .7
Note: Accept 1tan?:rc or itan—.

Aceept —(1+\/5)i or (l—ﬁ)i 0r(—1+\/5)i.

i r_____ 8
(by (1) tan m

tan2%+2tang—l=0

T
let f =tan—
8

attempting to solve > +2r—1=0 for ¢

f=—1+2

T . : e e

Py is a first quadrant angle and tan is positive in this quadrant, so
s

tan—> 0
8

tan%zﬁ—l

.



IBDIPLOMA MATHEMATICSAA-HL-P1

(i) cosdx = 2cos’ 2x — 1
=2(2cos2x—1)2—1
=2(4cos4x—4coszx+l)—1

=8cos’ x—8cos® x+1

Note: Accept equivalent complex number derivation.

T

(iii) E

n 4 _ 2
dx=2J-088c:os x—8¢cos x+ldx

cos® x

2cosdx

cos® x

= ZES cos® x—8+sec’ xdx

Note: The M1 is for an integrand involving no fractions.

use of cos’ x = %(cos 2x+1)

= 2_[0;4003 2x—4+sect xdx

= [4sin 2x—8x+ 2tan x]og

=4J2-n-2 (or equivalent)

CH12-TRIGONOMETRY

16-(MAT/12_HL_Summer_2015_Q3)-Trigonometry

tanx+tan2x=0
2tan x
tanx+—2=
1—tan” x
tanx —tan> x +2tanx =0
tanx(?:—tan2 x)= 0

tanx=0=x=0, x=180"

Note: If x =360° seen anywhere award AQ

tan x = /3 = x =60, 240°
tan x = -3 = x=120°, 300°

.



IBDIPLOMA MATHEMATICSAA-HL-P1

17-(MAT/12_HL_Summer_2015_Q6)-Trigonometry

(@) any attempt to use sine rule

AB NE)

sinE sin (E— 9]
3 3

3

.2 2T .
sm?ncos g— cos—nsmﬁ

Note: Condone use of degrees.

N
£cos(9+lsi1r1t9
2 2

AB NE)
£ £00s9+lsin9
2 2 2

3
-chost9+sin9

SAB=

(b) METHOD 1

’ —3(—J§sin9 +¢os 9)

(AB) = 3
(ﬁcos & +sin 9)

setting (AB) =0

tan6’=L

3

0="
6

CH12-TRIGONOMETRY



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

METHOD 2

\Esing

sin(z—n—ﬁj
3

AB minimum when sin(%— 6’] is maximum

sin(z—n—t9]=l
3

AB=

n_,_F
3 2
o="=
6
METHOD 3
shortest distance from B to AC is perpendicular to AC
_rt_r_T
2 3 6

18-(MAT/10_HL_Winter_2015_Q9)-Trigonometry

(sin2x — sinx) — (cos2x — cosx) =1
attempt to use both double-angle formulae, in whatever form
(2sinx cosx — sinx) — (2¢cos’x — 1 — cosx) =1

or (2sinx cosx — sinx) — (20052 X — COs x) = 0 for example

Note: Allow any rearrangement of the above equations.

sinx(2cosx — 1) — cosx(2cosx—1)=0
(sinx — cosx) (2cosx—1)=0

1
tanx =1and cosx :E

| Note: These A marks are dependent on the M mark awarded for factorisation. |
3t maTw

X=——,—=

2

47 3374

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

19-(MAT/11_HL_Summer_2016_Q3)-Trigonometry

@ a=15d=2

(c) attempt to solve an appropriate equation or apply a horizontal translation
c=1.5

A
) o)

20122022 643
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(@)

MATHEMATICSAA-HL-P1
20-(MAT/12_HL_Summer_2016_Q3)-Trigonometry, Integration
EITHER
use of a diagram and trig ratios
eg,
A
T
0| ——« 0
2
o
A
O A
taney =— = cotex =—
A
. bra A
from diagram, tan| ——« |=—
2 O

OR

sim[E - aj
T 2 cosa
use of tan (E — a] = =

T sin &
cos| — —«
2

THEN
T
cote¥y =tan| — — &
-
cotor
j ! dx = [arctan x]cm
1+ x* tan &

tan o

| Note:

Limits (or absence of such) may be ignored at this stage.

= arctan(cot &¢) — arctan(tan )

.

CH12-TRIGONOMETRY
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21-(MAT/11_HL_Summer_2016_Q5)~-Trigonometry

(@)

(1—\/37)2:4—2\/3

Note: Award AQ for 1—2+/3 +3.

(b)

(©)

cos(60° — 45%) = cos(60%) cos(45°) + sin (60°)sin (45°)
1.2 B2 11 B
_5x7+7x7(0r5x$+7xﬁ]
_V2+46( 1443
4 W2

BC*'=2+ 4 -2 %2 x 2cos(15°)

=6—J5(\/§+J€)
=4—\/E(=4—2\/§)
BC=i(1—J§)

BC =—1+4/3

CH12-TRIGONOMETRY

.



IBDIPLOMA MATHEMATICSAA-HL-P1

22-(MAT/12_HL_Summer_2016_Q9)-Trigonometry

(@)

(b)

EITHER

W3 -1 .\ B3+1
Jo -2 Je+2

4 4
_J§—1+J§+1
T B-1 B+
W2 22
=2J2 + 242

LHS = 4s/E = x = % is a solution

LHS =

OR

\/§+1

NG} L,
Jo -2 Jo+\2
4

(ﬁ—1)(331‘5}(\/§+1)[‘/3 ;5]
[JE—JEJ[J&JEJ

4 4
=218 -242 (or equivalent)
LHS = 4J5 = X = % is a solution

LHS =

4| sinx COSx sin x oS X

£(6

. T T
Sin—  COS—
_1_|_\/§+1]=2:> 12 . 12 _»

. T o
SIN—COSX + COS—sIn X
12 12

SIN X COS X

. n . .
Sll’lECOSJC + COSESII’IJC = 28INXCO8 X

. (=® )
sn| —+ x | =sn2x
(12 ]

12
_ln
36

Mo x=m—2rvorn—|=+4x|=2x
12

CH12-TRIGONOMETRY

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

23-(MAT/10_HL_Winter_2016_Q13)~-Trigonometry

@) sinE+sinB—ﬂ:+sinﬂ+sinﬁ+sin%=£+£—£—£+—2=—2
4 4 4 4 2 2 2 2 2 2

(M1)A1
| Note: Award M1 for 5 equal terms with + or — signs. |
[2 marks]
1—cos2x 1—(1-2sin*x
) —= (1. 26n ) M1
2sinx 2sinx
2sin’
= Sl?, X Al
2s81n x
=sinx AG
[2 marks]

A
) o)

20122022 647



IBDIPLOMA MATHEMATICSAA-HL-P1

(©

. . . 1- 2

let P () sinx + sin3x + ...+ sin(2n — N x = — 0=
2sinx
if n=1
1-cos2x . D .
P(1): ——— =sinx which is true (as proved in part (b)) R1
2sinx
. . . 1 — cos 2kx
assume P(k) true, sinx + sin3x +...+ sin(2k — )x = % M1
sin x

Notes: Only award M1 if the words “assume” and “true” appear. Do not award M1 for

“let n = k" only. Subsequent marks are independent of this M1.

consider P(k + 1):
1—cos2(k +1)x

Pk +1D:sinx + sin3x +...+ sin(2k — Dx +sin (2t + Dx =

2sin x
LHS =sinx + sin3x +...+ sin(2k — Dx + sin (2% + D x M1
_ Lo OS2 cin 2k + )x A1
2sinx
_1—cos2kx + 2sinxsin (2k + Dx
B 2sinx
_ 1 — cos 2Zkx + 2sin x cos x sin 2kx + 2sin® x cos 2kx M1
B 2sinx
1- ((1 — 2sin’® x) cos 2kx — sin 2x sin ka)
= - M1
2sinx
1= (cos 2x cos 2kx — sin 2x sin ka) A1
a 2sin x
1- cos(ka + 2x)
= - A1
2sin x
_1-cos2(k + Dx
B 2sinx
so if true for n = k, then also true forn=%t + 1
as true for n = 1 then true forall neZ* R1

Note: Accept answers using transformation formula for product of sines if steps are

shown clearly.

| Note: Award R7 only if candidate is awarded at least 5 marks in the previous steps. |

CH12-TRIGONOMETRY

[9 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

(d) EITHER

) ) 1—cosdx
SINX + SIN3X = COS X = ————— = COS X
2smnx

= 1—cosdx = 2¢inx cosx, (sinx #0)
=1- (1 — 2sin’ 2x) = sin 2x
= sin2x(2sin2x -1)=0

= sin2x =0 or sin2x =

wn M-

2x=ﬂ:,23c=£and2x=—7L
6 6
OR

sinx + sin3x = cosx = 28N 2xCosx = Cos X
:>( 2sin2x—1)cosx=0 ,(sinx # 0)

. 1
= sinlx = E or cosx =10

2x=£, 2x=5—TEE:mdx=E
6 6 2

THEN

T b Sn
x=—,x=—and x = —
2 12 12

| Note: Do not award the final A7 if extra solutions are seen.

CH12-TRIGONOMETRY

M1

A1
M1
M1

A1

W1A1
W1A1

A1

A1

[6 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

24-(MAT/11_HL_Summer_2017_Q3)-Trigonometry

METHOD 1
use of sec’x = tan’ x + | M1
tan’x + 2tanx +1=0
(tanx + 1Y =0 (M1)
tanx = -1 A1
= 3—E, E A1A1
47 4
METHOD 2
1 2sinx _ 0 M1
costx COS X
1+ 2sinxcosx=0
sin2x = -1 M1A1
2x = 3_11’ E
202
x = B—R, E A1A1
47 4

Note: Award ATAQ if extra solutions given or if solutions given in degrees (or both). |
[5 marks]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1

25-(MAT/12_HL_Summer_2017_Q11)~-Trigonometry,ComplexNumbers

(@ 2sin{x + 60%) = cos(x + 30%)
2(sinxcos 60°+ cos x sin60° ) = cos x cos30° — sin x sin 30°

; 1 . 1
28X X —+ 2CO08X X — = COSX X — — SINX X —
2 2 2 2

3 NE)

= —8INX = — —COSX
2 2
= tanx=— L
3
=x=130°
(by EITHER

choosing two appropriate angles, for example 60° and 45°
8in105 = sin 60° cos 45" + cos 60" sin 45" and

c08105°= cos60° cos45° — sin 60" sin 45°

NI 1

sinl05°+ cos105 = — x —+l X —
2 2 2

V2

Ll L B
2 2 2 2

£

2

OR

attempt to square the expression

(sin105° +cos105")2 =sin?105° + 2sin 105° cos 105° + cos>105°

(sin105° +cos105°)2 —1+sin210°

sin105°+ cos105° = L

V2

_—_— —

CH12-TRIGONOMETRY

(M1)(A1)

A1

M1

A1

[5 marks]

M1

(A1)

A1

AG

M1

A1

A1

AG

[3 marks]

.



IBDIPLOMA

(c)

(i)

MATHEMATICSAA-HL-P1

EITHER
z=(1-cos28) - isin2¢

z|= J(l —¢cos 2!9)2 + (sin 26’)2

z|= \/1 — 2¢0s26 + cos® 26 + sin® 26

= 2./ = cos26)
= {2 (ZSin2 9)
= 2siné
let arg(z) =«

sin 24
1—cos28
— 2sinf@cosf

2sin’ @

= —cotf

arg(z) = o = —arctan (tan(% - (9)]

tane = —

—p-=
2

OR
z=(1—-cos20)—1sin26

=2sin’ @ —2isinfcos &
= 2sin9(sin9—z’cos 9)

= —21’Sint9(0039+1'sint9)
= QSinﬂ(cos(ﬁ—£j+isin(9—£D
2 2
|Z|=2$in9
n
arg(z)— g — 2

CH12-TRIGONOMETRY

M1

A1
A1

A1

w1

(A1)
A1

A1

A1

M1A1
(A1)
M1A1

MiA1

A1

A1

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

(i) attempt to apply De Moivre’s theorem M1
1 1 1 e — z + 2nm g — z + 2nn

(1 - cos26 — isin26)* = 2* (sin @ 3| cos 2# + isin 3
A1A1A1

| Note: AT for modulus, AT for dividing argument of z by 3 and A7 for 2nm. |

Hence cube roots are the above expression when n=-1,0,1.

Equivalent forms are acceptable. A1
[14 marks]

26-(MAT/11_HL_Summer_2018_Q8)-Trigonometry
sin2x =-sinb

EITHER
sin2x =sin(—b) or sin2x =sin(n+b) or sin2x =sin(2n-5)... (M1)(A1)

| Note: Award M1 for any one of the above, A1 for having final two. |

OR

b b

(M1)(AT)

Note: Award M1 for one of the angles shown with b clearly labelled, A7 for both angles shown. Do not
award A1 if an angle is shown in the second quadrant and subsequent A7 marks not awarded.

THEN

2x=7n+b or 2x=2n-b (A1)(A1)

x=£+é, X=m—— A1
2 2 2

[5 marks]

A
i
’

20122022 653
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CH12-TRIGONOMETRY

27-(MAT/10_HL_Winter_2018_Q3)-Trigonometry

(@)

g
3
|-
X
oz n
2 2
concave down and symmetrical over correct domain A1

indication of maximum and minimum values of the function (correct range) A1A1

(b) a=0 A1
| Note: Award A1 for a =0 only if consistent with their graph. |

© () l1<x<5 A1
| Note: Allow FT from their graph. |

(i) y=4cosx+1
x=4cosy +1

—— =cCosy (M1)
4
—> y = arccos x|
d 4
¢ —1
= g '(x) =arccos (ATJ A1

[3 marks]

[1 mark]

[3 marks]

A
i
’

20122022

654
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CH12-TRIGONOMETRY

28-(MAT/11_HL_Summer_2019_Q4)-Trigonometry

{a) EITHER
DJG :l x 4 % 5sinéd
2 2
OR

5v15
height of triangle is

THEN

sinﬁ—%

{b) let the third side be x
=4+ 5 -2 x4 x5 xcosd
valid attempt to find cos ¢

» . 15 .
Note: Do not accept writing cos[arcsm (%D as a valid method.

cos@=+= 1—1—3
16

1
>

| —

x-’=16+25—2x4x5x¢l

4
x=31 or /51

20122022

At

if using 4 as the base or \/1_'3 if using 5 as the base Af?

AG

m1
(M)

A1A1

ATA1

[1 mark]

{6 marks]

A
) o)

655
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CH12-TRIGONOMETRY

29-(MAT/11_HL_Summer_2019_Q9)-Trigonometry,Integration

. 2 . .
(@) (sinx+cosx) =sin’ ¥ +25inXcosx+cos X M1A1

‘ Note: Do not award the M1 for just sin”x + cos™x.

| Note: Do not award A7 if correct expression is followed by incorrect working. |
=l+sin2x AG

1 in2;
, Sin2x M1

() sec2y+tanlx =
cos2xy  cos2x

I2 marks]

Note: M7 is for an attempt to change both terms into sine and cosine forms {(with the same
argument) or both terms into functions of tan x.

1+sin2x
cos 2y
(Sinx +eosx)

= A1A1
COS™ X —SsIn" x

| Note: Award A1 for numerator, A7 for denominator. |

(sin X +cCos .\')3

= M1
{cosx—sinx)({cosx +sinx)

Cosx+sinx
= AG

CosXY —sinx

[ Note: Apply MS in reverse if candidates have worked from RHS to LHS. |

| Note: Alternative method using tan 2x and secc 2x in terms of lanx . ‘

(¢} METHOD 1

. ]
= CosxX+s8iny
fi(senssine), a1
DLgosy—smy

[ Note: Award A7 for correct expression with or without limits. |

EITHER

z 0

= [—ln(cosx—sinx)]g or [In(cc-:s.\”—.«;in.\"):ln (M1)A1A1

&

{4 marksj

Note: Award M7 for integration by inspection or substitution, A7 for In (cosx -sin 1)
AT for completely correct expression including limits.

no.n ;
= —ln(cos—51n]+ln(c050—s:n0) m1
6 )
[ Note: Award M1 for substituticn of limits into their integral and subtraction. |
7
- I ﬁ-i} (A1)
202

A
i
’

20122022
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MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY
OR
let & =cosx—sinx M1
du . .
— =—3Inx—C0sx =—(sinx+cosx)
dx

21 1
-}‘ : ?[—Jdu A1A1
L i

| Note: Award A7 for correct limits even if seen later, A7 forintegral. |

ﬁ_l |
:[—Inu]ll 2 or [In“]ﬁ_L

At
——]n{g—ﬂ(ﬂnl) m1
THEN
2
= ]n{\ﬁ_]} M1

Note: Award M7 for beth putting the expression over a common denominator and for correct use of
law of legarithms

:1n(1+J§) (M1)A1
{9 marksj
30-(MAT/10_HL_Winter_2019_Q4)-Trigonometry
attempt to use cos(24 + B) =cos24 cos B —sin 24 sin B (may be seen later) M1
attempt to use any double angle formulae (seen anywhere) M1
attempt to find either sin 4 or cos B {seen anywhere) M1

cosAzgjsinA = ,l—i =£ (A1)
3 9 3

sinB:l::w:osB = / —l:‘/g :zﬁ A1
3 9 3 3

cosZA(z’icos2 A—I) :_]_

A1
sin?A(—lsinAcusA)—g A1
242
So cos(2A+B)=(lJ 2A2) (45 (1]
9 3 9 3
22 45
ST a7 AG
{7 magks]
=
v
’
20122022
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CH12-TRIGONOMETRY

31-(MAT/10_HL_Winter_2019_Q9)-Trigonometry

(@) cosl05 =cos(180 —75 )=-cos75

= =y

Note: Accept arguments using the unit circle or graphical/diagrammatical
considerations.

(b) AD=CD=CAD=45
valid method to find BAC
for example: BC=r = BCA =60
= BAC =30
hence BAD =45 +30 =75

(© () AB=rJ/3, AD(=CD)=rv2
applying cosine rule
BD" = (rv@) +(rsf§)_ - 2(rﬁ)[!'\5)c0575
=3 +207 - 2:‘2\/6005 75
=577 - Er‘ch\l’g

iy BCD=105
attempt to use cosine rule on ABCD

BD® =" +(;'\E]E 72r(rﬁ){:os|05

=37+ EJ‘Z(I\IE

) S’ —27gV6 =3 + 20 g2
2rt = 2;'%;(\]6 + JE)

R1
AG

{1 mark]

A1
(M1)

At

AG
[3 marksj

A1A1
(M1)
A1

AG

(A1)
(M17)

A1
{7 marksj

(M1){A1)
A1

[ Note: Award A7 for any correct intermediate step seen using only two terms. |

1
RN ;)

[ Note: Do not award the final A7 if follow through is being applied. |

20122022

AG

[3 marksj

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

32-(MAT/10_HL_Winter_2020_Q6)-Quadratics, Trigonometry

METHOQD 1
. 1% ) h
sinf@cos@=— and sinf+cosf=—— At
o ¥
attempt to square sin @+cosf M1
b ] 2 .
— = |(sin@+cosB) =1+2sinfcosd A1
e
b; (=I+25in OcosO)=1 +£ A1
a- a
b =’ + 2ac AG
[4 marks]
METHOD 2
asin“@+hsin@+c=0 and acos" @+bcosH+c=10 At
adding the two equations 1
a+b(sind+cos@)+2¢c=0 At
b
g+hx——+2¢c=0 A1
o
at —b 20 =0
b =a +2ac AG
[+ marks]
[}

y?

20122022



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

33-(MAT/10_HL_Winter_2020_Q8)-Trigonometry

fa) METHOD1

sinx
attempt to replace tan.x =

Cos ¥

sinvtany _ sin’ v

I-cosx  cosx(l-cosx)

attemipt to use sin” x +cos x =1
a 1—cos™ v
cos.x(l—cosx)

B (l +cos,\')(l —cusr)

cos x(1—cos x)
(1+cosx)
COS ¢

1
COSX

=1+

M

M

A1l

Note: Award marks in reverse for working from RHS to LHS.

METHOD 2

sin x
attempt to replace (an x =

COs X

sinvtany sin” x

i—cosx  cosx{l—cosx)

sin® x(1+cosx)  sin’x(l+cosx)

- cosx(l—cosx)(1+cosx) cos x{1-cos’ x}

attempt to use sin” v +cos” ¥ =1

_ sin” .x(l+cosx}

cos.xsin’ x

~ (1+cosx}

COs X

COS X

=1+

[3 marks]

Note: Award marks in reverse for working from RHS to LHS.

20122022

[3 marks]
y A
T
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

(b) METHOD 1

l 1
consider 1+ —— =4, leading to cosxy=—— (M1)
cos .y k-1
1
consider graph of v = — or range of solutions for y=cosx (M1)
X —
{nosolutions if y<—1or v>1 =) 0<k <2 At1A1

Note: Award A7 for 0 and 2 seen as critical values, A7 for correct inequalities. These
may also be expressedas ‘A >0 and k<2,

[4 marks]
METHOD 2
consider graph of y=1+secx M1
5 i
-5 4
A1
no real solutions if 0 <k <2 A1A1
Note: Award A7 for O and 2 seen as critical values, A7 for correct inequalities. These
may also be expressed as ‘£ >0 and k<2’
[4 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

METHOD 3
consider —1 <cosxy <1, (M1)
<-lor >1 (M1)
Cas.x COs.X
1+ <0orl+ ] >2
COs N COS X
no sclutions if 0 <k <2 ATA1
Note: Award A7 for 0 and 2 seen as critical values, A7 for cerrect inequalities.
These may also be expressed as ‘4 >0and £ <2,
[4 marks]
34-(MathAA/12_HL_Summer_2021_Q2)-Trigonometry
(a) attempttouse cos’ x=1-sin’x M1
2sin” x=5sinx+2=0 A1
EITHER
attempting to factorise M1
(2sinx—1)(sinx-2) A1
CR
attempting to use the quadratic formula M1
+4/57 - 2 +
Sin.\'=57 57 —4x2x [:5 3] A1
4 4
THEN
1
ginx— L A1
S5IN X > f )
L A1A1
6 6
Total [7 marks]

20122022

A
i
’



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

35-(MathAA/11_HL_Summer_2021_Q5)~-Trigonometry

(a)

common expression other than 2sinxcosx—2sin’ x.

Note: Do not award the final A7 for proofs which work from both sides to find a

METHOD 1 (LHS to RHS)

attempt to use double angle formula for sin2x or cos2x
LHS=2sinxcosx+cos2x—1 OR

sin2x+1-2sin>x—1 OR

2sinxcosx+1—-2sin’ x—1

=2sinxcosx—2sin’ x

sin 2x + cos 2x —1 = 2 sin x(cos x —sin x) =RHS

METHOD 2 (RHS to LHS)

RHS = 2sin xcos x —2sin” x
attempt to use double angle formula forsin2x or cos2x
=sin2x+1-2sin’ x—1
=sin2x+cos2x—1=LHS

(b) attempt to factorise
(cosx—sinx)(2sinx+1)=0
. ¢ . |
recognition of cosx =sinx = Sy tanx=1 OR sinx=——
cos x 2
one correct reference angle seen anywhere, accept degrees
TorZ accetf——
4 OR g laeoept =)

m1

A1
AG

m1
A1

AG
[2 marks]

m1
A1l

(M1)
(A1)

Note: This (M1){A1) is independent of the previous M71A17.

Tn 1ll=n S5n
x=——, —
6 6 T4

-b-lﬁ

A2

Note: Award A7 for any two correct (radian) answers.
Award A71AQ if additional values given with the four correct (radian)
answers. Award A1A0 for four correct answers given in degrees.

20122022

[6 marks]

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

36-(MathAA/12_HL_Summer_2021_Q6)-Trigonometry

METHOD 1

attempt to use the cosine rule to find the value of x (M1)
100 = x* +4x° —z(x)(zx)GJ A1
2x* =100

X =50 OR ,r:J%(:sJE) A1
attempt to find sinC (seen anywhere) (M1)

P T 3 ’ a
sin” C+[Zj =1 or x* +3% =4 OR right triangle with side 3 and hypotenuse 4

A 7
sinC=— A1
2 (A1)

Note: The marks for finding sinC may be awarded independently of the first three
marks for finding x.

correct substitution into the area formula using their value of x (or x*)
and their value of sinC (M1)

A:lxsﬁxloﬁxﬂ or A=Lx 50><2J§><£
2 4 2 4
257

2

A A1

A
) o)

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

METHOD 2

attempt to find the height, /, of the triangle in terms of x

2

2 2
h3+(3x =x" OR h2+(§x =10" OR hzﬂx
4 4 4
equating their expressions for either #* or h
o35 —102—(§x) oR J100-2 =£x (or equivalent)
4 4 16 4

X' =50 OR x=4+/50 (:5&]

correct substitution into the area formula using their value of x (or x*)

A_%xzﬁx‘ﬁ@ OR A_%(zxsﬁ)[gsﬁJ

4
Azszﬁ

20122022

(M1)

A1

(m1)

A1

A1

(M1)

A1

Total [7 marks]

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

37-(MathAA/11_HL_Summer_2021_Q6)-Trigonometry

METHOD 1

attempt to use a right angled triangle M1

3
2
0 [
J5

correct placement of all three values and ¢ seen in the triangle (A1)
cot @ <0 (since cosecd >0 puts @ in the second quadrant) R1

S
cotd = —£ At

2

5
Note:Award MTATROAO for cotd = % seen as the final answer

The R1 should be awarded independently for a negative value only given as a final

answer.
[4 marks]
METHOD 2
Attempt to use 1+ cot” @ = cosec’d m1
l+cot? 0=~
4
cot’ 8= 3 (A1)
4
5
cot@ = i£
2
cot@ <0 (since cosecd >0 puts @ in the second quadrant) R1
5
cotd = f£ A1
2

5
Note:Award MTATROAO for cotf = % seen as the final answer

The R1 should be awarded independently for a negative value only given as a final
answer,

A _
i
’

20122022

666



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

METHOD 3

sin@ ==

attempt to use sin’ @ +cos* 8 =1 M1

4 ,
—+cos H=1
9

cos’ 9= (A1)
9
cosf = J_r*5
3
cos# <0 (since cosecd >0 puts @in the second quadrant) R1
0050=—£
cotf :fﬁ A1
2

5
Note:Award M1ATROAQ for cot? = % seen as the final answer

The R1 should be awarded independently for a negative value only given as a final
answer.

\ °)

20122022 667



IBDIPLOMA MATHEMATICSAA-HL-P1 CH12-TRIGONOMETRY

38-(MathAA/12_HL_Summer_2021_Q10)-Trigonometry

(a)

6+6cosx =0 (or setting their f'(x)zO) (M1)
cosx =—1 (or sinx=0)
x=m, x=31 A1A1
[3 marks]
3
attempt to integrate j (6+6cosx)dx (M1)
=[6x+6sinx]" A1A1
substitute their limits into their integrated expression and subtract (M1)
=(18n+6sin3n)—(6m+6sinm)
=(6(3n)+0)—(6rn+0) (=18n—6m) A1
area=12n AG
[5 marks]
attempt to substitute into the formula for surface area (including base) (M1)
n(2’)+=(2)(1)=12n (A1)
dn+2nl =12xn
2nl =8n
[=4 A1
[3 marks]
valid attempt to find the height of the cone (M1)
e.g. 2° + 4 =(their {)’
h=\12 (=243 (A1)
attempt to use V = %;rrzh with their values substituted M1
15
(31{(2 )(Viz )J
4nJE Snﬁ 8n
volume = == A1
3 3 B
[4 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

39-(MathAA/12_HL_Summer_2021_Q12)~-Trigonometry,MathematicalInduction

(@)

EITHER

horizontal stretch/scaling with scale factor %

| Note:

Do not allow ‘shrink’ or ‘compression’

followed by a horizontal translation/shift % units to the left

| Note:

Do not allow ‘move’

(b)

20122022

OR

horizontal translation/shift 1 unit to the left
followed by horizontal stretch/scaling with scale factor %

THEN
0

vertical translation/shift up by % (or translation through| ~ |)

4
(may be seen anywhere)

let o =arctan p and f =arctang

p=tana and g =tan 8

a+[)’—arctan[ p+6]J
1-pq

Pty

S0 arctan P + arctan q= arctan
1-pg

J where p,g >0 and pg <1

A2

A2

AG

[3 marks]

[4 marks]

.
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

(c)

20122022

METHOD 1

% =arctan | (or equivalent)

X
. —+1
arctan (—J +arctan 1 = arctan X+l
x+1 1— X (])
x+1
x+x+1
— arctan| —X+1_
x+1—-x
x+1
= arctan (2x + l)
METHOD 2

tan% =1 (or equivalent)

x T
Consider arctan (2.x+1)—arctan —} =L
x+1) 4

tan Larctan (2x + 1) — arctan (L)J

x+1

dx4l-—

x+1
1+x(2x+1)
x+1

(2x+1)(x+1)—xJ

x+1+x(2x+1)

= arctan

= arctan

=arctan1

A1

A1

A1

AG

[3 marks]

A1

A1

AG

[3 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAAHL-P1 CH12-TRIGONOMETRY
METHOD 3
tan (arctan (2x+ 1)) = tan| arctan [LJ +Z
x+1 4

20122022

tang =1 (or equivalent)

LHS = 2x+1

A1

A1

A1

[3 marks]

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

» n l n
(d) let P(}z) be the proposition that Zarctan 7 = arctan ] for neZ’
F n+

r=1

consider P(]) :

! 1 1
when n=1, Zarctan [—] =arctan{zj =RHS and so P(l) is true
r

r=1

H H k - 5 1 - 2 s k +
assume P(k) is true, ie. Zdrctdn[z 2J:drc,tdn(ﬁJ (keZ )

r=1 r

Note: Award MO for statements such as “let n=4k".

Note: Subsequent marks after this M1 are independent of this mark and can be
awarded.

consider P (k + 1) :

k+l 1 k l 1
E arctan[ > } = E arctan[ > J+ arctan| ————
e~ 2 ) = 2r 2(k+1)

= arctan[L) +arctan ;2
k+1 2(k+1)

k l
k+1 2(k+1)

il

(k+1)(2k +2k+1)]

= arctan

= arctan

2(k+1) =k

Note: Award A7 for correct numerator, with (k + 1) factored. Denominator does not
need to be simplified

(k+1)(2K> + 2k +1)
= arctan —
2k* + 6k + 5k +2

Note: Award A7 for denominator correctly expanded. Numerator does not need to
be simplified. These two A marks may be awarded in any order

(k+2)(2k +2k +1) k+2

[(k+l)(2k3+2k+1)J (;Hl]
= arctan =arctan

Note: The word 'arctan’ must be present to be able to award the last three A marks

20122022

R1

M1

(m1)

At

M1

A1

A1

A
i
’



IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

P(k+l) is true whenever P(k) is true and P(1) is true, so

P(n) is true for n e Z* R1
Note: Award the final RT mark provided at least four of the previous marks have
been awarded.
Note: To award the final R1, the truth of P(k) must be mentioned. ‘P(k) implies
P(k+1)’ is insufficient to award the mark.
[9 marks]
40-(MathAA/10_HL_Winter_2021_Q6)-Trigonometry
{a) METHOD 1
attempt to write all LHS terms over a common denominator of x—1 (M1}
yr3 6 _ 2x(x=1)=3{x-1)-06 OR (2x—3)(x—1) 6
x—1 x—1 x—1 x-=1
:2_r3—2x—3x+3—6 OR 2T —5x4+3 6 A1
x—1 =1 x—1
_ 2x°—5x-3 AG
x—1
[2 marks]
METHOD 2
attempt to use algebraic division on RHS {M1)
correctly obtains quotient of 2x—3 and remainder -6 At
6 .
=2x-3——— asrequired. AG
x—
[2 marks]

20122022

A _
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

{b)

2sin’ 20 - 5sin26 -3 _
sin26—1

consider the equation 0

= 24in" 28 -5sin28 3=0

EITHER

attempt to factorise in the form (2sin 26 +a }(sin28 + b}

Note: Accept any variable in place of sin2é.

(2sin28 + l)(sin 28-3}=0
OR

attempt to substitute into guadratic formula

5++/49

4

sin2@ =
THEN

sin26 = —%or sin26=3

: ]
Note: Award A1 for sin26= 3 only.

one of In OR % {accept 210 or 330)

6

_Tn lix

ARl (must be in radians)

Note: Award AQ if additional answers given.

20122022

(m1)
(M7)

(M1)

(A1)

(A1)

[5 marksj
Total [7 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

41-(MathAA/12_HL_Summer_2022_Q4)-Trigonometry

determines % (or 45%) as the first guadrant (reference) angle

attempts to solve RIS
2 3 4

L
T4

Note: Award M7 for attempting to solve % P

()

10
SR

£+E:E:_r<03ndsoEisrejected
2 3 4 4

X E_, % [_E]

2 3 4 4

L7

\]

X (must be in radians)

20122022

(A7)

(M1)

(R7)

A1t

At

5 marksj

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH12-TRIGONOMETRY

42-(MathAA/10_HL_Winter_2022_Q8)-Trigonometry,Algebra-functions-Roots

(@)

A

Note: For sinusoidal graph through the origin seen with incorrect a, or use of
horizontal line test with incorrect a, award ATA0

AN .

sketch showing sinusoidal shape decreasing as it crosses the y-axis

(below or above the origin)

a=k-mx

20122022

A2
A1
(A1)

A1

[5 marks]

A
i
’
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH13-MATRICES

1-(MAT/12_HL_Summer_2012_Q5)-Matrices
(a) 4A-5BX=B
= BX = iA - l B
5 5

SX-1B'WA-B) [-2B4- 11
5 5 5

(b) if A=2B then B A=21
Sx- 31
57 5

< | =]
e}

:>X:ZI =
5

| =]

20122022

.
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

2-(MAT/10_HL_Winter_2012_Q6)~-Matrices

METHOD 1
1 3 a-1
(a) det|2 2 a-2
31 a-3

=1(2(a-3)-(a-2))-3(2(a-3)-3(a-2) )+ (a-1)(2-6)
(or equivalent)
=0 (therefore there is no unique solution)

1 3 a-1 |1 1 3 a-1 1
() 2 2 a-2 |1 0 -4 -a -1
31 a-3 |b 0 -8 -2a |b-3
1 3 a-1 1
|0 -4 —a -1
0 0 0 b-1
b=1

| Note: Award MI for an attempt to use row operations.

METHOD 2
1 3 a-1 |1 1 3 a-1 1
(a) 2 2 a-2 |1|:|0 -4 -a -1
31 a-3 |b 0 -8 -2a |b-3
1 3 a-1 1
-4 -a —1 | (and 3 zeros imply no unique solution)
0 0 b-1
(by &=1

[ Note: Award A4 only if “5-1" seen in (a). |

.



IBDIPLOMA

MATHEMATICSAA-HL-P1 CH13-MATRICES
3-(MAT/10_HL_Winter_2012_Q11)-Matrices
21 , (5 3
(a) A= = A" =
11 3 2
21 6 3
A= =34 =
11 3 3
(A2 —3A4) -1 0y
Lo -1
=1
. a a-1y/1 0 a+3a¢-3=0
(b) @ = =
kb 3 -2 b+3b=-2
a= é and b= — l
4 2

RO
e BAR R

a=iand h=—-=
2

METHOD 2

serious attempt at finding A™

ol )

obtain b+ 3-3a =0 and — b+ 3a = - 2b or equivalent linear equations

a=land ZJ=—i
2

A
i
’



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH13-MATRICES

(©)

20122022

®

(ii)

METHOD 1

55 H

METHOD 2
ax+(a-1)y=0and hx+by=1

attempt to solve
obtain l—_a, a
b b

—<_ and gradient of Lis -1

gradient of / is

the lines are perpendicular = ¢ l=a- 1
a-1 2
. 1 1
so they intersect at | —, —
(25 2b)

.
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CH13-MATRICES

4-(MAT/12_HL_Summer_2013_Q2)-Matrices

(a) detd=(5x2-3x3)=1

(2 ))
o 2360

(234 (3)x2 2x(5)+(3) < (-3)
L(3)%x345%x2 (-3 x(=5)+5x(-3)

i o)

20122022

A
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IBDIPLOMA

5-(MAT/11_HL_Summer_2013_Q3)~-Matrices

METHOD 1

MATHEMATICSAA-HL-P1

R S C )

g 712
X=A"BA-= )

-1 G _13]
<l AL

i3
)

1 -2

1{-3 -1
Note: Accept the answer 1

]_

METHOD 2

[y

AX = BA

vl

a+2c b+2d B 1 5
atc bid ) 12 3
a+2c=1
b+2d =5
atec=2
b+d=3
a=3,b=1l,c=-1,d=2

METHOD 3

A*:il 722712
-11-1 1 1 -1
a b

X:
-2
1 2% a
1 1)lc

a=3,b=1l,c=-1,d=2

ZIT 21Hit ﬂ

CH13-MATRICES

.



IBDIPLOMA MATHEMATICSAA-HL-P1

6-(MAT/11_HL_Summer_2013_Q6)~-Matrices

when n=1, (A+ 1) =2°(A+ 1) (or 1x(A+1))
so true for n=1

assume the statement is true for n=4%

(A+ D =24+ 1)

| Note: Award M1 only if assumption of truth is clear. |

(A+ D' =(A+ DA+ 1)
= 2" A+ DA+ )
=2NA+ IA+ AT+ 1)
=2'2A+2D
—2°(A+ 1)

therefore if true for n = k& then true for n =k + 1; as true for n=1 so true for all n(=Z")

CH13-MATRICES

7-(MAT/10_HL_Winter_2013_Q4)~-Matrices

(if A is singular then) det 4 =0 (seen anywhere )
detA=~h(b+1)—a(a+1)

hb+b —a—a*=0
EITHER
b—a+(b+a)b—a)=0
(b—a)1+b+a)=0
OR

b—a=a*-b

b—a=(a+b)a->b) or (a—b)y=(a+b)a—>b)

THEN

a+b=-1

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

8-(MAT/12_HL_Summer_2014_Q3)-Matrices

(a) EITHER
1 1 212 1 1 2|2
3 -1 146 |—=|0 1 =-2|3 M1
1 2 0|5 0 0 0|0
row of zeroes implies infinite solutions, (or equivalent). RI

Note: Award M1 for any attempt at row reduction.

OR

1 1 2

3 -1 14=0 MI
1 2 0

1 1 2

3 —1 14|=0 with one valid point Ri
1 2 0

OR

x+y+2z=-2
3x—y+14z=6

x+2y=-5 =x=-5-2y

substitute x =-5— 2y mto the first two equations:
—5=-2y+y+2z=-2

M1
3(-5-2y)—y+14z=6
—y+2z=3
—Ty+14z=21
the latter two equations are equivalent (by multiplying by 7) therefore an
infinite number of solutions. R1
OR
for example, 7xR — R, gives 4x+8y=-20 M1
this equation is a multiple of the third equation, therefore an infinite
number of solutions. RI
o
v

’



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH13-MATRICES

(b)

20122022

let y=¢

then x=-5-2¢
t+3
z=—

2
OR

let x=1¢

then y = !

1-1¢
z=—
4

OR

let z=t¢

then x=1—-4¢
y==3+2f

OR

attempt to find cross product of two normal vectors:

o

oa
—_ =~
k=
=1

x=1-4¢
y=-3+2¢
z=t

(or equivalent)

=—4i+2j+k

A
) o)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH13-MATRICES

9-(MAT/12_HL_Summer_2016_Q1)-Matrices

EITHER

eliminating a variable, x, for example to obtain y + 3z = —-16 and -5y — 3z =8

attempting to find the value of one variable
point of intersection is (-1, 2, —6)

OR
2 1 -1]6
attempting row reduction of relevant matrix, eg. |1 3 1 |-1
1 2 -2/15
2 1 116
correct matrix with two zeroes ina column, eg. |0 5 3|8
0 1 316

further attempt at reduction
point of intersection is (-1, 2, —6)

10-(MAT/10_HL_Winter_2018_Q4)-Matrices

(a) an attempt at a valid method eg by inspection or
row reduction {M1)

2xR=K=2a=-1
[

= = —— A1
2
{2 marks]
(b) using elimination or row reduction to eliminate ocne variable (M1)
correct pair of equations in 2 variables, such as
S5x+10y =125
A1
Sx+12y =4
| Note: Award A1 for z = 0 and one other equation in two variables. |
attempting to solve for these two variables {M1)
x=26,y=-1035,z=0 A1A1

[ Note: Award A7A0 for only two correct values, and AGAO for only one. |

| Note: Award marks in part (b) for equivalent steps seen in part (a). |

[5 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

1-(MAT/12_HL_Summer_2012_Q2)-Vectors-Lines-Planes

1 -1
perpendicular when | 2cosx |« 2smx [=0
0 1
= —1+4sinxcosx=0
:>sin2x:l
2
32x:E,5—E
6 6
n 5n
Sx=—, —
12° 12

20122022

A
) o)

687



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

2-(MAT/10_HL_Winter_2012_Q9)~Vectors-Lines-Planes

METHOD 1
(a) 9tr,=7-4¢, and
3-6t,=-6+71,

solve simultaneously

1

fi= gt =1

B

Note: Only need to see one time for the A7

therefore meet at (3, 1)

(b)  boats do not collide because the two times (IA = %, t, = 1)

are different

METHOD 2

(a) path of A is astraightline: y = —ix +3

Note:  Award MY for an attempt at simultanecus equations.

path of B is a straight line: y = —Zx+ ?
—%x+3= —1x+é(=>x=3)
3 4 4

so the common point is (3, 1)

(b) for boat A, 9t=3=r=%andf0rboatB, T-4t=3=1i=1

times are different so boats do not collide

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

3-(MAT/11_HL_Summer_2013_Q2)-Vectors-Lines-Planes

1 (1) (0 2N (1Y (1
(a) AB=0|-|2 = -2/, AC= -1|- 2]|=|-3
5) 03] |2 4) 3] 11

%¢
>
o
O‘L
1
=

|
[\
N

1

MDY

(b) area _%‘(A_)Bx _)CJ

NP - LA(- )

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

4-(MAT/12_HL_Summer_2013_Q11)-Vectors-Lines-Planes

- -

(a) (i) AB=0B-—0A=35i— j— 2k (or in column vector form)

Note: Award Al if any one of the vectors, or its negative,
representing the sides of the triangle is scen.

|AB|=|5i— j—2k|=+/30
IBC|=|-i-3j+k|=11

|CA|=|—4i+4j+k|=+33

Note: Award A1 for two correct and A0 for one correct.

(iiy METHOD 1
20+4+2

V30433

Note:  Award M1 for an attempt at the use of the scalar product for
two vectors representing the sides AB and AC, or their
negatives, A7 for the correct computation using their vectors.

cos BAC=

20 _ 26
990 3110
Note:  Candidates who use the modulus need to justify it — the angle
is not stated in the question to be acute.

METHOD 2

using the cosine rule
30+33-11

230433
26 ( _ 26 }
\ETNENT

cos BAC =

k
® @) CxCA=[-1 3 1
1
= ((3)x1=1xA)i+(1x () —(~D) x1) j+ (=D x 4= (=3) x (~4) ) k
~7i-3j-16k

(i) the area of AABC= %BC xCA

AT I

BN
2

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(c) attempt at the use of “(r —a)en =07

using r:xi+yj+zk,a:0_:& andn=-T7i-37j-16k
Tx+3y+16z=47

Note:  Candidates who adopt a 2-parameter approach should be awarded, A7 for
correct 2-parameter equations for x, v and z; M1 for a serious attempt at
climination of the parameters; 4 I for the final Cartesian equation.

(d) r= O_)A + tA_)B (or equivalent)
F=(-i+2j+3k)+t(5i— j-2k)

Note:  Award MIA0if “r =" is missing.

Note:  Accept forms of the equation starting with B or with the direction reversed.

@ ()  OD=(—i+2j+3k)+H5i—j—2k)

statement that ODBC =0

~1+56) (-1
2-¢ |o| -3]=0
3-2¢0) 11

-2-4t=0 or rz—l
2

coordinates of D are (

t2 | =2

2 4]
2

Note:  Different forms of 6D give different values of 7, but the same final answer.

(1) t<0=>D isnotbetween A and B

.



IBDIPLOMA MATHEMATICSAA-HL-P1

5-(MAT/10_HL_Winter_2013_Q11)-Vectors-Lines-Planes

Note: If A_>C and B_EI found correctly award (41) (40).

(b)

i j ok
CAxCB=|1 -2 -1
2 0 1
-2
-3
4
METHOD 1
1 — —
—|CAxCB

L o

METHOD 2

attempt to apply %lCA”CBlsin C

J29

1
CA.CB=\/§.\/ECOSC:‘>COSC=—3 sinC =——
730 V30
29
area= >

CH14-VECTORS-LINES-PLANES

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

(c)

20122022

METIHOD 1
—2) (1)(-2
r|3[=|0||-3
4) lo)l 4

= 2x-3y+4z=-2
=2x+3y—-4z=2

METHOD 2
—2x-3y+4z=d

substituting a point in the plane
d=-2

= -2x-3y+4z=-2
= 2x+3y—-4z=2

A
) o)

693
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(d) METHOD 1
i j k| (-7
2 3 —4|=|-14
4 -1 -1] |(-14

1
n=|2
2
z=0=y=0,x=1
1 1
L:r=|0[+A4]|2
0 2

Note: Do not award the final A7 if r = is not seen.

METHOD 2

eliminate 1 of the variables, e¢g x
-Tyv+7z=0
introduce a parameter
=z=/,
A
=1, x=14+—
4 2

1 1
r=|0|+A| 2| orequivalent
0 2

Note: Do not award the final A7 if r= 1s not seen.

METHOD 3

z=t

CH14-VECTORS-LINES-PLANES

write x and y in terms of 1 = 4x— y =441, 2x+3y =2+ 4¢ or equivalent

attempt to eliminate x or y

x, ¥, z expressed in parameters
=z =1,

=t Jc—1+i
y=i, 2

1 1
r=| 0 |+7| 2 | or equivalent
0 2

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(¢) METHOD 1

direction of the line 1s perpendicular to the normal of the plane

16 (1
a |.|2]=0
-3/12

16+2a0-6=0=a=-3

METHOD 2

solving line/plane simultaneously
I6(1+ )+ 2al-6A=p
16+(10+2a)A=p

= a=-5

METHOD 3

2 3 -4

4 -1 -1|=0

16 a« -3
23+a)—-3(-12+16)—4(dax+16)=0
D a=-5

METHOD 4

attempt to use row reduction on augmented matrix
2 3 4| 2

to obtain | 0 -1 | 0
0 0 a+5|p-16

=g=-5

®  a=-5
p#16

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

6-(MAT/12_HL_Summer_2014_Q6)-Vectors-Lines-Planes

(a) PR=a+b
6S=b—a

(b) Pi- (SS= (a+bh)-(b—a)
=6l ~|a|
for a thombus |a| = |b|

hence |b|2 —|a:|2 =0

Note: Do not award the final 47 unless R7 is awarded.

hence the diagonals intersect at right angles

A
) o)



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

7-(MAT/11_HL_Summer_2014_Q12)-Vectors-Lines-Planes

(a) |OA|=|CB|=]|0C|=|A4B| =6 (therefore a rhombus)

Note: Award A1 for two correct lengths, 42 for all four.
6 0
Note: Award 4140 for O_;A = C_>B =0 | or 6C = A%B =| —f24 | if'no
0 V12
magnitudes are shown.
6 0
OTA g(;C =[0 |d —v24 |=0 (therefore a square)
0J| V12

Note: Other arguments are possible with a minimum of three conditions.

o 3B )

(¢©) METHOD 1
6 0 0 0
0AXOC=|0 x| 24 |=| -6v12 || =| -123
01 12 | |-6v24 —124/6

Note: Candidates may use other pairs of vectors.

equation of plane is —6+4/12 vV —624z=d
any valid method showing that 4 =0

]Y:y+\/§z=0

METHOD 2

equation of plane is ax+hy+cz=d
substituting O to find d =0
substituting two points (A, B, C or M)

eg
6a=0, 24b+12c=0
H:y+\/52=0

)



IBDIPLOMA MATHEMATICSAA-HL-P1

3 0
@ r=|-v6 +4] 1
3 NG

Note: Award A1 for r =, A141 for two correct vectors.

(¢) Using y=0tofind A
Substitute their A into their equation from part (d)
D has coordinates (3, 0, 3\/57)

() A forpoint E is the negative of the A for point D

Note: Other possible methods may be seen.

E has coordinates (3, —2\/_, —\/3_))

Note: Award A1 for each of the y and z coordinates.

3 3
(@ () DAgDO=| 0 0 |=18
343 ]| =343
18 1

coSs Of)A =

B6v36 2
hence Of)A =60°

Note: Accept method showing OAD is equilateral.

CH14-VECTORS-LINES-PLANES

(11) OABCDE is a regular octahedron (accept equivalent description)

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

8-(MAT/12_HL_Summer_2014_Q12)-Vectors-Lines-Planes

1 -1
(a) direction vector A_)B= 3 |or B_A =|-3
-5 5
1 1 2 1
r=0|+¢] 3 |orr=| 3 |+¢ 3 |orequivalent
4 -5 -1 -5

Note: Do not award final 47 unless * » =K ’ (or equivalent) seen.
Allow FT on direction vector for final A17.

(b) both lines expressed in parametric form:

L

x=1+¢

y=3f

z=4-5¢

L,:

x=1+3s

y=—243s 1
z=-25+1

Notes: Award M1 for an attempt to convert [, from Cartesian to

parametric form.
Award A1 for correct parametric equations for I, and 7, .

Allow M1AT at this stage if same parameter 1s used in both lines.

attempt to solve simultaneously for x and y:

1+r=14+3s
t=—2+zs
3 1
[(=——., 5=——
4 4

o : : : 3
substituting both values back into z values respectively gives z = "

3 .
and z = E so a contradiction

therefore 7, and 7, are skew lines

.



IBDIPLOMA MATHEMATICSAA-HL-P1

(c¢) finding the cross product:
| 3

3 x| 1
=5 -2
=—i—137-8k

Note: Accept i+13j+8k

—1(0)—-13(1)—8(-2) =3
= —x— 13y —8z=3 or equivalent

k 1
1 |1
) -1/10
(@ @ (COSBZ)\//{2+1+1XM

CH14-VECTORS-LINES-PLANES

(M)

Al

(M)
Al

MI

Note: Award M1 for an attempt to use angle between two vectors formula.

J§ k+1

2 2k +2)

obtaining the quadratic equation
Ak +1) =6(k*+2)
E—4k+4=0

(k—2)"=0

k=2

3 2

() r=|0|+A] 1

1 -1
substituting into the equation of the plane /7,:

3424+ 4=12
A=3
point P has the coordinates:

(9,3,-2)

M1

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

9-(MAT/10_HL_Winter_2014_Q3)~Vectors-Lines-Planes

METHOD 1

(;P = J(1+ 5 +(3+2s) +(1-s) (=\/6s2 +125+11)

Note: Award A1 if the square of the distance is found.

EITHER
d| = [
attempt to differentiate: = P| (=125 +12)
]
al = [
attempting to solve % P| =0 fors
§
s=-1
OR
attempt to differentiate: 4 %P = 6546
ds (653 +125 + 11
attempting to solve di P|=0 fors
§
s=-1
OR
N 2
attempt at completing the square: { Pl =6(s+1)*+ SJ
minimum value
occurs at s = —1
THEN
the minimum length of OP is 5
METHOD 2
the length of OP is a minimum when OP is perpendicular to | 2
-1
1+ 1
3425 (s 2|=0
1-s -1
attempting to solve 1+ s+6+45—14+5=0(6s+6=0) for s
s=-1
OP|=+5

.



IBDIPLOMA

MATHEMATICSAA-HL-P1

10-(MAT/10_HL_Winter_2014_Q12)-Vectors-Lines-Planes

(a)

(b)

(€)

— 1 —

() AM=—AC

(i) BM=DBA+AM

1
=a-b+—(c—-
a 2(c a)
> 1 1
BM=—a-b+—c
2
. - 1 =
(1) RA=-BA
3
1
=—(a—->b
3( )
. - 2=
1 T=—RS
(i1) 3
=£(RA+AS]
3
2

1 2
=—| —(a—-b)+—(c—a) | or equivalent.
3[3( ) 3( )] q

= %(a—b)+§(c— a)

RTz—za—zb+ic
9 9 9

BT=BR+RT
2 — —

= 5BA+ RT

:za—zb_Za_£b+ic
3 3 9 9 9

B_>T=§ la—b+lc
912 2

point B is common to BT and BM and BT = gBM

so T lies on [BM]

CH14-VECTORS-LINES-PLANES

.
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11-(MAT/11_HL_Summer_2015_Q13)~Vectors-Lines-Planes

(@)

(b)

(©)

(d)

OP =i+2j+3k+A(i+j+k)
OQ=2i+j—k+u(i—j+2k)

PQ = 0Q-OP

PQ=i— j—dh— A+ j+k)+ u(i—j+2k)
=(1-A+w)i+(-1-A— ) j+(-4—-A+2)k

METHOD 1

use of scalar product
perpendicularto i+ j+k gives

A=A+ )+ (-1-A— )+ (—4-A+2)=0
=-34A+2u=4

perpendicular to i— j+2k gives

(I—A+ ) —(-1-A— )+ 2(-4—-A+21)=0
= -24A+6u=06

. . . . 6 5
solving simultaneous equations gives 4 = — = H=—=

METHOD 2
vxw=3i—j-2k
PQ=a(3i- j—2k)
1-A+u=3a

—l-A—pu=-a
—4-A+2u=-2a

. . . . 6 5
solving simultaneous equations gives 4= — = ==

PQ

shortest distance =

= §J32 (=1 +(=2) = g«/ﬁ

METHOD 1

vector perpendicular to /7 is given by vector product of v and w

vxw=3i—j-2k

so equation of /7 is 3x—y—-2z4+d =0
through (1,2,3)=>d =35

so equationis 3x—y—2z4+5=0

CH14-VECTORS-LINES-PLANES

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

METHOD 2
> 18, 6
from part (b) PQ = 7:—;]——!{ is a vector perpendicular to //
so equation of /7 is Ex—éy—22+c—0
7 7 7
through (1, 2, 3):>c—370
18 o6 12 30
so equationis —x——y——z+—=0 (3x—y—-2z+5=0
q ST YT (3x—y )

Note: Allow other methods je via vector parametric equation.

© OT=2i+j—k+nQGi—j—2k)
T'=012+3n,1-n,—-1-2n) lieson /7 implies
3243 —(1-n)—2(-1-2n)+5=0

=12+14np=0=py=——

Note: If no marks awarded in (d) but correct vector product calculated
in (e) award MTA7 in (d).

® |BT =—\/32+( 1) +(=2)* = J_

(g) they agree

Note: FT is inappropriate here.

BT is perpendicular to both 77 and /,
so its length is the shortest distance between /7 and /, which is the

shortest distance between /, and /,

)



IBDIPLOMA

MATHEMATICSAA-HL-P1

12-(MAT/10_HL_Winter_2015_Q13)-Vectors-Lines-Planes

@ BR=BA+AR (= B_A+%A_>C)

=(a—b)+%(c—a)

=la—b+lc
2

(b) ()

rBR=b+ﬂ(la—b+lc](=ia+(l—}t)b+ic]
2 2 2 2

CH14-VECTORS-LINES-PLANES

(1)

A1

A1A1

| Note: Award ATAQ if the r = is omitted in an otherwise correct expression/equation. |

(ii)

(iii)

- 1 1
AQ=-a+=-b+—c
Q 2 2

1 1 M M
r.=a+ u|l—-a+—b+—c||=0- a+—bh+—c
o ﬂ[ 2 2][< wa+h 2]

when AQ and BP intersect we will have 1, =r1,,

A A m, U
—a+(1-ADbh+=c=(- +Zp+ 2
a+( ) c=(1-wa c

attempt to equate the coefficients of the vectors @, hand ¢

— r I

4

2

2 2
—o0

3
substituting parameters back into one of the equaticns

O_E}zl-ga+ 1—z b +l-zc=l(a+b+c)
2 3 3 2 3 3

(A1)

A1

(M1)

w1
(A1)

A1
m1
AG

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

(©)

20122022

€P=la+lb—c
2 2

1 1 2
so we have that r.,= ¢ + ﬂ[aa + Eb — c] and when = 3 the line

passes through
1
the point G (ie, with position vector g(a + b+ )

hence [AQ], [BR] and [CP] all intersect in G

A
) o)

706



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(N 3 2 2
@ OG=2{|3/+[7 |+ 2]|=| 4 A1
1) -5) L1 -1

Note: This independent mark for the vector may be awarded wherever the
vector is calculated.

2Y) (1Y) (-6
ABXAC=| 4 |x|-1]=]-6 M1A1
%) Lo |-6
1
GX = ¢ 1 (M1)
1

1
volume of Tetrahedron given by 3 x Area ABC x GX

11
312

Note: Accept alternative methods, for example the use of a scalar triple product.

—

AB x AC

] X GX =12 (M1)(A1)

= %\/(—6)2 + (—6)* + (—6)" \/a2+ o+ ot =12 (A1)
=%6\/§|a|x/§ —12
:>|a| =4 A1

Note: Condone absence of absolute value.

2 4
this gives us the positionof X as | 4 (£ | 4
-1 4
X(6,8,3) or (2,0, -5) A1

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

13-(MAT/11_HL_Summer_2016_Q8)~-Vectors-Lines-Planes

ceb—a)=20

Note: Allow ¢ » A:)B = 0 or similar for M1.

ceb=cea
be(c—a)=0
bec=bea
cea=bea
(c —b)ea=20

hence a is perpendicular to BC

A
) o)

20122022 708
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14-(MAT/12_HL_Summer_2016_Q10)-Vectors-Lines-Planes

(@)

(b)

EITHER
1 P
n=|1|and d =| 2
3 1
and n # kd
OR
-5
axd=|3p-1
2-p

the vector product is non-zero for pe R

THEN

L is not perpendicular to //

METHOD 1

2+ pAy+(g+20)+31+A)=9
(g++(p+54=9
p=—5and g=4

METHOD 2

direction vector of line is perpendicular to plane, so

2i(1

2111(=0

1)13

p=-5

(2, g, 1) is common to both /. and //
23 (1

either | ¢ |-| 1 | =9 or by substituting into x + y +3z=9

1)1\3
g=4

CH14-VECTORS-LINES-PLANES

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

¢/ () METHOD1

« is the acute angle between # and L

if sSinf = % then cosar = %
nd nd
attempting to use cos o = or sinfd = ——
][] o]

p+5 1

\/ﬁx\/p2+5 RV

(p+5P=p*+5
10p = =20 (or equivalent)
p=-2

METHOD 2

« is the angle between s and L

Jio

. 1
if Smé’:ﬁ then sino = I
attempting to use sina = |n x d'
|

VP +GBp -1+ 2-p) V10
\/ﬁx\/p2+5 Vil

pPP—-p+3=p°+5
—p + 3 =25 (or equivalent)

p=-2

N x-2 y-gq
ii =—-2andz=-1=> = =-2
i p ) 5

x=6and y=¢g—4
this satisfies // so 6+ g—-4-3=9
g =10

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

15-(MAT/11_HL_Summer_2016_Q11)-Vectors-Lines-Planes

[ Note: Throughout the guestion condone vectors written horizontally. |

(a) angle between planes is equal to the angles between the normal to the

planes (M1)
4 4
1|e| 3 |=18 (A1)
1 -1

let & be the angle between the normal to the planes

cosfd = 8B or equivalent,for example 324 or 2 M1A1
Jisv2e V26 Vacs “V13

(®) () METHOD1

4 4 —4
1|{x| 3 |=|8 M1A1
1 -1
-1
which is a multiple of | 2 R1AG
2
—4 -1 —4 -1
Note: Allow any equivalent wordingor| 8 |=4| 2 | donotallow| 8 (=] 2
8 2 8 2
METHOD 2
let z =1 (orequivalent)
solve simultaneously to get M1
y=t—-4, x=3-0.5¢ A1
—0.5
hence direction vector is 1
1
-1
which is a multiple of | 2 R1AG
2
[
o

.
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METHOD 3
4y (-1
1|e| 2 |=—4+2+2=0
1) |2
4\ (-1
3le|l2|=-4+6-2=0
-1} |2

| Note: If only one scalar product is found award MOAOAOQ. |

(i f[:4+0+4=8and /[:4+0-4=0

1 -1
Gy r=|0|+A| 2
4 2

CH14-VECTORS-LINES-PLANES

correct direction vector.

Note: A1 for "r =" and a correct point on the line, Af for a parameter and a

a 1 a-—1
© AB=|bh|-|o|=| »
1 4 -3
a-—1 -1
h e 2 |=0
-3 2
a -1
Note: Award MOfor | b |e| 2 |=0.
1 2

—a+1+26-6=0=>a-2h=-5

lieson /{so da+b+1=8=4a+b=7

a=1,b=3

@ AB=4y0"+3+(3) =32



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(e)

METHOD 1

—

AB|=|AP

AP =¢| 2

Bi| =32 = 1 =£42
P(1-+v2. 22, 4+ 22) and (1+ 2, -2V2. 4 - 242)

METHOD 2

let P have coordinates (l—/l, 24 4+ 2&)
0 )

BA=|-3|, BP=|24-3
3 3+24

| Note: Award M1 even if AB rather than BA is used in the scalar product. |

BAeBP = 18

1 18

\E_JE\/912+18

A=%2

P(1-v2, 22, 4+ 242) and (1442, -242. 4 - 242}

.



IBDIPLOMA MATHEMATICSAA-HL-P1

16-(MAT/10_HL_Winter_2016_Q1)-Vectors-Lines-Planes

METHOD 1
for eliminating one variable from two equations
(x +y+z= 3)
eg, 2x+2z=2%
2x+3z=11

for finding correctly one coordinate
(x +y+z= 3)
eg. =3 (2x+2z=8)
z=13

for finding correctly the other two coordinates

x=1
=y=-1

z=3

the intersection point has coordinates (1, —1, 3)

METHOD 2

for eliminating two variables from two equations or using row reduction
(x+y+z:3) 1 1 1/3

eg, -2y =2 or|0 -2 0|2

z=3 0 0 1|3

for finding correctly the other coordinates
x=1 I 0 01
=Jqy=-lor|0 1 01
(z=3) 0 0 1|3

the intersection point has coordinates (1, —1, 3)

CH14-VECTORS-LINES-PLANES

(M1)

A1A1

At

A1

(M1)

A1A1

A1A1

.



IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

METHOD 3
1 1 1
1 -1 1{=-2 (A1)
1 1 2
attermpt to use Cramet’s rule M1
31 1
5 -1 1
6 1 2| -
x= =—2=1 A1
-2 -2
1 31
1 51
1 6 2 2
T T
1 1
1 -1 5
1 1 6] -
z=7=—6=3 A1
—2 -2

Note: Award M7 only if candidate attempts to determine at least one of the variables
using this method.

[5 marks]
17-(MAT/10_HL_Winter_2016_Q4)=-Vectors-Lines-Planes
@ axb=-12i-2j-3k (M1)A1
[2 marks]
(b METHOD1
—12x -2y —-3z=d m1
“12x1-2x0-3(-)=4d (M1)
>d=-9 A1
-12x -2y —-3z==-9 (or 12x+ 2y +32=9)
METHOD 2
x) (—12 1 -12
vl -21|=|0]| -2 M1A1
z -3 -1 -3
—-12x -2y —-3z=-9 (or 12x+2y+3z=9) A1
[3 marks]
==
[ )

.



IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

18-(MAT/10_HL_Winter_2016_Q8)-Vectors-Lines-Planes

(@) METHOD 1

-3 1 x=-3+p
Lr=|-2+p|4|=>y=—"2+4p
da 2 z=a+2p

6—(—3+ﬁ)=(—2+4ﬁ)‘2:4=%3ﬂ=3

3 4

6—(-3+
%:1_(a+2ﬁ):>2=—5—a:>a=—7
METHOD 2

-3+ p=6-34

2+4p=441+2

a+2=1-2
attempt to solve
A=2, =3

a=1-A-28=-7

C(3) ()
(b) OP=| -2 |+3:| 4
~7 2
(o)
=| 10
-1
~.P(0,10, -1)

m1

M1A1

A1

M1

m1
A1

A1
[4 marks]

(M1)

A1

[2 marks]

A
i
’



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

19-(MAT/11_HL_Summer_2017_Q5)~-Vectors-Lines-Planes

(@)

(b)

-

—
ABx AD=—-i +10j -7k

area = |AB x AD =\/12+102+ 7*
=5J€(J150)

METHOD 1

- —

AB-AD=-4-2-6

=-12

considering the sign of the answer

- - ~
AB - AD < 0, therefore angle DAB is obtuse

(as it is a parallelogram), ABCis acute

METHOD 2

— —
BA-BC=+44+2+6
=12
considering the sign of the answer

BTA . B?I >0 = ABC is acute

M1A1

A1
[3 marks]

M1A1

m1

A1
[4 marks]

M1A1

w1

A1
[4 marks]

.



IBDIPLOMA MATHEMATICSAA-HL-P1

20~-(MAT/10_HL_Winter_2017_Q2)-Vectors-Lines-Planes

6
(@) Aj3= —8
17

0 6 6 6

r=| 3 |+A|-8|orr=|-5|+4|-8

-6 17 11 17

| Note: Award M1AQ if r = is not seen (or equivalent). |

(b) substitute line 2 in J7:4(64) - 3(3 —84) + 2(-6 + 174) =20

821 =41
_1
2
0 6 3
r=| 3 |+1 8 |=| 1
2
-6 17) (=

5
s0 coordinate is (3,—1,EJ

3
Note: Accept coordinate expressed as position vector | —1 |.

5
2

CH14-VECTORS-LINES-PLANES

(A1)

M1A1

M1

(A1)

A1

[3 marksj

[3 marksj

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

21-(MAT/10_HL_Winter_2017_Q9)-Vectors-Lines-Planes

. 1
@y (i) Q= 7b

(i, AF=0F-0A

b-—ua

~| =

by () OD=a+ ){[IEFJ - ﬂ‘] (= (- A+ i;b]

v ob=J1 _1 _(1_#
(i) D2a+,¢.¢( 2r:+b)[ (2 2]:’:+,¢be

(c) equating coefficients:

. L=
i=,u,1—;1= K

solving simultaneously:
7 1

;f_:_, = —
13 g 13

) CD=—CB

CH14-VECTORS-LINES-PLANES

AT

(M)
AT
2 marks]

1Al

M1AT
[4 marks]

9

AT

A1

ATAG
[4 marks]

M1AT

[2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

(¢) METHOD 1

CH14-VECTORS-LINES-PLANES

area AACD = %CD x ACxsin ACB (M1)
area AACB = %CB x ACxsinACB (M1)
ratio area AACD _ 9 _ i A1
area AACE CB 13
_weafOAB 13 eaAOAB (M1)
area ACAD  areaACAB
=13x2=20 A1
METHOD 2
area AOAB:%\axb\ A1
11 = — — -
area ACAD = 5 CA x CD)| or 3 CA x AD M1
_1 la X —La + ib
212 26 13
11 1 1 1
=—l—ax|—-—a|+—ax—Dbh M1)
212 26 2 13
1 1 1
——><—><—|u b| =—‘u><b| A1
2 2 13
area AOAB = k(area ACAD)
l|a><b|=ki’a><b|
2 32
k=26 A1
[5 marks]
22-(MAT/12_HL_Summer_2018_Q1)-Vectors-Lines-Planes
Ji—4j-5KY.(3i-4j+3k
oo = CL o0+ OL=4) 430 1)
|31 —dj—5k||5i-4F +31'.'|
14
= AlA1
V30430
[ Note: A7 for correct numerator and A7 for correct denominator. |
E_[{—G().BZJ At
234 30

4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

23-(MAT/12_HL_Summer_2018_Q9)-Vectors-Lines-Planes

(@ (i) apairof opposite sides have equal length and are parallel R1
hence ABCD is a parallelogram AG

(i) attempt to rewrite the given information in vector form M1
b-—a=c-d A1
rearranging d —a¢=c—-b m1

hence AD = BC AG

Note: Candidates may correctly answer part i) by answering part ii) correctly and then deducing there
are two pairs of parallel sides.

[4 marks]
(b) EITHER
use of AB=DC M1)
2 g+1
=3 [=|1-r ATA1
p+3 4
OR
use of AD = BC M1)
-2 g-3
r=21= 2 ATA1
1 2-p
THEN
attempt to compare coefficients of i, j, and k in their equation or statement
to that effect M1
clear dermonstration that the given values satisfy their equation A1
p=1l,g=1,r=4 AG
[5 marks]
(c) attempt at computing AB x AD (or equivalent) M1
-11
-10 A1
-2
b d -
area = |[AB x AD| (= \/225) m1)
=15 A1

[4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

= 1
(d) valid attempt to find OM (= 5(u+ c)j M1)

1
2 A1

1

2
the equation is

1 11
r=| 2 |+t|10 | or equivalent M1A1
-1 2
| Note: Award maximum M1AQ if 'r =...' (or equivalent) is not seen. |
[4 marks]
(e) attempt to obtain the equation of the plane in the form ax + by + cz = d M1
1lx+10y+2z =25 A1A1
| Note: A7 for right hand side, A7 for left hand side. |
[3 marks]
® (M putting two coordinates equal to zero )
X(E,O,OJ,Y(O,E, OJ,Z[O,O,EJ A1
11 2 2
) 5V (25Y
i)y YZ=,J|—|+|— M1
2 2
325 54104 _ 5426 A1
2 4 2
[4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

24-(MAT/11_HL_Summer_2018_Q10)~Vectors-Lines-Planes

MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(a) recognising normal to plane or attempting to find cross product of two

vectors lying in the plane

-1
0
1

—

0
N
for example, ABx AD=| 1 |x
0
Il x+z=1

(b) EITHER

1y (0

0lel1 =1=\/§\/Ecos(9

1 1
OR

1 0

0|x|1 =\/§=\Eﬁsin9

1 1

(M1)
1

=0 (A1)
1

A1

[3 marks]
M1A1
M1A1

| Note: M1 is for an attempt to find the scalar or vector product of the two normal vectors. |

:>6=60“(=£]
3

2
angle between faces is 120° [: ?nj

- 1 = _1\
¢/ DB=|1|orBD=| -1
-1 1
1 x+y—z=k
1 x+y—z=0

A1

A1

[4 marks]

(A1)

(M1)

A1
[3 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(d) METHOD1

0 1
line AD:(r=)0|+4| 0 M1A1
1 -1
intersects £/, when 4 - (1-1)=0 M1
50 )b:l A1
2
hence P is the midpoint of AD AG
METHOD 2
midpoint of AD is (0.5, 0, 0.5) (M1)A1
substitute into x+ y—z=0 M1
05+0-05=0 A1
hence P is the midpoint of AD AG
[4 marks]
(¢) METHOD1
1 - A
op:E, OPQ =90", OQP =6(° A1A1A1
PQ= | A1
J6
area = ! \B A1

1
W12 43 12

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

METHOD 2
1 -1
line BD:(r=)| 1 [+4| -1
0 1
=2 (A1)
3
1
3
2 1
0Q=| - A1
3
2
3
112 —>
area =2 OP x OQ) m1
1
N 2
P=|0 A1
1
2
| Note: This A1 is dependent on M1. |
Ve
area =—— A1
12
[5 marks]
25-(MAT/10_HL_Winter_2018_Q5)~Vectors-Lines-Planes
@ adb=(0x0)+(1x—-1)+ (rx 41) M1)
=—t+ 4 A1
[2 marks]
(b)  recognition that @b =|a||b|cos @ (M1)
ash <0 or -t +4* <0 or cos@ <0 R1
| Note: Allow < for R1. |
attempt to solve using sketch or sign diagram 1)
0<t< l A1
4
[4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

26-(MAT/10_HL_Winter_2018_Q9)-Vectors-Lines-Planes

(@) METHOD 1

0 2b
n=|1[x| 0 M1)
2 b-1
b-1
=| 4b (M1)A1
—2b
(0,0,0) on I so (b—Dx+ 4by —2bz =10 (M1)A1
METHOD 2
using equation of the form px + gv +rz =0 m1)

(0,1, 2) on IT=q+2r=0

(2b. 0, b—1) on IT = 2bp+r(h-1)=0 (M1)A1
[ Note: Award (M1)A1 for both equations seen. |
solve for p, g, and r M1)
(b=D)x + 4by — 2bz = 0 A1
[5 marks]
. bh-1

() M has coordinates | 5, 0, - (A1)

b b—1
r=| 0 |+ 1| 4b M1A1

b—1 —2h

2

| Note: Award M1AQif r = (or equivalent) is not seen. |

x—b 'y 2z-b+l

b=1 4b —4b

Note: Allow equivalent forms such as

[3 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

(©)

MATHEMATICSAA-HL-P1

METHOD 1

x=z=0

| Note: Award M1 for either x = 0 or z = 0 or both.

b+ A(b—1)=0and%—ub=o

attempt to eliminate A

_ b _ b=l
b—1  4b
—4b2=(b—1)2

EITHER
consideration of the signhs of LHS and RHS

CH14-VECTORS-LINES-PLANES

(M1)

A1
M1
(A1)

A1

(M1)

the LHS is negative and the RHS must be positive (or equivalent statement) R7

OR

AP =B -2b +1

=562 -2b+1=0

A=(-2) —4x5x1=-16(<0)

*. ho real solutions

THEN

s0 no point of intersection

METHOD 2

x=z=0

| Note: Award M1 for either x = 0 or z = 0 or both.

b+,1(b—1)=0and%—2zb=o

attempt to eliminate 5
A 1

o — =
1+4 1-44
1
47 = 1(: A= ——j
4
consideration of the sighs of LHS and RHS

there are no real solutions (or equivalent statement)
s0 no point of intersection

1
R1

AG

(M1)

A1
m1

(A1)

A1

(M1)

R1

AG
[7 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

27-(MAT/11_HL_Summer_2019_Q1)-Vectors-Lines-Planes

(9 Y 3 )
ach= k |+ k+2

-1 k
=6+ k(k+2)—k At
ash=10 {M1)
K +k=-6=0
attempt at solving their quadratic equation {M1)
(k+3}k-2)=0
k=-32 At

Note: Attempt at solving using |a”b‘ :la X b| will be MTAGAOAO if neither answer found M7(ATIATAD
for one correct answer and M1(ATATAT for two correct answers.

28-(MAT/12_HL_Summer_2019_Q2)-Vectors-Lines-Planes

O

{a) (i) AB=| 2 A1
-2
3
iy AC=|1 At
-2
| Note: Accept row vectors or equivalent. |
{2 marks]
{b) METHOD1
attempt at vector product using Ai% and A’C. (M1
+(2i+6j+6k) A1
attempt to use area = %‘AB xAt‘ M1
76
_J76 (=v19) At
2
[4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

29-(MAT/11_HL_Summer_2019_Q11)~Vectors-Lines-Planes

(@ (i appreciation that two points distinct from P need to be chosen

from each line w1
71(.2 % }(,:
=18 Al
(i) EITHER
consider cases for triangles including P or triangles not including P M1
3xd+dx U, +3x {A1)(A1)
[ Note: Award A1 for 1% term, A1 for 2™ & 3 {erm. |
OR
consider total number of ways 1o select 3 points and subtract those
with 3 points on the same line Mt
C,-C- G (AT)(AT)
| Note: Award A1 for 15t term, A1 for 2 & 3@ term. |
56-10—4
THEN
=42 A1l
[6 marks]
(b) METHODA1
substitution of (4. 6. 4) into both equations (M1)
A=3and u=1 ATA1
4.6.4) AG
METHOD 2
attempting to solve two of the three parametric equations m1
A=3or =1 At
check both of the above give (4. 6. 4) MIAG
Note: If they have shown the curve intersects for all three coordinates thay only need
to check (4,6,4) withoneof “ A" or “ 1"
I3 marks]
cy A=2 A1
[1 markj
-1 =5
d PA=|-2| I'B=|-06 A1A1
-1 =2
| Note: Award A1TAQ if both are given as coordinates. |
[2 marks}

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

(e)

METHOD 1

area triangle ABP = %’PB % PA‘

N S |
EHIE e
2| -1 2l 4
B
EITHER

PC = 3PA. PD = 3PB
area triangle PCD = 9 x area triangle ABP
9429

2

OR

D has coordinates (-11.-12. -2)
—-15 -3
:l —18 |x| -6
2

-6 -3

area triangle PCD = Pb X P&“

]
2

{ Note: A1 is for the correct vectors in the correct formula. I

20122022

929
S22
THEN
5
area of CDBA = ﬁ—@
2 2
=429

vt

At

At

(M1)
(M1)A1

At

At

M1A7

At

At
{8 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

30-(MAT/10_HL_Winter_2019_Q3)-Vectors-Lines-Planes

attempt to eliminate a variable (or attempt to find det A1) m1
2 -1 115 2 =l | 5
1 3 -14|—|0 7 -3 3 (or det A=14(ct—3))
3 5 alp 0 -4 a+3h-12
(or two correct equations in two variables) A1
20—l 1 5
>0 7 =33 (or solving det 4 =0}
0 0 a-3h-0
(or attempting to reduce to one variable, e.g. (¢ —3)z=h-06) M1
a=3.h#0 A1AT
[5 marks]
31-(MAT/10_HL_Winter_2019_Q8)-Vectors-Lines-Planes
1
a vector normalto 77 is | O (A1)
0
1 P
Note: Allow any scalar multiple of | 0 |, including | O
1] 0
attempt to find scalar product {or vector product) of direction vector of line
]
with any scalar multiple of | 0 M1
0
1 5 1 5 ]
Oflsin? [=5 (or | 0 |x]| sinéd |=| —cosE |) A1
0/l cosd? 0 cosf sinf
(if « is the angle between the line and the normal to the plane)
5 1
cosar = = —(or sina = = - At
l><\/'25+sin‘()+cos"0 de{25+sin“0+cos“{?
h) . 1
= COS =—— Of SINAY =—— A1
J26 V26
this is independent of » and £, hence the angle between the line and the
plane, (90—}, is also independent of p and & R1

obtaining a value independent of 5 and .

Note: The final R mark is independent, but is conditional on the candidate

20122022

[6 marks]
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

32-(MAT/10_HL_Winter_2019_Q11)~Vectors-Lines-Planes,Graphs

P
AV = P
p—10
0 p 10(p-10)+10p
xAV =| 10 |x| p |= —10p
=10 p—10 -10p
20p-100 10-2p
-10p |=-10 J2
-10p I
10 P 10p Je)
“x AV =| 0 |x| p |=|100-20p || =10[10-2p
-10; { p-10 10p P

attempt to find a scalar product

10-2p p
~10, p  [#10[10-2p [=100{3p" —20p)
P P
10-2p p
OR | p |o10-2p|=3p"—-20p
P p

attempt to find magnitude of either AB x AV or AC x AV

10-2p P
-10| p =10]10-2p =|0\j(10*2ﬂ):+21)2
r r

100(3;93 —20;7) = 100(\/(10—2;:)2 +2p° ) cos &

3p° =20p

cost = - -
(10-2p) +2p°

[ Note: Award A1 for any intermediate step leading to the correct answer.

_ p(3p-20)
6p° —40p+100

[ Note: Do not allow FT marks from part {a){i). |

20122022

A1t

A1

AG

A1

M1

A1

M1

A1

At

AG

{8 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

20
by ) p(Bp-20)=0=p=0 or p==- M1A1
20 20 2
coordinates are (0.0.0) and [ﬂ__o__ﬂ] A1t
3 3 3
| Note: Do not allow column vectors for the final A mark. |
(if) two points are mirrar images in the plane
or opposite sides of the plane
or equidistant from the plane
or the line connecting the two Vs is perpendicular to the plane Rt
[4 marks]
‘ . _ , _ pl3p-20)
() () geometrical consideration or attempt to solve -l =——————— {M1)
6p —40p+100
p:%.l‘):n’ or =180 A1A1
. 1
(i) ,t:-—)oc:>cosﬁ—>; M1
a
hence the asymptote has equation & = E AT
[5 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

33-(MathAA/12_HL_Summer_2021_Q5)-Vectors-Lines-Planes

METHOD 1

use of |@xb|=al[b|sin@ on the LHS (M1)
|laxb|" =|a|"|B] sin” 0 A1
=|af |8 (1-cos® 0) m1
=af"[bf" ~JafJpf"cos’ & OR =af |p[" ~((af[8]cos 0) At
=af'[6[" ~(a-b) AG
METHOD 2

use of @b =|a||b[cosé on the RHS (M1)
=[al"[bf" ~Jal"[e[" cos’ ¢ A1
=|af’ |#]" (1-cos® &) m1
=a|’|¢[ sin” 0 OR =(|a]|p|sin &)’ A1
=|axb| AG

Note: If candidates attempt this question using cartesian vectors, e.g

al bl
a=|a,|and b=|b, |,
a.’a b3

award full marks if fully developed solutions are seen.
Otherwise award no marks.

[4 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

34-(MathAA/12_HL_Summer_2021_Q8)-Vectors-Lines-Planes

(a) METHOD 1
setting at least two components of /, and /, equal

3+24=2+u (1)
2-2A=-u (2)
—14+24=4+u (3)

attempt to solve two of the equations eg. adding (1) and (2)

gives a contradiction (no solution), eg 5 =2

so /, and /, do not intersect

M1

M1

R1

AG

Note: For an error within the equations award MOM1RO.
Note: The contradiction must be correct to award the R1.

METHOD 2

[, and [, are parallel, so /, and /, are either identical or distinct.

Attempt to subtract two position vectors from each line,

3 2 1

eg.| 2|0} =2

-1) |4 =5
3 1
2 |#k|-1
-1 1

(b) METHOD 1

2 1
/, and [/, are parallel (as | -2 | is a multiple of | —1 |)
2 1

let A be (3,2,—1) on /, andlet B be (2,0,4) on /,
-1

Attempt to find vector AB| =| -2
5

vx AB

I

Distance required is

20122022

[3 marks]

R1

M1

A1

[3 marks]

(M1)

M1
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

20122022

| 1 -1
=—| -1|x| -2 (A1)
\E ] 5
3
L A1
NE)
minimum distance is \/ﬁ(: 3\/5) A1
METHOD 2
2 1
/, and [, are parallel (as | —2 | is a multiple of | —1 |)
2 1
let A be afixed pointon /; eg (3,2,—1) and let B be a general pointon 7, (2+ 4,
attempt to find vector AB (M1)
-1 1
B=| -2 [+u|-1| (ueR) A1
5 1
AB :\/(—l+,u)2 +H(=2-p) +(5+u) (:JZ’W2 +12,u+30) m1
EITHER
d > |
—/||AB| [=0=>6u+12=0=>u=-2 A1
du
OR
AB|= 3(;1-4—2)2—0—18 to obtain ¢ =-2 A1
THEN
minimum distance is \/ﬁ(:&ﬁ) A1
[5 marks]

[5 marks]

—10,4+ 1)
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

METHOD 3

let A be (3,2,—1) on /, andlet B be (2+ g, —u,4+ ) on [, (M1)
(orlet A be (2,0,4) on /, and let B be (3+24,2—-24,—-1+24) on /)

-1 1 24+1
AB=| -2 [+u| -1| (ueR) (or AB=|-22+2|) A1
5 1 245
H—1 1 24+1 |
—u=2|-1[=0(or| 24+2]|-1]|=0) M1
CH+S 1 24-5 1
U==2o0r 1=1 A1
minimum distance is J1_8(=3\/§) A1

[5 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

35-(MathAA/11_HL_Summer_2021_Q11)-Vectors-Lines-Planes

@ () _12“ —0=3-3

the point (—1,0,3) lies on ;.

2
2

1

correct direction vector
-1

-1 2
r=| 0 |+4]| 1
3 -1

( or equivalent )

INote: Award A0 if r = is omitted.)

attempt to use the scalar product formula

2 a

1 [ 1 |=(2)V6va® +2cos45

-1)\-1

(b)

attempt to set equal to a parameter or rearrange cartesian form
x+l y-0 z-3

A1

AG
(mM1)

x+1 .
-3 z=Ai=x=24-1y=A4,z=3-4 OR

or equivalent seen in vector form

-1

(A1)

A1t

[4 marks]

(mM1)

(A7)(A1)

| Note: Award A7 for LHS and A1 for RHS

20+2= (i)J@ ;3+2ﬁ(:> 2a+2=(i)\/§\/a2 +2)

A1A1

Note: Award A7 for LHS and A7 for RHS

da’ +8a+4=3a"+6
a’+8a—-2=0
attempt to solve their quadratic

—Sim_‘giﬁ(z—/T'ﬂﬁ)

a=
2 2

20122022

A1l
M1
A1
[8 marks]

rivingscholars.com/

htps://www.th
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

(c)

METHOD 1
attempt to equate the parametric forms of [, and L, (M1)
2A-1=ta
A=1+1 A1
3-A=2-1t
attempt to solve equations by eliminating 4 or (m)

2+21‘—1:ta:>1:r(a—2) or 2/’1,—1:(/2—1)a:>a—1:1(a—2)

Solutions exist unless a—2=0
k=2 A1

Note: This A7 is independent of the following marks.

A1

| 1 _ _
A has coordinates a NES 22— =2 ) a-l s 2473 A2
a-2 a-2 a-2 a-2 a-2 a-2

Note: Award A7 for any two correct coordinates seen or final answer in vector
form.

METHOD 2
no unique point of intersection implies direction vectors of Ll and L2 parallel
k=2 A1

Note: This A7 is independent of the following marks. |

attempt to equate the parametric forms of L, and L, (m1)
2A-1=ta

A=1+t¢ A1
3-A=2-t¢

attempt to solve equations by eliminating 4 or ¢ (M1)

2+2t-1=ta=1=t{a-2) or 2A-1=(A-1)a=a-1=A(a-2)

t= ! or i=4 -1 A1
a—2 a-2
a 1 1 _ B

Ahascoordinates[ A+ 22— zt a_a 1,20 SJ A2

a-2 a—2 a-2 a-2 a-2 a-2
Note: Award A? for any two correct coordinates seen or final answer in vector
form.

{7 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

36-(MathAA/11_HL_Summer_2022_Q11)-Vectors-Lines-Planes

(@)

METHOD 1

attempt to eliminate a variable

obtain a pair of equations in two variables

EITHER
=Ix+:z=-3 and
“Ix+z=44
OR
—Sx+v=-7 and
—Sx+v=40
OR
3x—z=3 and
3x—>-= —E

5
THEN

the two lines are parallel (-3 44 or -7 =240 0r 3= 775—9)

M1

At
A1

A1
A1

A1

At

R1

To obtain the final R7, at least the initial MT must have been awarded.

Note: There are cther possible pairs of equations in two variables.

20122022

hence the three planes do not intersect

AG
4 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

METHOD 2
-1
vector product of the two normals =| -5 | (or equivalent) A1
-3
1 ]
F=| =2+ 5| (or equivalent) AT
0 3

Note: Award AQf “r =" is missing. Subsequent marks may still be awarded.

Attempt to substitute (1+.4,-2+52,34) in [, M1

O+ A)+ 32454 —2(34) =32

—15=32, a contradiction R1
hence the three planes do not intersect AG
[4 marks]
METHOD 3
attempt to eliminate a vanable w1
“3p+5z=06 A1
“3y+5z=100 A1
0 =94, a contradiction R1

Note: Accept other equivalent alternatives. Accept other valid methods.

To obtain the final R1, at least the initial M7 must have been awarded.

hence the three planes do not intersect AG
[4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

(b)y () 1,:242+0=4 and [|,:1+4+0=5

(i METHOD 1
attempt to find the vector product of the twe normals

2 ]
—1 x| =2
1 3
-1
=|-5
-3
| |
r=|-2|[+A]S
0 3

A1

M1

A1

A1A1

Note: Award ATAGIf" ;=" is missing.
Accept any multiple of the direction vector.

Working for (b)(ii} may be seen in part (a) Method 2. In this case penalize
lack of “» =" only cnce.

METHOD 2

attempt to eliminate a variable from | [, and [ |,

3x—z=3 OR 3y-5:=-6 CR 5x—v=7

Let v =¢

substituting ¥ =+ in 3x—z =3 to obtain

z=-3+3 and y=>5¢-7 (for all three variables in parametric form)

0 |
r=|-7|+A4|5

~

“
-2 J

M1

A1

A1A1

Note: Award A1AGif" ;=" is missing.
Accept any multiple of the directior vector. Accept other position vectors
which satisfy both the planes ||, and |1, .

20122022

[5 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH14-VECTORS-LINES-PLANES

{¢) METHOD1

the line connecting £ and ||, is given by £,

attempt to substitute position and direction vector to form £, {M1)
i -9

s=|-2|+¢4 3 A1
0 -2

substitute (1-9¢,—-2+3¢,-2t} in |1, M1

—9(1—90)+3(=2+3)—2(—26)=32

941‘:47:”:% A1l
) , o 7 1
attempt to find distance between (1,-2,0} and their point —E,—E,—l {M1)
1 -9 1
] I T - s
= -2 |+=| 3 || 2(==4{-9) +3"+(-2)
T V() 3+ (2)
0 -2 0
94
=-— A1t
2
[6 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH14-VECTORS-LINES-PLANES

20122022

METHOD 2
-9 x
3 1
. . o 2 z
unit normal vector equation of | |, is given by ——=—==
' Bl1+9+4
32
Nl

let | |, be the plane parallel to | [, and passing through P,

then the normal vector equation of ||, is given by

AR ES -4 ]
3 vi=|3 -2 |=-15
2 z 2 0

unit normal vector equation of | |, is given by

AN ES
v
z) -5
J81+9+4 o4
distance between the planes is i —_—15
Vo4 o4
47 (
Joal 2

(M1)

A1

M1

A1

(M1)

At

[6 marks]

https://www.thrivingscholars.com/
free-study-resources

PoweredBy:

744



IBDIPLOMA MATHEMATICSAA-HL-P1

CH15-STATISTICS

1-(MAT/11_HL_Summer_2014_Q2)-Statistics

using the sum divided by 4 1s 13
two of the numbers are 15

(as median is 14) we need a 13
fourth number 1s 9

numbers are 9, 13, 15, 15

2-(MAT/11_HL_Summer_2015_Q2)-Statistics

1x0+19x10 _
20

(@ T= 9.5

(b) medianis 10

0 @ 19
Gy 1

3-(MAT/12_HL_Summer_2017_Q7)=Statistics,Probability

@ P >0)=1-P(Y =0)

m

3
=1l-e"= Z or equivalent

=m=In4

® PI>)=1-PF=0)-PY =1

— 1_ eleﬂﬁl _6721114 % 21n4

recognition that 2In4=1In16
15-1Inl6

P> 1= ——

(M1)
A1

A1
[3 marks]

(M1)

A1

(A1)

A1
[4 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

4-(MAT/11_HL_Summer_2017_Q10)-Probability,Statistics
(a) attempt to equate integral to 1 (may appear later)
8
k[ sin [Ede =1
. 6
correct integral

6
k| — ECOS[EJ =1
b 6 /],

substituting limits

6 1

— 21— =—

TI:( ) k
PR
12

by () mean=3
(i) median=3

(i) mode=3

| Note: Award ATAQAO for three equal answers in (0, 0). |

iy frome)(i) ¢, =2

as the graph is symmetrical about the middle value x =3 = (), =4

so interquartile range is
4-2
=2

M1

A1

M1

A1

A1

A1

A1

M1

A1

M1

AG

(A1)
(A1)

A1

CH15-STATISTICS

[4 marks]

[3 marks]j

[6 marksj
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH15-STATISTICS

PRLX <4
d PX<4|x=23) ACER.EL))
P(X 23)
1
- % (M1)
2
1
=_ A1
2
[2 marks]
5-(MAT/10_HL_Winter_2017_Q10)-Statistics
(a) METHODA1
number of possible “deals” = 4! = 24 A1
consider ways of achieving “no matches” (Chloe winning):
Selena could deal B, C, D (je, 3 possibilities)
as her first card R1
for each of these matches, there are only 3 possible combinations for the
remaining 3 cards R1
so no. ways achieving no matches =3 x3 =9 M1AT
so probability Chloe wins = i = E ATAG
24 8
METHOD 2
number of possible “deals” = 4! = 24 At
consider ways of achieving a match (Selena winning)
Selena card A can match with Chloe card A, giving 6 possibilities for
this happening R1
if Selena deals B as her first card, there are only 3 possible combinations for
the remaining 3 cards. Similarly for dealing C and dealing D R1
50 ho. ways achieving one matchis =6+3+3+3 =15 M1A1
so probability Chloe wins = 1— E = 3 ATAG
24 8
METHOD 3
systematic attempt to find number of outcomes where Chloe wins (ho matches)
(using tree diag. or otherwise) M1
9 found At
o1 1 1
each has probability —x=x—x1 M1
4 3 2
-1 A1
24
1
their 9 multiplied by theirﬂ M1A1
_3 AG
8
[6 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH15-STATISTICS
_ . 3
by @ B[S0 (M1)
3 1580 75
i=np=50x—=—7||=—|{=1875 n1)Aa7
p=np "3 [ 7 J( ) 1)
. 3 5 730( 375
i Ft= l—p)=¥=zx=n—="T|=—"|[=11.7 M1)AT
(it m(1-p) e 54[ v ]( ) M1)
[5 marks]
6-(MathAA/11_HL_Summer_2021_Q3)-Statistics
(@) attempt to use definition of outlier
1.5%20+0, (M1)
1.5x20+U 275 (= U 245, accept U >45) OR 1.5x20+0, =75 A1
minimum value of U/ =45 A1
[3 marks]
(b) attempt to use interquartile range (M1)
U —-L =20 (may be seen in part (a)) OR L =25 (accept L >25)
minimum value of L =25 A1
[2 marks]
7-(MathAA/11_HL_Summer_2022_Q2)-Statistics
(g) IQR=10-6{=4) (A1)
attempt to find ¢, +1.5x1QR {M1)
10+6
6 A1
I3 marks)
(b) () choosing ¢ :%u—.@ (M1)
1 x42-9
2
= 12 (years old) A1
(i}  attempt to solve system by substitution or elimination M1)
34 {years old) A1
[4 marks]

https://www.thrivingscholars.com/
free-study-resources

20122022

PoweredBy:

748



IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

1-(MAT/12_HL_Summer_2012_Q3)-Probability

(a) let R be “it rains” and W be “the “Tigers’ soccer team win”

R i X7
< :
——— L
~ )

2 2 3 4
By P = Bl g
() POW) 5 77357
15
35
2
57
35
L
4

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

2-(MAT/12_HL_Summer_2012_Q11)-Functions-Roots,Probability

(a) f(x)E%

g(x) ER g(x) =0

2
2[39610‘? +3
(b) ng(x)fT
2(95% — 241+ 16)
100 i
75
Ox 24x+ 166

3750

3

(c) (i) METHOD1

_2x2+3
75
x2:75y73
2
o T5y-3
2
_ T5x-3
> 0=

Note:  Accept + in line 3 for the ¢41) but not in line 4 for the A1.
Award the A7 only if written in the form /' (x) =.

METHOD 2

2% 43
75
2
x:2y +3
75

_ [ 3
4 2

A =

Note:  Accept + in line 3 for the ¢41) but not in line 4 for the A1.
Award the A7 only if written in the form /' (x) =.

(i)  domain: x> % ; range: f1(x)>0

CH16-PROBABILITY
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

{(d) probabilities from F(x):

X I 1 2 3 4
P(X=x) 3 5 11 21 35
75 5 29 ph 15

Note: Award A7 for one error, A9 otherwise.

probabilities from g(x):

X 0 1 2 3 4
PA=® [£ [L [z |5 |&
10 10 10 10 10

Notee Award 471 for one error, AG otherwise.

only in the case of f(z) does >’ P(X=x)=1, henceonly f(x) canbeused

as a probability mass function

()
E(x)= Zx-P(X = x)

5 22 63 140 230( 46
=—t—t—F—=—|=—
F5 075 077578 15

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

3-(MAT/10_HL_Winter_2012_Q5)~Probability

(@ 0

®) [ flxdv=1

1

j;le’xdx
1

== =

=a= il (or equivalent)
e -

Note: Award first A7 for correct integration of f e "dx.

This A7 is independent of previous M mark.

1 1
(c) E(X) =J;xf(x)dx(= aﬁ)xe'xdx)
attempt to integrate by parts

1
=qa [—xe’x - e’x]

(8—2)

=

e
e—-72

= (or equivalent)
e—1

0

CH16-PROBABILITY

4-(MAT/11_HL_Summer_2013_Q4)-Probability
x
J'z xsin xdx
0

n
= [—xcos x]oE + Ll cos xdx

| Note: Condone the absence of limits or wrong limits to this point. |

= [—xcos x+sin x]og
=1

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH16-PROBABILITY

5-(MAT/12_HL_Summer_2013_Q4)-Probability

(a)

level branch probabilitics.

Note:  Award A7 for the mitial level probabilities, A7 for each of the second

b 109,65
16 15 16 15
12001
240 L 2

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

6-(MAT/11_HL_Summer_2013_Q9)-Probability

METHOD 1
P(4]B)=1-P(4|B)=1-0.6=04
P(A4'~ B

P(B)
P(A' ~B)=P((AUB)Y)=1-0.7=03

P(4|B)=

04— — pBH-0.75
P(3)

P(B)=0.25
(this method can be illustrated using a tree diagram)

METHOD 2
P((AUB))=1-0.7=03

0.3

x

x+0.3
x=0.6x+0.18
0.4x=0.18

x=045
P(AUB)y=x+y+z
P(B)=y+2z=0.7-0.45
=0.25

P(4|B)= =0.6

METHOD 3
P(A~B)
P(B")
P(4nBY=P(4UB)-P(B)

P(B")=1-P(B)
0.7-P(B)=0.6—0.6P(B)
0.1=0.4P(B)

—0.6 (or P(4n B)=0.6P(B)

P(B)_i

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

7-(MAT/11_HL_Summer_2013_Q13)-Probability,BinomialTheorem
2
a Bl 6, —
@ 56.3]
6y 2Y 1Y
4) = — | =
P (4][3}(3)
6
=15

4
15,2 80
3% 243

(b) (i) 2 outcomes for each of the 6 games or 2° = 64

R N Y P G P G

Note: Accept "C. notation or 1+ 6x+15x” + 20x° +15x" + 6x° + »°

setting x =11n both sides of the expression

Note: Do not award RI if the right hand side is not in the correct form.

O

(1) the total number of outcomes = number of ways Alfred can win
no games, plus the number of ways he can win one game efc.

(¢) (1) Let P(x, v) be the probability that Alfred wins x games on the first day
and y on the second.

s CRCRHICRC!
& GIG) «(EIG)

r=2ord,s=t=

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

(i) P(Total=6)=
P(0, 6)+ P(L, 5)+ P(2, 4)+ P(3,3)+ P(4, 2) - P(5, 1)+ P(6, 0)

HISIORHIBIORSHISIO)
S GG

| Note: Accept any valid sum of 7 probabilities. |

NORC
(111) useo N

(can be used either here or in (c)(ii))

p(wmsfoumfm ( ] 6 5 ﬁ
= (HRARHENEHEHE )=
R HE R N EHEHE R

- i (2T & (my
@ o e 35 2

(a=2,b=3)

2

/—‘\

| Note: M0A0for a=2, h=3 without any method. |

() nl+x)"= i[n}rx”
v

r=1
(sigma notation not necessary)
(if sigma notation used also allow lower limitto be »=0)
let x=2

n3f’l*l _ Z[n]rzrl
=1\

multiply by 2 and divide by 3"

EEI S

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

8-(MAT/10_HL_Winter_2013_Q2)-Probability

1 1 3 1
@ —t+—+—+a=1= a=—

6 2 30

1 3 1

b) EX)=—+2x—+3x—
®) ) 2 10 30

_S

5

Note: Do not award FT marks if a is outside [0, 1].

1
¥ —_—=
30
attempt to apply Var(X )= E(Xz)— (E(X))2

_, 36)_14
25) 25

1 3
c E(XH)=—+2'x—+73* 2
(c) (X7) 5 10

CH16-PROBABILITY
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IBDIPLOMA MATHEMATICSAA-HL-P1

9-(MAT/12_HL_Summer_2014_Q1)-Probability

(a)

(b)

()

P(ANB)=P(4|B)xP(B)

P(AnB)=—x
11720
_1
10

P(AUB)=P(4)+P(B)-P(ANDB)

pAauB =241 L
5720 10
_17
20

No —events 4 and B are not independent

EITHER
P(A|B)#P(A)

2 2

_;&_

(11 5]

OR
P(A)xP(B)#P(ANB)
2 11 11 1

X =
5720 50710

CH16-PROBABILITY
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IBDIPLOMA MATHEMATICSAA-HL-P1

10-(MAT/12_HL_Summer_2014_Q11)-Probability

(a) (1) . o.oZF

O-9¢ £

.GiF
\\5 | 0

C9g F1

AIAT

probabilities.

Note: Award A7 for a correctly labelled tree diagram and A{ for correct

(i)  P(F)=0.6x0.02+0.4x0.01
=0.016

P(ANF)
P(F)
_ 0.6><0.02( 0.012}

0016 | 0.016
=075

(i) P(4|F)=

(11)
Al

MI

Al

CH16-PROBABILITY
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IBDIPLOMA MATHEMATICSAA-HL-P1

() (i) METHOD 1

3 4
P(X=2)=_2%C
C3
_12
35
METHOD 2
3 2 4
—X—X—X3
776 5
_12
35
(ii) x 0 ] 2 3
4 18 12 1
P(X=x)| 135 35 35 35

Note: Award AT if i, E or L 1s obtained.
35 35 35

(i) E(X)=>xP(X =x)

E(X)=Ox§%+1xl§+2xl%+3xj—

35 7735 7735
_B_(2
35 |7

CH16-PROBABILITY
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IBDIPLOMA MATHEMATICSAA-HL-P1

11-(MAT/10_HL_Winter_2014_Q4)-Probability

(@) (@) wuseof P(AUB)=P(AH)+P(B)
P(AuB)=0.2+0.5
=0.7

(i) use of P(AUB)=P(4)+P(B)-P(4)P(B)
P(AUB)=0.2+0.5-0.1
=0.6

P(AnB)

P(B)
P(4|B) 1s amaximum when P(AnB)=P(4)
P(4|B) is aminimum when P(AnB)=10
0<P(4|B)<0.4

(b) P(4[B)=

CH16-PROBABILITY

https://www.thrivingscholars.com/
free-study-resources

PoweredBy:



IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

12-(MAT/10_HL_Winter_2014_Q9)-Probability

(a) I

|2—1 correct for [1, 2]
|2—1] correct for [2, 3]

(b) EITHER

let ¢, be the lower quartile and let ¢, be the upper quartile
let d =2-¢, (=¢,—2) and so IQR =2d by symmetry

use of area formulae to obtain %d 2= l

4
(or equivalent)

d= L or the value of at least one ¢.

V2

OR
let g, be the lower quartile

q

consider [(2 - £)dt = %
|

. 1
obtain ¢, =2-—
V2
THEN
IQR =2

20122022

rivingscholars.com/
resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

13-(MAT/12_HL_Summer_2015_Q1)-Probability

(@)

(b)

P(4UB)=P(4)+P(B)-P(AnB)
P(ANB)=0.25+0.6-0.7
=0.15

EITHER

P(A)P(B)(= 0.25 x 0.6) =0.15
=P(4 " B) so independent

)= e

= P(A) so independent

CH16-PROBABILITY

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

14-(MAT/11_HL_Summer_2015_Q10)-Probability

METHOD 1

to have 3 consecutive losses there must be exactly 5, 4 or 3 losses

1 5
the probability of exactly 5 losses (must be 3 consecutive) is [5]

4
the probability of exactly 4 losses (with 3 consecutive) is 4(%) [%)

Note: First A1 is for the factor 4 and second AT for the other 2 factors.

3 2
the probability of exactly 3 losses (with 3 consecutive) is 3(%] (%)

Note: First A7 is for the factor 3 and second A7 for the other 2 factors.

(Since the events are mutually exclusive)

the total probability is Ix8+1a 21 [_ %]

3243
METHOD 2

Roy loses his job if

A —first 3 games are all lost (so the last 2 games can be any result)

B —first 3 games are not all lost, but middle 3 games are all lost (so the first game
is not a loss and the last game can be any result)

or C — first 3 games are not all lost, middle 3 games are not all lost but last 3 games
are all lost, (so the first game can be any result but the second game is not a loss)

for A 4" & 5" games can be anything

{4

for B 15t game not a loss & 5% game can be anything
2 (1) 2
P(B)y==x|=| =—
®=3x(5]
for C 1%t game anything, 2" game not a loss

3
ey (1] -2
3 3 81

(Since the events are mutually exclusive)

1 2 2 7
total probability is —+—+—=—
27 81 81 81

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

15-(MAT/10_HL_Winter_2015_Q6)-Probability

(@) probability that Darren wins P(J1") + P(RRW ) + P(RRRRW') (M1)

Note: Only award M7 if three terms are seen or are implied by the following numerical
equivalent.

Note: Accept equivalent tree diagram for method mark.

2 432 43212 1 1 1
=—+4——=— +——— == ==+ -4+ — A2
6 654 65432 3 5 15
| Note: A1 for two correct. |
3
== A1
5

(b) METHOD 1

the probability that Darren wins is given by
PWV)+ P(RRW)+ P(RRRRW )+ ... (M1)

Note: Accept equivalent tree diagram with correctly indicated path for method mark.

P(Darren Win) =~ + 2.2 122221,

3 333 33333

2
or=11+i+ i + ... A1
3 9 9

_1 ;4 A1
3,_2
9
3
== AG
5
METHOD 2
P(Darren wins) = P
P=l+iP M1A2
39
Sp-l
9 3
P:i AG
5

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

16-(MAT/11_HL_Summer_2016_Q4)-Probability

(@)

P(A'NE)
P(B)
P(B)=0.1+02=03

P(AABY=01

P(LB)=21

by P(AIB)=

1 1
03 3

17-(MAT/12_HL_Summer_2016_Q5)-Probability
(@ X ~B@G.p)

P(X =4) = (ijp"(l — p) (or equivalent)

® O %(Sp“ - 5p') =205 = 25p°

Sp(4-5p) = 0= p=%

Note: Do not award the final A7 if p = 0 is included in the answer.

(i) E(X)=np= 5[%]
=4

https://www.thrivingscholars.com/
free-study-resources

20122022 PoweredBy: 766



IBDIPLOMA MATHEMATICSAA-HL-P1

18-(MAT/12_HL_Summer_2016_Q7)-Probability
@ PAUB)=PU) + P(B) - PANB)
= P(4) + P(B) — P(A)P(B)
=p+p-p
=2p-p°

P(AN(AUB))
P(AUB)

®) PUAUB) =

Note: Allow P(AmAuB) if seen on the numerator.
_ P
P(AUB)

CH16-PROBABILITY

19-(MAT/10_HL_Winter_2016_Q2)-Probability

(@)
X 1 2 4 6
Pa=x [ 1 1 1 1
6 3 3 6

[ Note: Award A1 for each correct row. |

1 1 1 1
) EX)=Ix—-4+2x-+4x-+06x—
6 3 3 6

(51
G

ATA1

[2 marks]

(M1)

A1

allow FT marks.

Note: If the probabilities in (a) are not values between 0 and 1 or leadto E(X) > 6
award M7AO0 to correct method using the incorrect probabilities; otherwise

[2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

20-(MAT/10_HL_Winter_2016_Q10)-Probability

(@)

(b)

METHOD 1
P(AUB)=P()+P(B)- P(ANB)
=P +PUNB)+ P’ nB)-PANB)
=P(4) + P(4'~B)

METHOD 2
P(AUB)=PA)+PB)-PANB)
=P(4) + P(B) - P(4|B)x P(B)
=P +(1-PU|B))xP(B)

= P(4) + P(A'| BYx P(B)
=P(A) + P nB)

(i)

use P(4 U B) = P(A)+P(4'nB) and P(4'nB) = P(B | A)P(4")
4 1
g =P+ (1-P))
8 = 18P(4) + 3(1 - P(4))

P(4) = %

METHOD 1
P(B) = P(An B) + P(4'~ B)
=P(B | APUA) + P(B | A)PA)
1 1 1 2 2
=—X—4—XxX—=—
373 6 3 9
METHOD 2

P(AmB):P(B\A)P(A):P(Am3)=§><3
P(B)=P(4u B)+ P(4 ~ B) — P(4)

4 1 1 2
P=5%5737

w1
M1A1
AG

w1
w1

A1
AG

(m1)
A1

w1

AG

w1
w1

A1

w1
w1

A1

CH16-PROBABILITY

[3 marks]

[6 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

21-(MAT/11_HL_Summer_2017_Q4)-Probability

CH16-PROBABILITY

METHOCD 1
total number of arrangements 7! (A1)
number of ways for girls and boys to sit together= 3! x 4! x 2 (M1)(A1)
‘ Note: Award M1AQ if the 2 is missing.
' '
probability = W M1
‘ Note: Award M1 for attempting to write as a probability. |
2x3 x4 x2
Tx6x5x4!
= 2 A1
35
Note: Award A0 if not fully simplified.
METHOD 2
3><E><l+i><§><z><l (M1)A1A1
7 6 5 7 6 5 4
Note: Accept E><3><l>< 2 or i><3><z><l>< 2.
7 6 5 7 6 5 4
2
=— M1)A1
33 (M1)
Note: Award A0 if not fully simplified.
[5 marks]
22-(MAT/12_HL_Summer_2017_Q7)-Statistics,Probability
@ PX>0=1-PX=0) (M1)
3
=1-e¢"= 2 or equivalent A1
= m=In4 A1
[3 marks]
by PY >D=1-PF=0)-PFY=1) M1)
=l-¢™ - x2In4d A1
recognition that 2In4=1n16 (A1)
PY >D= 15-Inl6 A1
16
[4 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

23-(MAT/11_HL_Summer_2017_Q10)-Probability,Statistics
(a) attempt to equate integral to 1 (may appear later)
8
k[ sin [Ede =1
. 6
correct integral

6
k| — ECOS[EJ =1
b 6 /],

substituting limits

6 1

— 21— =—

TI:( ) k
PR
12

by () mean=3
(i) median=3

(i) mode=3

| Note: Award ATAQAO for three equal answers in (0, 0). |

iy frome)(i) ¢, =2

as the graph is symmetrical about the middle value x =3 = (), =4

so interquartile range is
4-2
=2

M1

A1

M1

A1

A1

A1

A1

M1

A1

M1

AG

(A1)
(A1)

A1

CH16-PROBABILITY

[4 marks]

[3 marks]j

[6 marksj
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY
PRLX <4
d PX<4|x=23) ACER.EL))
P(X 23)
1
- % (M1)
2
1
=— A1
2
[2 marks]
24-(MAT/11_HL_Summer_2018_Q3)-Probability

@ - andh- (MT)ATAT

16 16

[3 marks]
| Note: Award M7 for consideration of the possible outcomes when rolling the two dice. |
I1+6+15+28 25
b E(l)=———=—(=3.125 M1)A1
b E() - = ) 1)
[ Note: Allow follow through from part (a) even if probabilities do not add up to 1. |
[2 marks]

25-(MAT/12_HL_Summer_2018_Q3)~-Probability

(@) equating sum of probabiltiesto 1 (p +0.5— p+025+0.125+ p’=1) M1

1

P=0.125==

4 8
p=205 AT
®) () u=0x05+1x0+2x025+3x0.125+ 4x0.125 M1
=1.375 (=£] A1

8

() P> u)=P(X =2)+ P(X =3)+ P(X = 4) (M1)
=0.5 A1

| Note: Do not award follow through A marks in (b)(i) from an incorrect value of p. |

Note: Award M marks in both (b)(i) and (b)(ii) provided no negative
probabilities, and provided a numerical value for & has been found.

[2 marks]

[4 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

26-(MAT/10_HL_Winter_2018_Q1)-Probability

(@)

(m1)

CH16-PROBABILITY

[ Note: Award M1 for a Venn diagram with at least one probability in the correct region.

EITHER

P(AnB)Y=03
P(AUB) =03+04+01=08

OR

P(B) = 0.5
P(AUB) =05+04-01=08

(b) METHOD1
P(AP(B) =04 x 0.5
=02
statement that their P(AP(B) = P(4 ~ B)

[ Note: Award R1 for correct reasoning from their value. |

= A, B notindependent

METHOD 2

P(A|B) = P4nB)_01
P(B) 05

=02

statement that their P(A|B) = P(4)

[ Note: Award R1 for correct reasoning from their value. |

= A, B notindependent

| Note: Accept equivalent argument using P(B].4)=0.25. |

(A1)
A1

(A1)
A1

M1
A1
R1

AG

m1

At
R1

AG

[3 marksj

[3 marksj

https://www.thrivingscholars.com/
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IBDIPLOMA

MATHEMATICSAA-HL-P1 CH16-PROBABILITY
27-(MAT/11_HL_Summer_2019_Q6)-Probability
(a) use of symmetry eg diagram mM1)
P(X > u+5)=02 A1
{2 marks]
(b) EITHER
3 —
P(X{IH-!'S‘X}JU—S):[(-Y‘}'H Slﬁ‘l.‘(‘(ﬂ"{‘j) (M")
P{Y >u-5)
P{u-3
Py 3<X<;—c+5) (A1)
P(Y >pu-35)
= 06 A1A1
0.8
[ Note: A7 for denominator is independent of the previous A marks. |
OR
use of diagram (M1}
I Note: Only award (M1) if the region &#—35 < X < i+ 3 is indicated and used. |
P(X>pu-5)=08 Plu-5<X<u+3)=06 (A1)
[ Note: Probabilities can be shown on the diagram. |
06
0.8 M1A1
THEN
SEA (0.75) A1
7 = O
[5 marks}
20122022 PoweredBy:
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

28-(MAT/11_HL_Summer_2019_Q10)-Remainder&FactorTheorem,Probability

(@ () p(2)y=8-12+16-24

(M1)

| Note: Award M1 for a valid aitempt at remainder theorem or polynomial division

=—12
remainder =-12

(i p(3)=27-27+24-24=0
remainder = (}

{(by x=23 (is a zero)

| Note: Can be seen anywhere. |

EITHER
factorise to get (x —3) [f +8)

X' +8=0 (for xc R) (or equivalent statement)

| Note: Award R1 if correct two complex roots are given. |

OR
plx)=3x" —6x+8
attempling 1o show p'(x)=0

eg discriminant = 36 — 96 < {J. completing the square
no turming poinis

THEN

only one real zero (as the curve is caontinuous)

{c) newgraphis v= p(2x)
stretch parallel to the x-axis {(with x =0 invariant), scale factor 0.5

At

At

At

(M1)A1
R1

At
Mt

Rt

AG

(m1)
At

[3 marksj

{4 marksj

[2 marks]

| Note: Accept “horizonial” instead of *parallel tc the x-axis".

20122022
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH16-PROBABILITY

s

= —2Ae™" + 3¢

[ Note: Allow factorfals in the denominator for A7, |

247347 +44-6=0

| Note: Accept any correct cubic equation without factorials and ¢ -

-

20122022

EITHER
4(22" 327 +42-6)=81"—122" +164-24 =0

A=3

b

M1A1

A1

(m1)
{A1)

(M1){A1)

At

[6 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

29-(MAT/12_HL_Summer_2019_Q10)~Integration,Probability

(a) medeis O

(b} (i) attempt at integration by parts

dur |
—= Jde=dy
de -y
. xdx
:xarcsm.‘a'—_[ =
1—-x-

= yarcsiny +V1-x" (+¢)

(i) J(nfarcsinx) dx = [m’fxarcsin.\'fx}l —x* }

4
T n
“la-Zoo]-(0-0-1)=2+
[ﬂ > ]( ) 2-~-

- m+2
T

1
Ik{:rr— arcsinx) dr=1
It

($]

[ Note: This line can be seen (or implied) anywhere. |

| Note: Do not allow FT A marks frem bi to bi.

)

(c) () attemptto use product rule to differentiate
1

I-x

dy )
—=xarcsmx+

;V; v
- - +
dx -yt AJI-x A1—y 4

[ Note: Award A2 for all terms correct, A7 for 4 correct terms. |

k)

= xarcsinx +

-y

2 B 1 X
Aoy dl-x 41— x

+
41— ¥

commen denominator.

Note: Award A7 for equivalent combination of correct terms over a

= xarcsin .y

20122022

Al

(M1)

Al

At

A1

At

(M1)

AG

v

A2

A1l

AG

{1 markj

[6 marksj
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

(i) E(X)= kj-x(:rr—arcsin x)dx

M1
]
L
= kI(m—xarcsin x) dx
tl
ER . !
=k g—A—arcsinJc+la.rln:sinx—ixﬂ—x2 A1A1
22 4 4 X
[ Note: Award A1 for first term, A1 for next 3 terms. |
= [“’H“)(O) A1
2 4 8
(7= a
24+m; 8
__3m AG
4(7[ + 2)
[9 marks]
30-(MAT/10_HL_Winter_2019_Q1)-Probability
(a) I - (M1)
a p= ] ———
P=737575
1
=— A1
10
[2 marks]
(b) attempt to find E{.X) (M7)
1 N
—+1+2+—=10 A1l
2 0
= N=65 Al
Note: Do not allow FT in part (b} if their p i1s outside the range 0 < p <1.
I3 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

31-(MAT/10_HL_Winter_2020_Q1)-Probability

] I 19

E{XY=(0x p)+| Ix— |+]| 2x— |+3¢| =— w1
()(’)[4H<>J"[12_] ke
[ 1 1 19J
=+ +3g=——

4 3 12

]

J
;+l+l+ =1 {M1)
f 1'% 4

_l At
=3

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

32-(MAT/10_HL_Winter_2020_Q3)-Probability

Hash browns

Steak

(a)
0.65 Fries
Chicken <
0.35
0.2
0.7 Fries
0.7 Vegetarian <
0.3 Hash browns
0.1 0.6 Fries

Hash browns

A1A1

Note: Award A7 for probabilities for type of omelette and A7 for probabilities for
fries / hash browns.

(0.2x0.65)+(0.7x0.7)+(0.1x0.6)

= 0.68(— EJ
25

P (ordered fries and did not order chicken omelette)
P( did not order chicken omelette)

0.7x0.7+0.1x0.6( 049+0.06 0.55
0.7+0.1 0.8 0.8

_E(_EJ
8ol 16

20122022

[2 marks]

(M1)

A1

[2 marks]

(M1)

(A1)

A1

[3 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

33-(MathAA/11_HL_Summer_2021_Q10)-Probability

(@)

(b)

recognising probabilities sum to 1

p+p+p+%p:l

P:7

valid attempt to find E(X)

1
1><p+2><p+3><p+4><§p(=8p)

16
E(X)—7
i 0<r<l

(i) Attempt to find a value of 4
0<1-3¢<1 OR r=0:>q=% OR r=1=g=0

|
0<g<—
1=3

E(Y)=1xg+2xq+3xg+4xr(=2+2r OR 4—6q)
one correct boundary value

1xl+2xl+3xl+4xq:2)0R
3 3 3
Ix0+2x0+3x0+4x1(=4) OR
2+2(0)(=2) OR
2+2(1)(=4) OR

4-6(0)(=4) OR 46{%}(: 2)
2<E(Y)<4

20122022

(M1)

A1
[2 marks]

(mM1)

A1
[2 marks]

A1

(mM1)

A1
[3 marks]

(A1)
A1

A1
[3 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

(e)

20122022

METHOD 1

evidence of choosing at least four correct outcomes from
1&2, 1&3, 1&4, 2&3, 2&4, 3&4 (M1)

gq-»—gr OR 3pg+3pr OR pq+pq+p(173q)+pq+p(173q)+p(l—3q) (A1)

solving for either g or r M1
6 1 6(1-r 1 1
—(g+1-3g)=— OR —| —+r |==— OR 3pg+3p(1-3g9)=—
S (g+1-39)=7 7{ r J ) pg+3p(1-3¢)=5

1—r 1
OR 3p| — |+3pr=—
P\ Jr3er=3

EITHER two correct values

qz% and r=-— A1A1

OR one correct value

q:i OR ]‘:é A1
24 8
substituting their value for ¢ or r A1
4-6 el OR 2+2 3
24 8
THEN
11
E(Y)=— A1
(¥) 2

[6 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

METHOD 2 (solving for E(Y))

evidence of choosing at least four correct outcomes from
1&2, 1&3, 1&4, 2&3, 2&4, 3&4 (M1)

6 6
;q+;r OR 3pg+3pr OR pq+pq+p(l—3q)+pq+p(1—3q)+p(l—3q) (A1)

rearranging to make , the subject M1
_4-EW)
=%
3pq+3p(1—3q):% m1
Ex[i(}/)}+g 1_3[%J :l A1
7 6 7 6 ) 2
2(E(Y)—1)_i

7 2

11

E(Y)=— A1
(¥) "

[6 marks]

34-(MathAA/10_HL_Winter_2021_Q4)-Probability

(a)

(b)

valid approach to find P{X) (m1)
tree diagram {must include probabilty of picking box) with correct required probabilities
OR P{RMB)+P(R™B.) OR P(R|B,)P(8,)+P(R]B.)P(8.)
51 41
L At
72 72 (A1)
9
P(R)=— A1
( ) 14
[3 marks]
C
events 4 and R are not independent, since iLi i OR j i CR E % l
14 7 14 9 2
OR an explanation e.g. different number of red balls in each box A2
Note: Both conclusion and reasoning are required. Do not splii the A2.
[2 marks]
Total [5 marks]
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free-stu

20122022

dy-resources

PoweredBy:



IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

35-(MathAA/11_HL_Summer_2022_Q7)-Probability

k
(@) attempt to integrate ————
\} 4-3x

A2

(M1)

A1

Note: Award (M7)A0 for arcsin{%x}

Condone absence of £ up to this stage.

equating their integrand to 1

()]
& [ﬁamsm[?xﬂf =1

33

n

k

20122022

M1

A1

[4 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

A1

IV N T
()  E(X) =7Lﬁdx
| Note: Condone absence of limits if seen at a later stage.
EITHER
attempt to integrate by inspection
W3

X—= I —Ox (4— 3x° )_l dx

T 6

e

|
fl

(M1)

At

Note: Condone the use of &£ up to this stage.

OR

for example, #=4-3x" = du_ —6x
n

| Note: Other substitutions may be used. For example, 1 = —3x~.

! _L
:—Z—J;LIH >du
'y

M1

| Note: Condone absence of limits up to this stage.

A1t

.
L],
| Note: Condone the use of & up to this stage.
THEN
_B
i

A1

incorrect or no limits.

1 >
Note: Award AGMTA1AQ for their & L—;M—lr“ J or k L—lwﬂ for working with

20122022

[4 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

36-(MathAA/12_HL_Summer_2022_Q8)-Probability

let m be the median

EITHER
attempts to find the area of the required triangle M1
base is (m—a) (A1)
and height is #(m—a)
(h—a)(f;—a)
1 2 (m—r.:):
area =—(m— — - e a— At
2('W a)x(b—a)(c—a)(m a)[ (b—a)(c—a)}
OR
attempts to integrate the correct function k]
Ll 2
—(xy—a)d
j[([)—a)(c*—a)(\ @) de
2 ! 2" 2 < T
= —| =X~ OR —————— | —-w A1AT
(.b—a)(c—a)[lh “) l (h—a)({:—a)lQ a\’l

| Note: Award A7 for correct integration and A7 for comect limits.

THEN

o l
sets up (thein x—a)dx orarea =— M1
( 2

b-a)(e—a)
Note: Award MOAQAOMTAOAQ if candidates conclude that m >« and set up

|
their area or sum of integrals = X

(m—u)3 _l
(b—a)(c—a) 2

m—as LN a) s
2
as m>ua, rejects m=a-— w
SO m=a+ w A1
[6 ﬁarksj

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

37-(MathAA/12_HL_Summer_2022_Q10)-Probability

(a) uses ZP(X=X]=I to form a linear equation in p and ¢

correct equation in terms of 7 and § from summing to 1

p+03+4+0.1=1 OR p+g¢=0.6 (orequivalent)

uses E(X) =2 to form a linear equationin  and §

correct equation in terms of P and ¢ from E{X}=2

p+06+3¢g+0.4=2 CR p+3¢=1 (orequivalent)

Note:

The marks for using ZP(X =x)=1 and the marks for using E{(X'}=2

may be awarded independently of each other.

evidence of correctly solving these equations simultaneously

for example, 2¢=04=¢ =02 or p+3x{0.6-p)=1=p=04

so =04 and g=0.2

(p) valid approach

20122022

P(X>2)=P(X=3)+P(V=4} OR P(X>2)=1-P(V

=03

1}-P(X =2)

(M1)

At

(M1)

A1

A1

AG
[5 marks]

(M1}

A1
[2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

(©)

recognises at least cne of the valid scores (6, 7, or 8) required to win the game

Note:

Award M0 if candidate also considers scores other than 6, 7, or 8 (such as
5).

let /' represent the score on the last two rolls

a score of 6 is obtained by rolling (2,4).(4.2) or {3.3)
P(7=6)=2(0.3)(0.1)+(0.2)" (=0.1)

a score of 7 is obtained by rolling (3.4) or {4,3)
P(T=7)=2(0.2)(0.1} {=0.04)

a score of 8 is obtained by rolling (4,4)

k]

P(T=8)=(0.1) (=0.01)

[ Note:

The above 3 AT marks are independent of each other,

(d)

20122022

P(Nicky wins)=0.1+0.04+0.01
=0.15

3+bh=8

(M1)

A1

A1l

A1

At
[5 marksj

(M17)
A1
2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH16-PROBABILITY

(e) METHOD 1
EITHER

4
P(S=5)=—
(S=5}=1¢

4
P(S=a¢+2)=—
(S=a+2) 16
=a+2=3
OR

3
I’(S‘::ﬁ) ::1;;

P(S—-a+3)f% and P(S:5+])r%

=a+3=6

OR

. 3
P[.S:4):I—6

P(S=a+1)=% and P(S=1+3)=%

—a+l=4

THEN
=ag=3

Note: Award AGAOD for a =3 obtained without working/reasoning/justification.

20122022

A1l

A1t

A1

A1

[2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

20122022

METHOD 2
EITHER
correctly lists a relevant part of the sample space A1

for example, [ S =4) ={(3,11(La).(La)} or {§=5}={(2,a)(2.a),(2.a)(2.a)}
OF{S = 6} = {{3,6{),(3.“),(',5)}
a+t3=6

OR
eliminates possibilities (exhaustion) for a <5

convincingly shows that « = 2,4 A1

a#4, for example, P(S:T"):% from (2,5),(2,5) and so (3,a),(3,a}=a+3+7

THEN
=ag=3 A1
[2 marks]
https://www.thrivingscholars.com/
free-study-resources
PoweredBy:
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH16-PROBABILITY

38-(MathAA/10_HL_Winter_2022_Q6)-Probability

(8) P(AnB)=024 A1
[1 mark]

(o) P(AUB)=L1-P(4"B) (A1)
(0<)P(AuB)<] (M1

Note: This may be conveyed in a clearly labelled diagram or written explanation

where P(AUR)=1

the minimum value of P(A mb’) is 0.1 A1
[3 marks]
(c) Aisasubsetof B (so P(4~B)=P(4)). R1

Note: This may be conveyed in a clearly labelled diagram where A is completely

inside 5, or in a written explanation indicating that P(4~ B)=P{4)

s0 the maximum value of P(4~B) is 0.3 A1

Note: Do not award ROAT.

[2 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

1-(MAT/21_HL_Summer_2012_Q1)-Differentiation

d—y:3x2 —12x+k
dx

For use of discriminant »* —4ac =0 or completing the square 3(x - 2)2 +k-12
14412k =0

Note:  Accept trial and error, sketches of parabolas with vertex (2,0) or use of
second derivative.

k=12

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA

MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

2-(MAT/22_HL_Summer_2012_Q6)-Differentiation

(@)

(-2:-8,-0%17)

(2294, —0~21%)

Note: Award A1 for correct shape. Do not penalise if too large a domain is used,
Al for correct x-intercepts,
A1l for correct coordinates of two minimum points,
A1 for correct coordinates of maximum point.

Accept answers which correctly indicate the position of the intercepts,
maximum point and minimum points.

(b) gradient at x =1is —0.786

(c) gradient of normal is

-0.7
when x=1, y=0.3820...

Equation of normal is y—0.382=1.27(x—1)

(:>y =1.27x— 0.890)

20122022

1
=1.272...
vl )

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

3-(MAT/21_HL_Summer_2012_Q10)-Differentiation

attempt to find intersections

) ) 10 10m 10m 10
intersections are . and . —

m+2 m+2 2m—1 2m-1
. 1 100+100m* 100 + 1007
area of triangle = — x x

(m+2) 2m-1)
5001+ mY)

(m+2)(2m—1)

minimum when m =3

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

4-(MAT/21_HL_Summer_2012_Q11)-Differentiation

@) (3.79,-5)

(b) p=157or g g=6.00

(¢) f'(x)=3cosx—4sinx
3cosx—dsinx=3—=>x=4.43...
(y=—4)

Coordinates are (4.43, —4)

1

(d) m =—

nomal
tangent
. : . .1
gradient at P is —4 so gradient of normal at P is 1

. : : .1
gradient at Q 1s 4 so gradient of normal at Q 1s 1

. . 1
equation of normal atPis y—3= 1(x71.570. ) (ory=0.25x+2.60...)

: : 1
equation of normal at Qis y—3= —Z[x— 5.999.. J (ory =—0.25x+ 4.499...}

Note: Award the previous two M1 even if the gradients are incorrect in
y—b=m(x—a)where (a,b) arc coordinates of P and Q
(or in y = mx+ ¢ with ¢ determined using coordinates of Pand Q.

intersect at (3.79, 3.55)

Note: Award N2 for 3.79 without other working.

https://www.thrivingscholars.com/
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CH17-DIFFERENTIATION

IBDIPLOMA MATHEMATICSAAHL-P1
5-(MAT/20_HL_Winter_2012_Q12)-Differentiation
(a) L=CA+AD
) a a
siney =—— = CA =—
SN ¢z
h b
cosax =——=AD-=
cosa
a b
[ =—+
SN CoSax
5 1
b) a=5andb=1=L=—""—+
siner Cosa

METHOD 1

b
4\

~—_

~

- el

(lo4Z,7-773)

minimum from graph= L =7.77

minimum of /. gives the max length of the painting

METHOD 2
dL _ —Scosa  sina
da sinfa cos’a
dL sin’ a
—=0=—
da cos’

maximum length=7.77

—3kcosa ksina

(.‘fOS2 (24

dZ.

— -
dea sin” &

(©)

20122022

—S=tana =35 (@=10416..)

minimum of 7, gives the max length of the painting

(or equivalent)

rivingscholars.com/

htps://www.th
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

(d) % _ —3kcos’ a +ksin’ o

do sin arcos” o
.
o= K e =3B (a=096454..)
do cos” @k
tanor= Y3 = —> (1439 a755.)
cas o

L _y1:39 (1.216...)

and =
sinc HE)

3
L=3k[ V“‘@Ju{ 1430 (I.—5.405598.. k)

g

(¢) L=8=k=148

the minimum value is 1.48

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

6-(MAT/22_HL_Summer_2013_Q12)-Differentiation, Integration

(@) () METHOD 1

dy .
——=—§inx+cosx

dx

y% = (cos x + sin x)(—sin X+ coOs x)

=cos’ x—sin’ x
=co82x
METHOD 2

y'=(sinx+ cosx)2

Zy%_ 2(cos X+ sinx)(cos x —sinx)

yZ —cos” x —sin’ x

=Ccos2x

(i1) attempting to separate variables I vdy= Icos 2xdx

1yz :1sin2x+ C
2 2

Note: Award A1 for a correct LHS and A7 for a correct RHS.

1

p=1+(in2x+ A)>?

(iii) sin2x+.4=(cos x+sinx)”

(cos x+ sin x)* = cos® x + 2sin xcos x + sin” x

use of sin2x=2smnxcosx.
A=1

CH17-DIFFERENTIATION
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

1

(b) (1) substituting x= % and y=2 mto y=_(sin2x+ A)E

1

s0 g(x)=(sn2x+ 3)2.

range g 1is [\E , 2]

Note:  Accept [1.41,2]. Award AI for each correct endpoint and

A for the correct closed interval.

T 1
(ii) J'OZ (sin2x + 3)? dx
=2.99

(ii1) nj-og (sin2x + 3) dx— x(1) (g] (or equivalent)

Note:  Award (M1)(41)(A1) for nJ'OE(sin 2x+2)dx

—17.946  4.935 (:%(3n+ 2)7{5)

=13.0

Note:  Award Af for a(x+1).

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

7-(MAT/21_HL_Summer_2013_Q13)-Differentiation
(a)  f(2)=9
fH)=(x-1y
(f -3
—1+/ _ i
(Y= B

J(x) =37
11 1
1(2) 3x4 12

| Note: The last M1 and A1 are independent of previous marks.|

(b)  g'(x)=¢" +2x%"
2'(x) >0 as each part is positive

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

(¢) to find the x-coordinate on y = g(x) solve

2= xe*
x=0.89605022078...

gradient = (g71)(2) =

1
- e(0-395---)2 (1+ 2% (0896 . )2)

1
2'(0.896...)

=0.172 to 3sf

(using the 3_,1? function on gdc g'(0.896...)=5.7716028...
X

|

— -0.173)
2'(0.896...)

@) @ (P rnerV =2
x=-0.470191. .

(i) METHOD 1

(gof)(x)= 3x26(x3+1)2 (2(.?63 L 1)2 L 1)
(go)(—0.470191...)=3.85755...
1

H(2)=—"——=0259 (232...
2 3.85755... ( )

Note: The solution can be found without the student obtaining
the explicit form of the composite function.

METHOD 2

hx)= (/o g™ ))

He =Y (7)) x (g™ (@)
gt @1 @
H=3(g @) x(g V@)

2

= %(0.89605. 1) 3 x0.171933...
=0.259(232..)

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

8-(MAT/22_HL_Summer_2013_Q13)-Differentiation

(a) EITHER

£ = —arctan LA arctan 13 (or equivalent)
X 20

X

Note:  Accept £ =180°—arctan [Ej —arctan [ 201 3 J (or equivalent).

OR

¢ = arctan [g] + arctan [201_;x] (or equivalent)

(by (1) 6=0994 (= arctan%)

(i) 6=1.19 (= arctang)

(¢) correct shape.
correct domain indicated.

155

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

(d)  attempting to differentiate one arctan( f(x)) term

EITHER
() omon{ 5
@ = —arctan| — |—arctan
X 20— x
d_@_ 8 y 1 B 13 y 1
de o gV (20—x) 13 Y
I+] — 1+
X 20— x
OR
Q—arctan[gj+ arctan[ —x]
1 L
de 8 13
dv x ¥ ' 20— x Y
1+ — 1+
8 13
THEN
8 13

T 2164 569 40x+ i

8(569 - 40x+ x*) - 13(x* + 64)
(x* +64)(x* — 40x + 569)

(744 64x - x7)
(x4 64) (2 — 40x+ 569)

: C . dg
(e) Maximum light intensity at P occurs when —— =0.

CH17-DIFFERENTIATION

cither attempting to solve (cllf =0 for x or using the graph of either & or 46

x=10.05 (m)

dx

https://www.thrivingscholars.com/
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MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

IBDIPLOMA
dx
E_0s
() i
do 5
At x=10. 22 -0.000453 (=—> ).
X dx (= 11029’
do do dx
uscof — =——x—
dr dv dr
o 5 1

—=0.000227 (=———)(rad s
dr 22058

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

9-(MAT/22_HL_Summer_2014_Q9)-Differentiation

METHOD 1

volume of a cone is V' = =mr?h

given h=r, V:%TchB

v _ e

dh

when 4 =4, d—V:Tcxélsz.S (using d—V:d—Vx%)
dr d dh dt

dV

—=8n (=251 *min”"
gy ( ) (cm” min )

METHOD 2

volume of a cone is ' = %Tcrzh

given h=r, V:%TchB

dl—lnx%zxﬁ
dt 3 dt
when h =4, d—V=Tc><42X0.5
de
dl:STc (=25.1) (cm’min™)
dt
METHOD 3
V=1T5r2h
3
dl:lﬂ: 2rhg+r2%
de 3 dr dr

Note: Award M1 for attempted implicit differentiation and 41 for
each correct term on the RHS.

when h=4, r =4, ar_ ln(2x4x4x0.5+42x0.5)
dt 3

‘Ll; =8 (=25.1) (em’min™)

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

10-(MAT/21_HL_Summer_2014_Q10)-Functions-Roots,Differentiation

1 1.
(a) x—)—oo:>y—>—5 SO y:—E 1s an asymptote

e —2=0= x=1In2 so x=In2(=0.693) is an asymptote

) @O S)=

(i) ' (x)=0 when " —4e* —e" =0
e (ezx—4e‘—l)=0
e =0, " =—0.236, ¢*=4.24 (or & =2J_r£)

Note: Award A1 for zero, A1 for other two solutions.
Accept any answers which show a zero, a negative and a positive.

as ¢* >0 exactly one solution

Note: Do not award marks for purely graphical solution.

(i) (1.44,8.47)

© f(0)=—4
so gradient of normal is %
J0)y==-2

so equation of 7, is y= ix—Z

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

() =1
@ f@)=7

so x=1.46
f(1.46)=8.47

equation of L, is y—8.47 = i(x—1.46)

1
(or y=2x+8.11)

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

11-(MAT/22_HL_Summer_2014_Q10)~-Differentiation

(2)

METHOD 1
expanding the brackets first:

4257y 4yt =4y’

dy dy dy
A +4xp* +4x°y—+4y’ = =4y +8xy—=
4 ydx 4 dx 4 ydx

Note:

Award A1 for each side correct.

Award M1 for an attempt at implicit differentiation.

3 2 2
d_y= i or equivalent

de  wx’—2xy+y°

METHOD 2

dy dy
2(x*+3%)| 2x+2y—= |=4y* +8xy =
(x y)(x ydx] T

Note:

Award Al for each side correct.

Award M1 for an attempt at implicit differentiation.

(b)

dy dy
PP x+y= =y + 20y =
(x y)(x ydx]y P

x° +x2y%+y2x+y3d—y=y2+2wd—y

dx dx
d_y_—x3—xy2+y2

- = or equivalent
dx yx"—-2xy+y
METHOD 1
at (1,1), & 1s undefined
dx
y=1

METHOD 2

(yxz—ny+y3)

gradient of normal = —L =—
dy
dx

at (1, 1) gradient =0

y=1

(—x3 —xy’ + yz)

CH17-DIFFERENTIATION
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

12-(MAT/22_HL_Summer_2014_Q12)-Differentiation

(a) C=AXx5k+XBxk (M1)

Note: Award (M1) for attempting to express the cost in terms of AX, XB and k.

= 5k+4/450° + x* + (1000 — x) & Al
= 5202500 + x + (1000 — x) & AG

®) (@) E:/{ OX2x —1}:/{ X M1AT
dx | 24202500 + X 202500 + x2

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

(ii) attempting to solve % =0 MI1
X (A1)
V202500 + x*
x:m.g(m)[zﬁ(m] A1
METHOD 1
for example,
at x:91£:—0.00895k <0 M1

dx
at x =92 %20.001506k>0 Al

Note: Award M1 for attempting to find the gradient either side of
x=91.9 and A1 for two correct values.

thus x=91.9 gives a minimum AG
METHOD 2
d*C 1012500 %
2 3
(x* +202500)2
d*C
at x=91.9 —-=0.010451k >0 (M)A

Note: Award M1 for attempting to find the second derivative and A1
for the correct value.

2

Note: If d’c
dx

award (M)A for correct reasoning eg, both numerator and
denominator are positive atx =91.9.

is obtained and its value at x=91.9 is not calculated,

thus x=91.9 gives a minimum AG

METHOD 3

Sketching the graph of either C versus x or c(li_C VErsus x . M1
X

Clearly indicating that x =91.9 gives the minimum on their graph. Al

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

(c)

C_. =3205k

Note:  Accept 3200%.

Accept 3204 £

(d)

(e)

arctan L =78.463K °
01.855865K

180 -78.463K =101.537K
=102°

(1) when 8=120°, x=260(m) (ﬂ(m)]

5

(i) 133.728K <100%
3204.5407685K

= 4.17 (%)

CH17-DIFFERENTIATION
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

13(MAT/20_HL_Winter_2014_Q10)-Differentiation
(a) useof 4= %qr sin & to obtain 4 = %(x +2)(5—x)*sin 30°
- %(x +2)(25 - 10x + %)
A= %(f— 8x* + S5x + 50)
d4 1

) @) E=Z(3x2—l6x+5)=i(3x—1)(x—5)

(i) METHOD 1
EITHER

u
dr

S35

s0 — =0 when Jc=l

METHOD 2
solving % =0 forx
dx

1
—2<x<5=>x= 3

s0 — =0 when x:l

METHOD 3

a correct graph of % VErsus x
: dA 1
the graph clearly showing that ™ =0 when x= 3

S0 %=O when x=l
dx 3

https://www.thrivingscholars.com/
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IBDIPLOMA
() @
(i1)
(i)

MATHEMATICSAA-HL-P1
d’4 1
=—(3x-8
dx* 2( )
2
for x=%, d ‘f =-3.5(<0)

1 . : :
s0 x =— gives the maximum area of triangle PQR

A= %G 12.7)(cm?)

PQ= % (cm) and PR = [?] (cm)

o =(3] 3] (5] o0
3 3 K
=391.702...

QR =19.8(cm)

CH17-DIFFERENTIATION
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IBDIPLOMA MATHEMATICSAA-HL-P1

14-(MAT/20_HL_Winter_2014_Q13)-Differentiation, Integration

(a) attempting to use J = njbxzdy
attempting to express x* in terms of y ie x> =4(y+16)
for y=h, V= 4n_[0hy+l6dy
2
V= 47{11— + 16hJ
2
(b) (i) METHOD 1
dh_dh dv
de  dV dt
ar _ 4n(h + 16)
dA
d_ 1 2504
dt  An(h+16)  w(h+16)
Note: Award M1 for substitution into dh = %xd—l/ .
de dV dr

dh  250JR

dt  4n*(h+16)
METHOD 2

CL—T; = 4u(h+ 16)% (implicit differentiation)

—2505h
a(h+16)
da_ 1 sodn
&t 4n(h+16) w(h+16)
dn 2504

dt 4% (h+16)

=4n(h+ 16)% (or equivalent)

i & _ 47 (h+16)
dh 2504h
. f‘ 47> (h+16)*
2507

2 2
_J_4n (F +3274256)

B 2504/h

3 1 1
j[hz 3247 +256h l]dh

dh

—4w’
{=
250

CH17-DIFFERENTIATION
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()

(iiiy METHOD 1

3 1 1

— 2 — — —_
" j° (hz +320% +256h Zth

250

1 =2688.756...(s)
45 minutes (correct to the nearest minute)

f

48

METHOD 2
—An* (2.2 64 2 :

f= | Zpr 4 2202 451207 |4c
250 | 5 3

47 ( 2

25010 5

CH17-DIFFERENTIATION

M1)

A1)
Al

3 3 1
when t=0,h=48=c¢= 2688.756...(C=—(—X 482 +%>< 482 +512x 482B

. 47t
2501 5

45 minutes (correct to the nearest minute)

when 2=0, = 2688.756...[

EITHER
the depth stabilises when ar =0 je 8.5— M =0
dr n(h+16)
2504 A
attempting to solve 8.5— —J_ =0 for A
w(h+16)

OR

the depth stabilises when dn =0je ——
dr 4n(h+16)

attempting to solve ! 85— 250\/; =0 for &
da(h+16) T(h+16)

1 {8_5_ 25041 ]

n(h+16)

THEN
7 =35.06 (cm)

5 3 1
{3x482 +%><482 +512><482D(s)

Ri

(M1D)

R1

(MD)

Al

https://www.thrivingscholars.com/
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15-(MAT/21_HL_Summer_2015_Q5)~-Differentiation

I = 2007

Note: Allow } =rhr® if value of / is substituted later in the question.

EITHER
d—V = 200n2r£
dt dr

Note: Award M7 for an attempt at implicit differentiation.

at »=2 we have 30= 2001t4£

dr
OR
d
ar_ 4
a4
dr
d—V =4007r
dr
r =2 we have d—V= 800w
dr
THEN

dr 30 (

3
—= =—— =0.0119| (cms™)
dt 800m\ &0m

https://www.thrivingscholars.com/
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16-(MAT/21_HL_Summer_2015_Q6)-Differentiation

f(x)=3x"+¢"

Note: Accept labelled diagram showing the graph y = f’(x) above the x-axis;
do not accept unlabelled graphs nor graph of y= f(x)

EITHER

this is always > 0
so the function is (strictly) increasing
and thus 1-1

OR

this is always > 0 (accept = 0)
so there are no turning points
and thus 1-1

17-(MAT/21_HL_Summer_2015_Q9)-Differentiation

r=02y=I

J0)=1368..

]
Note: The exact answer is y’(0)=6—=1+-
e ¢

0 gradient of norml i
307879

(=108,

equaton of nomalis y=-0.731038...x+¢
oives y=-0T3lr+l

https://www.thrivingscholars.com/
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18-(MAT/22_HL_Summer_2015_Q11)-Differentiation

(a) attempt at implicit differentiation

dy dy
2x—5x—=-5yv+2y—=0
& T

Note: A7 for differentiation of x* —5xy , A7 for differentiation of
y* and 7.

dy
2x—5y+—(2v-5x)=0
y dx( y—>5x)

dy S5y-2x
dx 2y-35x

d_y_5x1—2><6_1

(b) T
dx 2x1-5x6 4

gradient of normal = —4

equation of normal y=—-4x+c¢
substitution of (6, 1)
y=—4x+253

Note: Accept y—1=-4(x—-06)

5y—-2x
2y—3x
y=-x
substituting into original equation
X+t +xt =T

Tx* =17

x=x1

points (1, —1) and (-1, 1)

distance = \/§(= 2\/5)

(¢) setting

=1

https://www.thrivingscholars.com/
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19-(MAT/20_HL_Winter_2015_Q13)-Differentiation

NESR P 3 -
a x)=30g 00 .| = T o 400
@ 7' 400[ 20 ]

Note: Award M1 for attempting to use the chain rule.

N

Fr = — e 3w | 3 [
20 4000 20 200

Note: Award M1 for attempting to use the product rule.

(b) the roof function has maximum gradient when f"(x)=0

Note: Award (1) for attempting to find f”(—\JZOO).

EITHER
=0

OR
F(x) = 0= x = /200

THEN

valid argument for maximum such as reference to an appropriate graph or
change in the sign of [f"(x) eg ["(-15)=0.010..(>0) and
f"(-14)=-0.001...(< 0)

= x = —+/200

https://www.thrivingscholars.com/
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€ A=2a-30¢c @ [: 60ae *° = —400 f’(a)J (M1)(A1)
EITHER
Y 0ge ™ . — L4 600 W = 0= q = 200 (—400f”(a) —0=a= Jzoo)
da 200
M1A1
OR
by symmetry eg @ = —/200 found in (b) or 4 __ coincides with /"(a)=0 R1
= a = 4200 A1
THEN
200
A =60 -+200¢ M1
1
= 600/2¢ 2 AG
d) () perimeter= 4a + 60¢ '™ A1A1

Note: Condone use of x.

ai

4a + 60e
iy I(a)="2T70 (A1)
60ae 1
graphing 7/ (a) or other valid method to find the minimum (M1)
a=12.6 A1
(i) area under roof = "‘72200306_m dx M1
=896.18... (A1)
(2607
area of living space = 60-(12.6...)-¢ *° =3508.56... (A1)

percentage of empty space = 43.3% A1

https://www.thrivingscholars.com/
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20~-(MAT/22_HL_Summer_2016_Q7)-Differentiation

dy dy
3 2+3 2_:4 + y—
(@ Sx +o5y ] [J’ xl J

(3y2 — 4x)% =4y - 3x°

dy 4y - 3x
dx 33— 4x
dy

b —=0=4y-3x*=0
® y
substituting x =% and y = %kz into x>+ 3’ = 4xy
B+ ﬂké =3k’
64

27
attempting to solve %° + akﬁ =3k> fork

k =1.68(= 2%/5]

21-(MAT/22_HL_Summer_2016_Q11)-Differentiation

(@) EITHER

o= arotan% - arctan% (=34992..° - 26.5651..7) (M1)(A1)(A1)

Note: Award (M1) for o = APT - BPT, (A1) for a correct APT and (A1) for a correct BPT.

OR

¢ = arctan 2 — arctan% (=63.434..°-55008..°) (M1)(AT)(A1)

Note: Award (1) foro = PBT - PAT, (A1) for a correct PBT and (A1) for a correct PAT.

OR
125+ 149 -4
¥ = arccos (M1)(A1)(A1)
[2 X Af125 X 4149J

Note: Award (M1) for use of cosine rule, (A1) for a correct numerator and (A7)
for a correct denominator.

THEN
=843 Af

https://www.thrivingscholars.com/
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(b) EITHER

=

tan & =
1+

e

CH17-DIFFERENTIATION

M1A1A1

denominator.

Note: Award M7 for use of tan(A4 — B), A7 for a correct numerator and A7 for a correct

w1

M1A1A1

correct denominator.

Note: Award M1 for use of tan(4 — B), A1 for a correct numerator and A7 for a

2x
35

2
1+ 2
35

OR

Xt + 35
ﬂf+%ﬂﬁ+@)

Note: Award M1 for either use of the cosine rule or use of cos(4 — B). |

cosy =

sing = 2
ﬂf+%ﬂf+@)
2x
2 2
o Jlx +225)(x + 49)
x + 35
ﬂﬁ+%ﬂf+@)
THEN
2x
tan o = >
x + 35

M1

M1A1

A1

w1

AG

https://www.thrivingscholars.com/
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2(x* +35) - (2x)(2 a2
© O i(tano:): (x* +35) — 2x)(2%) _ 70— 2x

dx (% +35) (x* +35)

Note: Award M1 for attempting product or quotient rule differentiation,
A1 for a correct numerator and Af for a correct denominator.

(i) METHOD1
EITHER

Y tana) = 0= 70 - 265 = 0
dr
x = f35(m)(= 5.9161...(m))

1
tan & = ——(= 0.16903....
As ¢ )

OR
attempting to locate the stationary point on the graph of
2x
tanox = —
x"+ 35
x=5.9161... (m)(= 35 (m)]
tana = 0.16903...| = L
V35
THEN

o =9.59°

https://www.thrivingscholars.com/
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(iii)

(d)

METHOD 2
EITHER
d 70 — 2x°
Oﬂzarctan[ = ]3 ¢ _ 2x M1
X +35 dx (x4 35) + 4
%=O:‘> x = 35(m)(= 5.9161.._(m)) A1
OR
attempting to locate the stationary point on the graph of
& = arctan M1
(xz + 35} 1)
x =5.9161...(m) (= ¥35 (m)) A1
THEN
1
o =0.1674...| = arctan — (A1)
335
=959 A1
¢ e (2 +35)" (—4x) = (2) (22) (x* +35)(70-2+*) [ dx(x* - 105)
tal‘lO[ = =
i (x* +35)’ (x?+35)
M1A1
. . d’
substituting x = \/CG (=35.9161..) into —(tan @) M1
2
—(tanr) < 0 (= —0.004829...)and so & = 9.59° is the maximum
value of o R1
o never exceeds 10° AG

=tan7°

attempting to solve —

x4+ 35

Note: Award (M1) for attempting to solve

=tan7" .

X+ 35

x=255and x=13.7
2.55<x <13.7 (m)

https://www.thrivingscholars.com/
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22-(MAT/21_HL_Summer_2016_Q12)-Differentiation

| Note: Award M1 for an attempt at implicit differentiation, A7 for each part. |

dy _ 2y-—¢
dx 2(yv-1x)
d 3

(c) atx=0 —=-—
dx 4
finding the negative reciprocal of a number

4
gradient of normal is ——

4
=—=x+2
4 3

(d) substituting linear expression

2
(—ix + 2\ - Zx[—gx + 2] + e*— 5 =0 orequivalent

x=1.56
y=-0.0779
(1.56, —0.0779)

(e)

https://www.thrivingscholars.com/
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23-(MAT/22_HL_Summer_2016_Q12)~Differentiation,Integration

@ 0

A{e +e ]_Z{e—e ]
2 2

_ 1
_2(ex+e_”)—(ex—e_x)
B 1
e+ 3
— ex
e+ 3

(i) u=¢" =du=¢"dx
e’ 1
dx= du
je“+3 '[u2+3
(when x =0, u=1 andwhen x=In3, u =3)

_3[ 1 du = {Larctan LJT
1t +3 N NE) A

{5
i

9 18

_m3

18

https://www.thrivingscholars.com/
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b () +De—2ke'+(m—1)=0
2% + \/418 —4(n*-1)

x

[S]
201+ 1)
1 [ki,/kz—n2+1]
X =m
n+1

(i)  for two real solutions, we require & > \/kz -n+1

and we also require £*— #*+1> 0
E>n-1

:k>,/n2—1 (ke R™)

© () METHOD1

o —
) = (ex + e*’C)2 — (eJC —-e " )2
(ex + e_x)}1

[ex+ e ]2_ [e”— e ]2

) 2 2

t(x) = 5
e"+e”
S

_rl -lemfl

lr el
METHOD 2
ﬂ@:ﬂ@ﬂ@—qnﬂm
| /(x)]

g@) = f(x) and f(x) = g(x)
_r@f -[g@l
[reof

https://www.thrivingscholars.com/
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METHOD 3
t(x) — (ex _ efx)(ex 4o ¥ )*1

F(x) =1——(ex <)

2
-x

e"+ e
sl
[Feof

_ e - [e@f
[Ff

METHOD 4

F(x) =83 _ 8@ '(zx)
1) [l

£0) = £) and £(3) = g() gives (0)=1- 2
[/G0)]

_ ool - el
[reol

(i)  METHOD 1

[7)] >[g()] (or equivalent)

[F] >0
hence #(x) >0, xeR

CH17-DIFFERENTIATION
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METHOD 2

[£)] - [g()] =1 (or equivalent) M1A1
[Ff >0 R1
hence r(x) >0, xe R AG

X + —X X _ —X
Note: Award as above for use of either f(x) = © 26 and g(x) = © 2e
or¢g"+¢ and e —¢e .

METHOD 3

, 4

f(x) = >

e’ + efx)
(e + e”:)2 >0 M1A1
4

—>0 R1
(e” +e™ )

hence (x) >0, xeR AG
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24-(MAT/20_HL_Winter_2016_Q6)-Differentiation

METHOD 1
substituting for x and attempting to solve for 3. (or vice versa) M1)
y=(£)0.11821... (A1)
EITHER
d 145
1455 + 143y % = o [ o1 M1A1
dx de 143y
OR
145xﬂ + 143yd—y =0 M1A1
dt dr
THEN
145(3.2x107
attempting to find bd__ ( ) x(7.75x107) (M1)
de | dr  143((£)0.11821...)
d_y =+213x107° A1

dt

[ Note: Award all marks except the final Af to candidates who do not consider +. |

METHOD 2
2

y=(2) /1 771255x M1A1

dy

E:(J_r)o.0274... (MT)(A1)

dy -5

E:(J_r)o.0274...x7.75 % 10 (M1)

‘:l—y = 421310 A1
i

[ Note: Award all marks except the final Af to candidates who do not consider +. |

[6 marks]
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25-(MAT/20_HL_Winter_2016_Q10)~Functions-Roots, Differentiation, Integration

(a) attempting to solve either 2¢"—1=0 or 2e"—1= 0 for x (M1)
D=R\{—ln2} (or equivalent eg x# —In2) A1

Note: Accept D =R\ {-0.693} orequivalent eg x = —0.693.

(b) considering linll F(x) (M1)
x—=—In2

x=—In2 (x=—0.693) At
considering one of lim f{x) or lim f(x) M1
lim f(x)=-2=> y=-2 A1
lim f(x)——l:> S A1
I+ 2 Y 2

Note: Award AOAOfor y=-2 and y= —% stated without any justification.

—&" (Zex - 1) - 2¢" (2 - ex)
© [f'x)= > M1A1A1
(2¢"-1)
SN L AG
(2¢-1)
(dy ['(x)<0 (forall xeD) = [ is (strictly) decreasing R1
Note: Award R1 for a statement such as f’(x) # 0 and so the graph of / has no
turning points.

one branch is above the upper horizontal asymptote and the other branch is
below the lower horizontal asymptote R1
f has an inverse AG
—oo<x<—2u—%<x<oo A2

| Note: Award A2 if the domain of the inverse is seen in either part (d) or in part (e). |

CH17-DIFFERENTIATION

[2 marks]

[5 marks]

[3 marks]

[4 marks]
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Y
@ x=2=S M1
2¢"—1
| Note: Award M1 for interchanging x and y (can be done at a later stage). |
2xe” —x=2-¢' M1
e (2x+D=x+2 A1
+2
“x) = In| 2 M) =In(x+2)-In(2x+1 A1
o =n( 2] (P -l -2 )
[4 marks]
b
() useof V=n[x"dy (M1)
; +2)Y
=/ In| 2 dy (A1)(A1)
- 2y +1
[ Note: Award (A7) for the correct integrand and (A7) for the limits. |
=0.331 A1
[4 marks]
26-(MAT/21_HL_Summer_2017_Q2)-Differentiation
d 1d
@ yt+xi-—L=o M1A1A1
dx ypdx
| Note: Award A7 for the first two terms, A7 for the third term and the 0.
d 2
g__Y A1
dx 1—xy
_ 2
Note: Accept 2 .
Iny
Note: Accept _—yl
x__
Y
[4 marks]
el
b) m = (M1)
2
l-ex—
e
m.=—¢ (A1)
y—e=—¢e'x+2e
—¢’x — v + 3¢ = 0 or equivalent A1

Note: Accept y=-739x+8.15.

[3 marks]
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27-(MAT/22_HL_Summer_2017_Q2)-Differentiation,Integration

(a) METHOD1
4x* +y2 =7
8x + 2 y% =0 (M1)(A1)

dy _ dx

dx y

. using any alternative method.

d
Note: Award MT1A1 for finding Ey =-2.309..

hence gradient of normal = % (M1)
x

hence gradient of normal at (1«/?:) is %(: 0.433) (A1)

hence equation of normal is y — \/_ = g(x -1

[633

y= —x+T] (y=0.433x+1.30)

(M1)A1

4
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METHOD 2

4 +y* =7
y=47-4x"

dy 4x
dx 745"

CH17-DIFFERENTIATION

(M1)
(A1)

Note: Award M1A7 for finding %: —2.309... using any alternative method.

_ 2
hence gradient of hormal = ﬂ
4x
hence gradient of normal at (1,\/5) is %(: 0.433)
W3

hence equation of normal is y — J_ = T(x -1

333
{y——x+T

7 ](y=0.433x+1.30)

L
2

(b) Use ofV:njy2dx
0

V=n (7—4x2)dx

c'—.—-—.N‘i‘-]

Note: Condone absence of limits or incorrect limits for M mark.
Do not condone absence of or multiples of .

=19.4 {: 7‘/7_RJ

3

(M1)

(A1)

(M1)A1

[6 marks]

(M1)(A1)

A1

[3 marks]

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

28-(MAT/21_HL_Summer_2017_Q8)-Differentiation

(@) areaof segment = % x 0.5% x (6 — sin ) M1A1
I”= area of segment x 10
V=%(9—sin6’) A1
[3 marks]
() METHOD 1

v = 2(1 — Cos 6’)ﬁ M1A1
dr 4 dt

5 do
0.0008 = —(1 _ cosﬂj & (M1)

4 3) dt
49 _ g.00128 (rad s1) A1
dt
METHOD 2
ﬁ:ﬂxd_r/ (M1)
dt  dV - dr
d—sz(l—cosﬁ) A1l
g 4
d9 _ 4x0.0008 M)
dt 5[1—COS£]

3

49 _ 0.00128 4 (rad s71) A1
dt 3125

[4 marks]
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29-(MAT/21_HL_Summer_2017_Q12)~-Functions-Roots,Graphs,Differentiation

(a) x*=1>0 (M)
x<—-lorx>1 A1l
[2 marks]
(b)
x=-1 x=1
24
(-2.90,0) : (2.90,0) X
shape ' ) ' At
x=1land x=-1 A1l
x-intercepts A1l
[3 marks]
(c) EITHER
f is symmetrical about the y-axis R1
OR
S(=x) = f(x) R1
[1 mark]
(d) EITHER
£ is not one-to-one function R1
OR
horizontal line cuts twice R1
Note: Accept any equivalent correct statement.
[1 mark]

https://www.thrivingscholars.com/
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©) x=—1+1n(JJﬁ_—1) M1

e2x+ 2 — y2 _ 1 M1
gl (x)=4€"""+1, xeR A1A1
[4 marks]
O g()= e x — M1A1
JE-1 20 -1
"(x) = A1
g ==
[3 marks]
@ O gw= 2x_1=O:>x=O M1
which is not in the domain of g (hence no solutions to g'(x) =0) R1
; elx+2
@ (") (=—F,— M1
( ) e2x+2+1
as e >0 :>(g'1)’ (x) >0 so no solutions to (g'l)’ (x)=0 R1

2x+2

Note: Accept: equation ¢ =0 has no solutions. |

[4 marks]
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30-(MAT/20_HL_Winter_2017_Q10)~-Differentiation, Integration

(@ () attempt to use quotient rule or product rule M1

1
sinx(%x 2] - \/;cosx

1 Jxcosx

)= = - A1A1

S sin” x { 2Jxsinx  sin’x J
1
Note: Award A1 for ——=—— or equivalent and A7 for ——J;_COSX or
24[xsinx sin? x

equivalent.
setting f'(x)=0 M
sin x J_

—4xcosx=0
2Jx
LA Jx cos x or equivalent Al
2Jx
tanx = 2x AG
(i) x=1.17

0<x<1.17 A1A1

|Note: Award A1 for 0 < x and AT for x <1.17. Accept x <1.17. ‘

[7 marks]

0 T ,If x

concave up curve over correct domain with one minimum point above the x-axis.A7
approaches x = 0 asymptotically A1
approaches x = m asymptotically A1

Note: For the final AT an asymptote must be seen, and © must be seen on the x-
axis or in an equation.

[3 marks]
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1
sinx[%x 2J ~ fxcosx

€ f(&)| = — = (A1)
S1M - X

attempt to solve for x (M1)

x=196 A1

y=r(196.)

=1.51 A1

[4 marks]

@ V=nf (M1)(AT)

2
3 Sl X

| Note: M1 is for an integral of the correct squared function (with or without limits and/or = ). |

= 2.68(=0.8527) AT
[3 marks]

31-(MAT/20_HL_Winter_2017_Q11)-Trigonometry,Differentiation

(@ (i) f'(x)=4sinxcosx+14cos2x+sec’ x (or equivalent) (M1)A1
(i) i
20F
15
10
54
E
2 x
Q \~_/
- A1A1A1A1

Note: Award A1 for correct behaviour at x=0, A1 for correct domain and
correct behaviour for x 9%, A1 for two clear intersections with x-axis

and minimum point, A1 for clear maximum point.

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

(iii)

(k) ®

(i

(iii)

MATHEMATICSAA-HL-P1

x=0.0736
x=113

attempt to write sin x in terms of u only

. u
$inx = ——

NIE: u®
Cosx =

1+’
attempt to use sin 2x = 2sinxcosx | = 2 X !
J1+2° \fl +u

. 2
sin2x = " 5

1+u

2sinx + 7sin2x + tanx — 9 =0
2ut 14u
+
1+u* 1+u
2+ L+ u(l+ ) - 9(1+ 1)
148
=T+ 15 -9=0

+u-9(=0)

2

= 0 (or equivalent)

(¢ u=loru=3

x = arctan(1)

x = arctan(3)

| Note: Only accept answers given the required form. |

A1
A1t

(M1)

A1t

(A1)

(M1)

A1t

M1

A1
AG
(M1)

A1
A1

CH17-DIFFERENTIATION

[8 marks]

[7 marks]

[3 marks]

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1

32-(MAT/21_HL_Summer_2018_Q9)-Differentiation,Integration

(a) differentiating implicitly:

dy dy
2xy + X' == — 49 =
VT T T i
[ Note: Award A7 for each side. |

ifd—y=0theneitherx=0 or y=0
dx

x = 0 = two solutions for y(y = ii/g)

¥ =0 not possible (as 0 = 3)
hence exactly two points

m1
A1A1

M1A1

R1

R1
AG

no solutions for ¥ = 0 award RT only.

Note: For a solution that only refers to the graph giving two solutions at x = 0 and

dy dy

by at(2.1) 4+4—=—4—
(b) (2.1) l l
dy__1

dx 2
gradient of normal is 2
l=4+¢c

equation of normalis y =2x -3

(c) substituting
2
P(2x—3)=5—(2x—3) or [yTHJ y=5_,t

x=0724

m1

(A1)

M1
(M1)
A1

(M1)
(A1)

A1

CH17-DIFFERENTIATION

[7 marks]

[5 marks]

[3 marks]

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

(d) recognition of two volumes (M1)
H5-y°
volume 1 = 27V Gy(=1.01n = 3.178..) M1A1A1
y
_ 4
Note: Award M7 for attempt to use ﬂ:szdy,A1 for limits, A7 for >y . Condone omission of &
Yy
at this stage.
volume 2
EITHER
= % nx2°x 4=16.75.) (M1)(A1)
OR
2
1{y+3 16w
=na| | —| dv(=—=16.75... M1)(A1
[(5] wets ) M1)(A)
THEN
total volume =19.9 A1

[7 marks]

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

33-(MAT/22_HL_Summer_2018_Q11)~Differentiation

(@) attempt at implicit differentiation M1
dy dy. .
1+ —+(y+ x—)sin =0 A1M1A1
i 6% dx) (%)
| Note: Award A7 for first two terms. Award M7 for an attempt at chain rule A7 for last term. |
. d .
(1+ xsm(xy))ay = —1- ysin(xy) or equivalent A1
d 1+ ysi
G __[L+ysintey) A6
dx 1 + xsin(xy)
[5 marks]
(b) () EITHER
T
when xy = ~2 cosxy =0 M1
=>x+y=0 (A7)
OR
x—l—cos - =0 or equivalent M1
2x 2
x—Z=p (A1)
2x
THEN

therefore Jc2 =

[x=i‘/§ (x=+1.25) A1
P(\E’_ %JQ[—J% \EJN P(1.25,-125), 0(-125,1.25) A1

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1

m=- n
1+J: x —1
2
1+ % x -1
mz— —2
I—JE x —1
2
o, =

| Note: Award M7AOAQ if decimal approximations are used. |

[ Note: No FT applies. |

(c) equate derivative to —1
(y — x)sin(xy) =0
y=ux,sin(xy)=0
in the first case, attempt to solve 2x = cos(xz)
(0.486,0.486)
in the second case, sin(x3)=0=xy=0 and x+y=1
(0.1), (1,0)

M1A1

A1

AG

M1
(A1)
R1

M1

A1
(M1)
A1

CH17-DIFFERENTIATION

[7 marks]

[7 marks]

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1

34-(MAT/20_HL_Winter_2018_Q5)-Differentiation

METHOD 1
HEE FAEIEEY
h

[J(x +hH - (x ;’r)) - (33:3 - I)
- h

3(x] +3x%h+ 34+ .fza) —x=h=-3 +x
a 5
B QO + 9uht + 3R -k

h

cancelling /&
=90+ Yk + 35 -1
then ;im(a.ﬁ + 9l + 3% - 1)

h—=l
=9x' -1
' Note: Final A dependent on all pravious marks. |
METHOD 2
flx+ k) - F(x)
ki

(3{.5.' + A —(x+ ir)) - (3.).':3 - x)
- A

3((.1:. + Ay = .::“) + {..r—(x + h})
B h

3!1((x+h)2 +x{x+h)+xz)f}a

- H
cancelling A

=3 ((x +h)2 +x(x +h) +x2) -1
then }E&(B((,Hh]? +x{x+h) +x=)— 1)

=95 -1
| Note: Final A1 dependent on all previous marks. |

CH17-DIFFERENTIATION

Mt

(A1)

Al
T

Al

et

(A1)

A1

mt

Al

[5 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

35-(MAT/20_HL_Winter_2018_Q9)~-Functions-Roots,Differentiation

(@) METHOD 1

2(x —3)
T @D a3y x(2lnx+1)
J(x)= p = - (M1)A1A1A1
(x—3) x(x—3)
ote: Awar or attempt at quotient rule, or numerator an or denominator.
| Note: Award M1 f i le, ATAT f dA7ford i |
METHOD 2
() =(2Inx+1)(x-3)" (A1)
2 4 o 2x-3) - x(2Inx+1)
'X)=|=|(x=3) —-(2lnx+1}{x=3)"|= M1)A1A1
£ [x]( ) =( )(x=3) ( o (M1)
| Note: Award M1 for attempt at product rule, A7 for first term, A7 for second term. |
[4 marks]
(b) finding turning point of ¥ = f'(x) or finding root of ¥ = f"(x) mM1)
x=0.899 A1
v = f(0.899048...) = - 0375 (M1)A1

(0.899, —0.375)

| Note: Do not accept x =0.9. Accept y-coordinates rounding to —0.37 or —0.375 but not —(0.38. |
[4 marks]

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA

(©)

(d)

MATHEMATICSAA-HL-P1

0"\ (0.607,0) S

(i)

(i)

3 2 1 o 1 2 3

smooth curve over the correct domain which does not cross the y-axis

and is concave down for x > 1 A1l
x-intercept at 0.607 At
equations of asymptotes given as x = 0 and x = 3 (the latter must

be drawn) A1A1
attempt to reflect graph of f in y = x (M1)
smooth curve over the correct domain which does not cross the x-axis

and is concave down for y > 1 A1
y-intercept at 0.607 At
equations of asymptotes given as y = 0 and y = 3 (the latter must

be drawn) A1l

[ Note: For FT from (i) to (ii) award max M1AOA1AQ. |

solve f(x)= f7'(x) or f(x)=x toget x = 0372 (M1)A1
0<x<0.372 A1

[ Note: Do not award FT marks. |

CH17-DIFFERENTIATION

[4 marks]

[4 marks]

[3 marks]

https://www.thrivingscholars.com/
free-stu
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

36-(MAT/21_HL_Summer_2019_Q1)-Differentiation

METHOD 1
equation of tangentis y=22.167... x—14.778... OR y 7.389..=22.167... (x I)

(M1}(A1)
meets the x-axis when » =0
x=0.667
5
meets x -axis at {0.667.0)[: {%0]] A1A1
J
it
Note: Award A1 for x :§ or x =0.667 seen and AT for coordinates (x. 0} given.
37-(MAT/20_HL_Winter_2019_Q11)-Differentiation, Integration
(a) {) valid attempt to differentiate implicitly (M1)
4x=3sin" y CUS_VQ A1A1
dx
dr = 4—" A1
dx  3sin” ycosy
@iy at {l. 5—"J P, S——— (M1)
476 ) dx 3sin"yeosy (V[ 3
2) T2
dy 8
Fo T (=-1.54) A1
dx 33
hence equation of tangent is
y~%=—l.54[.\‘~%} OR y=—1.54x+3.00 (M1)A1
\ Note: Accept y=-1.54x+3. |
[8 marksj

{b) x—"%sin-‘ ¥ (M1)
Jﬂ }%sin-‘y dy (A1)
1] L

=1.24 A1
{3 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

(c) use of volume = J‘mﬂdy (mM1)
S I
=) —nasin” vdy A1t
02 ’
L rtj. n (sin v—sin ycos’ y] dy
2 Jo
| Note: Condone absence of limits up to this point.
reasonable attempt to integrate {M1)
= li’[ —Cos ¥+ lum-‘.3 ¥ ATAT
2 3 ;
Note: Award AT for correct limits (not to be awarded if previous MT has
not been awarded) and A7 for correct integrand.
ln(l—l]—lﬂ(—]+l) A1
2 3; 2
2
== AG
3
_ _ 2n
Note: Do not accept decimal answer equivalent to T
[6 marks]
38-(MAT/20_HL_Winter_2020_Q8)-Differentiation
{a) valid attempt to use chain rule or quotient rule (M)
. _ [ERRY R 4
dr_ 2l 7 or Yoo " (3220 %) A1A1
d.T (3 _ ZC 5y )' d_x
[3 marks]
Note: Award AT for numerator and AT for denominator, or AT for each part if the
second alternative given.
dy  dy dx
{by valid attempt to use chain rule | g o _w {(M1)
dt  dv dr
W o 1% o g.1: 0.181676..) or equivalent (A1)
ds (3 -2 )
=0.55042%...
ﬁ =0.550 (ms™) At
de
[3 marks]

20122022

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

39-(MathAA/21_HL_Summer_2021_Q9)-Differentiation,Kinematics,RelativeVelocity

(8) tan@= ~0 or colg=2—=

A1
¥y—x 30
v=x+50cotf AG
\ Note: y — x may be identified as a length on a diagram, and not written explicitly. |
[1 mark]}
{b) attempt to differentiate with respect to ¢ (M1
2=£—50[coscc9)zﬂ A1
dr ds ds
attempt to set speed of B equal to double the spead of A M1
o _dv —50((:050(:9)3 a0
dr de dt
d ;d#
o —50(cosecd) — A1
dt di
. o o : Ly _26
E)=all:tal‘IS(:].3?3...=78.69... ) CR cosecF=l+cotd=1+ 5 =2— (A1)
| Note: This A7 can be awarded independently of previous marks. |
& =-50 2 x=0.1
dr 25
So the speed of boat A Is 5.2 (ms™) A1
Note: Accept 5.20 from the use of inexact values. ‘
[6 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

40-(MathAA/21_HL_Summer_2021_Q10)-Exponentials-Logarithms,Differentiation

{a} attempt to find the point of intersection of the graph of f and the line . = x (M1)
x=556019...
=557 A1
[2 marks]
by [(x)=—45e™ A1
attempt to set the gradient of f equalio —| {M1)
_450 Nty — —l
Q has coordinates (21n45,2) {accept (-21n 41?,2) ATAT
Note: Award AT for each value, even if the answer is not given as a coordinate pair.
1
M5 Inds
Do not accept — 33 or 222 ag a final value for x. Do not accept 2.0 or 2.00
as a final value for .
4 marks]
{c} attempt to substitute coordinates of Q (in any order)
Into an appropriate equation {(M1)
v—2=—(x-2In45) OR 2=-2In45+¢ A1
equation of £ is y=—x+2Ind5+2 AG

20122022

2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

(d) () x=Ind45+1(=4.81) A1

(i} appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

| Note: Allow absent or incorrect limits. |

[ (e (wr2mas+2)dve [ (906 —(—x+2Ind5+2))dx  (AD)AT)

3300,

Note: Award A1 for one correct integral expression including correct limits
and integrand.

Award AT for a second correct integral expression including correct limits and
integrand.

=1.51965...
=i.52 At

[56 marks]

fe) by symmetry 2x].52 M1
=3.03930...
=3.04 A1
\ Note: Accept any answer that rounds to 3.0 (but do not accept 3). ‘

[2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

41-(MathAA/22_HL_Summer_2021_Q11)-Differentiation

(a) attempttouse V =ni(f(x))2 dx

2

X

o) g3 LI
V=n I . dx |V =k'n I 5 dx

| 1+e 5 (l+ex)
EITHER

applying integration by recognition
_ kzn|:_ 1 i|ln16
1+¢* |,

u=l+e" =du=e"dx

attempt to express the integral in terms of u

when x=0, u=2 and when x=Inl6, u=17

17 1
V= kzandzf

u-

2

17
_ kz,{_l}
u |,
OR
u=e¢" =du=c'dx

attempt to express the integral in terms of u

when x=0, u=1 and when x=Inl6, u=16
16

V:kznj lqdu
,(1+u)k

. l 16
o
I+u |

[Note: Accept equivalent working with indefinite integrals and original limits for x)

THEN

k%[[l_i}
2 17

50 the volume of the solid formed is 153%™

34

cubic units

Note: Award (M1)(A0)(M0)(AG)(AG)(A1) when 5is obtained from GDC

20122022

(M1)

(mM1)

A3

(A1)

(mM1)

(A1)

A1

(A1)

(M1)

(A1)

A1l

A1

AG

[6 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

(b) avalid algebraic or graphical attempt to find &

_300x34
5%

f170 f680
k=147 (=2 —= —] (@as keR")
T T

k2

(M1)

A1

| Note: Candidates may use their GDC numerical solve feature.

(c} (i) attempting to find OA:_f(o):g

with k=14.712... [:2 ’@ - f@}
n -

OA =736 [: m}
T

(i) attempting to find BC = f(Inl6)= %

with & =14.712... {:2 f@ _ F’SOJ
T T

BC=3.46 [_% m_@}

T 177

20122022

[2 marks]

(mM1)

A1

(M1)

A1

[4 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

(d) () EITHER

recognising to graph y = f'(x)

Note: Award M1 for attempting to use quotient rule or product rule differentiation.
ke? (1 - e"')
(%) =—"——%
2(1+¢")

B

for x >0 graph decreasing to the local minimum

before increasing towards the x-axis

20122022

(M1)

A1

A1

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

OR

recognising to graph v = f"(x) (M1)

Note: Award M1 for attempting to use quotient rule or product rule differentiation.

- keg (ez" —-6e* + 1)

F(x)
a(1+e)
A .],
/\.\'
x=1.76 i’
for x >0, graph increasing towards and beyond the x-intercept A1
recognising /"(x)=0 for maximum rate (A1)
THEN
x=1.76 (=|n(2J5+3)) A1
Note: Only award A marks if either graph is seen |
(i)  attempting to find /(1.76...) (M1)
85
the cross-sectional radius at this pointis 5.20 ; (cm) A1

[6 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

42-(MathAA/22_HL_Summer_2021_Q12)-Algebra-functions-Roots, Differentiation

(a) EITHER
R (—X)2—1 (X1
f( x)—arc31n£—(_x)2+l = aresin| —— = f(x)
OR

a sketch graph of y zf(x] with line symmetry in the y-axis indicated
THEN

S0 f(x) is an even function

(b) as x>0, [(x)—>arcsinl Legj

so the horizontal asymptote is :%

20122022

R1

R1

AG

[1 mark]

A1

A1

[2 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

2
(c) (i) attempting to use the quotient rule to find d ad i M1
del x” +1
2_ 2x(x +1)=2x(x* -1
i{xa 1}_ ( ) 1( ) _ 4 i A1
dxei x”+1 (x'+l) (x2+1)
d [ x -1
attempting to use the chain rule to find —| arcsmn| — M1
dx x +1
2 d 1
let , —* —! and so v = arcsin« and 9.
X7 +1 du 147
[(x)= 1 X m1
5 2 2
\/ (xfl} (x> +1)
- 2
x +1
4 1
- ,x > X7 A1
Jw ey —(r oy ()
_ 4.‘(?7 “ q] A1
4x~° ()(L +])
_ 26
\/x_z(xz +l)
2x
@) f(x) =
( ) |x|(x’ +1)
EITHER
for x<0, |r| =—X (A1)
. 2
SO f'(x)=-— A1
/ (X) x*+1
OR
‘x|>Uand x> +1>0 A1
2x<0, x<0 A1
THEN
f'(x)<0 R1
Note: Award R1 for stating that in )‘"(.r) , the numerator is negative, and the
denominator is positive.
so { is decreasing for x <0 AG
INote: Do not accept a graphical solution].
[9 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

2
(d) x=arcsin(Jﬂ IJ M1
¥ +1
. ¥ -1 ) . . 5
SInXx =“5—= y sinx+sinx=y" —1 A1
v +1
J2=l+sinx A1
1-sinx

domain of g is x eR,x >0 and so the range of g_l mustbe yvelR,v=0

hence the positive root is taken (or the negative root is rejected) R1

Note: The R1is dependent on the above A1.

_ 1+sinx
50 (g l(x) :) 1-sinx AT

Note: The final A7 is not dependent on R1 mark. |

[5 marks]

(e) domainis _g <x<Z A1

T T
Note: Accept correct alternative notations, for example, L—E,EL or L—E,EJ

Accept [*1.57,1.57[ if correct to 3 s.f.

[1 mark]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

(f)

A1A1A1
Note: A1 for correct domain and correct range and y-intercept at y =1

A1 for asymptotic behaviour y —» ;
Atfor x=L

2
Coordinates are not required.
Do not accept x =1.57 or other inexact values.

[3 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

43-(MathAA/20_HL_Winter_2021_Q8)-Differentiation

{a)

METHOCD 1
attempts to differentiate implicitly including at least one application of the product rule
dv ( dp ] 1
— = x—+v|—
Cde T

=Xy ﬂ'—ln(rj’) E_IQ 3
w DA T TR

dy xv{ dy dy
— =] =| x—+ ¥ |+l X—+¥ ]n(.ry)
dx xph dx dx

Note: Award (M1)A7 for implicitly differentiating » = .x{1- yIn{x)} and obtaining

Yy E(.Iﬁﬂ'}?]'f'xﬁln(,{l?)‘f(‘Ir’lﬂ(.’(_}r’} :
dx d _ dx

Xy x ¥

dv H dv
— =[] x=
dx dx

+-"’j +[x L, }-‘]lﬂ (x,v}}

dy dr
d—‘r =1 —(rz+)-'j(] + ln(.\j—'))
dv

(£r +[xj‘1‘+ y)(l + ln(_ry)) =1

X

METHOD 2
v=x—-xvinx—xviny

attempts to differentiate implicitly including at least one application of the product rule

ﬂ:l— ﬁ+(x£+;]£]1ﬂx _(££+{xﬁ+)'}ln).-
dx X dx dx dx

N
or equivalent to the above, for example

dy dv dy dy]
Do xlox () y |- ylayexmpEy
dx (xnxdx ( m‘))] (} " x(n)d\' dx
dy dy

— =l-x—=—(Ilnx+lny+1)=y{lnx+Iny+1

. \fdx(nY ny+1)—y(lnx+Iny+1)

or equivalent to the above, for example
dy

= =1 —x%(]n(_ry)+ =y (ln(xy)+1)

%Jr{.x%‘F y](l +ln(xy)) =1

(M1)

At

At

AG

(M1)

At

At

AG

https://www.thrivingscholars.com/
free-stu
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

METHOD 3
attempt to differentiate implicitly including at least one application of the product rule m1
u=xIn{xy), v=y, E—In{;ry)+[.l:£+)"}ir dr_dv

dx dx xy dv dv
g:I— .\'EIn(.\'_v)+)-'ln(.[v}+£[.r$+}-'] A1
dx dx avy o dy
%:I—_]%(lﬂ(.l_l-‘)'ﬂ'1)-)’(“1(1}")"!") A1
dp dy
— 4| x=4+y|[I+In(xp)}=1 AG
dr ( dx J]( ( }))
METHOD 4
lets w=xy and attempts to find j—L where v=x—wlnw M1

v

ﬁ:l[ﬂ+ﬂ]n w) (:lﬂ(lJrlnw}J AT
dx de dx ! dx
dw_ &, A1
dy dv
dy dy dv dy
—_— =]l x=—+v+| ¥y—+ v |In{x =] y= W1+ In(xy
o (rm y [rdr }J n(f))] [ (‘"d‘f}J( n(x))
dy dy
— il x=+y [{l+In{x¥)) =1 AG
dr { ar ]( (o))

[3 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

{b) METHOD 1
substitutes x =1 into y=_r—1j1fln(xy} {M1)

v=l—viny= =1 A1

substitutes x =1 and their non-zero value of j into dy (1£ + y]{l + ln(x)-')} =| {M1)

dx dx
dx dx
equation of the tangentis v =1 At
METHOD 2
substitutes x =1 into E+(,r$+yj(| +In{xv))=1 (M1)
Ay X
de [ dy
—+| —+v [{I1+In{v})=I
dx [dx ’ )( ( ])
EITHER
correctly substitutes In v = " into 2Jr[g+yj(l+ln(y))—l A1
v dy \dx
L AL ) N A1
dx v dx
OR
. . dv {dv
correctly substitutes v+ vinv=1 intoc —+| —+y (l+ln(y)]=l A1
dv Ldx
£[2+In_v):0:>E:0(_v:l) A1
dx dx
THEN
substitutes x =1 into y =x —xyIn(xy) {M1)
y=l-viny=r=|
equation of the tangentis y =1 A1
[8 marks]
Total [8& marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

44-(MathAA/21_HL_Summer_2022_Q10)-Algebra-functions-Roots, Differentiation, Integration

(@)

y=f(x)

0

correct shape (concave down) within the given domain 1<x <2

T T

1 2

(1,0) and (2,4/3)(=(2,1.73))

Note: The coordinates of endpoints may be seen on the graph or marked on the

axes.

(b)

20122022

(i)

(ii}

interchanging x and y (seen anywhere)

0<x gﬁOR domain [D,Jg](=[(},l .?3])

I<v<2 OR 1< f '{x)<2 ORrange [1.2]

A1

A1

M1

A1

At

AG

A1l

At

[5 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

(€} (i) attempt to substitute x =417+ into the correct volume formula

y = nj'[m) dv {: n:j:(‘u‘ +1) dy]

o

{l j }r‘

= -y 4y

3 0
..

=ﬂ[—h +f1}
3

Note: Award marks as appropriate for correct work using a different variable e.g.
ki

(V)

1)

(i) attempt to substitute #=~3 (=1.732...) into ¥
¥V =10.8828...

¥ =10.9 (m% {: 2J§n) (m?)

(d) METHOD 1

_ 10.8828...[_ 2\57{}

time

0.4 0.4
=27.207...

=27.2(=5/3n}(s)

20122022

(M1}

A1

A1

AG

(M1)

A1l

[5 marks]

(m1)

A1t

[2 marks]}

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

(e)

20122022

attempt to find the height of the tank when ' = 5.4414... (: \ﬁn)

1, _ _
ﬁ(gh +hj ~ 54414 (7 ﬁn)
Ir=1.1818...

A . . 1 ‘
attempt to use the chain rule or differentiate " = n[gh‘ + h] with respect to ¢

dh  dh dV 1 dv dv 5 dh

U A A R -

dr dV dt wlh +1) df dt ds
! ) dv

attempt to substitute their # and EZOA

dh 0.4

—:—‘:0.053|24...
de w(L1818..7 +1)

=0.0531 (ms™)

(m1)

(A1)

(m1)

(A1)

(M1)

At
[6 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH17-DIFFERENTIATION

45-(MathAA/22_HL_Summer_2022_Q10)-Trigonometry,Differentiation

(a)

20122022

(1) 32 {cm)

(i #,{0)=sin(06}+27
=26.7205...
=26.7 (cm)

attempts to solve #,(r)=h, (1) for ¢

t=4.0074..,4.7034...,5.88332_..
1 =4.01,4.70,5.88 {weeks)

I(e)-h(t}=sin(20+6}+1-5

EITHER

fort>6, t—5>1

andas sin(2+6}2-1=h (1) -h,(¢)>0
OR

the minimum value of sin{2f+6)=—I
sofor 1>6, h (t})-h,(t)=t-6>0
THEN

hence for £ > 6, Plant A was always taller than Plant B

A1
(M1)

a1
[3 marks]

(M17)

A2
[3 marks]

At

At
R7

RrR1

At

AG
[3 marksj

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION
(d) recognises that h‘_l’(,‘)and hh"(’) are required (M1)
attempts to solve 4" (¢) =4, (1) for s {M1)
+=1.18879. and 2.23598... OR 4.33038 .. and 5.37758... OR 747197, and 8.51917... (A1)
4n 5« T ., 8w 10n lln
Note: Award full marks for { = — 3,3{I -3 —-3—-3—-3|
3 3 3 3 3
Award subsequent marks for correct use of these exact values.
118879, <1< 223598... OR 433038 . <r<537758...OR
7.47197.. <1 <8.51917.. (A1)
attempts to calculate the total amount of time M1
3(2,2359,,‘—1‘1887‘_,) [=3[[5—R—3J—(4—R—3W]]
3 3 Iy
=3.14 (=n) (weeks) A1
[6 marks]

20122022

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

46-(MathAA/20_HL_Winter_2022_Q2)-Differentiation, Integration

(@) (0.708519..,0.639580...)

{0.709,0.640) (x=0.709, 3 =0.640)

(b) 1.06885..

x=1.10 (accept (1.10,0))

©) METHOD 1

[ e
460117,

area = 4.6l

METHOD 2

_r F{x)dx OR :

| CrHRRS TIRIRSS

460117

area = 4.6l

|/ (x)|eix OR 4.17527.

III_H‘)\\‘RS .f.(x)dx_'l.l . }((x)dx OR 043590] .t

A1A1

{2 marks]

A1

[1 mark]

(A1}

A2

. (A1)

417527 (A1)

A1

[3 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

47-(MathAA/20_HL_Winter_2022_Q8)-Differentiation

EITHER

[‘;—L :j LOrth — nh (A1)

I
Note: This AT may be implied by the value d— =76.5616... .

dh
) X ) ) dh d¥’ db
attempt to use chain rule to find a relationship between —, —and — (M1)
dr ~ dr dh
dh dA 4P 1 dl’
—_— ——| = - ] —
de  dbIb dr d} ds
dh
OR
attempt to differentiate}” = Sah° —énh" throughout with respect to ¢ {M1)
2
di dh dh

= =10ph— - th — Al
dr E ds & ds (A1)

https://www.thrivingscholars.com/
free-study-resources



IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

THEN

(IOTth—rch:)%ZZ orY___ 2 (A1)
ds dr  10nh-nh

Note: Award this A7 if the correct expression is seen with their /7 already
substituted.

attempt to solve 200 = Su# —;ﬁh" (mM1)
2

h=420648. (A1)

Note: This (M1}{A1) can be awarded independently of all previous marks, and may

be implied by the value (ji—i? =76.5616_

Ignore extra values of # -3 24 and 14.0.

%: 0.0261227..
dt

3—h:0.026|(cms ‘)

A1l
!

[6 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH17-DIFFERENTIATION

48-(MathAA/20_HL_Winter_2022_Q11)-Algebra-functions-Roots, Differentiation

(a) attempt to use product rule (M1)

) =3¢+ 267 (3x - 4)(=c™ (6x - 3)) A2

Note: Award A7 for 2 out of 3 of 3¢™. 6xc™ and -8 seen or implied.

{3 marks}
0 f(x)=1 (M1)
=0 8O299
x =02863 At
y=-742719..
»=-793 At
(0.863.-7.93)
[3 marks]
. ] 4
(¢) x-interceptis at —(1.33) (A1)
3
attempt to use formula for volume of revolution (M)
Note: Award (M1) for an integral involving mand (f(x)): . Condone use of 2n and
incorrect or absent limits.
Jd
nf (e (3x-4)) dv (A1)
| Note: This {41} can be awarded if the dx is omitted. |
=164.849
=165 At

[4 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

(dy () attempt to compose functions in the correct order
(£ -&)0)=f{gO)=F 1)
=-7.38905

=-7.39(= ")

(iiy attempt to use the chain rule

(£-8) (0) = F{2(0))g'(0)

CH17-DIFFERENTIATION

(M1)

A1l

(M1)

or implied.

Note: For this (M1) to be awarded, multiplication of two derivatives should be seen

=27/"(1)(= 2 7.38905 )
=14.7781...

=14.8(=20")

(A1)

A1

[5 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

1-(MAT/11_HL_Summer_2012_Q6)-Integration

@ [12-Ldr- (k- Dlax}
X x G

Note: Award M for Iﬁ—ldx or Il—de and A for (k-1lnx
% X ¥ ¥

seen in part (@) or later in part (b).

1
=(1-k)n—
(1-Blnz

jﬁﬁ—§a=@—nmﬂf

1 x

(b)

| Note: Award A7 for correct change of limits. |

= (k-Dinf6

(c) (l—k)]né_(k—l)]n6

(kl)]n\/__%(kl)]n6

Al

Al

| Note: This simplification could have occurred earlier, and marks should still be awarded. |

ratio is 2 (or 2:1)

20122022

Al

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

2-(MAT/12_HL_Summer_2012_Q10)-Functions-Roots,Graphs, Integration

(a) e cosx=0
m 3n
S x==,=
22

(b)

e

https://www.thrivingscholars.com/
free-study-resources
20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

(c) attempt at integration by parts
EITHER
1= J-e"x cos xdx =—" cos xdx— J'e"x sin xdx
= ]=—¢"cosxdx— [—e_x S X + Ie_x cos xdx}

—X

=

(sinx—cosx)+C

Note: Do not penalize absence of C.

OR

= J'e'x cosxdx=c " sinx+ J.e"x sin xdx

=J/=e¢"sinx—¢ " cosx— J'e"x cos xdx
-X

j]:e

(sinx—cosx)+C

Note: Do not penalize absence of C.

THEN

s
T

- - 2 2
,[02 ¢ cosxdx= {%(sinx cos x)} = e—+ 1

s 2 2
n L
3n * 2 2 2
_f,ﬁ ¢ cosxdx= e—(sinx—cosx) S c
2 2 = 2 2
2
¢? 1
+7
ratio of 4:B 1s %7211
c 2 g2
2 2

Ini o =m
etle?+1
T 3
etle ? +e?
L
e"le? +1

e"+1

CH18-INTEGRATION

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

3-(MAT/11_HL_Summer_2012_Q12)-Differentiation, Integration

(a) EITHER
derivative of 18 (1=x)- xz(— D
1-x (1-x)
1
von 1x Y21

f(xy_2(lx] (1— )

1 -5 2

=—x 2(1—x) 2
5% (1-x)

F'(x) >0 (for all 0< x<1)so the function is increasing

OR
=

(1—x)2

- L7 |- Loy iy
f’(x)i [ lex

1 2 3
=% 2(1-x) 2 [1-x+ x]

2 3
——x2(1-x?
2 (1-x)

f'(x)=0 (for all 0<x<1)so the function is increasing

() f’(x)%x_f 1-x)2

1 2 303 1
Df"(x):—zx 2(1-x) 2 +Zx 2(1-x)

5
z
1 =2 _3
— Zx2(1-x) 21— 4x]
4
(=0 :>x_ﬁl1

f"(x) changes sign at x :i hence there is a point of inflexion

1 1
X== D y=—

47 B

the coordinates are [1, lj

4B

htps://www.th
free-stu

CH18-INTEGRATION

rivingscholars.com/
dy-resourt

ces
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IBDIPLOMA MATHEMATICSAA-HL-P1

(c¢) x=gin 9:>£—2sm90039
L/ j s1n9 2sin6‘c0s6‘d6‘
1-x 1—sin®
:jzsm 0 do
:J'Ifcos%?dé’

:H—lsin2¢9+c
2

H:arcsin\/;
%sin%ﬁ'_siné’cos@_ \/J?\llfx = x—x?

hencej lidx:arcsins/_—-\}x—x;l +c
—x

CH18-INTEGRATION

4-(MAT/12_HL_Summer_2013_Q1)-Integration

1 ; 1 @
—(x-2) +Inx——cosmx
3 T 0

Note:  Accept ;x’" —2x* + 4x in place of ;(x -2y

—[0+]n2lcos 2n][1+]nllcos n]
T 3 s
= 1+ ]112—E

T

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

5-(MAT/11_HL_Summer_2013_Q10)~-Integration

(a) sin(m:_l):O =n,2n(..)

2 |2

273747576778 9710

(b) [cos(mc’l)]i
= cos(rm)— cos (‘n:(n + 1))

=72 when 7 is even and = —2 when 7 15 odd

© j:_l|nx-2 sin(mv)|de=2+2+...+2=18

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

6-(MAT/11_HL_Summer_2013_Q12)-Quadratics,Graphs,Integration

(a)  4(x 037 +4

| Note: A7 for two correct parameters, 42 for all three correct.

0.5
(b) translation [ 0 j (allow 0.5 to the right™)

stretch parallel to y-axis, scale factor 4 (allow vertical stretch or similar)

0
translation (4} (allow “4 up™)

| Note: All transformations must state magnitude and direction. |

Note: First two transformations can be mn either order.

It could be a stretch followed by a single translation

0.5 0
of (4 } If the vertical translation 1s before the stretch it 1s (1 } .

(c)

o2

general shape (including asymptote and single maximum in first quadrant),

. 1 . 11
intercept | 0, — | or maximum | —, — | shown
5 2 4

CH18-INTEGRATION

rivingscholars.com/
dy-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

(dy 0<f(x)<

| =

Note: A1 for <%,A1 for 0<.

1
let u=x——
(e) et u=x >

jxu—l (or du=dx)
1
I4x—4x+5 -] e &
4[3(:—5] +4
J.4u +4 :_I u +1

Al mark.

Note: If following through an incorrect answer to part (a), do not award final

== U

35 1 e 1
I ———dr 3
U 4x” —4x+35 440547 +1

()

error in the integral).

Note: AT for correct change of limits. Award also if they do not change limits
but go back to x values when substituting the limit (even if there 1s an

i[arctan (”)]3_5

1 {arctan (3) —arctan (ID
4 2

let the integral =7

tan4/ = tan [arctan (3)—arctan {%D

3-05 25
1+3%x0.5 2.5
ar=" =>7="

4 16

CH18-INTEGRATION
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IBDIPLOMA MATHEMATICSAA-HL-P1

7-(MAT/10_HL_Winter_2013_Q12)-ComplexNumbers, Trigonometry,Integration

(2)

(b)

(©)

n

z" +z " = cosnb +isinn@ + cos(—nd) +isin(—nd)
= cosnf + cos nf+i sin nf —i sin nb
=2cosnb

SRR 0 2
z z z z

1y 4
Note: Accept (Z+Z") =16¢cos" .

METHOD 1

(z+z’1)4 =(z4 +i4]+4[z2 +i2]+6
z z

(2cos ) =2cos 40 +8cos20+6

Note: Award A7 for RHS, A7 for LHS independent of the M1,

cos' @ =1cos46 +1cos26 +2

orpet gol 23
P 8’q 27 8

METHOD 2

cos 9_(cos29+1]2
2

= %(cos2 20 +2cos 28 +1)

4
cos' @ =Lcos40 +1cos26 +2

or _1 _1 7’_3
P 8’q 27 8

! [M+200329+1]

CH18-INTEGRATION
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IBDIPLOMA

MATHEMATICSAA-HL-P1

z

) (z+z7) =z"+6z [ﬂ +15z* (Ziz] +20z° (Z—tj +157° [%j +62 [is] Ly

1 1 1
(z+z‘1)6 = (zé +_6]+6(Z4 +—4]+15[z2 +—2j+20

z z z
(2cos8)° =2cos 66 +12¢cos 46 +30cos 26 + 20

CH18-INTEGRATION

z z

Note: Award A7 for RHS, A1 for LHS, independent of the A1

cos® 6’=Lcos6t9+icos4t9+£cos2t€?+i
32 16 16

Note: Accept a purely trigonometric solution as for (¢).

() FCosﬁﬁdH:_P iCos6t9+i cos4t9+E cos2¢9+i de
0 o\ 32 16 32
— Lsin6€+isin49+zsin29+iﬁ
192 64 64 16
s
32
(0 V=njfsin2x00s4xdx

3 3 P
=th cos’ xdx—n.[ cos® xdx
0

0

Fc0s4 xdx =3—n

0 16
B 3n° 3 Snt B n°
16 32 32

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(accept C¥)

(g) (1) constant term= (Zk] - @)t _ (2k)!

k| ok (k)
a !
(i) 2% [ cos™ 0do = (2k )2' z
0 (k1Y 2
(Zk
n
o (2k)n e
_[0 Cos ng - 22k+1(k!)2 or 22k+1

8-(MAT/11_HL_Summer_2014_Q6)~-Integration,Graphs

(@ x=1

(b) Al for point (—4, 0)
Al for (0,—-4)
Al for min at x =1 in approximately the correct place
Al for (4,0)
Al for shape including continuity at x =0

\\ L

| { } t + } b x
\ 2 2 11
!
/
!

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

9-(MAT/12_HL_Summer_2014_Q10)~-Integration

x=agsect

E = gsec @tan &
de

new limits:
n n
x=a\/5=>9=z and x=2a:>9=§
3 asec@tan & 40

IE a’ sec’ 9\/@2 sec’@—a’

x e
:J.th cos3 40

7 a

using cos’ 8 = %(00529 +1)

LS lsin26’+6’ ’ or equivalent
2a°| 2 T

T .
=—| —+——1—— |orequivalent
da’| 2 3 2
1
=24a3(3J§+n—6)

CH18-INTEGRATION
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IBDIPLOMA

10-(MAT/11_HL_Summer_2014_Q11)-Differentiation,Integration

1
xx——Inx
@ f)=—"5—
X
I-Inx
I-Inx .
(b) =0 has solution x=¢
X
1
y=-
e

: : 1
hence maximum at the point | e, —
e

—l]— 2¢(1-Inx)

MATHEMATICSAA-HL-P1

xz(
© f(x)=——T4—
2Inx-3

3
X

Note: The M1A41 should be awarded if the correct working appears in part (b).

point of inflexion where f’(x)=0

3 )
— a2 — 2
so x=e¢*, y=—¢
2

3

C has coordinates (ez \

b | W

=3
ez

d  sMH)=0
S =1
y=x+c
through (1, 0)

equation is y=x-1

CH18-INTEGRATION

rivingscholars.com/
resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(¢) METHOD 1

area =J.:x—l—ln—xdx

X

Note: Award M1 for integration of difference between line and curve,
Al for correct limits, A1 for correct expressions in either order.

lee
2
METHOD 2
area = area of triangle —J.gln—x dx
box

Note: Al is for correct integral with limits and is dependent on the M1.

J-lnxdxz (In x)* (+0)
X 2

area of triangle = %(e -1 (e-1)

%(e—l)(e—l) - (%]=Ee -e

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

CH18-INTEGRATION

11-(MAT/12_HL_Summer_2014_Q13)~Differentiation,Integration

(x*+1)=2x(x+D|  —x?—2x+1

( ) ’ = 2 2
R T (@ +1)
—x*=2x+1
(b) x—2=
(x2+1)

x:—li\E

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(=2x—=2)(x*+ D> =22x) (x> + D) (=x*> = 2x+1)
(xz +1)4

© [o)=

Note: Award A1 for (—2x-2) (xz + 1)2 or equivalent.

Note: Award A1 for -2 (2x)(x2 + 1)(—362 —2x+ 1) or equivalent.

(—2x—-2)(x* +1)—dx(—x> - 2x+1)
(Jc2 +1)3
23 +6x"—6x-2
()
2(x* +3x —3x-1)
(x2 +1)3

(d) recognition that (x—1) 1s a factor
(x—l)(x2 +bx+c) = (x3 +3x° —3x—1)
=x’+4x+1=0
x=—2+3

Note: Allow long division / synthetic division.

© j_“l;zll
+1 1
J;dezszildﬁjx%ldx

1
=—In(x* +1)+arctan(x
SIn(+*+1) (x)
1 " 1
= |:—1n(x2 + 1)+ arctan(x)i| =—Inl+arctan0 ——In2 —arctan(—1)
2 L, 2 2

TT
=2 2
4 nV2

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

12-(MAT/10_HL_Winter_2014_Q6)~-Integration

du 1
dr  2Vx
dx=2(u-1)du

Note: Award the A7 for any correct relationship between dx and du.
i Jx
1+ +x

Note: Award the M1 for an attempt at substitution resulting in an integral only
mvolving u.

dx=2_[udu

U

= 2ju - 2+idu

=u’ —du+2Inu(+C)
=x—2\/5—3+21n(1+\/§)(+(3)

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1

13-(MAT/10_HL_Winter_2014_Q11)-Functions-Roots,Differentiation, Integration

(2)

(1) x = 63y+1

CH18-INTEGRATION

Note: The MI is for switching variables and can be awarded at any stage.
Further marks do not rely on this mark being awarded.

(b)

(c)

taking the natural logarithm of both sides and attempting to transpose

(£ ) =3anx -1

(i) xe R or equivalent, for example x > 0.

1 1 1 :
Inx= g(ln x—1=In x—gln X= 3 (or equivalent)

Inx= —% (or equivalent)

2

1
coordinates of P are ( 2 —%]

coordinates of Q are (1, 0) seen anywhere
dy 1

dx x
dy
at Q, =—=1
Q dx

y=x -1

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(d) let the required area be 4
A= [ x=1dx— | Inxd

Note: The M1 is for a difference of integrals. Condone absence of limits here.

attempting to use integration by parts to find Ilnxdx

2 <]
= {x——x} —[xInx—x];
2 1k

2

Note: Award AF for %—x and Af for xInx—x.

Note: The second M1 and second A1 are independent of the first M7 and the first A1.
_ez_e_l &' —2e-1
2 2 2

(¢) (i) METHOD 1

consider for example A(x)=x—-1-Inx

A(H=0 and A'(x)=1- 1
x

as A'(x)20 for x=1,then A(x)=0 for x>1
as A'(x)<0 for 0<x<1,then A(x)20 for 0 <x<1
so g(x)<x—1, xeR"

METHOD 2

)=
x
2"(x)<0 (concave down) for xe R"
the graph of y =g (x) is below its tangent ( y =x—1 at x=1)
so g(x)<x—1, xeR’

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

METHOD 3
Y

v

e
clear correct graphs of y = x — 1 and Inx for x > 0

statement to the effect that the graph of Inx is below the graph of
its tangent at x =1

(i1) replacing x by 1 to obtain ln[ljsll[: 2]
X

xX) x X
~lnx£l~1[— I—_xJ
X X

lnx> l—l{: x_—l}
X X

SO x—_ISg(x), xeR"
X

https://www.thrivingscholars.com/
free-stu
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MATHEMATICSAA-HL-P1 CH18-INTEGRATION

14-(MAT/10_HL_Winter_2014_Q13)-ComplexNumbers, Trigonometry,Integration

(2)

(1)

METHOD 1
" .
(1 + itan 8)" + (1 — itan )" = (1 + o2y 4 (1 — i Ly
cos ¢! cos
_(cos@ +ismné n+ cos@ —isin@ Y
cos cos @

by de Moivre’s theorem
(cos@ + isinﬁ]n_cosné’ + isinnd

cos @ cos” &
recognition that cos& —isin & is the complex conjugate

of cosf+ising
use of the fact that the operation of complex conjugation commutes

with the operation of raising to an integer power:
[cos@ — isin HT cosnt — isinnd

cos” &

cos &

(1 +itan 8)" + (1 — itan )" = M
cos" @

METHOD 2
(1 +itan6) + (1 — itan &)" = (1 + itan 8)" + (1 + i tan (—6))’

_(cos® +isind)’ N (cos (—8) + isin (—6’))n
cos" @ cos" @

Note: Award M1 for converting to cosine and sine terms.

use of de Moivre’s theorem

= 1n (cosn@ + isin nd + cos(—nd) + isin (-nb))
cos” &
_ 2cosnt

—— as cos(—ntl) = cosnt and sin(—nl)) = —sin nd
cos” @

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

3n
4 4 2cos| 4 x —
.. . 3n . 3n 8
(11) l+itan— | + |1 —1tan— | =
8 8 4 3
cos’ —

=0 as 00s3—n=0
2

Note: The above working could involve theta and the solution of cos(46) = 0.

., 3n . :
SO 1tan? is a root of the equation

. . 3n ., W . I
(u11) erther —1 tan? or —1tan— or 1tan—

., 5 .7
Note: Accept 1tan?:rc or itan—.

Aceept —(1+\/5)i or (l—ﬁ)i 0r(—1+\/5)i.

i r_____ 8
(by (1) tan m

tan2%+2tang—l=0

T
let f =tan—
8

attempting to solve > +2r—1=0 for ¢

f=—1+2

T . : e e

Py is a first quadrant angle and tan is positive in this quadrant, so
s

tan—> 0
8

tan%zﬁ—l

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

(i) cosdx = 2cos’ 2x — 1
=2(2cos2x—1)2—1
=2(4cos4x—4coszx+l)—1

=8cos’ x—8cos® x+1

Note: Accept equivalent complex number derivation.

n 4 _ 2
dx=2J-88c:os x—8¢cos x+ldx

0 cos® x

Z2cosdx

(111) L

COS X

= ZES cos® x—8+sec’ xdx

Note: The M1 is for an integrand involving no fractions.

use of cos’ x = %(cos 2x+1)

= 2_[0;4003 2x—4+sect xdx

= [4sin2x —8x+2tan x|8
=4J2-n-2 (or equivalent)

CH18-INTEGRATION

15-(MAT/11_HL_Summer_2015_Q3)~-Integration

(a) I(l +tan’ x) dx = J'seczxdx = tan x(+c)

(b)  [sin*xdx= jﬂdx
X smn2x
=—= +c
2 4 (+¢)

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

16-(MAT/12_HL_Summer_2015_Q5)~Integration

any attempt at integration by parts

du 1
u=lhx—=—=—
X

dv x!
— = =S y=—
dx 4

Note: Condone absence of limits at this stage.

=|—Ihx| -|—
4 L L16
Note: Condone absence of limits at this stage.

—ain2-[1-L
16

= 4ln2—£
16

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

17-(MAT/11_HL_Summer_2015_Q6)-Functions-Roots, Integration

3x—2

@ [fixoy= fiy-ox
2x-1
3x-2
y= al = 3x—-2=2xy—y
2x-1
=3x—2xy=—y+2
x(3-2y)=2-y
9
x= b4
3-2y
- 2—-vy
Loy —
(= 32,

d,n 2—X 3
I @=300 (”2]

Note: xand y might be interchanged eatrlier.

Note: First M1 is for interchange of variables second M1 for
manipulation

Note: Final answer must be a function of x

0 X244 B a2 4@x-1)+B
2x—1 2x—1
equating coefficients 3=24 and -2=-4+25

A:3 and B:—l
2 2

Note: Could also be done by division or substitution of values.

©) jf(x)dx=%x—i]n|2x—1|+c

CH18-INTEGRATION
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IBDIPLOMA MATHEMATICSAA-HL-P1

18-(MAT/11_HL_Summer_2015_Q8)~-Integration

du

—_——

dx

EITHER

integral is je—z

(¢+3) +2°

1

B jzﬁ +2° d

Note: Award M7 only if the integral has completely changed
to one in u.

Note: du needed for final A7

OR

e =u-3

. , 1

integral is j 5 du
(=3 +6(u—-3)+13

Note: Award M7 only if the integral has completely changed
to one in u.

[t

Note: In both solutions the two method marks are independent.

THEN

1 U
=—arctan| — [(+

! (2]< 9
=larctan ¢ +3 (+c)

2 2

CH18-INTEGRATION

https://www.thrivingscholars.com/
free-study-resources

PoweredBy:



IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

19-(MAT/12_HL_Summer_2015_Q8)~-Integration

EITHER

x=arctant
dx 1

dr 147

OR

f=tanx
i,
—=sec’ x
dx
=1+tan’ x

=1+

THEN
t

sinx=
J1+¢

Note: This A7 is independent of the first two marks

dr
I dx j 1+

(=]

Note: Award M1 for attempting to obtain integral in terms of r and d¢

1+sin® x

dt dr
:I(L+ﬁ)+t2:j1+2ﬁ

lj di —lx 1 arctan L
201, , 271 1

2 2
= %arctan (\Etan x)(+ c)
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MATHEMATICSAA-HL-P1

20-(MAT/12_HL_Summer_2015_Q11)~-Functions-Roots,Differentiation,Integration

()

(b)

(c)

tanx+1
go f(x)=———
tanx—1
x#E, O£9c<E
4 2
sinx_|_1
tanx+1 _ cogx
tan x—1 sinx_1

COS X
sinx+cos x

SINX—COS X

METHOD 1

dy  (sinx — cosx)cosx — sinx) — (sinx + cos x)(cosx + sin x)

dx

(sinx — cos x)*

CH18-INTEGRATION

: 2 a2 : 2 a2
dy (2SIHJCCOSJC—COS X — sin }C)—(ZSIHJCCOSJC+COS X + smn JC)

dx cos? x + sin? x — 2sin xcos x

_ -2

B 1-sin2x

Substitute %into any formula for —

_ =2
1-sinZ
-2

3

[E—

dy
dx

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

METHOD 2
dy _ (tanx —D)sec” x — (tanx + I)sec’ x
dx (tan x — 1)
_ —2sec’x
(tan x — 1)
4
2sect X -2 =
_ 2sec 6 _ (3] _ _g

] ]

Note: Award M1 for substitution of E.

-8 -8 (4+2\/§)

(1-+3) (4—2J§)(4+2J§)=‘8—4~/5

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

Sinx + cos x

(d) Area = dx

cz!..—-..oqa

SinXx — COS x

m
= |[]n|sinx — COS8 x|]§

this stage.

Note: Condone absence of limits and absence of modulus signs at

= |In sinE - cos£ - lnlsinO - cos0|
6 6

I \/5_0‘
= [In

=|ln|- — —
2 2

-1 2
o5l
2 ><\/§+1
- \/5—1 Jg+1

21-(MAT/10_HL_Winter_2015_Q2)-Integration

attempt to integrate one factor and differentiate the other, leading to a sum of two

terms
'fxsin xdx = x(—cosx) + Icosxdx

=—XCOSX+sSinx+c

w1
(A1)(A1)
A1

https://www.thrivingscholars.com/
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MATHEMATICSAA-HL-P1

CH18-INTEGRATION

22-(MAT/10_HL_Winter_2015_Q5)~Integration

METHOD 1

j:z dr =[ln(lnx)]:2

xlnx

= ln(lnez) —In(lne) (= In2—1n1)

=1ln2

METHOD 2
du

uzlnx,—zl
x

= [In “]12 or equivalentinx (= In2 — In1)

=1n2

20122022
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23-(MAT/10_HL_Winter_2015_Q12)-Differentiation, Integration

@  S(=x) = ()1 = (=x)*
= —x\fl - x*

=~ f ()
hence 7 is odd

1

by [f'(x)= x%(l -~ xz);-—2x+ (1 —x2)2

© [@=l-5 - J—[ HJ

Note: This may be seen in part (b).

=0=1-2x"=0

1
(d) y-coordinates of the Max Min Points are y = iE

so range of f(x) is [—%, 21

CH18-INTEGRATION
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(e)

0.5

Shape: The graph of an odd function, on the given domain, s-shaped,
where the max(min) is the right(left) of 0.5(-0.5)

x-intercepts

turning points

1 2
(f) area:IOx l—x" dx
attempt at “backwards chain rule” or substitution

:—%J.;(—Zx) 1— x° dx
EFStER
= g(l-)&f) '—5

_—é(l - xzﬂ

@ [
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IBDIPLOMA

(@)

MATHEMATICSAA-HL-P1 CH18-INTEGRATION
24-(MAT/12_HL_Summer_2016_Q3)-Trigonometry, Integration
EITHER
use of a diagram and trig ratios
eg,
T
0| ——« 0
2
o
O A
taney =— = cotex =—
A
. bra A
from diagram, tan| ——« | =—
2 O

OR

sim[E - aj
T 2 cosa
use of tan (— — a] = ==
2 (ﬂ ] sin &
cos 5 -

THEN
T
cote¥y =tan| — — &
-
cotor
j ! dx = [arctan x]cm
1+ x* tan &

tan o

| Note:

Limits (or absence of such) may be ignored at this stage. |

= arctan(cot &¢) — arctan(tan )

https://www.thrivingscholars.com/
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25-(MAT/11_HL_Summer_2016_Q13)~Integration

@ a=1
(b) dn_1
dx  x
j(lnx) dx = [ wdu
X
area = {%zﬁl or {%(lnx) l
_1
3
© O g=P%
X 1
11
e

(i)  use of integration by parts

]n={—l(]nx)} j(h“")
X

1
=__+n[n—1
(W

CH18-INTEGRATION
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(i) J,=—=+1x1,

W) (=)

(d) volume = nLe
X

EITHER

1
[,=——+ 4,
c

__ L 4(—l+312]
c c

=—5+1212=—§+12(—1+ 211]
[~ [~ [~

OR
: ¢ (In x)* _ 1 e (In x)°
using parts L = dx = ;+4Ilex
2

1y —l+3je(1nx) dx

e e Lox?
THEN
=—£+ 24(1—E]=24—§

¢ e e
volume = TE[24 - ﬁ]
e
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IBDIPLOMA MATHEMATICSAA-HL-P1

26-(MAT/12_HL_Summer_2017_Q6)-Integration

(a) let x=tand

:ﬂzseczﬁ

CH18-INTEGRATION

A1
10 (A1)
1 ‘0
I—zdx = ILZdH M1
2 2
(x + 1) (tan &+ 1)
| Note: The method mark is for an attempt to substitute for both x and dx. |
1
= _"—Zdﬁ {(or equivalent) A1
sec” O
Whenx=0,t9=0andwhenx=1,9=% M1
3
= J-cosz ado AG
0
[4 marks]
(b) j—zdx=_[c0s2 0do =—j(1+cos29)d9 M1
0 ()C2 + 1) 0 25
_ 1 0+ sin 26 |4 A1
2 2
_r, ! A1
8 4
[3 marks]
27-(MAT/11_HL_Summer_2017_Q9)-Integration
attempt at integration by parts with #= arcsinx and v/ =1 M1
Iarcsinx dx = x arcsinx — dex A1A1
\/1 -x
Note: Award A1 for x arcsinx and A1 for — j%dx.
1-x
solving j%dx by substitution with z =1 — x* or inspection (M1)
1-x*
Iarcsinxdx =xarcsinx+\/1 -x* +c Al
[5 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

28-(MAT/12_HL_Summer_2017_Q9)~-Functions-Roots,Differentiation, Integration

W)

[
|
|
l
|
|
|

@ (@
Tj =J(x)
- \7(_.
A1 for correct shape
A1 for correct x and y intercepts and minimum point
(ii)
; = J
! N7 )
| #)
' |
|
|
|
._a,; a ) x
I
|
[
|

A1 for correct shape

A1 for correct vertical asymptotes

A1 for correct implied horizontal asymptote
A1 for correct maximum point

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

(iif)

i |
| |
‘ [
[
| [
| |
| |
| |
F i D
| l

| [

| |

A1 for reflecting negative branch from (ii) in the x-axis
A1 for correctly labelled minimum point

EITHER

attempt at integration by parts
j(xz - az)cosxdx = (xz— az)sinx - j2xsinxdx

= (xz— az)sinx - 2[—xcosx + Jcosxdx]

= (xz— az)sinx +2xcosx —2sinx +c¢

OR

j(xz - az)cosxdx = J.xz cos xdx — jaz cos xdx
attempt at integration by parts
_[xz cosxdx = x*sinx — Iszinxdx

=x"sinx — 2[—xcosx + Icosxdx]
= x?sinx + 2xcosx — 2sinx
—jazcosxdx =—g’sinx

j(xz - az)cosxdx = (xz— az)sinx +2xcosx — 2sinx +c¢

CH18-INTEGRATION

[8 marks]

(m1)
A1A1

A1
A1

(m1)
A1A1

At

At

[5 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

©) gx)= x(x2 -a )%

g'(x) = (x2 -a )5 + %x(xl— al)'% (2x) M1A1A1

| Note: Method mark is for differentiating the product. Award A7 for each correct term.

1
g'(x)= (x2 - 612)2 +x (xz— al) 2
both parts of the expression are positive hence g'(x) is positive R1

and therefore g is an increasing function (for |x| >a ) AG

[4 marks]
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MATHEMATICSAA-HL-P1

CHI18-INTEGRATION

29-(MAT/11_HL_Summer_2017_Q11)~-Functions-Roots,Graphs,Integration

(@)

(b)

2
i fissis=lsed] -2
2 4

iy *¥+3x+2=(x+D(x+1)

Vertical Asymptote
x=-1
y v Intercept
Vertical Asymptote T [01 1]
x=-2 el 2J)  Horizontal
y= 0

Asymptote

e e e
e e SRR LA S —

A1 for the shape
A1 for the equationy = 0

A1 forasymptotesx=-2and x=-1

3
A1 for coordinates (— a —4]

A1 y-intercept [0 A l ]
2

© 1 1 Ixdr—ix+l)
*+1 x+2 (x+D(x+2)
_ 1
x4 3x 42
20122022

\ Local Maximum
S
2

A1

A1
[2 marks]

[5 marks]

m1

AG

[1 mark]
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MATHEMATICSAA-HL-P1

CH18-INTEGRATION

IBDIPLOMA
1
(d) I dx
v X+l x+2

=[In(x+1) - In(x +2)],

=In2-In3-In1+1In2

e

o2
Sp 3

(e)
19y

(0,0.5) 1

=

N

<t

-5

symmetry about the y-axis
correct shape

| Note:  Allow FT from part (b). |

0 2f rde

s

| Note: Do not award FT from part (e). ‘

20122022

At

M1

M1A1

[4 marks]

M1
Al

[2 marks]

(M1)(A1)

At

[3 marks]
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MATHEMATICSAA-HL-P1

30-(MAT/11_HL_Summer_2018_Q4)-Integration

CH18-INTEGRATION

0
@ [, /@dr=10-12=-2 (MI)(AT)
0 0
[ 2de=[2:) =4 A1
0
[(f+2)de=2 A1
[4 marks]
0 2
®) | SCrDde= [ fld M)
=12 A1
[2 marks]
31-(MAT/12_HL_Summer_2018_Q6)-Differentiation,Integration
(a) () attemptat product rule M1
fi(x)=-¢"sinx +e " cosx A1
(i) g'(x)=—-e"cosx—e sinx At
[3 marks]
(b) METHODA1
Attempt to add /(x) and g'(x) M1)
F(x)+g'(x)y=—2e"sinx At
J‘e’x sinxdx = |:— 62 (sinx+ COS x)} (or equivalent) A1
0 0
| Note: Condone absence of limits. |
1 n
= E(1+e ) A1
METHOD 2
I= _‘.efx sin xdx
=—¢ cosx— Ie_x cosxdx OR =—¢  sinx + J‘e_JC cos xdx M1A1
=—¢ sinx—e cosx— Ie_x sin xdx
I =—%eix(sinx+ COs x) A1
To-x . 1 -7
Ie 51nxdx=—(1+e ) A1
0 2
[4 marks]
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32-(MAT/11_HL_Summer_2018_Q7)-Differentiation,Integration

CH18-INTEGRATION

d 1 1
@ y= arccos[f]:; Y__ =— M1A1
2 dx X z ‘\/4—.7C2
2,n-=
[ Note: M1 is for use of the chain rule. |
[2 marks]
(b) attempt at integration by parts M
x du 1
i =arccos| — = —=—
2 dx 4—x
dv
—=1ov= (A1
dx v X )
o5 o< s 3] [ .
arccos| — |dx=| xarccos| — || + j dx
0 2 2/, Jdofa_x?
using integration by substitution or inspection 1)
1 1 1
x —
xarccos| — || + —(4—)c2)2 A1
2/ o
1
Note: Award A7 for —(4— x? )1 or equivalent.
[ Note: Condone lack of limits to this point. |
attempt to substitute limits into their integral M1
- %’ NP A1
[7 marks]
33-(MAT/12_HL_Summer_2018_Q8)~-Integration
(a) d_u = lx% (accept du = lJc%d.)c or equivalent) A1
dx 2 2
substitution, leading to an integrand in terms of # M1
I 23udu or equivalent A1
u +u
= 2arctan(v/x)(+¢) A1
[4 marks]
1eo dx
(b) 5-‘.1 ER arctan 3—arctan 1 A1
X+ x?
tan(arctan 3 — arctan1) = —! (M1)
1+3x1
1
tan(arctan 3 —arctanl) = —
2
arctan3 —arctan 1 = arctan% A1
[3 marks]
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34-(MAT/12_HL_Summer_2018_Q11)~-Exponentials-Logarithms,Integration

(@ METHOD 1

METHOD 2
1

log, »*

log ,x =

1
2log r

_log, x
2

(b) METHOD 1

log, v+log, x+log, 2x =0
log, y+log, 2x* =0

log, y+%log2 25 =0

log, y= —%log2 2x*

1
log, y = IOgZ(EJ
y=$x

Note: For the final A mark, y must be expressed in the form px?.

CH18-INTEGRATION

M1A1

AG
2 marksj

M1

A1

AG
2 marksj

w1

w1

M1A1

A1

5 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

METHOD 2
log, v +log, x+log, 2x =0
1 1

log, v+ Elog2 x +510g2 2x=10 m1

log, v +log, g log, (2x)% =0 M1

log, (\/Exy) =0 M1

\/Exy =1 A1

-1
y=—x A1
2
| Note: For the final A mark, y must be expressed in the form px?.
[5 marks]
(¢) theareaofRis ]{Lx’ldx m1
12
—|: ! lnxT A1
V2o
=Llna A1
V2
1

—ha= \E M1

NG

a=¢ A1
| Note: Only follow through from part {(b) if y is in the form y = px“.

[5 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

35-(MAT/10_HL_Winter_2018_Q10)~Integration

(@)

METHOD 1

d
attempt at integration by parts with « =¢", EV =Cos 2x
. e’ . e’ .
Ie cos 2xdx = —sin2xdx — I—sm 2xdx
2 2

= e—sin2x - l —e—COSZx + J'e—cos 2x
2 20 2 2

X X€

= e—sin 2x + e—cos 2x — ljex cos2xdx
2 4

X X

.'.ijex cos2xdx = e—sin 2x + e—cos 2x
4 2 4

X X

2e" .
© sin2x + e?cos 2x(+c)

Iex cos2xdx =

METHOD 2

d
attempt at integration by parts with 1 =cos2x, EV =e

X

jex cos2xdx = e cos 2x+ 2.“6’c sin 2xdx
=e"cos2x + 2(6’C sin 2x — ZJ‘e’C cos 2xdx)
=¢" cos2x + 2e¢" sin2x — 4J‘eX cos2xdx

5_‘-e” cos2xdx =e* cos2x + 2e* sin2x

X X

sin2x + e?cos 2x(+c)

Iex cos 2xdx = 2

METHOD 3

attempt at use of table

€g
cos2x =
—2sin 2x o
—4cos2x et

[ Note: A7 for first 2 lines correct, A1 for third line correct. |

Iex cos 2xdx= e" cos2x + 2¢" sin 2x — 4J.e’c cos 2x dx

Sj‘e" cos 2xdx = = e" cos 2x + 2e" sin 2x
x x

sin2x + e?cos 2x(+c)

2
Iex cos 2xdx = ©

CH18-INTEGRATION

w1

A1

M1A1

m1

AG

w1

A1
M1A1

w1

AG

w1

A1A1

M1
w1

AG
[5 marks]

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

(b)  [e* cos’xde = | %(cos 2x + 1)dx M1A1

=l 2 sin 2x + ——cos 2x |+ — A1

205 5 2
= S §in2x + —cos 2x + — (+¢) AG
5 10 2
| Note: Do not accept solutions where the RHS is differentiated. |
[3 marks]

() f'(x)=e¢"cos’x —2e¢"sinxcosx M1A1
| Note: Award M1 for an attempt at both the product rule and the chain rule. |

¢’ cosx{cosx—2sinx)=0 (M1)

Note: Award M7 for an attempt to factorise cosx or divide by cosx(cosx¢ 0).
discount cosx =0 (as this would also be a zero of the function)
=cosx— 2sinx=0
1
= tanx = 3 (M)
1 1
= x =arctan 2 (at A) and x=m + arctan 3 (at C) A1A1
| Note: Award A7 for each correct answer. If extra values are seen award ATAQ. |
[6 marks]
n 3n

(d) cosx=03x=50r7 A1

| Note: The A1 may be awarded for work seen in part (c).

el

3n x X |2
L[l (e’C cos” x)dx= S in2x + — cos2x + — M1
z 5 10 2
TR xox moox
2 2 2 2 2 2 2 2
S I I M1(A1)A1
10 2 10 2 5 5

Note: Award M7 for substitution of the end points and subtracting, (A7) for sin3x=sinm=0 and
cos 3n =cos=—1 and A7 for a completely correct answer.

5 marksj

https://www.thrivingscholars.com/
free-study-resources
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MATHEMATICSAA-HL-P1

CH18-INTEGRATION

36-(MAT/12_HL_Summer_2019_Q4)-Integration

w=sinxy=dir =cosxdx

(A1)
valid attempt to write integral in terms of # and du M1
v d I —u' ) du
ICO‘; Xy J' ] A1
Jsiny J;
S
= j{n ] dut
Lo2u?
=2u? fT(ﬂ) (A1)
A SIIY )
= 2+fsinx —u(w) or equivalent At
[5 marksj
37-(MAT/11_HL_Summer_2019_Q8)-Integration
(a) 3 A1
[T mark]
{b) attempt to use definite integral of /{x) {M1)
_L: £'(x)dx = 0.5
M= f(0)=05 (A1)
Fh=05+3
=35 A1
{3 marks]
20122022 PoweredBy: 921



IBDIPLOMA

MATHEMATICSAA-HL-P1 CHI18-INTEGRATION

L
(©) L F(x)dx=-2.5

| Note: (A1) is for -2.5. |

J®H-f)=-25
f(4)=35-25
=1

{1::3.5)

4. 1)

(A1)

A1
[2 marks]

A1A1A1

A1 for correct shape over approximately the correct domain

A1 for maximum and minimum (coordinates or horizontal lines from 3.5 and 1 are required),

A1 for y-intercept at 3

20122022

[3 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

38-(MAT/11_HL_Summer_2019_Q9)-Trigonometry,Integration

. 2 . .
(@) (sinx+cosx) =sin’ ¥ +25inXcosx+cos X M1A1

‘ Note: Do not award the M1 for just sin”x + cos™x.

| Note: Do not award A7 if correct expression is followed by incorrect working. |

=l+sin2x AG
I2 marks]
1 in2;
() sec2y+tanlx = Pl m1
cos2xy  cos2x
Note: M7 is for an attempt to change both terms into sine and cosine forms {(with the same
argument) or both terms into functions of tan x.
_ I+sin2x
cos 2y
(Sinx +cos:():
= A1A1
COS™ X —SsIn" x
| Note: Award A1 for numerator, A7 for denominator. |
+3 —-+ =y -'. 3
_ (b]fl\ cos x) - M1
{cosx—sinx)({cosx +sinx)
COSX+siny
=— AG
COSX—-35INX
[ Note: Apply MS in reverse if candidates have worked from RHS to LHS. |
| Note: Alternative method using tan 2x and secc 2x in terms of lanx . ‘
{4 marksj
{(c) METHOD1
LIPS X+ T ¥
’[h(t.osr s!n\]d‘ A1
PRLcosx—-smxy
[ Note: Award A7 for correct expression with or without limits. |
EITHER
= [—ln(cosx—sin \)]E or [In(cosx—sin \):Ig (M1)A1A1

&

Note: Award M7 for integration by inspection or substitution, A7 for In (cosx -sin 1)
AT for completely correct expression including limits.

no.n ;
= —ln(cos—51n]+ln(c050—s:n0) m1
6 )
[ Note: Award M1 for substituticn of limits into their integral and subtraction. |
7
- I ﬁ-i} (A1)
202

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA

MATHEMATICSAA-HL-P1 CH18-INTEGRATION
OR
let & =cosx—sinx M1
du . .
— =—3Inx—C0sx =—(sinx+cosx)
dx

21 1
-}‘ : ?[—Jdu A1A1
L i

| Note: Award A7 for correct limits even if seen later, A7 forintegral. |

ﬁ_l |
:[—Inu]ll 2 or [In“]ﬁ_L

B

——]n{g—ﬂ(ﬂnl) m1

At

=]n{ﬁ2_J m1

Note: Award M7 for beth putting the expression over a common denominator and for correct use of
law of legarithms

(143

(M1)A1

{9 marksj

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

39-(MAT/12_HL_Summer_2019_Q9)-Differentiation,Integration
fa) 3cos2x=4-1lcosx
attempt to form a quadratic in cosx
3(2{:053 x- l] =4—-11cosx

(6cosj x4 ]cosx—?:(])

valid attempt to solve their quadratic
(Beosx+ ) 2cosx—-1)=0

COS XY =—

N=

LA
.
l.ﬂ‘u' 15| —

[ Note: Ignore any “extra” solutions. |

(b) consider (+) I(4—ilcosx—3coslr)dr

3
Ry

=(% 4x—||sinx—isin2.\'
)| 2 |

[ Note: Ignore lack of or incorrect limits at this stage. |

attempt to substitute their limits into their integral

20n .5m 3 . 10n [(4n . 3 . 2n
=——-llsin———sin—— ——1lsin-——sin—
3 2 - h 2 2 a

l6n 113 33 113 33
=—+ + + +

3 2 4 2 4
16n+25v’§
3 2

(¢) attempt to differentiate both functions and equate
-6sin2xy =11sinx
attempt to solve for x
Ilsinx+12sinxcosxy =0
sinx(11+12cosx)=0

cosx = f% {or sinx =)

11
=>}»_4—1|(—E)

169 1
e 14—
) 12[ 12]

20122022

M1

At

M1

At

A1A1

{6 marksj

Mt

At

Mt

ATA1
{5 marks]

Mt
At
M1

At

L

At

[6 marksj

https://www.thrivingscholars.com/
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CH18-INTEGRATION

40-(MAT/12_HL_Summer_2019_Q10)~Integration,Probability

(a) medeis O

(b} (i) attempt at integration by parts

dur |
—= Jde=dy
de -y
. xdx
:xarcsm.‘a'—_[ =
1—-x-

= yarcsiny +V1-x" (+¢)

(i) J(nfarcsinx) dx = [m’fxarcsin.\'fx}l —x* }

4
T n
“la-Zoo]-(0-0-1)=2+
[ﬂ > ]( ) 2-~-

- m+2
T

1
Ik{:rr— arcsinx) dr=1
It

($]

[ Note: This line can be seen (or implied) anywhere. |

| Note: Do not allow FT A marks frem bi to bi.

)

(c) () attemptto use product rule to differentiate
1

I-x

dy )
—=xarcsmx+

;V; v
- - +
dx -yt AJI-x A1—y 4

[ Note: Award A2 for all terms correct, A7 for 4 correct terms. |

k)

= xarcsinx +

-y

2 B 1 X
Aoy dl-x 41— x

+
41— ¥

commen denominator.

Note: Award A7 for equivalent combination of correct terms over a

= xarcsin .y

20122022

Al

(M1)

Al

At

A1

At

(M1)

AG

v

A2

A1l

AG

{1 markj

[6 marksj

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

(i) E(X)= kj-x(:rr—arcsin x)dx M1

L

L
= kI(m—xarcsin x) dx
U

a 3 i |
=1{E;—"‘,}arcsinx+larcsinx—th—x’ A1A1

= th

[ Note: Award A1 for first term, A1 for next 3 terms. |

:,{[““ﬁ)(m} A1
2 48

i &
24+m; 8
3
_ T AG
4( n+ 2)
[9 marks]

41-(MAT/10_HL_Winter_2019_Q2)~-Integration

1 .,

;e" seen {A1)

Tk
attempt at using limits in an integrated expression u;e“} =%e31"* _le“} (M1)

:lcluﬁ‘\ilcu (A1)
2 2

Setting their equation =12 M1

| Note: their equation must be an integrated expression with limits substituted. |

lkf 71:12 Al
2 2

(F=25=)k=5 A1

| Note: Do not award final A1 fork = 5.

[6 marks]

https://www.thrivingscholars.com/

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

42-(MAT/10_HL_Winter_2019_Q7)~-Integration

(a) attempt to complete the square or multiplication and equating coefficients
2x—x" =—(x- l): +1
a=—1h=Lk=]

=[ arcsin (x—l)]i or [are sin(u)]il.

[ Note: Condone lack of, or incorrect limits up to this point. |

(] . 1
= arcsin [—J - arcsm(——]
2 2

20122022

(M1)
At

{2 marks]

(M1)

A1

(M1)

(A1)

A1

[5 marksj

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

43-(MAT/10_HL_Winter_2019_Q10)-Differentiation, Integration

(@) () attemptto use quotient rule {cr equivalent)

P) = (x* —1)(2) - (2x—4)(2x)

3

]

“2x 4+ 8x =2

k]

(Jc2 - I)'

iy f{x)=0
simplifying numerator (may be seen in part {i))
= x —4x+1=0 or equivalent quadratic equation

EITHER
use of quadratic formula

4+/12

2

= X=

CR

use of completing the square
(x-2)" =3

THEN

x=2-+/3 (since 2++3 is outside the domain)

Do not award the final A1 as follow through from part {i).

Note: Do not condone verification that x =2 -3 = f{r) =0.

)y ® (0.9

(it 2x-4=0=x=2
outside the domain

20122022

(M1)

A1

(M1)

A1

A1l

At

AG

A1

At
R1

[5 marks]
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MATHEMATICSAA-HL-P1 CHI18-INTEGRATION

(iii)
¥
' '
' '
' '
I 1]
' '
' ]
' ]
' '
' '
' '
' 1]
' )
; :
' ]
' 1]
' ]
I ]
] ]
' ]
' ]
' - ]
: I ;
| i ]
L : i i i i 1 i i i i i i i i 1 - - X.
-10 -0.5 ) 0.5 '

A1A1
award A1 for concave up curve over correct domain with one minimum point in the first
quadrant
award A1 for approaching x =+1 asymptotically

[5 marks]
(c) valid attempt to combine fractions (using common denominator) M1
3(x—1)—(x+1
(x=1)-(x+1) 4
(x + 1)(x - l)
_Jx=3=x~]
x? -1
2x—4
== AG
x =1
[2 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

(c)
f(-’f)=4:>2x—4 =4y’ -4

1
x=10 X==
(x or) x 5

|
area under the curve is J.]j'(x)(h'
N

:1‘3 c ! dy
o x+1 x—1

| Note: Ignore absence of, or incorrect limits up to this peint. |

I
j?
i

=[3|n

x+1|=Injx -1

-

3 1
=3In=—=In—{-0
3In2~In—{(-0)

27
=In—
4
1 1 !
area is 2—.[’},1"():)(& or [34dr—J-3‘f'(x)dx

I

20122022

w1

AT

M1

At

A1

M1

At

[7 marks]

https://www.thrivingscholars.com/
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CH18-INTEGRATION

44-(MAT/10_HL_Winter_2020_Q9)-Integration

dx 5 def 1
r=tanu=>—=scc ¥ OR p=arctanx = —= -
du dy T+

attempt to write the integral in terms of u

J': tan- wrsec” i du

(l +tan” H)B

Jj tan” wsec u du
) -

) 2 4
(SGC H)

= L* sin’ wcos” # du

il

1 s
:—J“ sin” 2i du
4o

= éjﬂ“ (1-cosdu) du

1 [ sin4u]4
=—| U4 —
8 4

20122022

At

M1

(A1)

At

m1

m1

At

At

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

45-(MAT/10_HL_Winter_2020_Q12)-Graphs, Integration

(@)

x=k
v=k
METHOD 1
Jx—5
. _ka—kJS
(J‘Of](x)—kxT
{xk)_k

 k(ke—5)-5(x—k)
 kx—5—k(x—k)

:klx—Sk—5x+5k
Jx—5—bx+k°

k*x—5x

k-5

()
K -s

=X

(fof)(x)=x, (hence ¢ is self-inverse)

A1

A1

M1

A1

A1

R1

[1 mark]

[1 mark]

Note: The statement f(f(x)) = x could be seen anywhere in the candidate’s working to
award R1.

20122022

[4 marks]

https://www.thrivingscholars.com/
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MATHEMATICSAA-HL-P1

CH18-INTEGRATION

20122022

METHOQD 2
i kx5
! (Y) - \T— k
p= B3 M1
vk
Note: Interchanging x and y can be done at any stage.
x(v—ky=kv-5 A1
xv—xk =ky->5
xv—fky=xk—5
v(ix—k)y=hr-5 A1
v=f '{x)= k:—_k (hence ¢ is self-inverse.} R1

{4 marks]

https://www.thrivingscholars.com/

free-study-resources
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(d)
y
]
I
I
]
I
]
I
]
1
1
I
]
]
]
I
I
I
_________________ e

—\ !
I
\ .
1

T X
I
1
I
I
1
I
I
I
I
I
]
I
]
1
I
[

attempt to draw both branches of a rectangular hyperbola M1
x=3andy=3 A1

[O,EJ and LE,OJ A1
3 3

[3 marks]

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

(e)

20122022

METHOD 1

volume = J'EJ-:[ 3x -3 ] dx

x=3
EITHER
attempt to express 33 in the form p+ 4
x=3 y-3
v —
3x-=5 _34 4
x-3 x—3
OR

3"‘_5} or (3x—5)" and divide out

attempt to expand (

L

[3\‘—5 ) _g4 24x—56

-3 (_Fj,}l
THEN
[:u—s]: 24 16
=9+ —+ -
x=73 y—3 (x—3)'

7
volume =Jt[[9+ 243 +( 16 }J dx
xX- x=3)

3

= 1{9.\‘+ 24ln(‘r—3)—L)3}
x=-3

= x| (63+24In4-4)-(45+241n2-8)|

=u(22+24In2)

(M1)

M1

A1

M1

A1

At

A1

A1

{6 marks]

https://www.thrivingscholars.com/
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CH18-INTEGRATION

METHOD 2
1 3x=5Y
volume =7t dr M
J, [ — ] (M)
e e
substituting ¥ =xy-3=—=1 At
dv
Iv-5=3u+3)-5=3u+4
volume = n_[j[?’“ i 4) dui M1
2 o
:nj4f)+£+§du A1
z u-oou
- a
—T[\\‘:)I.!—E-O- 24]nu} A1
i 5
Note: Ighore absence of or incorrect limits seen up to this point.
:n(22+24ln 2] A1
[6 marksj

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

46-(MathAA/12_HL_Summer_2021_Q9)-Integration

u=sinx = du =cosx dx (or equivalent) A1
:Ijl—tdu A1
u —u—2
attempt to use partial fractions M1
A B
U = + :>uEA(u—2)+B(u+l)
(u+1)(u—2) u+l wu-2
Valid attempt to solve for 4 and B (M1)
A :i and B :2 A1
3 3
u | 2

(u+1)(u=2) 3(u +1)+3(u—2)

j [3(ul+1) ! 3(u2-2)J du= %lnl“ “'*%1“ [u=2|(+C) (or equivalent) A1

| Note: Condone the absence of +C or lack of moduli here but not in the final answer.

=%]n|sinx+I|+§ln|sinx—2|+€ A1

| Note: Condone further simplification of the correct answer. |

[7 marks]

https://www.thrivingscholars.com/
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CH18-INTEGRATION

47-(MathAA/10_HL_Winter_2021_Q1)-Integration

METHCD 1

recognition that y' = Icos(x —%] dx

. T
V=510 X —— || +c¢
y=sinf 12 s
substitute both x and y values into their integrated expression including ¢
2=sin z +¢
2

¢=1

. ud
v=sin| x—— |+1
( 4]

METHOD 2

1-:1}.": [ cos| x— = |dv
z A 4

1

. T .z
y—2=sm| x—— |-sIn—
( 4] 2
. i
_v=sm[_x—]+l
4

20122022

(M1)

(A1)

(M1)

A1

4 marks]

(M1)(A1)

A1

At

4 marks]
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MATHEMATICSAA-HL-P1

CH18-INTEGRATION

48-(MathAA/11_HL_Summer_2022_Q1)-Integration

3y =5,
3-5x - (v (A1)
e
1
J—d\ = 35— 1057 (+¢) A1A1
substituting limits into their integrated function and subtracting (M1)
1 1
39— 19" —[3{1)—10(])”] OR 27-10x3—(3-10)
=4 At
49-(MathAA/11_HL_Summer_2022_Q12)=-Sequences-Series,Differentiation, Integration
(28 METHOD 1
recognition of both known series M1)
. x X . o
e'=l+—+—+.and sinv=x-—+—+
2 35
attempt to multiply the two series up to and including x* term {M1)
. [ ¥ ox* ][ ¥ X J
e'sinx=l+—+—+_ _ [[x——+—+__
o2 3t sl
R i i
I A1
3 T (A1)
L 2 l i
¢'sinx=x+x" +§.r + ... At
4 marks]
METHOD 2
f(x)y=c'sinx
F(x)=c¢"cosx+¢"sinx A1
ffix)=e"cosx—e'sinx+e'sinx+ecosx (: 22" cos :r)
["(x)=2c"cosx—2¢"sinx
f7(x)=2c"cosx and f"(x)=2¢"(cosx —sinx) A1
substitute x=0 into f or iis derivatives to obtain Maclaurin series (M)
z 3
e"'sm,\':0+£s< ] +x—><2+i><2+..,
& 2! 3t
- o
CsiIny=x4+1" + g\ +... A1
f4 marks]

20122022
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

(0) ¢ sin (,\'3 ) =x'+x'+ l,r“ + ...

substituting their expression and attempt to integrate

J{: e sin(x")dy = J| :[\ +x° +%.\‘“Jdr

(A1)

M1

| Note: Condone absence of limits up to this stage.

(c) () attempttouse product rule at least cnce
g'(x)=c'cosx—c'siny
g"(x)=c"cosxr—c*sinyv—c'sinx-¢* COSJ.‘(: —2c¥sin x)
EITHER
2(g'(x)-g(x)}=2(c cosx—c sinx —¢* cos.r) - -2¢"siny
OR
g'(x)= Z[C‘ cosx—c¢'sinx—c¢' cosx)

THEN
g"(x)=2(g'(x)-g(x)

A1

A1

[4 marksj

M1

At

A1

At

A1

AG

| Note: Accept working with each side separately to obtain —2e*sinx .

@iy  g"()=2(g"()-g'(x)

gH(x)=2(g" ) -g"(x))

A1

AG

Note: Accept working with each side separately to obtain —4e"cosx.

20122022

[5 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

(@) attemptto substitute x =0 into a derivative {M1)
£0)=1L g0 =1g"(0)=0 A1
£"(0)==2, g0 =-4 (A1)
attempt to substitute into Maclaurin formula {mM1)
glr)=1+x ;xs f%f + (z 1+x ;.\'3 é.\” +J A1

| Note: Do not award any marks for approaches that do not use the part () result, |

& marks]
e} METHOD1
Y cas k] — % []+A‘;x‘l.\’d+_.}],\-
imE B X jim o M1
x il )\. RS x'
=lim —l—lx+ J (A1)
-t 3 60
|
- A1
3

| Note: Condone the omission ¢f +... in their working.

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

METHOD 2

. e'eosxy—l—-x
lim——
a1 T

= % indeterminate form, attempt to apply I'Hépital's rule m1

_im & cosy—e'siny - 1 [: im & (x}‘— 1}
10 Iy i v

= % using I'Hépital's rule again

i 2 sin [: im & (x)]
o 6x S Gy

= % using I'Hopital's rule again

—lim —2e'sinx - 2e cos.r[znmg (x}J A1
v =l §) A=l G
1
_ ! A1
3
[3 marksj

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH18-INTEGRATION

50-(MathAA/12_HL_Summer_2022_Q7)-Integration

METHOD 1
#=secxy =du=secxtanxy dx

attempts to express the integral in terms of «

J.IE e

1r .7 Ir f
T ]

(A1)
m1

At

At

| Note: Condone the absence of or incorrect limits up to this point.

2:1 7111'

fl

_2:171

I

M1

AT

Note: Award M1 for correct substitution of their limits for « into their
antiderivative for & ( or given limits for x into their antiderivative for x).

METHOD 2

Jsec” xtanx dx = jsec” 'vseextany dx

applies integration by inspection

1
= —[sec" .\'] !
1]

It

(A1)
(M1)

A2

| Note: Award A2 if the limits are not stated,

| ki
=—|scc"——sce”"0
I 3

M1

| Note: Award M1 for correct substitufion into their antiderivative.

2" -1
il

20122022

A1

[6 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH18-INTEGRATION

51-(MathAA/10_HL_Winter_2022_Q4)-Integration

recognizing need to integrate (A1)
[ ?x(h OR w=x+1 OR g“—'*:2)6
v+ dx
2
[2dn OrR 31-Z gy (A1)
u x +1
:31n(x3+1)(+c) 0r31nu(+c) At

correct substitution of x =1and f(x)=350r x=1andu =2 into equation
using their integrated expression (must involve ¢) (M1)

5=3In2+c

X +1

F(x)=3In{x"+1)+5-3In2 [:BIn(x:+l)+5—]n8:3]n{ }rsJ (or equivalent) A1

Note: Accept the use of the modulus sign in working and the final answer.

[5 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

1-(MAT/11_HL_Summer_2009_Q13)-ComplexNumbers,DifferentialEquations
Part A
(a) ‘z‘:z,arg(z):o

so L{(z)=Inz

®) () L(D=hhl+in=in

Gi) LO-i)= mﬁn%"
(i) L(-1+D)=Iny2+ i%ﬂ

(c) for comparing the product of two of the above results with the third
for stating the result —1+i=-1x(1—1i) and L(-1+1)= L{—1)+ L{1-1)
hence, the property L(zz,)=L(z)+L(z,)
does not hold for all values of z and z,

https://www.thrivingscholars.com/
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IBDIPLOMA MATHEMATICSAA-HL-P1

Part B

(a)

(b)

(c)

(d)

from f(x+y)=F(x)/(»)

for x=3=0

we have f(0+0)= f(0)£(0) = F(0)=(£(0))
as f(0)= 0, this implies that f(0)=1

METHOD 1

from f(x+y)=7(x)/(»)
for y=—x,wehave f(x—x)=f(x)f(-x) = f(0)=f(x)f(-x)
as f(0)=0 this implies that f(x)=0

METHOD 2

suppose that, for a value of x, f(x)=0

from f(x+y)=7(x) /()

for y=—x,wehave f(x—x)=f(x)f(-x)= f(0)= f(x)f(-x)
substituting f(x) by 0 gives f(0) =0 which contradicts part (a)
therefore f(x)= 0 for all x.

by the definition of derivative
R B G R A C))
f(x)= L‘f&( P ]

_ hm( CHORIGIU }

- {f(h)f(o)}
h

=1lim

Fx)
= (0 /(x) (=k[(x))

PG _
J'f(x)dxfj'kdx —In f(x)=kx+C

In £(0)=C—=C=0
floy=¢"

CH19-DIFFERENTIALEQUATIONS

ingscholars.com/
e-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

2-(MAT/10_HL_Winter_2009_Q8)~-DifferentialEquations

dy _
(1) — =hyeos (k)

d_y =kcos(kt)dt
y
Jd—y = Ikcos (kt)dt
Yy

In y=sin (k1) +¢
y=Aesin(kI)
t=0=y,=41

sinkt
= V=M

(by -—1<sinkr<l1
Y& S ¥ 3y

! 2
sotheratiois —:e orl:e
S
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IBDIPLOMA

MATHEMATICSAA-HL-P1

3-(MAT/12_HL_Summer_2010_Q14)-DifferentialEquations, Trigonometry

(a)

(b)

the differential equation 1s separable and can be written as

j— yidy= Icosz xdx (or equivalent)

1

¥

_ J1+cos2xdx
2

1 1
x+zsin 2x(+()

when x=0, y=1

=1

y:

(ii)

1

—x+1sin2x+l
2 4

recognizing use of (1+tanx)

(I+tanx)’ =1+ 2tanx+tan” x 21 +tan” x =sec’ x
(since all terms are positive)

(1+tan x)* >sec’ x

sec’ x=1+tan’ x =1

= (I +tanx)’ >sec’ x>1

simce all terms are positive, taking square root gives
1<secx<l+tanx

J

A

dx < ﬁsecxdx < Jﬁl+tanxdx

0

(=]

T

T T T
4< J.“secxdxg x—Incosx 4
0

]

CH19-DIFFERENTIALEQUATIONS
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IBDIPLOMA

MATHEMATICSAA-HL-P1

4-(MAT/10_HL_Winter_2011_Q13)-DifferentialEquations

(a)

(b)

B ® 942)=4e
dx Ine

at (2, e) the tangent line is y—e=4e(x—2)
hence y=4dex—Te

dy

¥ lﬂy
=— (x+2 37d)}— x+ 2dx

jMdy = [+ 2)d
y
using substitution #=In y; du= ldy
y

= I%dy =Iudu =%u2

2 z
3M=x—+2x+c
2 2
2
at 2.ey, dmCY oo
11
—Dec=——
2
ny)?> x 11
Sy ey =2 a1
2 2 2
hly:i\/x2+4x—113y:ei”‘z““‘"“

since y>1, f()c)=e‘”“;““f’11

Note: M1 for attempt to make y the subject.

(c)

EITHER

¥ +4x-11>0

using the quadratic formula

critical values are ﬂ (: -2+ JI_S )
using a sign diagram or algebraic solution
x<—2—\/1_5; x>—2+s/1_5

OR

¥ +4x-11>0
by methods of completing the square

(x+2)" >15
= x+2<—15 or x+2>\/1_5

x<—2—\/1_5; x>—2+\/1_5

CH19-DIFFERENTIALEQUATIONS
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH19-DIFFERENTIALEQUATIONS

fx)
In f(x)

Sin(f)=x+2 (2 r+2=vx" +4x-11)

@ f=f0=>fx)=

(x+72)

S+ =x" +dx-11= " +4x+4=x"+4x-11
= 4=-11, hence f(x)# f'(x)

5-(MathAA/10_HL_Winter_2021_Q8)-DifferentialEquations

dv 2¥ In2x
—_— = —

m1)
dx  «x X
attempt to find integrating factor M1}
j:ﬂh | T I
e =e =x (A1)
X dv +2xv=In2x
dv
d,
—ixvl=In2x
(v
Xy = J‘ln 2x dx
attempt to use integration by parts (M1}
X’ p=xIn2x—x{+c) A1
_Im2x 1«
X oox X
|
substituting x = E.y =4 into an integrated equation involving ¢ M1
4=0-2+4¢
3
===
2
2
ponix 1,3 A1
X x 2x
[7 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1

6-(MathAA/10_HL_Winter_2022_Q9)-DifferentialEquations

d‘_} ~ }:2 _ 2"(_:

@) dx Xy

let y=1x

=S p+yr—=
¥ VX
der -2
= x—=—
dx
= |vdy =—|=dv
frav=—f3

= % =-2lIn |x‘(+r..')

CH19-DIFFERENTIALEQUATIONS

(A1)

(M1)

(A7)

M1

At

Note: Condone the absence of the modulus sign up to this point.

= L =-2In M +¢

2x°

attempt to substitute x =1, = 2 into their integrated expression fo find ¢

:>2=—21n\|\+c:>c=2

:>}— =-2In ‘x|+2
2x°

=y =2x° (—21n M + 2)(= 4x° (1 —In I‘"D)

dy
{b) attempt to set & 0 in the differential equation

y= \5)( and y= —\/5.\‘ or m= i\/g

At

w1t

A1t

[8 marks]

(M1)

A1t

[2 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH20-KINEMATICS,RELATIVE
VELOCITY

1-(MAT/11_HL_Summer_2014_Q8)-Kinematics

& = 25_3

ds

Note: Award M1 for 257 and A1 for the whole expression.

dv
a=y—
ds
1 2 2
TS
when 5=+, a=——2_ (=—64) (ms )
2 (0.5

2-(MAT/12_HL_Summer_2017_Q4)-Kinematics

(a) s=t+cos2t

d
21— 2sin2 M1A1
dt
=0 M1
. 1
= s8in2f =—
2
=), 1= A1A1
R AR V)
Note: Award AOAQ if answers are given in degrees.
[5 marks]
3
(b) 5=-—+cos S=£+£(m) A1A1
12 6 12 2
[2 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH20-KINEMATICS,RELATIVE
VELOCITY

3-(MAT/10_HL_Winter_2017_Q5)~Kinematics

=

=100
attemnpt at integration by parts M1
1
[
=[5 —[-3ede At
o
i
. R
=|-op T —=c¢ " A1)
2 4

[ Note: Condone absence of limits (or incorrect limits) and missing factor of 10 up 1o this point, |

5= 1007 de (1)
0
_=z _
—59.1+£[—"+i][ 52 10] At
2 c 2 P
5 marks]
4-(MathAA/12_HL_Summer_2021_Q11)-Kinematics,RelativeVelocity
dv i
@ o (1+v (A1)

5 = (1+v)

[1de= _[—1 ! 4 (or equivalent / use of integrating factor) M1

+ v

t:*hl(l‘FV)(‘FC) A1
EITHER
attempt to find C with initial conditions ¢ =0,v =y, M1
C=In(1+v,)

t=In(1+v,)-In(1+v)

l+v I+v
t=In 0| =20 A1
I+v I+v

e (1+v)=1+v,

I+v=(1+v,)c” A1
v(t):(1+vo)e_'—1 AG

https://www.thrivingscholars.com/
free-study-resources
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH20-KINEMATICS,RELATIVE

VELOCITY

OR

-C 1

t=C==In(l+v)=>e™“ = i)

Attempt to find C with initial conditions ¢ =0,v=v,

- 1
e =(1+v0):'>C=ln(1+v,})

r—ln(1+v0)=—ln(1+v)ét=ln(1+v0)—ln(1+v)

(I+VOJ . L+,
t=In =c =
1+v 1+v

e'(l+v):l+v0

I+v=(1+v,)e”

v(t)=(1+v,)e" -1

OR

t—C==In(1+v)=>e™ =1+v

ke” —1=v

Attempt to find & with initial conditions 1 =0,v=1v,

k=1+v,

e_l(l-&-vo):l-t-v

v(t)=(1+y,)e" -1

| Note:

condone use of modulus within the In function(s)

20122022

M1

A1

A1

AG

A1

M1

A1

AG
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IBDIPLOMA MATHEMATICSAA-HL-P1

CH20-KINEMATICS,RELATIVE
VELOCITY

(b) (i) recognitionthatwhen ¢t =7,v=0

(1+v0]e'T—1:0:>e"T = v

e =1+,

M1

A1

AG

Note: Award M1AO for substituting Vv, = ¢’ —1 into v and showing that v=0.

(ii) S(f):JV(I) dt (:J.((HVQ)Eﬁ—l)dt)
:—(1+Vﬂ)e_"—f(+D)
(t=0,5=0 s0) D=1+,

s(t)==(1+v, )" —t+1+v,
at S, ¢ =l+vy,=>T=In(1+v,)

Substituting into s(¢)(=—(1+v,)e” —i+1+v, ]

J—ln(1+v0)+v0+1

1 k
— (1)) —— [ef =1
( +VD)L1+"0J6

=e" -1

METHOD 2

v(T—k)=(1+v,)e "9 -1

20122022

(M1)

A1

A1

M1

A1

[7 marks]

(M1)
A1

AG

[2 marks]

m1
A1
AG

[2 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH20-KINEMATICS,RELATIVE
VELOCITY
(d) METHOD1
v(T+lc):(l+v0)e’Te’k—l (A1)
=e "’ -1 A1
[2 marks]
METHOD 2
v(T+k)=(1+v,)e "V -1 (A1)
=ele ™ ]
=o' T
=e’ -1 A1
[2 marks]
{e) METHOD 1
V(T—k)+v(T+k)=¢" +e™" -2 A1
attempt to express as a square M1
£k
=[e2—e2] (=0) A1
S0 v(T—k)-«—v(Tﬁ-k)ZO AG
[3 marks]
METHOD 2
W(T=k)+v(T+k)=c"+e™ -2 A1
Attempt to solve c;ik(ek +e*)=0 (= k=0) M1
minimum value of 2, (when £ =0), hence ¢ +¢* =2 R1
so V(T —k)+v(T+k)20 AG

20122022

[3 marks]
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IBDIPLOMA MATHEMATICSAA-HL-P1 CH21-GEOMETRY

1-(MathAA/10_HL_Winter_2022_Q2)-Geometry

(a) () attemptto find midpointof Aand B {M1)
centre (—1,3, —2) (accept vector notation and/or missing brackets) A1
(i) attempt to find AB or half of AB or distance between the centre and A (or B) {M1)

ALk HN ST

2
=3 A1
{4 marks]
(b} attempt to find the distance between their centre and V
(the perpendicular height of the cone) {M1)
JU+4+2° OR |(their slant height)’ —(their radius)’
=V20(=245) (A1)
Volume = %x33\120
= 373/20(= 6245 A1
{3 marks]
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