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Question 1

There is no snow on Janet’s driveway when snow begins to fall at midnight. From midnight to 9 A.M., snow

accumulates on the driveway at a rate modeled by f(¢) = 7¢e*’

cubic feet per hour, where ¢ is measured in
hours since midnight. Janet starts removing snow at 6 A.M. (¢ = 6). The rate g(¢), in cubic feet per hour, at

which Janet removes snow from the driveway at time ¢ hours after midnight is modeled by
0 for 0<t<6

g(t)=4125 for 6<t<7
108 for 7<t<9.
(a) How many cubic feet of snow have accumulated on the driveway by 6 A.M.?
(b) Find the rate of change of the volume of snow on the driveway at 8 A.M.

(c) Let A(t) represent the total amount of snow, in cubic feet, that Janet has removed from the driveway at time
t hours after midnight. Express / as a piecewise-defined function with domain 0 < ¢ < 9.

(d) How many cubic feet of snow are on the driveway at 9 A.M.?

6
() j , /() di =142.274 or 142.275 cubic feet

5 { 1 : integral
" | 1:answer

(b) Rate of change is f(8) — g(8) = —59.582 or —59.583 cubic feet per hour. 1 : answer

(c) h(0)=0 1:h(t) for0<t<6
3:91:h(t)for6<t<7

t t
For 0 <t <6, h(t):h(0)+jog(s)ds:0+I00ds:0. Lo h(t) for 7 <1 <9

For 6 <1 <7, h(t) = h(6) + j;g(s) ds =0+ [ 125 ds =125(1 - 6).

For 7<1<9, h(t) = h(7) + j;g(s) ds =125 + j7’108 ds =125+ 108(1 — 7).

0 for 0<t<6
Thus, A(t) =4125(t — 6) for 6<t<7
125+108(¢—7) for 7<t<9

0 1 : integral
(d) Amount of snow is Io f(t) dt — h(9) = 26.334 or 26.335 cubic feet. 3:421:h09)
1 : answer

© 2010 The College Board.
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Question 2
! 0 2 5 7 8
(hours)
E(t)
(hundreds of | O 4 13 21 23
entries)

A zoo sponsored a one-day contest to name a new baby elephant. Zoo visitors deposited entries in a special box
between noon (¢ = 0) and 8 P.M. (¢ = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiable function £ for 0 < ¢ < 8. Values of E(¢), in hundreds of entries, at various times ¢ are shown in
the table above.

(a) Use the data in the table to approximate the rate, in hundreds of entries per hour, at which entries were being
deposited at time ¢ = 6. Show the computations that lead to your answer.

8
(b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of é J. o E(t) dt.

8
Using correct units, explain the meaning of %J.o E(t) dt in terms of the number of entries.

(c) At 8 P.M., volunteers began to process the entries. They processed the entries at a rate modeled by the function
P, where P(t) = £ —30¢* + 298¢ — 976 hundreds of entries per hour for 8 < 7 < 12. According to the model,
how many entries had not yet been processed by midnight (¢ =12) ?

(d) According to the model from part (c), at what time were the entries being processed most quickly? Justify
your answer.

E(7) - E(5)

(a) E'(6) = T % = 4 hundred entries per hour 1 : answer
18 .

(b) §j0 E(t) dt = 1 : trapezoidal sum
1 EQ0)+EQ2) . EQ)+E(5) . E(5)+E(7)  E(7)+E®8)) | | | 2pproximation
3 2 3 + 3 3 +2 > +1 3 1 : meaning

=10.687 or 10.688
8
%J.o E(t) dt is the average number of hundreds of entries in the box

between noon and 8 P.M.

2 1 : integral
(c) 23— _[8 P(t) dt = 23 —16 = 7 hundred entries 9 - { Integra

1 : answer
(d) P(¢) =0 when ¢ =9.183503 and ¢ = 10.816497. 1 : considers P'(t) =0
t | P 3:{ 1:identifies candidates
8 0 1 : answer with justification

9.183503 | 5.088662
10.816497 | 2.911338
12 8
Entries are being processed most quickly at time ¢ = 12.
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Question 3

A particle is moving along a curve so that its position at time ¢ is (x(¢), y(t)), where x(¢) = t* — 4¢ + 8 and
¥(¢) is not explicitly given. Both x and y are measured in meters, and ¢ is measured in seconds. It is known

b =t 1.

dt
(a) Find the speed of the particle at time 7 = 3 seconds.

that

(b) Find the total distance traveled by the particle for 0 < ¢ < 4 seconds.

(¢) Find the time ¢, 0 < ¢ < 4, when the line tangent to the path of the particle is horizontal. Is the direction of
motion of the particle toward the left or toward the right at that time? Give a reason for your answer.

(d) There is a point with x-coordinate 5 through which the particle passes twice. Find each of the following.
(i) The two values of ¢ when that occurs
(i1) The slopes of the lines tangent to the particle’s path at that point

(iii) The y-coordinate of that point, given y(2) =3 + é

(a) Speed = \/(x'(3))2 +(»'(3))* = 2.828 meters per second 1 : answer
by x'(t)=2t-4 5. { 1 : integral
. 4 2 3 2 " | 1:answer
Distance = jo J(zz —4)? + (' —1)" dr =11.587 or 11.588 meters
dy _ dyldt (-3 e Ay
—_ = = -1 = — 1 . —_ =
©) &~ dxjdi 0 when te l=0and 2t—-4#0 considers i
This occurs at ¢ = 2.20794. 3:4 1:1=2.2070r2.208
1 : directi f moti ith
Since x'(2.20794) > 0, the particle is moving toward the right at frection o motion wi
time ¢ = 2.207 or 2.208. reason
(d x(¢)=5att=1landz=3 l:¢t=1landt=3
At time ¢ =1, the slope is o dy/dr =0.432. 37 i slopes .
de|,_, dx/dt|,_ 1 : y-coordinate
At time ¢ = 3, the slope is L = dy/ dt =1.
dr|,_y dx/dt|,_,
3y e3aly
) =y3)=3+ 1+ [ Srar=4

© 2010 The College Board.
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Question 4

©.6)

0

Let R be the region in the first quadrant bounded by the graph of y = 2vx, the horizontal line y = 6, and the

y-axis, as shown in the figure above.

(a) Find the area of R.

(b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 7.

(¢) Region R is the base of a solid. For each y, where 0 < y < 6, the cross section of the solid taken

perpendicular to the y-axis is a rectangle whose height is 3 times the length of its base in region R. Write,
but do not evaluate, an integral expression that gives the volume of the solid.

=9 1 : integrand

9
(a) Area = | (6—2Vx)dx=|6x- 430 =18 3: ¢ 1:antiderivative
0 3

x=0
1 : answer

(b) Volume = 7[]09((7 _ 2\/;)2 —(7- 6)2) d 3. {2 : integrand

1 : limits and constant

2
(¢) Solving y = 2vx for x yields x = yT' N {2 - integrand
" 1:answer

2 2
Each rectangular cross section has area (Sy—J (y—J -3 4

6
Volume =f iy4 dy
0 16
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Question b
Consider the differential equation % =1-y. Let y = f(x) be the particular solution to this differential
equation with the initial condition f(1) = 0. For this particular solution, f(x) <1 for all values of x.
(a) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(0). Show the work
that leads to your answer.
o S(x)
(b) Find hm1 RS Show the work that leads to your answer.
xX—> X -
(c) Find the particular solution y = f(x) to the differential equation % =1 — y with the initial condition
S =
1 dy : , ;
(@ f ( ) f()+ - Ax 1 : Euler’s method with two steps
2 dx 1,0) 2:
@ 1 : answer
_ Sy 1
=0+t ( 2) )
= (L)L
1) = £(5)+| 5 . 1) Ax
22
1,3 1
--3+3°(3)-3
(b) Since f is differentiable at x =1, f is continuous at x = 1. So, 5. { 1 : use of L’Hospital’s Rule
lim f(x) =0 = lim(x3 - 1) and we may apply L’Hospital’s " | 1:answer
x—1 x—1
Rule.
S L S B
e L N T A
x—1
dy _ . .
(©) =1-y 1 : separation of variables
1 : antiderivatives
j— dy = fl dx 5: 4 1: constant of integration
1 : uses initial condition
~In[l-y[=x+C 1 : solves for y
-nl=1+C=C=-
Note: max 2/5 [1-1-0-0-0] if no
Injll-y|=1-x . :
constant of integration
1-y|= el Note: 0/5 if no separation of variables
fx)=1-e
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Question 6

cosx—1

—2 for X # 0
S(x)= 1x

) for x =0

The function f, defined above, has derivatives of all orders. Let g be the function defined by

g(x) =1+ J;f(t) dt.

(a) Write the first three nonzero terms and the general term of the Taylor series for cos x about x = 0. Use this
series to write the first three nonzero terms and the general term of the Taylor series for f about x = 0.

(b) Use the Taylor series for f about x = 0 found in part (a) to determine whether f has a relative maximum,
relative minimum, or neither at x = 0. Give a reason for your answer.

(c) Write the fifth-degree Taylor polynomial for g about x = 0.

(d) The Taylor series for g about x = 0, evaluated at x = 1, is an alternating series with individual terms that
decrease in absolute value to 0. Use the third-degree Taylor polynomial for g about x = 0 to estimate the
value of g(1). Explain why this estimate differs from the actual value of g(1) by less than 61'

4
(a) cos(x)—l——+ o+ (=1)" 1 : terms for cos x
2 (2 )'
5 A - . 2 : terms for f
1, x X n+l X :
—— 2 X (= S 1 : first three terms
S =gt gt Gyt

1 : general term

(b) f7(0) is the coefficient of x in the Taylor series for / about x = 0, 5 1 : determines f’(0)

so f7(0) = " | 1 : answer with reason
/0 _ 1 is the coefficient of the Tayl ies fi bout
Tl x* in the Taylor series for f abou
_ 44 _ L
x=0,s0 f (O)—12
Therefore, by the Second Derivative Test, f has a relative minimum at
x=0.
© P(x)=1 X, P X 5 {l:twocorrectterms
¢ x)=l--+—F-—F :
3 2 34 56! 1 : remaining terms
1 1 37 .
~1——~ =2 1 : estimat
(@ g)=1 TR 2:{ estimate
1 : explanation

Since the Taylor series for g about x = 0 evaluated at x =1 is
alternating and the terms decrease in absolute value to 0, we know

7 1 1
o(l) <56'<a.
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