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1. Annie has three apples, five vines, ten trees, and fifteen bananas in her backyard. How many
fruits are in her backyard?

A) 15 B) 18 C) 20 D) 23 E) 33

2. Bob will give you an apple for 12 toy planes or 21 toy trucks. Rounding to the nearest
integer, how many toy trucks are equivalent to 3 toy planes, according to Bob?

A)4 B)5 C)7 D)8 E)9

3. Carl knows the sum of Abby’s and Bryan’s ages is 121. David knows the positive difference
between Abby's and Bryan’s ages is 43. Edgar knows that Bryan is older than Abby. How old is
Bryan?

A) 82 B) 84 C) 86 D) 88 E) 90

4. Given that two points’ perpendicular bisector is ¥ = 12 what is the sum of their
Y -coordinates minus the absolute value of the difference of their 7 -coordinates?

A)—12 B)0 C)6 D) 12 E) 24

5. 8 mathematicians walk into an ice-cream shop. The first mathematician asks for 4 scoops of
ice-cream, then every other mathematician asks for half of the amount of ice cream before him.
How much ice-cream do the mathematicians eat in total, in scoops?

15 8l
- (— {
A)5 B)7 C) 2 D) 16 E) 32

6. A 3-dimensional polyhedron has faces consisting of only squares and equilateral triangles.

Given that it has 38 faces and 60) edges, the ratio of square to triangular faces can be written as
m

n , where m and n are the smallest possible positive integers. What is m + n.?

A)10 B) 19 C) 26 D) 37 E) 40
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7. A square with side length s is shown, with 4 circles that pass through the center of the square
centered at its vertices. The largest circle tangent to all of the circles is also drawn as shown
below. What is the ratio of the area of the largest circle to the sum of the areas of the blue region
and twice the red region? (The red region is all the overlaps of the circles and the blue region is
the rest of the circles not in the red region.)

2 3

2 507
A)3 B)4C)1D)4E)4

8. Bryan discovers two weird functions on his scientific calculator. They are:
() — 4 . . . .
o [(2)=2" which applies J (%) to the number that displays on his calculator
2 209 20)s
o 9(x) =" — 5392z + 5308417 \pich applies 9(%) to the number on his calculator.

Bryan types in the phrase 9 (f(n) ), with some arbitrary real value of n, and gets a result of 1.

If s is the sum of all the possible values of 7, then what is (s +24)/29 Assume Bryan’s
calculator only supports the set of all real numbers.

A)1 B)6 C)12 D) 732 E) 1440

9. An ant is currently on an infinitely large square grid at one of the lattice points of the grid.
Every second, the ant can either stay still, or go to another lattice point exactly 5 units away.
How many paths can the ant take after 3 seconds?

A)5 B) 13 C) 125 D) 1728 E) 2197
10. In a class there are 63 students with dogs, cats, fish, or some combination of the above. 13

students don’t have pets. 21 students have fish but no cats, and 19 students either have dogs and
no fish, or cats and fish. How many students only have cats?

A)9B)10C) 11 D) 12 E) 13
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11. Czerny and his teacher Beethoven are running a 100-meter race, and they start running at the

same pace. 1 meters in, Czerny slips on a banana peel, gets up instantaneously, and is only able
4 83

to run 9 as fast as before due to a bruise on his knee. If Czerny takes 80 as long to finish the

race as Beethoven, then what is the value of n?

A) 65 B) 70 C) 75 D) 80 E) 85

12. Regular heptagon ABC' D EF'(G, with its vertices in clockwise order, and its diagonals

AE, CG, BD,and DF' are drawn. These diagonals form a quadrilateral, and its vertices in
m

clockwise order are DPQ R The degree measure of LDPQ + ZPQR can be written as Z,
where m and n are the smallest possible positive integers. What is 712 + 1.?

A) 31 B) 67 C) 127 D) 181 E) 367

13. A cube is folded from the net shown. (The back side of the net is plain, and should be in the
inside of the cube.) A vertex pattern is defined as the colors of the faces meeting at a vertex
going in clockwise order. Which vertex pattern doesn’t appear in the cube, from any orientation?
(Note: red, green, blue is the same as green, blue, red is the same as blue, red, green, but is not
the same as red, blue, green)

A) red, green, blue B) blue, green, red C) blue, blue, green D) red, red, blue E) All of these
appear in the cube.

14. From the above net in problem 13, Kayla makes two cubes to play a game. She rolls the two
cubes like dice to determine how many steps she will move forward, and each face is equally
likely to end up as the top face. Red has a value of 1, green has a value of 2, and blue has a value
of 3. After rolling the dice, Kayla adds the two values of the top faces of the dice to determine
how many steps she will take. What is the expected number of steps she will take on any given
turn?

o5 ou
A) 6 B)2C)2 D) 3 E)4
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15. When a ball hits the ground, it squishes by a distance jointly proportional (a.k.a. directly
proportional) to the product of:

-the height it was dropped from in meters squared,
-its weight, and
-the squishiness factor of the material used to make the ball.

When Bob drops a super ball from a height of 20 meters which weighs 2 ounces and has a
squishiness factor of 0.1, the ball squishes by 0.5 cm. When Wesley drops a yoga ball from a
height of 10 meters which weighs 0.75 pounds and has a squishiness factor of 2, how much
does it squish in centimeters?

A)1.5 B)3 ©)9 D)15 E) 18

16. Czerny is tired of running races and decides to spin a regular octahedral die with side length
1. If he spins it such that one vertex touches the table and the opposite vertex is directly above
the other vertex, and the die spins around the axis formed by these two vertices, the volume of
the region such that a point on or in the octahedron occupies every point in that region for some
time (or how much space does the octahedron take up while spinning) can be expressed as

T/ M

n , where n is as low as possible. What is 7 + 1? An octahedron is shown below for
reference.

A)8 B)9 C)12 D) 13 E) 18

17. Gggxyz, a 4-dimensional being, is coloring a 3 by 3 by 3 grid (in 3 dimensions). If she can
choose to color any of the 27 cubes in the grid, but only wants to color an odd number of cubes,
then the number of ways she can choose to color the grid can be expressed as 2". What is n?

A) 24 B) 25 C)26 D) 27 E) 28

18. The midpoints of an octahedron with vertices at (0,0,1), (0,1,0), (1,0,0), (1,1,0), (1,0,1), and

(0,1,1) (also known as a triangular antiprism) are connected to form a polyhedron inside the
octahedron. What is the ratio of the polyhedron's volume to the original octahedron's volume?
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19. Ness wants to get from the top-left corner of the grid to the bottom-right corner, but he
cannot walk along the red segments. (However, he can walk along an endpoint of a red segment.)
Every move, he can go down or right 1 step of the grid, as long as he does not walk along a red
segment or off the grid. How many different sequences of steps allow him to do this? For
example, Ness can go according to RRRDDRRDRD, where R corresponds to a right step and D
corresponds to a down step.

A) 90 B) 91 C) 92 D) 93 E) 94

20. A square of side length 2 is drawn, and 4 equilateral triangles that each share a side with the
square and don’t overlap the square are drawn. The midpoints of the sides of the triangle that are
not sides of the square are connected in a clockwise fashion. If the area of the resulting (non
regular) octagon can be expressed as @ + by/c , then what is @ + b + ¢ if ¢ is as low as
possible and a, b, and ¢ are positive integers?

A)8B)9C)10D) 11 E) 12
21. Charlie has a lot of chocolate bars. If he tries to split them into 7 piles, 3 chocolate bars are
left over. If he tries to split them into 6 piles, 5 chocolate bars are left over. If he tries to split

them into 5 piles, 3 chocolate bars are left over. Given that Charlie has less than 1000 chocolate
bars, what is the sum of the digits of the maximum number of chocolate bars Charlie could have?

A) 10 B) 12 C) 15 D) 20 E) 23
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22. Real numbers = and Y are chosen uniformly at random from the interval [0, 1], What is the

probability that 13y — 2 + 1] is in the set of {1, 3, 5}, where 7] is the greatest integer less
than n?

1 11

A) 4 B)3C)2D)

Lol bo
| ot

E)

23. A plane is tiled with squares and equilateral triangles as shown. The part of the plane covered
a —by/c

by squares can be represented as d ,where a,b, c,and d are positive integers, ¢ has no
square factors other than 1, and d is as small as possible. What is @ + b + ¢ + d?

f

A)6 B)& C)10 D) 12 E) 15

24. What is the sum of all possible values of £ + ¥ + Z if z, ¥, and z are integers and
xyz — 9ry — drz — dyz + 36x + 45y + 20z — 210 = 09
A) 150 B) 176 C) 906 D) 1944 E) 2520

1 8 27 64 125 216

S = + =+ —=—..
25. What is the sum of the series 2 4 8 16 32 64  where the
numerators are the perfect cubes starting from 1 and the denominators are the powers of 2
starting from 2?

49
A) 24 B) 2 C) 25 D) 26 E) The series does not converge.
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Solutions

3+ 15 =|(B)18

1. Notice that trees and vines are not fruits. Therefore we sum °

2. 12 toy planes are equivalent to 21 toy trucks for Bob. Therefore, if we divide both quantities
by 4, they will still be equivalent to Bob. Therefore 3 toy planes are equivalent to

5.25 ~ | (B)5

toy trucks to Bob.

3. We can use algebra to solve this problem. Let a by Abby’s age and b be Bryan’s age. (1)
a-+b=121 and la —b] =43, However, we know from Edgar that Bryan is older than Abby,
s0 (2) b — a = 43. Adding equations (1) and (2) gives us 2b = 164 and therefore

b=|(A)82 '

4. Let one of the points be (. ¥). The other point is the reflection of this point over the line
Y = 12 which means the other point is (2,24 = Y)  The sum of the y-coordinates is 24, while
(E)24

the difference of the x-coordinates is (). Therefore the answer is

5. We write a closed form for the amount each mathematician eats instead of just summing all of
the numbers. If there was a Oth mathematician, he would eat 8 scoops. Since the nth

i

mathematician eats (1/2)" times the zeroth mathematician, the closed form is 8(1/2)

Therefore the last mathematician eats 1/32 scoops of ice-cream. Notice that the denominator of
the answer must match the denominator of the number of scoops the last person ate for

31
(E)75=
n > 4 Therefore the answer is 32 ],

6. Let a be the number of square faces and b be the number of triangular faces. Then knowing
there are 38 faces, @ + b = 38 If there are 60 edges, then each edge actually corresponds to
two sides for each of the faces it borders. So 4a + 3b = 120, and solving gives a = 6 and

(B)19

b = 32. Therefore the answer is
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7. Since the overlaps of the circles are counted twice, we can simply sum the areas of all of the

small circles to get the desired area. Since each small circle has 1/2 the radius and therefore

(O)1]

1/4 the area of the big circle, the wanted area and the big circle’s area are equal hence

8. Note that /(1) = f(=7) Therefore, if 9(/ (1)) =1 then 9(f(—n)) =1 1f any positive
integer n satisfies this property, its negative does also. Therefore the sum of all possible values

24/2 =|(C)12|

of n is 0. Hence the answer is

9. At first glance, it seems that the ant can do 5 possible actions in one step: go up, down, left,

right, or stay still giving an answer of 5° = 125. However, this is not the case as the ant can
follow the hypotenuse of a 3-4-5 right triangle. Since there are 8 ways to do this, the answer is

(5+8)* =|(E)2197

10. To simplify the problem, we first note that the amount of students that have pets is 50. Now,
we can draw a Venn diagram.
Dogs Cats

Fish
Note that the first group of students (“21 students have fish but no cats”) is the red portion and

the second group of students (“19 students either have dogs and no fish, or cats and fish”) is the
green portion. What we are trying to find (the number of students that only have cats) is the blue
portion. Note that this is just all the students that have pets, minus the red and green regions.

50 — 21 — 19 = | (B)10

Therefore, the answer is

11. We can make an equation and solve it. For the sake of simplicity, let their normal speed be 1
m/s. Then normally they would take 100 seconds to finish the race. However, Czerny takes 83/80

that amount, or 415/4 seconds. Then, 7 + 5/4(100 — n) = 415/ 4, since after slipping,
(E)85

Czerny takes 5/4 the time since he moves at 4/5 the rate. Solving gives
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12. Note that diagonals AE and B D are parallel, and C'G' and D F’' are parallel as well.
180

Therefore, the quadrilateral is a parallelogram, and the degree measure we wantis 1 giving us

(D)181)

13. Looking at option C) (blue, blue, green), note that a blue face is opposite the green face;

J) blue, blue, greer
therefore they can’t share a vertex hence (C) blue, blue, green '

14. By linearity of expectation, the expected value of Kayla’s roll is twice the value than if she
3-1+1-24+2-3 11

rolled only one die. The expected value from one die is 6 6 . Therefore,
11

(D)

from two dice her expected value is 3

15. First, notice that the yoga ball actually has a weight of 12 ounces, not 0.75 ounces. Now,
multiplying all the numbers on Bob’s ball (while squaring the distance dropped) gives us 80,
which corresponds proportionally to 0.5 cm squish. Now, multiplying all the numbers on
Wesley’s ball (while squaring the distance dropped) gives us 2400 (noting the change in units).
Notice that for Bob, we divide by 160 to get the squish. We do the same thing to 2400 to get

(D)15|

16. The figure created by the spinning die consists of two cones with their bases coinciding. The

height of one of these cones is half the height of the octahedron, which is V2 the side length of

the octahedron (due to the sides forming a square in the octahedron). Therefore the height of one
NG,

of the cones is 2 . The radius of the cone is the same as the height of the cone since both are

the distance from the center of the octahedron to one of its vertices. Therefore the volume of one

2V2r 2V2r /2

of the cones is 3 - 23 and the volume of bothis 3-4 6 and the answer is

(A)8]

17. If there were no restrictions, Gggxyz could color the grid in 227 ways. However, she can
only color an odd number of cubes. Notice that coloring an even number of cubes is the same
thing as not coloring an odd number of cubes, which has the same number of possibilities as
coloring an odd number of cubes. Therefore, the number of ways to color an even number of
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cubes is the same as the number of ways to color an odd number of cubes, and this is

27 26 NG
2 /2 =2 and the answer is (C)26 .

18. Notice that the new polyhedron is formed by removing triangular pyramids at the vertices of
the octahedron, and that the triangular pyramids each have half the side lengths of the
octahedron. Now, consider a pair of these triangular pyramids that are cut off from opposite
vertices. Since the octahedron can be cut into half along the 4 edges that separate these two
vertices, these two pyramids collectively cut off 1/8 or the whole octahedron. Since there are 3
pairs in total, they cut off 3/8 of the whole octahedron collectively. The resulting polyhedron has

5/8 of the volume of the octahedron, and the answer is m

19. We label every lattice point in the grid based on how many ways Ness can get to it. Every
point’s label should be the sum of the labels directly above and to the left of it, except if directly
above the point or to the left of the point is a red line segment. This is how we start:

1 1 1

1 )2

1

Now, there is no possible way to get from (2,4) to (2,3), so to label (2,3), we only use (1,3).
Continuing in this fashion gives:

1 |1 |1
1 12 |2
1 13 15
1 |1 1|6
1 2 38

...and so forth...

T 2 8 8 22 49 91
(B)91

We see that our answer is therefore
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20. We divide the octagon as shown:

1++3

Each of the rectangles has width 1 and length 1/2 + \/§/ 2, so each rectangle has area 2

and the total area comprised of rectangles is 2 + 2V/3
Each of the isosceles right triangles have legs of 1/2 + \/§/ 2, so the total area of right triangles

is 2+ V3.

The square in the center has side length 1, so its area is 1.

(D)11]

Summing up all the areas gives 9 + 3V/3, so the answer is

21. Let = be the number of chocolate bars Charlie has. We know that = has to be 3 more than a
multiple of 7. Now we try to find a value of x that is also 5 more than a multiple of 6. Listing out
numbers that are 3 more than a multiple of 7, we have:

3,10, 17

So now our number is 17 more than a multiple of 42. Now we try to find a number that is 3 more
than a multiple of 5:

17,59, 101, 143

Now we know our number is 143 more than a multiple of 210. Trying to find the largest such
number less than 1000, we have:

143, 353, 563, 773, 983

(D)20|

The next number will go over the limit of 1000. Therefore, the sum of the digits is
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22. We use geometric probability. After each result, we will graph the resulting region.

i3y =2+ 1] =1 then 3|y — = + 1 is in the range [1,2) and [ — @ + 1] s in the range
[1/3,2/3). Therefore, ¥ — Z + 1 is either in (—=2/3,=1/3] or [1/3.2/3) and ¥ — 7 is either
in (—5/3, —4/3] (which is not possible) or in [—2/3,—1/3). This means that the graph is in
the shaded region shown: (we don’t have to worry about boundaries because they don’t matter in
geometric probability)

099 -1

0.66 =T

0.33 =

0—
4] 0.33 0.66 0.99

Repeating for the rest of the set gives:

0.99

(©)5

Clearly, is the answer.
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23. Notice that we can break up the tessellation into squares:
F

1+3

If each polygon has a side length of 1, each red square has a side length of 2, and each
44 2V/3

black square has a side length of 1. Therefore, each black square occupies 1 of each red
4424+34+1=[(C)10

square, and the answer is

24. Our equation is LY= — 9y — 4wz — Syz + 36z + 45y + 20z — 210 = 0, which we

hope can be factored into the form (x—a)(y—0b)(z —c)=n_F actoring this looks like a
mess, until we notice that the coefficients of *Y, xz, and Y% are —c, —b, and —a, respectively.
Therefore, @ = 5, b = 4, and ¢ = 9. The other coefficients all match except for the constant

term, so we get the equation (x =5)(y —4)(z—9) =30,

Now we need to find how many ways are there to split 30 into 3 factors. Listing them out
according to how many 1’s there are gives 2, 3,5; 1,2, 15;1,3,10; 1,5, 6; and 1, 1, 30.

For a set of these factors d, €, and [ that we assignto x — 5, Y — 4, and z — 9 respectively,
we have the set of solutions {7 =d +5,y =e+4,z=f + 9},
{fr=—d+5y=—e+4dz2=f+9} {r=d+5y=—e+4,2=—f+9} and

{r=—d+5y=e+4,2=—f~+9} When we sum these all up, we get 18 - 4 = 72
since all of the variables cancel out. Now we know that for every permutation of factors, 72 gets
added to the total.

There are 6 - 4 + 3 = 27 possible permutations, from the second paragraph. Therefore the
27-72 =|(D)1944

answer 1S
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S = —+ — 4+ —...
25. Our original series is 2 + 4 + 8 + 16 + 32 + 64 . Therefore
S 1 8 27 64 125

=t b =
2 4 8 16 32 64  and we can subtract this from .S by matching denominators

(such that 1/4 is subtracted from 8/4, 8/8 is subtracted from 27/8, and so forth) to get a result of
S 1 7 19 37 61 091
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1+7+19+37+61
Now 4 4 8 16 32 64 and we can subtract like before to get
6

4 - 2 + 4 + 8 + 16 + 32 + 64" Note that if we subtract 1/2 from each side, this

becomes an arithmetico-geometric sequence. We do that to get

S 1 6+12+18+24+30 S 1_3+6+9+12+15
4 2 4 8 16 32 64 7so4 2 2 4 8 16 3277

4 and

1 3 S 13
We repeat again, giving us 4 . Therefore, 8

(D)26

S = 26. The answer is

~ Scholars"‘{7


https://www.codecogs.com/eqnedit.php?latex=S%3D%5Cfrac%7B1%7D%7B2%7D%2B%5Cfrac%7B8%7D%7B4%7D%2B%5Cfrac%7B27%7D%7B8%7D%2B%5Cfrac%7B64%7D%7B16%7D%2B%5Cfrac%7B125%7D%7B32%7D%2B%5Cfrac%7B216%7D%7B64%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B2%7D%3D%5Cfrac%7B1%7D%7B4%7D%2B%5Cfrac%7B8%7D%7B8%7D%2B%5Cfrac%7B27%7D%7B16%7D%2B%5Cfrac%7B64%7D%7B32%7D%2B%5Cfrac%7B125%7D%7B64%7D...#0
https://www.codecogs.com/eqnedit.php?latex=S#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B2%7D%3D%5Cfrac%7B1%7D%7B2%7D%2B%5Cfrac%7B7%7D%7B4%7D%2B%5Cfrac%7B19%7D%7B8%7D%2B%5Cfrac%7B37%7D%7B16%7D%2B%5Cfrac%7B61%7D%7B32%7D%2B%5Cfrac%7B91%7D%7B64%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B4%7D%3D%5Cfrac%7B1%7D%7B4%7D%2B%5Cfrac%7B7%7D%7B8%7D%2B%5Cfrac%7B19%7D%7B16%7D%2B%5Cfrac%7B37%7D%7B32%7D%2B%5Cfrac%7B61%7D%7B64%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B4%7D%3D%5Cfrac%7B1%7D%7B2%7D%2B%5Cfrac%7B6%7D%7B4%7D%2B%5Cfrac%7B12%7D%7B8%7D%2B%5Cfrac%7B18%7D%7B16%7D%2B%5Cfrac%7B24%7D%7B32%7D%2B%5Cfrac%7B30%7D%7B64%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B4%7D-%5Cfrac%7B1%7D%7B2%7D%3D%5Cfrac%7B6%7D%7B4%7D%2B%5Cfrac%7B12%7D%7B8%7D%2B%5Cfrac%7B18%7D%7B16%7D%2B%5Cfrac%7B24%7D%7B32%7D%2B%5Cfrac%7B30%7D%7B64%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B4%7D-%5Cfrac%7B1%7D%7B2%7D%3D%5Cfrac%7B3%7D%7B2%7D%2B%5Cfrac%7B6%7D%7B4%7D%2B%5Cfrac%7B9%7D%7B8%7D%2B%5Cfrac%7B12%7D%7B16%7D%2B%5Cfrac%7B15%7D%7B32%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B8%7D-%5Cfrac%7B1%7D%7B4%7D%3D%5Cfrac%7B3%7D%7B2%7D%2B%5Cfrac%7B3%7D%7B4%7D%2B%5Cfrac%7B3%7D%7B8%7D...#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B8%7D-%5Cfrac%7B1%7D%7B4%7D%3D3#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7BS%7D%7B8%7D%3D%5Cfrac%7B13%7D%7B4%7D#0
https://www.codecogs.com/eqnedit.php?latex=S%3D26#0
https://www.codecogs.com/eqnedit.php?latex=%5Cboxed%7B%5Ctext%7B(D)%7D26%7D#0

	2020_aops_lethan3
	2020_aops_lethan3_sol



