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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

1 - (MAT-S 2012-Paper 2/1-Q6) - FUNCTIONS - ROOTS

[Adacimum mark: 5
Let F(xy=Inx. The graph of f is transformed mto the graph of the function g

3
by a translation of [ , followed by a reflection in the x-axis. Find an expression

for g(x), giving your answer as a single logarithm,.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

2 - (MAT-S 2014-Paper 2/2-Q7) - FUNCTIONS - ROOTS, GRAPHS

1

x—

The function f is defined as f(x)=-3+ > x#2.

(a) (1) Sketchthe graphof y= f(x), clearly indicating any asymptotes and axes intercepts.

(ii) Write down the equations of any asymptotes and the coordinates of any
axes intercepts. [4]

(b) Find the inverse function /™, stating its domain. [4]

2012 -2021 3




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

3 - (MAT-S 2014-Paper 2/1-Q12) - FUNCTIONS - ROOTS, GRAPHS
Let f(x)=|x[-1.
(a) The graph of v =g (x) is drawn below.

Ya

(i)  Tind the value of (Fog)(1).

(ii) Find the value of (Fogeg)(l).

(iii) Sketch the graph of y=(f *g)(x). [57
(b) (i) Sketch the graph of y = f(x).

(ii) State the zeros of [ [3]

(¢) (1) Sketchthe graphof v=(fo f)(x).

(i)  State the zeros of fo f . [3]

(d) Given that we can denote fo fe fo. . of as f7,

» times

(i)  find the zeros of f*;
(i) find the zeros of f*;
(iii) deduce the zeros of f*. .
(e) Thezerosof ¥ are a. a,. a,, ... a,,.

(1)  State the relation between # and NV,

N
(i) Find, and simplify, an expression for Z‘ar| in terms of #.

r=1

2012 -2021 4




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

4 - (MAT-S 2015-Paper 2/2-Q3) - FUNCTIONS - ROOTS, GRAPHS

(@) Sketch the graph of y = (x—5y 2| x—5|-9,for 0<x<10. [3]

(b) Hence, or otherwise, solve the equation (x —5)° f2| x—5 | -9=0. [2]

2012 -2021 5



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

(b)  Find the values of x for which g{x)<

5 - (MAT-S 2015-Paper 2/1-Q10) - FUNCTIONS - ROOTS

Afunction f is defined by f(x)=(G+ Dx-1)(x—-3),x<R.
(a) Find the values of x for which f(x)< ‘ F(x) | ) [3]

Afunction g is defined by g(x)=x"+x—6,xe R.

. 7
g(x} 4

2012 -2021




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

(@)

(b)

©

Consider the function defined by #(x) =
x+d

For this value of &, there is a function & such that / o £ (x) = 2—xl x#-1.
x+

6 - (MAT-W 2015-Paper 2/0-Q12) - FUNCTIONS - ROOTS

The following graph represents a function y = f(x), where -3 <x<5.
The function has a maximumat (3, 1) and a minimumat (-1, -1).

NV

< ot
1 1
W

The functions # and v are defined as u(x)=x—-3, v(x) =2x where xeR.

(i)  State the range of the function # o f.

(iiy  State the range of the function z o vo f.

(i)  Find the largest possible domain of the function fo vo u. [7]
0] Explain why f does not have an inverse.

(i)  The domain of 7 is restricted to define a function g so that it has an inverse g'.
State the largest possible domain of g.

(i) Sketch a graph of y= g™ (x), showing clearly the y-intercept and stating the
coordinates of the endpoints. [6]

2x—35

xz—dand de R.

()  Find an expression for the inverse function 7' (x).

(i)  Find the value of & such that /4 is a self-inverse function.

(i) Find k(x).

2012 -2021 7



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

7 - (MAT-S 2016-Paper 2/1-Q2) - FUNCTIONS - ROOTS, QUADRATICS
(@) Express x’+ 4x —2 inthe form (x+ a)’+ 5 where a, be Z. [2]

(b) Ffe)=x+2and (go/)() =x+4x — 2 write down g(x). 2]

2012 -2021 8




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

8 - (MAT-S 2016-Paper 2/2-Q5) - FUNCTIONS - ROOTS

[Maximum mark: 6]

The function f is defined as f(x) = i_—x, -l<x<1.
+x

Find the inverse function, /' stating its domain and range.

2012 -2021 9



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

9 - (MAT-S 2016-Paper 2/1-Q11) - FUNCTIONS - ROOTS
Let f(x)=x'"+02x"-58x-x+4,xeR.
(@) Find the solutions of f(x)> 0. [3]
(b) Forthe curve v=f(x).
i Find the coordinates of both local minimum points.
(i)  Find the x-coordinates of the points of inflexion. [5]
The domain of [ is now restricted to [0, a].

(¢ () Write down the largest value of @ for which f has an inverse. Give your answer
correct to 3 significant figures.

(i) For this value of a sketch the graphs of y=f(x) and y=f"'(x) on the same set
of axes, showing clearly the coordinates of the end points of each curve.

(i) Solve ' (x)=1. [6]
Let ¢ (x) = 2sin(x— 1)—3,—%+ 1 stng 1.
(d) () Find an expression for g ' (x), stating the domain.

(i) Solve (fog))<1. 8]

2012 -2021 10



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

10 - (MAT-W 2016-Paper 2/0-Q5) - FUNCTIONS - ROOTS, GRAPHS

Consider the function f defined by f(x) = 3x arccos(x) where -1 <x<1.

(a) Sketch the graph of f indicating clearly any intercepts with the axes and the

coordinates of any local maximum or minimum points. [3]
(b) State the range of f. [2]
(c) Solve the inequality |3x arccos(x)| > 1. 4]

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

11 - (MAT-S 2017-Paper 2/2-Q11) - FUNCTIONS - ROOTS, GRAPHS
It is given that f(x) = 3x*+ ax’+ bx*— 7x — 4 where a and b are positive integers.
(a) Giventhat x¥’— 1 is a factor of f(x) find the value of @ and the value of 5.
(b) Factorize f'(x) into a product of linear factors.

(¢) Sketch the graph of y=f(x), labelling the maximum and minimum points and the
x and v intercepts.

(d)  Using your graph state the range of values of ¢ for which f(x) = ¢ has exactly two
distinct real roots.

2012 -2021 12
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

12 - (MAT-S 2018-Paper 2/1-Q2) - FUNCTIONS - ROOTS
[Maximum mark: 6]

The equation x*— 5x— 7= 0 has roots « and 3. The equation x*+ px + ¢ =0 has roots
a+ 1 and 3+ 1. Find the value of p and the value of 4.

2012 -2021 13




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

13 - (MAT-S 2018-Paper 2/2-Q10) - FUNCTIONS - ROOTS

Consider the expression f(x) = tan(x + 2] cot(% - x].

5
@ () Sketch the graph of y=f(x) for —?“ <x< g

(i) With reference to your graph, explain why f is a function on the given domain.

(i) Explain why f has no inverse on the given domain.

(3]

3
(iv) Explain why f is not a function for — Tﬁ <x= %

The expression f(x) can be written as g(f) where f=tan x.

(b) Show that g() (%} . [3]

(c) Sketch the graph of y = g(¢) for r =0. Give the coordinates of any intercepts and the
equations of any asymptotes. [3]

(d) Let «, B bethe roots of g(f)=4,where 0 <k <1.
(i) Find o and f§ interms of .

(i) Showthat ¢+ B<—2. [7]

2012 -2021 14




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

14 - (MathAA-S 2021-Paper 2/2-Q4) - ALGEBRA-FUNCTIONS - ROOTS

[Maximum mark: 6]

The functions f and g are defined for x € R by f(x)=6x’ — 12x+ 1 and g(x) = —x +¢,
where ¢ € R.

(a) Find the range of f. (2]

(b) Giventhat (gof)(x) <0 forall x € R, determine the set of possible values for ¢. [4]

2012 -2021 15



IB DIPLOMA MATHEMATICS AA -HL -P2

CH 1 - FUNCTIONS - ROOTS

15 - (MathAA-S 2021-Paper 2/1-Q11) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS
[Maximum mark: 20]

Ix+2

) ]

The function f is defined by f(x) =

forxeR,x#p, x#q.
(a) Find the value of p and the value of ¢.

(b) Find an expression for f'(x).

The graph of y = f(x) has exactly one point of inflexion.

(c) Find the x-coordinate of the point of inflexion.

the coordinates of any local maxima and local minima, and giving the equations of
any asymptotes.

2

The function g is defined by g(x) = -
3x+2

Jforx e R, x;t—%.

(e) Find the equations of all the asymptotes on the graph of y =g(x).

(d) Sketch the graph of y =f(x) for -3 <x < 3, showing the values of any axes intercepts,

(f) By considering the graph of y = g(x) — f(x), or otherwise, solve f(x)<g(x) forx e R. [4]

-
e i
’

2012 -2021 16




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

16 - (MathAA-S 2021-Paper 2/2-Q12) - ALGEBRA-FUNCTIONS - ROOTS, DIFFERENTIATION

[Maximum mark: 21]

e . (X =1
Afunction f is defined by f (x)—arcsm[r ] ,xeRR.

Y

x +1

(@) Show that f is an even function.

(b) By considering limits, show that the graph of y = f(x) has a horizontal asymptote and
state its equation.

\/?(\ +l)

(iiy By using the expression for f'(x) and the result \/x_2:|x
decreasing for x < 0.

(c) () Showthat f'(x)= forxe R, x#0.

, show that [ is

-

Afunction g is defined by g(x)—arcsin(i—ﬂ} ,xeR, x>0.
X

(d) Find an expression for g '(x), justifying your answer.
(e) State the domain of g'.

(f)  Sketch the graph of y =g '(x), clearly indicating any asymptotes with their equations
and stating the values of any axes intercepts.

2012 -2021 17

(2]

-
e i
’




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

17 - (MathAA-W 2021-Paper 2/0-Q10) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS, INTEGRATION

[Maximum mark: 18]

Consider the function f(x)= i ,xeR,x# 12
’ 2x—15 2

(a) Find the coordinates where the graph of f crosses the

(iy x-axis;
(i) y-axis. [3]
(b) Write down the equation of the vertical asymptote of the graph of f. (1]

(c) The oblique asymptote of the graph of f can be writtenas y =ax + b where a, b € Q.
Find the value of a and the value of 5. [4]

(d) Sketch the graph of f for =30 <x < 30, clearly indicating the points of intersection with

each axis and any asymptotes. [3]
, L ; ;
(e) (i) Express in partial fractions.
/(x)
3
1
(i) Hence find the exact value of J.m dx , expressing your answer as a
0 - X
single logarithm. [7]

A
e i
f'.'
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 2 - QUADRATICS

1 - (MAT-W 2012-Paper 2/0-Q2) - QUADRATICS

[Maximum mark: 4]

Show that the quadratic equation x* —(5—%) x— (k +2) = 0 has two distinct real roots
for all real values of £.

2012 -2021 19



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 2 - QUADRATICS

2 - (MAT-S 2013-Paper 2/1-Q9) - QUADRATICS

(a) Prove that the equation 3x” +2kx+k —1=0 has two distinct real roots for all
values of L e R. [4 marks]

(b)  Find the value of & for which the two roots of the equation are closest together. [3 marks|

2012 -2021 20



IB DIPLOMA MATHEMATICS AA -HL -P2

CH 2 - QUADRATICS

3 - (MAT-S 2016-Paper 2/1-Q2) - FUNCTIONS - ROOTS, QUADRATICS
(@) Express x’+ 4x —2 inthe form (x+ a)’+ 5 where a, be Z.

(b) Kf()=x+2and (gof)(x)=x"+ 4 — 2 write down g(x).

(2]

2012 -2021 21




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 2 - QUADRATICS

4 - (MAT-S 2017-Paper 2/2-Q4) - QUADRATICS, TRIGONOMETRY

(@ Find the set of values of % that satisfy the inequality - &k — 12 < 0. 2]

1
(b) The triangle ABC is shown in the following diagram. Given that cos B < —, find the
range of possible values for AB. 4 [4]

A

-
v 0
’

2012 -2021 22




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 2 - QUADRATICS

5 - (MAT-W 2017-Paper 2/0-Q7) - QUADRATICS
[Maximum mark: 3]

In the quadratic equation 7x*— 8x+ p =0, (p € Q), one root is three times the other root.
Find the value of p.

2012 -2021 23




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 2 - QUADRATICS
6 - (MathAA-W 2021-Paper 2/0-Q6) - QUADRATICS
[Maximum mark: 8]
(@) Provetheidentity (p +q) —3pq(p+q)=p’ +q . [2]
The equation 2x° — 5x + 1 = 0 has two real roots, o and f.
Consider the equation x*+mx+n=0,where m, n € 7 and which has roots % and L} )
o 3
(b)  Without solving 2x° — 5x + 1 = 0, determine the values of m and ». [6]
2012 -2021 24




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

1 - (MAT-W 2013-Paper 2/0-Q3) -~ EXPONENTIALS - LOGARITHMS, GRAPHS
Consider f(x)=Inx—e""", 0<x <10,

{a} Sketch the graph of y = f(x), stating the coordinates of any maximum and minimun
points and points of intersection with the x-axis. [5]

(b) Solve the inequality Inx <™, 0 <x < 10. 2]

2012 -2021 25




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

2 - (MAT-W 2013-Paper 2/0-Q13) - FUNCTIONS - ROOTS, EXPONENTIALS - LOGARITHMS, INTEGRATION

Afunction f is defined by f(x)= ;(ex +e ) ,xelR.

(a) (i) Explain why the inverse function £~ does not exist.

(1) Show that the equation of the normal to the curve at the point P where x=1In3
is given by 9x4+12y-9In3-20=0.

(iit) Find the x-coordinates of the points Q and R on the curve such that the tangents at
(J and R pass through (0, 0). [i4]

{by The domain of f s now restricted to x >0.
(1) Find an expression for f'(x).

(i) Find the volume generated when the region bounded by the curve y= f(x)
and the lines x=0 and v=73 is rotated through an angle of 2n radians about
the y-axis. /8]

2012 -2021 26




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

3 - (MAT-S 2016-Paper 2/2-Q3) - EXPONENTIALS - LOGARITHMS
[Maximum mark: 6]

Solve the simultaneous equations
lnl =2
X

Inx’+Iny’=17.

2012 -2021 27



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

4 - (MAT-S 2016-Paper 2/1-Q7) = EXPONENTIALS - LOGARITHMS
It has been suggested that in rowing competitions the time, 7 seconds taken to complete a

rowers in the boat and ¢ and b are constants for rowers of a similar standard.

games were recorded and the mean calculated.

The results are shown in the following table for N=1 and N=2.

N T (seconds)
1 420.65
2 390.94

(a) Use these results to find estimates for the value of ¢ and the value of 5. Give your
answers to five significant figures.

(b)  Use this model to estimate the mean time for the finalists in an Olympic race for boats
with 8 rowers. Give your answer correct to two decimal places.

It is now given that the mean time in the final for boats with 8 rowers was 342.08 seconds.
(c) Calculate the error in your estimate as a percentage of the actual value.

(d) Comment on the likely validity of the model as N increases beyond 8.

2000m race can be modelled by an equation of the form 7'= aN*, where N is the number of

To test this model the times for the finalists in all the 2000 m men’s races at a recent Olympic

[4]

(1]

(]

(2]

2012 -2021 28




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

5 - (MAT-S 2017-Paper 2/2-Q6) - EXPONENTIALS - LOGARITHMS

[Maximum mark: 5]

1 1
Given that logm(ﬁ(l? + 261)) = 5(10&0 p+log,q), p>0,g>0,find p interms of q.

2012 -2021 29




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

6 - (MAT-S 2019-Paper 2/1-Q11) - EXPONENTIALS - LOGARITHMS
Consider the equation x”— 3x*+ mx’+ nx’+ px + ¢ = 0, where m, n,p,qeR.
The equation has three distinct real roots which can be written as log,a, log,b and log,c.
The equation also has two imaginary roots, one of which is di where de R.
(@) Show that abc =8. [5]
The values a, b, and ¢ are consecutive terms in a geometric sequence.

(b) Show that one of the real roots is equal to 1. [3]

(c) Given that ¢ = 84, find the other two real roots. [9]

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

7 - (MathAA-S 2021-Paper 2/2-Q5) = EXPONENTIALS - LOGARITHMS
[Maximum mark: 7]
All living plants contain an isotope of carbon called carbon-14. When a plant dies, the isotope
decays so that the amount of carbon-14 present in the remains of the plant decreases. The
time since the death of a plant can be determined by measuring the amount of carbon-14 still

present in the remains.

The amount, A4, of carbon-14 present in a plant ¢ years after its death can be modelled by
A=A where t>0 and A4,, k are positive constants.

At the time of death, a plant is defined to have 100 units of carbon-14.
(@) Show that 4,=100. [1]

The time taken for half the original amount of carbon-14 to decay is known to be 5730 years.

In2
(b) Show that k = ——. [3]
5730
(c) Find, correct to the nearest 10 years, the time taken after the plant's death for 25 % of
the carbon-14 to decay. [3]

2012 -2021 31




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

8- (MathAA-S 2021-Paper 2/1-Q10) - EXPONENTIALS - LOGARITHMS, DIFFERENTIATION
[Maximum mark: 15]
Consider the function f defined by f(x)=90¢ ** for x ¢ R'.
The graph of f and the line y = x intersect at point P.
(a) Find the x-coordinate of P. 2]
The line L has a gradient of —1 and is a tangent to the graph of f at the point Q.
(b) Find the exact coordinates of Q. [4]
(c) Show that the equation of L is y=—x+2In45+2. [2]

The shaded region A4 is enclosed by the graph of f and the lines y=x and L.

N
rd
-

> X

(d) (i) Find the x-coordinate of the point where L intersects the line y =x.

(i) Hence, find the area of 4. [5]

The line L is tangent to the graphs of both f and the inverse function f .

>

> X

-

e Find the shaded area enclosed by the graphs of f and f ' and the line L.
y grap . .

2012 -2021 32




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 4 - GRAPHS

1 - (MAT-S 2016-Paper 2/1-Q5) - GRAPHS

3x*+10

The function f is given by f(x) = o4

xeR, x=2,x#-2.
(a) Provethat f is an even function.

(b) (i) Sketchthe graph y=7f(x).

(i)  Write down the range of f.

(2]

5]

2012 -2021 33




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

2 - (MAT-S 2017-Paper 2/1-Q6) - GRAPHS
Consider the graph of y = tan[x + EJ , where —n <x <2m.
(a) \Wiite down the equations of the vertical asymptotes of the graph. [2]

1
The graph is reflected in the y-axis, then stretched parallel to the y-axis by a factor E

m
then translated by | 4
-3
(b) Give the equation of the transformed graph. [4]

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

3 - (MAT-W 2018-Paper 2/0-Q8) - GRAPHS

+1
Consider the function f{x) = i ,X # 75, where a, b, ceZ.
bx + ¢ b

The following graph shows the curve y = ( f(x))*. It has asymptotes at x=p and y= ¢ and
meets the x-axis at A.

Ay

.
v
1
1
[
[}
1
1
1
1
1
1
1
1
1
1
1
1
1
]
T
1
1
1

g - g

(@)  On the following axes, sketch the two possible graphs of v = f(x) giving the equations
of any asymptotes in terms of p and ¢g. [4]

-
=)
= ]
<

4 4 1
(b) Giventhat p= E’ q= 5 and A has coordinates (5, 0}, determin e

0 ===y
sets of values for a, b and c. ' .
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 4 - GRAPHS

4 - (MAT-S 2019-Paper 2/2-Q9) - GRAPHS

equation P(z) =k are real.

Consider the polynomial P(z) =z'— 62— 22+ 58z - 51,zeC.

(@) Express P(z) inthe form (z*+ az + b)(z’+ cz + d) where a,b,c,deR.

[7]

(b)  Sketch the graph of y =x"'— 6x’— 2x’+ 58x — 51, stating clearly the coordinates of any
maximum and minimum points and intersections with axes.

(6]

(c) Hence, or otherwise, state the condition on k€ R such that all roots of the

(2]

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

5 - (MAT-W 2019-Paper 2/0-Q3) - GRAPHS
[Maximum mark: 6]

The following diagram shows the graph of y=f(x), -3 <x <5.

¥

5

4

3

2

1

S 21 23 s -

=2

-3
(a) Find the value of (f= f)(1). [2]
(b) Giventhat /' (a) =3, determine the value of a. [2]
(c) Giventhat g(x)=2f(x—1), find the domain and range of g. [2]

2012 -2021 37




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 4 - GRAPHS

6 - (MathAA-S 2021-Paper 2/1-Q11) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS
[Maximum mark: 20]

Ix+2

) ]

The function f is defined by f(x) =

forxeR,x#p, x#q.
(a) Find the value of p and the value of ¢.

(b) Find an expression for f'(x).

The graph of y = f(x) has exactly one point of inflexion.

(c) Find the x-coordinate of the point of inflexion.

the coordinates of any local maxima and local minima, and giving the equations of
any asymptotes.

2

The function g is defined by g(x) = -
3x+2

Jforx e R, x;t—%.

(e) Find the equations of all the asymptotes on the graph of y =g(x).

(d) Sketch the graph of y =f(x) for -3 <x < 3, showing the values of any axes intercepts,

(f) By considering the graph of y = g(x) — f(x), or otherwise, solve f(x)<g(x) for x € R.

2012 -2021 38
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

7 - (MathAA-W 2021-Paper 2/0-Q10) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS, INTEGRATION

[Maximum mark: 18]

Consider the function f(x)= i ,xeR,x# 12
’ 2x—15 2

(a) Find the coordinates where the graph of f crosses the

(iy x-axis;
(i) y-axis. [3]
(b) Write down the equation of the vertical asymptote of the graph of f. (1]

(c) The oblique asymptote of the graph of f can be writtenas y =ax + b where a, b € Q.
Find the value of a and the value of 5. [4]

(d) Sketch the graph of f for =30 <x < 30, clearly indicating the points of intersection with

each axis and any asymptotes. [3]
, L ; ;
(e) (i) Express in partial fractions.
/(x)
3
1
(i) Hence find the exact value of J.m dx , expressing your answer as a
0 - X
single logarithm. [7]

A
e i
f'.'
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

1 - (MAT-S 2012-Paper 2/2-Q1) - SEQUENCES - SERIES

The sum of the first 16 terms of an arithmetic sequence 18 212 and the fifth term is 8.

(ay} Find the first term and the common difference. 74 marks]

(by Find the smallest value of # such that the sum of the first # terms is greater
than 6090. [3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

2 - (MAT-S 2012-Paper 2/2-Q8) - SEQUENCES - SERIES

Each timie a ball bounces, it reaches 95 % of the height reached on the previcus bounce.
Initially, it is dropped from a height of 4 metres.

(ay  What height does the ball reach after its fourth bounce? 2 marks]

(by How many times does the ball bounce before it no longer reaches a height of
1 metre? [ 3 marks)

(¢)  What is the total distance travelled by the ball? [3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

3 - (MAT-W 2012-Paper 2/0-Q1) - SEQUENCES - SERIES
[Adeocimum mark: 4]

Find the sum of all the multiples of 3 between 100 and 500.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

4 - (MAT-W 2012-Paper 2/0-Q5) - SEQUENCES - SERIES

[Maximum mark: 6]

A metal rod 1 metre long is cut into 10 pieces, the lengths of which form a
geometric sequence. The length of the longest piece is 8 times the length of the
shortest piece. Find, to the nearest millimetre, the length of the shortest picce.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

5 - (MAT-S 2013-Paper 2/2-Q5) - SEQUENCES - SERIES

The arithmetic sequence {u, :neZ'} has first term #, =16 and common
difference d=1.5. The geometric sequence {v 1ne Z"} has first term v, =3 and
common rafio ¥ =1.2.

(a) Find an expression for #, —v,_ in terms of n. /2 marks]
(b) Determine the st of values of # for which u, >v_. /3 marks]

{¢) Determine the greatest value of u —v, . Give your answer correct to four
sigruficant figures. [ mark]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

6 - (MAT-S 2013-Paper 2/2-Q11) - SEQUENCES - SERIES, PROBABILITY

(a} (1)  Express the sum of the first # positive odd integers using sigma notation.
(il  Show that the sum stated above is n*.

(it} Deduce the value of the difference between the sum of the first 47 positive
odd integers and the sum of the first 14 positive odd integers. [4 marfcs]

(Y  Anumber of distinet points are marked on the circumierence of a circle, forming
apolygon. Ihagonals are drawn by joming all pairs of non-adjacent points.

(i)  Show on a diagram all diagonals if there are 3 points.

(i1y Show that the number of diagonals is if there are » points,

n(n-=3)
2

where n> 2.

(i1} Given that there are more than one million diagonals, determine the least
number of points for which this is possible. [7 marks]

(¢} The random variable X ~ B(#n, p) has mean 4 and variance 3.
(i)  Determing » and p.

(ity  Find the probability that in a single experiment the outcome is 1 or 3. [8 marics]

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

7 - (MAT-W

2013-Paper 2/0-Q2) - SEQUENCES - SERIES

The fourth term in an arithmetic sequence is 34 and the tenth term is 76.

(ay Find the first term and the common difference. 37
(b} The sum of the first # terms exceeds 5000. Find the least possible value of n. 4/
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

8 - (MAT-S 2014-Paper 2/2-Q1) - SEQUENCES - SERIES

(a) (i) Find the sum of all integers, between 10 and 200, which are divisible by 7.

(i1) Express the above sum using sigma notation.

An arithmetic sequence has first term 1000 and common difference of —6. The sum of the
first # terms of this sequence is negative.

(b) Find the least value of #.

4]

[2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

9 - (MAT-W 2014-Paper 2/0-Q7) - SEQUENCES - SERIES

The seventh, third and first terms of an arithmetic sequence form the first three terms of a
geometric sequence.

The arithmetic sequence has first term @ and non-zero common difterence d.
a
(a) Showthat 4 = 3 /37

The seventh term of the arithmetic sequence is 3. The sum of the first 7 terms in the arithmetic
sequence exceeds the sum of the first # terms in the geometric sequence by at least 200.

(b) Find the least value of »n for which this occurs. [6]
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10 - (MAT-S 2016-Paper 2/2-Q4) - SEQUENCES - SERIES
[Maximum mark: 6]
The sum of the second and third terms of a geometric sequence is 96.
The sum to infinity of this sequence is 500.

Find the possible values for the commeon ratio, r.

IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

11 - (MAT-W 2016-Paper 2/0-Q12) - SEQUENCES - SERIES

On the day of her birth, 1st January 1998, Mary’s grandparents invested $x in a savings
account. They continued to deposit $x on the first day of each month thereafter.

The account paid a fixed rate of 0.4 % interest per month. The interest was calculated on
the last day of each month and added to the account.

Let $4, be the amount in Mary's account on the last day of the sth month, immediately after
the interest had been added.

(@) Find an expression for A, and show that 4,= 1.004’x + 1.004x. [2]
(b) () Whrite down a similar expression for 4. and 4,.

(i)  Hence show that the amount in Mary’s account the day before she turned
10 years old is given by 251(1.004"°— 1)x. 6]

(©) \Write down an expression for 4 interms of x on the day before Mary turned 18 years
old showing clearly the value of #. [1]

(d) Mary's grandparents wished for the amount in her account to be at least $20000 the
day before she was 18. Determine the minimum value of the monthly deposit $x
required to achieve this. Give your answer correct to the nearest dollar. [4]

(&) As soon as Mary was 18 she decided to invest $15000 of this money in an account of
the same type earning 0.4 % interest per month. She withdraws $1000 every year on
her birthday to buy herself a present. Determine how long it will take until there is no
money in the account. [5]

-
T °
’

2012 -2021 50




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

12 - (MAT-W 2017-Paper 2/0-Q12) - SEQUENCES - SERIES

[Maximum mark: 15]

Phil takes out a bank loan of $150000 to buy a house, at an annual interest rate of 3.5%.
The interest is calculated at the end of each year and added to the amount outstanding.

(a) Find the amount Phil would owe the bank after 20 years. Give your answer to the
nearest dollar. [3]

To pay off the loan, Phil makes annual deposits of $/ at the end of every year in a savings
account, paying an annual interest rate of 2% . He makes his first deposit at the end of the
first year after taking out the loan.

(1.02°-1)P
(b) Show that the total value of Phil’s savings after 20 years is (ITI) [3]
(c) Given that Phil's aim is to own the house after 20 years, find the value for P to the
nearest dollar. [3]
David visits a different bank and makes a single deposit of $0, the annual interest rate being
2.8%.
@ @ David wishes to withdraw $3000 at the end of each year for a period of » years.
Show that an expression for the minimum value of { is
5000 5000 3000
—+ +...+ .
1.028 1.028° 1.028"
(i) Hence or otherwise, find the minimum value of ¢ that would permit David to
withdraw annual amounts of $5000 indefinitely. Give your answer to the nearest
dollar. [6]
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13 - (MAT-S 2018-Paper 2/1-Q1) - SEQUENCES - SERIES

The 3rd term of an arithmetic sequence is 1407 and the 10th term is 1183.
(a) Find the first term and the common difference of the sequence. [4]

(b) Calculate the number of positive terms in the sequence. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

14 - (MAT-S 2018-Paper 2/1-Q7) - SEQUENCES - SERIES

It is known that the number of fish in a given lake will decrease by 7% each year unless
some new fish are added. At the end of each year, 250 new fish are added to the lake.
At the start of 2018, there are 2500 fish in the lake.

{a) Show that there will be approximately 2645 fish in the lake at the start of 2020. [3]

(b) Find the approximate number of fish in the lake at the start of 2042. 5]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

15 - (MAT-W 2018-Paper 2/0-Q1) - SEQUENCES - SERIES

Consider a geometric sequence with a first term of 4 and a fourth term of —2.916.

(a) Find the common ratio of this sequence. [3]

(b) Find the sum to infinity of this sequence. [2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

16 - (MAT-S 2019-Paper 2/2-Q7) - SEQUENCES - SERIES
[Maximum mark: 7]

Suppose that u, is the first term of a geometric series with common ratio r.
Prove, by mathematical induction, that the sum of the first n terms, S, is given by

g ul(l—r")

, = , where neZ".
1-r

¥
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

17 - (MAT-W 2019-Paper 2/0-Q1) - SEQUENCES - SERIES
[Maximum mark: 5]

A geometric sequence has u,=—-70 and u,= 8.75. Find the second term of the sequence.

2012 -2021 56




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

18 - (MAT-W 2020-Paper 2/0-Q11) - SEQUENCES - SERIES, KINEMATICS

A particle P moves in a straight line such that after time 7 seconds, its velocity, v inms ',

is given by v = ¢ sin 64, where 0 <1 <g.
(@) Find the times when P comes to instantaneous rest. [2]

Attime ¢, P has displacement s(7); at time 7= 0, s(0) = 0.

(b) Find an expression for s in terms of 7. [7]
(c) Find the maximum displacement of P, in metres, from its initial position. [2]
(d) Find the total distance travelled by P in the first 1.5 seconds of its motion. [2]

At successive times when the acceleration of P is Oms °, the velocities of P form a
geometric sequence. The acceleration of P is zero attimes ¢, £,, ¢, where ¢, <1, <t,
and the respective velocities are v,, v,, v,.

(e) (i) Show that, at these times, tan6/=2.

i v, ¥ -
(i) Hence show that +=—3=—¢
v

1

T
2

[7]

2
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

19 - (MathAA-S 2021-Paper 2/2-Q2) - SEQUENCES - SERIES
[Maximum mark: 5]
An arithmetic sequence has first term 60 and common difference —2.5.
(@) Given that the kth term of the sequence is zero, find the value of k. [2]
Let S, denote the sum of the first » terms of the sequence.

(b) Find the maximum value of S . [3]
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20 - (MathAA-S 2021-Paper 2/2-Q9) - SEQUENCES - SERIES

[Maximum mark: 8]

(a) Write down the first three terms of the binomial expansion of (1 + )" in ascending
powers of .

(b) By using the Maclaurin series for cosx and the result from part (a), show that the

2 4
Maclaurin series for secx up to and including the term in xis 1+L+52i4. [4]
(c) By using the Maclaurin series for arcianx and the result from part (b), find
lim [ xarctan 2xJ . 3]
=0 secx—1
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21 - (MathAA-W 2021-Paper 2/0-Q5) - SEQUENCES - SERIES

[Maximum mark: 9]

() ¥
The sum of the first # terms of a geometric sequence is given by §, = Z—{z] .

— 318

r=1

{a) Find the first term of the sequence, u,. [2]
(b) Find §,. [3]
(c) Find the least value of n such that §, —§, <0.001. (4]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

1 - (MAT-W 2012-Paper 2/0-Q10) - COMPLEX NUMBERS

[Maximum mark: 7}

Let @ =cos@ +isin@. Find, interms of @, the modulus and argument of (1—*)".
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

2 - (MAT-S 2013-Paper 2/1-Q6) - COMPLEX NUMBERS
6.  [Maximum mark: 7]
A polynomial p(x) with real coefficients is of degree five. The equation p(x)=0
has a complex root 2+1. The graph of y = p(x) has the x-axis as atangent at (2, ()

and intersects the coordinate axes at (-1, 0) and (0, 4).

Find p(x) in factorised form with real coefficients.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

3 - (MAT-W 2013-Paper 2/0-Q6) - COMPLEX NUMBERS

. a+i
A complex number z is givenby z=——, aeR.
a—i

(ay Determine the set of values of g such that
(iy z isreal;
(1) z 1s purely imagimnary.

(by  Show that ‘Z‘ is constant for all values of «.

4]

/2
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

4 - (MAT-S 2014-Paper 2/1-Q1) - COMPLEX NUMBERS

[Maximum mark: 4]

One root of the equation x*+ax+5=0 is 2+3i where a, »eR. Find the value of a and
the value of #.

‘A

2012 -2021 64




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

5 - (MAT-S 2014-Paper 2/2-Q13) - COMPLEX NUMBERS

Consider z = r(oos@ +1sin 6?), zeC.
(a) Use mathematical induction to prove that z" =" (cos nf +isinnfl), neZ". [7]
Given u = 1+\/?:i and v=1-1,
(b) (i) express u and v in modulus-argument form;
(ii) hence find u’v". /4]

The complex numbers # and v are represented by point A and point B respectively on an
Argand diagram.

(¢) Plot point A and point B on the Argand diagram. /1]

Point A is rotated through 5 in the anticlockwise direction about the origin O to become

point A'. Point B is rotated through g in the clockwise direction about O to become

point B'.
(d) Find the area of triangle OA'B'. /3]
Given that # and v are roots of the equation z* + bz’ +¢cz* +dz+e=0, where b,c. d,eeR,

(e) find the values of b, ¢, d and e. /5]

A
v 0
P
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

6 - (MAT-S 2015-Paper 2/1-Q12) - COMPLEX NUMBERS

(@ () Use the binomial theorem to expand (cos @ +isin ).

(ii Hence use De Moivre’s theorem to prove

sin 58 = 5cos" Osin 8 — 10cos” sin’® 6 + sin’ 6.

(i) State a similar expression for cos 56 in terms of cos 8 and sin 8. [6]
Let z = r(cos a + isin &), where « is measured in degrees, be the solution of z° — 1 = 0 which
has the smallest positive argument.
(b) Find the value of » and the value of «. [4]
()  Using (a) (ii) and your answer from (b) show that 16sin* & — 20sin” a+ 5= 0. [4]
{d) Hence express sin72° in the form —‘WF;JE where a,b,c,de Z. [5]

A
v 0
P
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

7 - (MAT-S 2016-Paper 2/1-Q9) - COMPLEX NUMBERS

Two distinct roots for the equation z*'— 102’ + az’+ bz + 50 =0 are ¢ +1i and 2 + id where
a,b.c,deR,d>0.

(a) Write down the other two roots in terms of ¢ and 4. [1]

(b) Find the value of ¢ and the value of d. [6]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

8 - (MAT-S 2018-Paper 2/2-Q1) - COMPLEX NUMBERS

2+ 7

Consider the complex number z = -
6+ 21

(a) Express z in the form g+ 1b, where a, be (.

(2]

(b) Find the exact value of the modulus of z.

(2]

(c) Find the argument of =z, giving your answer to 4 decimal places.

(2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

9 - (MAT-S 2019-Paper 2/1-Q2) - COMPLEX NUMBERS

[(SIE]

Solve z° = 4e? , giving your answers in the form
(@) re’ wherer,0eR,r>0; [3]

(b) a+ib where a,beR. [2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

10 - (MAT-S 2019-Paper 2/1-Q6) - COMPLEX NUMBERS
letz=a+bi,a,beR" andlet argz=4.

(@) Show the points represented by z and z — 2a on the following Argand diagram. [1]

Im:z
Py

>Rez

(b) Find an expression in terms of & for

(i) arg(z—2a);
i) ar . 3
(i g[z_ > 3]
(c) Hence or otherwise find the value of & for which Re[ 22 ]: 0. [3]
Z—2Zd
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

11 - (MAT-S 2019-Paper 2/2-Q8) - COMPLEX NUMBERS

(a) Find the roots of the equation w'= 8i, w e C. Give your answers in Cartesian form. (4]

One of the roots w, satisfies the condition Re(w,)=0.

(b) Giventhat w, = i express z in the form a + bi where a, b Q. [3]
zZ—1
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

12 - (MAT-W 2019-Paper 2/0-Q6) - COMPLEX NUMBERS

[Maximum mark: 6]
Let P(z) =az’— 372"+ 66z — 10, where ze C and ae Z.

One of the roots of P(z) =0 is 3 +1i. Find the value of a.
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

13 - (MathAA-S 2021-Paper 2/1-Q8) - COMPLEX NUMBERS

[Maximum mark: 7]

where ke 7Z".

(a) Find the modulus of zw.

(b) Find the argument of zw in terms of k.
Suppose that zw € Z.

() (i)  Find the minimum value of k.

(i)  For the value of k found in part (i), find the value of zw.

Consider the complex numbers z = 2{c05§+isin§} and w= S(COS%—niSin&] ,

(1]

(2]

(4]

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

14 - (MathAA-S 2021-Paper 2/2-Q8) - COMPLEX NUMBERS

[Maximum mark: 5]

Consider z=cos@+isinf where ze€ C, z# 1.

—Z

Show that Rc(lJrZ] -0.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

1 - (MAT-S 2012-Paper 2/1-Q3) - PERMUTATION - COMBINATION

A team of 6 players is to be selected from 10 vollevball players, of whom 8 are boys
and 2 are girls.

{(a) Inhow many ways can the team be selected? [ 2 marks]

(by In how many of these selections is exactly one girl in the team? /3 marks]

{c) Ifthe selection of the team is made at random, find the probability that exactly
one girl s in the team. [2 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

2 - (MAT-S 2012-Paper 2/2-Q4) = PERMUTATION - COMBINATION
Fifteen bovs and ten girls sit in a single line.

(a} Inhow many ways can thev be seated in a single line so that the boys and girls
are in two separate groups? [3 marks]

(by  Two bovs and three girls are selected to go the theatre. In how many ways can
this selection be made? [3 marks]

2012 -2021 76



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

3 - (MAT-S 2013-Paper 2/1-Q8) - PERMUTATION - COMBINATION

‘Three bovs and three girls are to sit on a bench for a photograph.

(ay Fmndthe number of ways this can be done if' the three girls must sit together. [3 marks]
{b) Find the number of ways this can be done if the three girls must all sit apart. [4 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

4 - (MAT-S 2014-Paper 2/1-Q3) = PERMUTATION - COMBINATION
[Maximum mark: 4]

Find the number of ways in which seven different toys can be given to three children, if the
youngest is to receive three toys and the others receive two toys each.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

5 - (MAT-S 2015-Paper 2/2-Q2) - PERMUTATION - COMBINATION

From a group of five males and six females, four people are chosen.

(@) Determine how many possible groups can be chosen. [2]
(b) Determine how many groups can be formed consisting of two males and two females. [2]
(c) Determine how many groups can be formed consisting of at least one female. [2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

6 - (MAT-S 2017-Paper 2/2-Q8) - PERMUTATION - COMBINATION

[Maximum mark: 6]

In a trial examination session a candidate at a school has to take 18 examination papers
including the physics paper, the chemistry paper and the biology paper. No two of these
three papers may be taken consecutively. There is no restriction on the order in which the
other examination papers may be taken.

Find the number of different orders in which these 18 examination papers may be taken.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

7 - (MAT-W 2017-Paper 2/0-Q9) - PERMUTATION - COMBINATION

[Maximum mark: 6]
Twelve students are to take an exam in advanced combinatorics.
The exam room is set out in three rows of four desks, with the invigilator at the front of the
room, as shown in the following diagram.
INVIGILATOR
Desk 1 Desk 2 Desk 3 Desk 4
Desk5 Desk 8 Desk 7 Desk 8

Desk© Desk 10 Desk11 Desk12
(&) Find the number of ways the twelve students may be arranged in the exam hall. [1]
Two of the students, Helen and Nicky, are suspected of cheating in a previous exam.

(b)  Find the number of ways the students may be arranged if Helen and Nicky must sit so
that one is directly behind the other (with no desk in between). For example Desk 5
and Desk 9. [2]

(¢) Find the number of ways the students may be arranged if Helen and Nicky must not sit
next to each other in the same row. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

8 - (MAT-W 2019-Paper 2/0-Q8) - PERMUTATION - COMBINATION

[Maximum mark: 8]

Eight boys and two girls sit on a bench. Determine the number of possible arrangements,
given that

(a) the girls do not sit together; [3]
(b) the girls do not sit on either end; [2]
(c) the girls do not sit on either end and do not sit together. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

9 - (MAT-W 2020-Paper 2/0-Q7) - PERMUTATION - COMBINATION

At a gathering of 12 teachers, seven are male and five are female. A group of five of these

teachers go out for a meal together. Determine the possible number of groups in each of the
following situations:

(a) There are more males than females in the group. [4]

(b) Two of the teachers, Gary and Gerwyn, refuse to go out for a meal together. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

10 - (MathAA-S 2021-Paper 2/2-Q7) - PERMUTATION - COMBINATION

[Maximum mark: 5]

Eight runners compete in a race where there are no tied finishes. Andrea and Jack are two of
the eight competitors in this race.

Find the total number of possible ways in which the eight runners can finish if Jack finishes
(a) inthe position immediately after Andrea; 2]

(b) in any position after Andrea. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

1 - (MAT-S 2012-Paper 2/1-Q9) - BINOMIAL THEOREM

[Meocimum mark: 7]

4 3
. . . 2 2
Find the constant term in the expansion of [x o ) [x2 + —J .
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

2 - (MAT-S 2014-Paper 2/2-Q5) - BINOMIAL THEOREM

[Maximum mark: 6]

: : : : 1 ’
Find the coefficient of x™ in the expansion of (x—1) [—+2x) .
x
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

3 - (MAT-S 2014-Paper 2/1-Q8) - BINOMIAL THEOREM, PROBABILITY

(a) Find the term in x° in the expansion of (3x+A4)(2x+B)°.

Mina and Norbert each have a fair cubical die with faces labelled 1, 2, 3, 4, 5 and 6; they throw
it to decide if they are going to eat a cookie.

Mina throws her die just once and she eats a cookie if she throws a four, a five or a six.
Norbert throws his die six times and each time eats a cookie if he throws a five or a six.

(b) Calculate the probability that five cookies are eaten.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

4 - (MAT-W 2016-Paper 2/0-Q4) - BINOMIAL THEOREM

[Maximum mark: 5]

12
Find the constant term in the expansion of (4):2 - %J ,
x
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

5 - (MAT-S 2017-Paper 2/1-Q3) - BINOMIAL THEOREM

[Maximum mark: 6]

8
1
The coefficient of x* in the expansion of (— + SxJ is equal to the coefficient of x* in the
X

expansion of (a + 5x)’, a€R. Find the value of a.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

6 - (MAT-S 2018-Paper 2/2-Q5) - BINOMIAL THEOREM

3n+1
(@) Express the binomial coefficient [3]1 B 2] as a polynomial in 7. [3]
] ] 3n+1 .
(b) Hence find the least value of n for which 3 5 > 10°. [3]
n—
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

7 - (MAT-W 2018-Paper 2/0-Q4) - BINOMIAL THEOREM

[Maximum mark: 5]

5
3
Find the value of the constant term in the expansion of x* [x + —zj )
x
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

8 - (MAT-W 2019-Paper 2/0-Q5) - BINOMIAL THEOREM
[Maximum mark: 6]
Consider the expansion of (2 + x)", where >3 and ne 7Z.

The coefficient of x* is four times the coefficient of x*. Find the value of ».
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CH 8 - BINOMIAL THEOREM

9 - (MAT-W 2020-Paper 2/0-Q4) - BINOMIAL THEOREM

[Maximum mark: 6]

9
Find the term independent of x in the expansion of %[31, —gj )
X7\ 3x7
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

10 - (MathAA-S 2021-Paper 2/1-Q5) - BINOMIAL THEOREM

[Maximum mark: 5]

n+ 1

Consider the expansion of (3 +x°)" "', where n € 7Z'.

Given that the coefficient of x* is 20412, find the value of 7.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 9 - REMAINDER & FACTOR
THEOREM

1 - (MAT-W

2014-Paper 2/0-Q6) - REMAINDER & FACTOR THEOREM

[Maximum mark: 6]

Consider p(x)=3x" +ax+5a, acR.
The polynomial p(x) leaves a remainder of —7 when divided by (x—a).

Show that only one value of a satisfies the above condition and state its value.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 9 - REMAINDER & FACTOR
THEOREM

2 - (MAT-S 2016-Paper 2/1-Q8) = REMAINDER & FACTOR THEOREM
[Maximum mark: 5]

When x*+ 4x — b is divided by x — @ the remainder is 2.
Giventhat a, b € R, find the smallest possible value for 5.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 9 - REMAINDER & FACTOR
THEOREM

3 - (MAT-S 2018-Paper 2/2-Q2) - REMAINDER & FACTOR THEOREM

[Maximum mark: 5]

The polynomial x*+ px’+ gx*+ rx + 6 is exactly divisible by each of (x — 1), (x —2) and
x-3).

Find the values of p, g and r.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 9 - REMAINDER & FACTOR
THEOREM

4 - (MAT-W 2018-Paper 2/0-Q6) - REMAINDER & FACTOR THEOREM

Let P(x)=2x"— 15X+ ax’+ bx + ¢, where a, b, ce R.

(@) Giventhat (x — 5) is a factor of P(x), find a relationship between a, b and ¢. [2]
(b) Giventhat (x — 5) is a factor of P(x), write down the value of P(5). [1]
(c) Giventhat (x — 5) is a factor of P(x), and that a =2, find the values of » and c. [3]

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 10 - MATHEMATICAL INDUCTION

1 - (MAT-S 2013-Paper 2/2-Q8) - MATHEMATICAL INDUCTION

[Maximum mark: 7]

Use the method of mathematical induction to prove that 5% —24n—1 is divisible by
376 for neZ".
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 10 - MATHEMATICAL INDUCTION

2 - (MAT-S 2014-Paper 2/1-Q7) -~ MATHEMATICAL INDUCTION

[Maximum mark: 8]

Prove, by mathematical induction, that 7"+ 2, ne N, is divisible by 5.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 10 - MATHEMATICAL INDUCTION

3 - (MAT-S 2018-Paper 2/2-Q6) - MATHEMATICAL INDUCTION

[Maximum mark: 7]

Use mathematical induction to prove that (1 — a)"> 1 — na for {n:ne Z’, n> 2} where
O<a<l.

A
v 0
P
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 10 - MATHEMATICAL INDUCTION

4 - (MAT-S 2019-Paper 2/1-Q8) - MATHEMATICAL INDUCTION

(@) Solve the inequality x*>2x + 1. 2]

(b) Use mathematical induction to prove that 2"*'> n’ for ne Z,n>3. [7]
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IB DIPLOMA

MATHEMATICS AA -HL -P2 CH 10 - MATHEMATICAL INDUCTION

5 - (MAT-W 2020-Paper 2/0-Q6) -~ MATHEMATICAL INDUCTION
[Maximum mark: 7]

n

. . d :
Use mathematical induction to prove that —n(xe”’“) =p" ' (px+n)e™
forneZ,pe(. dx
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

1 - (MAT-S 2012-Paper 2/2-Q9) - RADIAN

Two discs, one of radius 8 cm and one of radius 5 cm, are placed such that they
touch each other. A piece of string is wrapped around the discs. This is shown in the
diagram below.

diagram not to
scale

Calculate the length of string needed to go around the discs.
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CH 11 - RADIAN

2 - (MAT-S 2013-Paper 2/1-Q5) - RADIAN

[Maximum mark: 6]

A rectangle is drawn around a sector of a circle as shown. If the angle of the sector
is 1 radian and the area of the sector is 7cm®, find the dimensions of the rectangle.
giving your answers to the nearest millimetre.

diagram not to scale
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

3 - (MAT-S 2014-Paper 2/2-Q4) - RADIAN, TRIGONOMETRY

The following diagram shows two intersecting circles of radii 4cm and 3 em. The centre C of
the smaller circle lies on the circumference of the bigger circle. O is the centre of the bigger
circle and the two circles intersect at points A and B.

B
A
Find:
(a) BOC; 727
(b) the arca of the shaded region. [4]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

4 - (MAT-S 2016-Paper 2/1-Q4) - RADIAN
[Maximum mark: 6]

The diagram below shows a fenced triangular enclosure in the middle of a large grassy field.
The points A and C are 3m apart. Agoat G is tied by a 3m length of rope at point A on
the outside edge of the enclosure.

Given that the corner of the enclosure at C forms an angle of & radians and the area of field
that can be reached by the goatis 44m’, find the value of 4.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

5 - (MAT-W 2016-Paper 2/0-Q9) - RADIAN, TRIGONOMETRY

The diagram shows two circles with centres at the points A and B and radii 2» and #,
respectively. The point B lies on the circle with centre A. The circles intersect at the
points C and D.

Let o be the measure of the angle CAD and & be the measure of the angle CBD in

radians.

(@) Find an expression for the shaded area interms of «, @ and r. [3]
{(b) Showthat a = 4arcsin%. [2]
{(c) Hence find the value of r given that the shaded area is equalto 4. [3]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

6 - (MAT-W 2017-Paper 2/0-Q3) - RADIAN
[Maximum mark: 4]

This diagram shows a metallic pendant made out of four equal sectors of a larger circle of
radius OB =9cm and four equal sectors of a smaller circle of radius OA=3cm.
The angle BOC = 20",

Find the area of the pendant.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

7 - (MAT-S 2018-Paper 2/2-Q4) - RADIAN

Consider the following diagram.

B C

The sides of the equilateral triangle ABC have lengths 1 m. The midpoint of [AB] is
denoted by P. The circular arc AB has centre, M, the midpoint of [CP].

@ () Find AM.

(i)  Find AMP in radians. [5]

(b) Find the area of the shaded region. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

8 - (MAT-W 2019-Paper 2/0-Q4) - RADIAN
[Maximum mark: 7]

The following shape consists of three arcs of a circle, each with centre at the opposite vertex
of an equilateral triangle as shown in the diagram.

diagram not to scale

6 cm

For this shape, calculate
(a) the perimeter,; [2]

(b) the area. (5]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

9 - (MAT-W 2020-Paper 2/0-Q1) - RADIAN, TRIGONOMETRY
[Maximum mark: 5]
The following diagram shows a sector OAB of radius 15cm. The length of [AB]is 11cm.

diagram not to scale

Find the area of the shaded region.

A
e i
f'.'
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

10 - (MathAA-W 2021-Paper 2/0-Q4) - RADIAN
[Maximum mark: 6]

The following diagram shows a semicircle with centre O and radius r. Points P, Q and R
lie on the circumference of the circle, such that PQ =2 and ROQ =6, where 0 < 8 <.

R

P 0 Q
(a) Given that the areas of the two shaded regions are equal, show that 6 =2sin8. [5]
(b) Hence determine the value of 6. [1
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

1 - (MAT-S 2012-Paper 2/2-Q3) - TRIGONOMETRY
Consider a triangle ABC with BAC =45.7", AB=9.63 cm and BC=7.5 cm.

(a) By drawing a diagram, show why there are two triangles consistent with
this information. [2 marks]

(b) Find the possible values of AC. [6 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

2 - (MAT-S 2013-Paper 2/2-Q1) - TRIGONOMETRY

Acircle of radius 4 cm, centre O, is cut by a chord [AB] of length 6 cm.

diagram not to scale

(a) Find AOB, expressing your answer in radians correct to four significant figures. [2 marks]

(b) Determine the area of the shaded region. [3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

3 - (MAT-S 2013-Paper 2/2-Q6) - TRIGONOMETRY

(a)  Solve the equation 3cos” x—8cosx+4 =0, where 0 < x <180°, expressing your

answer(s) to the nearest degree. [3 marks]
(b) Find the exact values of secx satisfying the equation 3sec’ x —8sec’ x+4=0. /3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

4 - (MAT-S 2013-Paper 2/1-Q7) - TRIGONOMETRY

[Maximum mark: 6]

An electricity station is on the edge of a straight coastline. A lighthouse is located in
the sea 200m from the electricity station. The angle between the coastline and the
line joining the lighthouse with the electricity station is 60°. A cable needs to be laid
connecting the lighthouse to the electricity station. It is decided to lay the cable in a
straight line to the coast and then along the coast to the electricity station. The length
of cable laid along the coastline is x metres. This information is illustrated in the

diagram below.
lighthouse f \
/

electricity station
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

The cost of laying the cable along the sea bed is US$80 per metre, and the cost of
laying it on land is US$20 per metre.

{a) Fmd, interms of x, an expression for the cost of laying the cable. [4 marks]

{by Find the value of x, to the nearest metre, such that this cost is minimized. [ 2 marks]
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IB DIPLOMA

MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

5 - (MAT-W 2013-Paper 2/0-Q7) - TRIGONOMETRY, VECTORS - LINES - PLANES

The vectors a4 and b are such that a=3cos@+6)i+7j and b= (cos8—-2)i+(1+sinb) .
Given that ¢ and b are perpendicular,
(a) show that 3sin’ 6§ —7sinf+2=0;

(by find the smaliest possible positive value of 6.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

6 - (MAT-W 2013-Paper 2/0-Q8) - TRIGONOMETRY

The diagram below shows a semi-circle of diameter 20 cm, centre O and two points A and B
such that AOB= ¢ . Where € is in radians.

diagram not to scale

A B
d
O
(a) Show that the shaded arca can be expressed as 306 — 30siné . [2]

(b) Find the value of & for which the shaded area is equal to half that of the unshaded area,
giving your answer correct to four significant figures. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

7 - (MAT-S 2014-Paper 2/2-Q4) - RADIAN, TRIGONOMETRY

The following diagram shows two intersecting circles of radii 4cm and 3 em. The centre C of
the smaller circle lies on the circumference of the bigger circle. O is the centre of the bigger
circle and the two circles intersect at points A and B.

Find:
(a) BOC;

(b) the arca of the shaded region.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

8 - (MAT-W 2014-Paper 2/0-Q9) - TRIGONOMETRY

Compactness is a measure of how compact an enclosed region is.
. 44 .
The compactness, C, of an enclosed region can be defined by C = 7 where A is the area of
I

the region and ¢ is the maximum distance between any two points in the region.
For a circular region, C =1.

Consider a regular polygon of # sides constructed such that its vertices lie on the circumference
of a circle of diameter x units.

.2
(a) If n>2 and even, show that C = 2 sin <2
T "
. 2m
nsin—
If #>1 and odd, it can be shown that C = 1

n[l +cos Ej
n

(b) Find the regular polygon with the least number of sides for which the compactness is
more than 0.99.

(¢) Comment briefly on whether C is a good measure of compactness.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

9 - (MAT-W 2014-Paper 2/0-Q14) - TRIGONOMETRY

In triangle ABC,

3sinB+4dcosC =6 and
4sinC+3cosB =1.

(a) Show that sin(B+C}) = % . [6]

Robert conjectures that CAB can have two possible values.

(b) Show that Robert’s conjecture is incorrect by proving that CAB has only one possible
value. /5]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

10 - (MAT-S 2015-Paper 2/2-Q1) - TRIGONOMETRY

In triangle ABC,AB=5¢cm, BC=12¢cm and ABC =100".

(a) Find the area of the triangle. [2]

(b) Find AC. [2]
33

{
Sl

6\,"6\'
L
O
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

11 - (MAT-S 2015-Paper 2/1-Q4) - TRIGONOMETRY
[Maximum mark: 6]

Atriangle ABC has 4=50°", AB=7cm and BC =6cm. Find the area of the triangle given
that it is smaller than 10cm’.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

12 - (MAT-S 2015-Paper 2/2-Q8) - TRIGONOMETRY

Farmer Bill owns a rectangular field, 10m by 4m. Bill attaches a rope to a wooden post at
ohe corner of his field, and attaches the other end to his goat Gruff.

(@) Given that the rope is 5m long, calculate the percentage of Bill's field that Gruff is able
to graze. Give your answer correct to the nearest integer. [4]

(b) Bill replaces Gruff’s rope with another, this time of length «, 4 < a <10, so that Gruff
can how graze exactly one half of Bill's field.

Show that o satisfies the equation

a’ arcsin (i} +4+a* —16 =40 [4]
a

(¢) Find the value of a. [2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

13 - (MAT-W 2015-Paper 2/0-Q4) - TRIGONOMETRY

Afunction is defined by f(x)=A sin(Bx)+C, —n<x<n,where 4, B, CeZ. The following
diagram represents the graph of y = 7(x).

=\ oo
(a) Find the value of

0 4;

(i) B;

(i) C. [4]
(b) Solve f(x)=3for 0<x<m. 2]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

14 - (MAT-W 2015-Paper 2/0-Q7) - TRIGONOMETRY
[Maximum mark: 6]

Triangle ABC has area 21cm’. The sides AB and AC have lengths 6cm and 11cm
respectively. Find the two possible lengths of the side BC.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

15 - (MAT-S 2016-Paper 2/2-Q1) - TRIGONOMETRY

[Maximum mark: 5]

ABCD js a quadrilateral where AB=6.5, BC=9.1,CD=10.4, DA="7.8 and CDA=90".
Find ABC, giving your answer correct to the nearest degree.

T
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

16 - (MAT-W 2016-Paper 2/0-Q7) - TRIGONOMETRY

In a triangle ABC, AB=4cm, BC=3cm and BAC = g
(a) Use the cosine rule to find the two possible values for AC. [5]
(b) Find the difference between the areas of the two possible triangles ABC. [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

17 - (MAT-W 2016-Paper 2/0-Q9) - RADIAN, TRIGONOMETRY

The diagram shows two circles with centres at the points A and B and radii 2» and #,
respectively. The point B lies on the circle with centre A. The circles intersect at the
points C and D.

Let o be the measure of the angle CAD and & be the measure of the angle CBD in

radians.

(@) Find an expression for the shaded area interms of «, @ and r. [3]
{(b) Showthat a = 4arcsin%. [2]
{(c) Hence find the value of r given that the shaded area is equalto 4. [3]

A
v 0
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

18 - (MAT-S 2017-Paper 2/2-Q4) - QUADRATICS, TRIGONOMETRY

(@ Find the set of values of % that satisfy the inequality - &k — 12 < 0.

A

(2]

1
(b) The triangle ABC is shown in the following diagram. Given that cos B < —, find the
range of possible values for AB. 4

[4]

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

19 - (MAT-S 2017-Paper 2/1-Q10) - TRIGONOMETRY

In triangle PQR, PR =12¢m, QR =pom, PQ=rcm and QPR =30".

(@) Use the cosine rule to showthat 72— 12437 + 144 — p*=0. [2]
Consider the possible triangles with QR = 8cm.

{(b) Calculate the two corresponding values of PQ. [3]
{(c) Hence, find the area of the smaller triangle. [3]

Consider the case where p, the length of QR is not fixed at 8cm.

(d) Determine the range of values of p for which it is possible to form two triangles. [7]
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

20 - (MAT-W 2017-Paper 2/0-Q5) - TRIGONOMETRY

[Maximum mark: 6]

sea.

“Seaview” (S) is at an angle of depression of 25°.
“Nauti Buoy” (V) is at an angle of depression of 35°.
The following three dimensional diagram shows Barry and the two yachts at S and N.

X lies at the foot of the cliff and angle SXN =70,

N

Barry is at the top of a cliff, standing 80m above sea level, and observes two yachts in the

Find, to 3 significant figures, the distance between the two yachts.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

21 - (MAT-W 2017-Paper 2/0-Q11) - TRIGONOMETRY, DIFFERENTIATION

[Maximum mark: 18]
Consider the function f(x) = 2sin’*x + 7sin2x + tanx — 9, 0 < x < g

(@ () Determine an expression for f(x) in terms of x.
(i) Sketchagraphof y=7'(x)for0 < x < g

(i) Find the x-coordinate(s) of the point(s) of inflexion of the graph of v =f(x),
labelling these clearly on the graph of y=f'(x). [8]

(b) Letu=tanx.
() Express sinx interms of u.
(i) Express sin2x in terms of u.

(i) Hence showthat f(x)= 0 can be expressed as u’— 7’ + 15u—9=0. [7]

(c) Solve the equation f(x)=0, giving your answers in the form arctant where ke Z . [3]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

22 - (MAT-S 2018-Paper 2/1-Q3) - TRIGONOMETRY

[Maximum mark: 5]

Let f{x)=tan{x + n)cos(x - g} where 0 < x < %

Express f(x) interms of sin x and cos x.
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

23 - (MAT-W 2018-Paper 2/0-Q7) - TRIGONOMETRY
[Maximum mark: 6]

Boat Ais situated 10km away from boat B, and each boat has a marine radic transmitter on
board. The range of the transmitter on boat A is 7km, and the range of the transmitter on
boat B is 5km. The region in which both transmitters can be detected is represented by the
shaded region in the following diagram. Find the area of this region.

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

24 - (MAT-W 2018-Paper 2/0-Q11) - TRIGONOMETRY

Consider the rectangle OABC such that AB=0C= 10 and BC = 0A=1, with the points
P, Q and R placed on the line OC such that OP = p, OQ =g and OR =r, such that
O<p<g<r<10.

=

A 10

0 P Q R C
Let &, be the angle APO, @ be the angle AQO and 6, be the angle ARO.
(@) Find an expression for BP in terms of p. [3]

Consider the case when 6 =6 + 6 and QR=1.

2 —
() Showthat p= 4 91 [6]
2g +1

(c) By sketching the graph of p as a function of ¢, determine the range of values of p for
which there are possible values of ¢. [4]
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25 - (MAT-S 2019-Paper 2/2-Q1) - TRIGONOMETRY
[Maximum mark: 5]

In triangle ABC,AB=5,BC=14 and AC=11.
Find all the interior angles of the triangle. Give your answers in degrees to one decimal place.
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26 - (MAT-S 2019-Paper 2/1-Q4) - TRIGONOMETRY
The function f is defined by f(x) =secx +2,0< x < g ;
(@) Write down the range of f. [1]

(b) Find /7' (x), stating its domain. [4]

A
e i
’
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27 - (MAT-S 2019-Paper 2/2-Q4) - TRIGONOMETRY

(a) Sketch the graphs of y =sin’x + Inx and y = | + cosx on the following axes
for 0 <x<9. [2]

¥

M

4

b
=2
=
B
-
Ly
o

(b) Hence solve sin’x + Inx —cosx — 1 <0 inthe range 0 <x <9. [4]

-
e i
’
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28 - (MAT-S 2019-Paper 2/2-Q5) - TRIGONOMETRY

1+sin2 1+t
(a) Prove the identity ST anxl [4]
cos 2x 1—tanx

(b) Solve the equation M = \/5 for 0 <x<2m. [2]

cos 2x
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29 - (MAT-S 2019-Paper 2/1-Q10) - TRIGONOMETRY
The voltage v in a circuit is given by the equation
v(f) =3sin(1007t), > 0 where ¢ is measured in seconds.
(@) Write down the maximum and minimum value of v. [2]
The current i in this circuit is given by the equation
i(f) =2sin(100x (1 + 0.003)).

(b)  Write down two transformations that will transform the graph of y = v(#) onto the graph
of y=i(f). [2]

The power p in this circuit is given by p (1) = v (f) x i ().

(c) Sketch the graph of y =p(¥) for 0 <7<0.02, showing clearly the coordinates of the
first maximum and the first minimum. [3]

(d) Find the total time in the interval 0 <7 <0.02 for which p(#) > 3. [3]

The average power p,_ in this circuit from 1 =0 to /=T is given by the equation

av

1 7
Plly=1 [ po)dt, where T>0.

(e) Find p, (0.007). [2]

av

(f)  With reference to your graph of y = p(¥) explain why p (7)) >0 forall 7> 0. [2]

(9) Given that p(¢) can be written as p(f) = asin(b(t — ¢)) + d where a, b,c,d >0, use
your graph to find the values of a, b, ¢ and d. [6]
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CH 12 - TRIGONOMETRY

30 - (MAT-W 2019-Paper 2/0-Q9) - TRIGONOMETRY

[Maximum mark: 14]
A body moves in a straight line such that its velocity, v ms ', after 7 seconds is given by
V= 2sin(L+Ej CSC[L+E] for 0 <t<60.

10 5 30 4

The following diagram shows the graph of v against ¢. Point A is a local maximum and
point B is a local minimum.

A

A
24
1_-
} } } } } —»
10 20 30 40 50 60
—1+
o4
B
(&) (i) Determine the coordinates of point A and the coordinates of point B.
(i)  Hence, write down the maximum speed of the body.

The body first comes to rest at time 7 =,. Find

(c)

(i)
(if)
(iii)

the value of 7,;

the distance travelled between r=0 and 1 =1;

the acceleration when 1 =1, .

Find the distance travelled in the first 30 seconds.

(5]

(6]
(3]
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31 - (MAT-W 2020-Paper 2/0-Q1) - RADIAN, TRIGONOMETRY
[Maximum mark: 5]
The following diagram shows a sector OAB of radius 15cm. The length of [AB]is 11cm.

diagram not to scale

Find the area of the shaded region.

A
e i
f'.'
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32 - (MAT-W 2020-Paper 2/0-Q3) - TRIGONOMETRY, INTEGRATION

The following diagram shows part of the graph of y = p + gsin(#x). The graph has a local

maximum point at (—%,SJ and a local minimum point at (—%,—1 .

}!
N
5 4
o 3m
4 4
-1 +
(a) Determine the values of p, ¢ and r. [4]
(b) Hence find the area of the shaded region. [4]

A
e i
’

2012 -2021 146




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

33 - (MathAA-S 2021-Paper 2/1-Q3) - TRIGONOMETRY

[Maximum mark: 5]

A Ferris wheel with diameter 110 metres rotates at a constant speed. The lowest point on
the wheel is 10 metres above the ground, as shown on the following diagram. P is a point on
the wheel. The wheel starts moving with P at the lowest point and completes one revolution

in 20 minutes.

diagram not to scale

10m

The height, 7 metres, of P above the ground after ¢ minutes is given by s (¢) = acos(bt) + ¢,
where a, b, c € R.

Find the values of ¢, » and ¢.
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34 - (MathAA-W 2021-Paper 2/0-Q2) - TRIGONOMETRY
[Maximum mark: 5]
Consider a triangle ABC, where AC=12, CB=7 and BAC =25°.

Find the smallest possible perimeter of triangle ABC.
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35 - (MathAA-W 2021-Paper 2/0-Q9) - TRIGONOMETRY

[Maximum mark: 15]

The height of water, in metres, in Dungeness harbour is modelled by the

function H (f) = asin(b (1 — ¢)) + d, where 1 is the number of hours after midnight,
and a, b, ¢ and d are constants, where a >0, #>0 and ¢ > 0.

The following graph shows the height of the water for 13 hours, starting at midnight.

H(1),

T

101

The first high tide occurs at 04:30 and the next high tide occurs 12 hours later. Throughout
the day, the height of the water fluctuates between 2.2m and 6.8 m .

All heights are given correct to one decimal place.

(a) Show that b :g . [1]
(by Find the value of a. [2]
(c) Find the value of d. [2]
(d) Find the smallest possible value of c. [3]
(e) Find the height of the water at 12:00. [2]

(i  Determine the number of hours, over a 24-hour period, for which the tide is higher
than 5 metres. [3]

A fisherman notes that the water height at nearby Folkestone harbour follows the same
sinusoidal pattern as that of Dungeness harbour, with the exception that high tides (and |
tides) occur 50 minutes earlier than at Dungeness.

(g) Find a suitable equation that may be used to model the tidal height of water at §,
Folkestone harbour.
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1 - (MAT-W 2012-Paper 2/0-Q3) - MATRICES

[Maximum mark: 5}

,where 0 < x <5, Find the value of x for

i ) Inx In(5-x)
Consider the matrix 4= 5 5

which A is singular.
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CH 13 - MATRICES

2 - (MAT-S 2013-Paper 2/1-Q2) - MATRICES

[Meacimum mark: 5]

Find the value of & such that the following system of equations does not have a
unique solution.

kx+v+2z=4
-y+4z=35
3x+4y+2z=1
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CH 13 - MATRICES

3 - (MAT-S 2013-Paper 2/2-Q2) - MATRICES

Consider the svstem of equations

0.1x-1.7p+0.92=—-4.4
—2.4x+03y+3.2z=1.2
2.5x+0.6y-3.7z=0.8.
{a} Express the svstem of equations in matrix form. [2 marks]
(b) Find the solution to the system of equations. [3 marks|
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4 - (MAT-W 2013-Paper 2/0-Q1) - MATRICES

[Maximum mark: 4]

1 1 1 2
Consider the matrices A=|2 0 1| and B=|-2|. Find the matrix X such
1 -1 1 1

that AX — B.
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CH 13 - MATRICES

5 - (MAT-S 2014-Paper 2/1-Q4) - MATRICES
A gystem of equations is given below.

x+2y—z=2
2x+v+z=1
—-x+4y+az=4

(a) Find the value of a so that the system does not have a unique solution.

(b)  Show that the system has a solution for any value of .

4]

2]
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6 - (MAT-S 2015-Paper 2/2-Q7) - MATRICES

Consider the following system of equations

2x+v+6z=0
4x+3y+14z=4
2x—2y+(a—-2)z=p-12.

(@) Find conditions on o and fi for which
(i)  the system has no solutions;
(iy  the system has only one solution;
(i) the system has an infinite number of solutions. [6]

(b) In the case where the number of solutions is infinite, find the general solution of the
system of equations in Cartesian form. [3]
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1 - (MAT-S 2012-Paper 2/1-Q4) - VECTORS - LINES - PLANES
[Maximum mark: 5]

The planes 2x+3y—z=5 and x— y+2z =Fk intersect in the line Sx+1=9-5y=-5z.
Find the value of £.
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(a)

(b

()

(d)

(e

2 - (MAT-S 2012-Paper 2/2-Q11) - VECTORS - LINES - PLANES

Find the values of & for which the following system of equations has no solutions
and the value of & for the system to have an mfimite number of solutions.

x-3y+z=3
x+5y-2z=1
loy—-6z=Fk

Given that the system of equations can be solved, find the solutions in the form of
a vector squation of a line, r = a + Ab , where the components of b are integers.

-4 -6 -2
Theplane + isparallelto boththe line in part (b) and the line al 3 Y 7 = z 0
Given that +  contains the point (1, 2, 0}, show that the Cartesian cquation

of + is lox+24y-11z=04.
The z-axis meets the plane + at the point B Find the coordinates of P.

Find the angle between the line x;2 s 1 > = % and the plane + .

[5 marks]

[7 marks]

[5 marks]

[2 marks]

15 marks]
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© ®

(i)

3 - (MAT-S 2012-Paper 2/1-Q13) - VECTORS - LINES - PLANES

The coordinates of points A, B and C are given as (5,-2,5), (5,4,-1) and
(-1, —2, —1) respectively.

(a) Show that AB=AC and that BAC =60".

(b) Find the Cartesian equation of IT, the plane passing through A, B, and C.

Find the Cartesian equation of IT,, the plane perpendicular to (AB) passing
through the midpoint of [AB] .

Find the Cartesian equation of I1,, the plane perpendicular to (AC) passing
through the midpoint of [AC].

(d) Find the vector equation of L, the line of intersection of II, and II,, and show
that it is perpendicular to IT.

A methane molecule consists of a carbon atom with four hydrogen atoms
symmetrically placed around it in three dimensions.

J

The positions of the centres of three of the hydrogen atoms are A, B and C as given.
The position of the centre of the fourth hydrogen atom is D.

(e) Using the fact that AB= AD, show that the coordinates of one of the possible
positions of the fourth hydrogen atom is (-1, 4, 5).

(f) Letting D be (-1, 4, 5), show that the coordinates of G, the position of the
centre of the carbon atom, are (2, 1, 2). Hence calculate DGA, the bonding
angle of carbon.

[4 marks]

[4 marks]

[4 marks]

[3 marks]

[3 marks]

[6 marks]
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(a)

(®)

(c)

4 - (MAT-W 2012-Paper 2/0-Q13) - VECTORS - LINES - PLANES

Consider the planes m, 1 x—2y—3z=2 and m, : 2x—y—z=14k.

Find the angle between the planes m, and &,.

The planes m, and =, intersect in the line 1, . Show that the vector equation of

0 1
Lisr=2-3k |+ 5
2k-2 -3

The line L, has Cartesian equation 3—x=y+3=2-2z. The lines 4, and L,
intersect at a pomt X. Find the coordinates of X.

Dietermine a Cartesian equation of the plane ©, containing both lines [, and L,.
Let Y be a point on L, and 7 be a point on I, such that XY is perpendicular

to Y7 and the area of the triangle XY7 is 3. Find the perimeter of the
triangie XY 7.

[4 marksy

[5 maris]

[5 marks]

15 marks]

{5 marks]
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5 - (MAT-S 2013-Paper 2/1-Q11) - VECTORS - LINES - PLANES

Consider the points P(-3, -1, 2) and Q(5, 5, 6).

(a) Iind a vector equation for the line, Z, , which passes through the points P and Q. [3 maris]

The line L, has equation

-4 5
r=| 0 |+5|2].
4 0
(b) Show that /, and [, itersect at the point R(1, 2, 4). [4 marks]
(c) Find the acute angle between [, and L, . [3 marks]

Let S be a point on L, such that |§P‘ = |I:S‘ .

(d) Show that one of the possible positions for S is S, (-4, 0, 4) and find the
coordinates of the other possible position, S, . [6 marks|

(e) Find a vector equation of the line which passes through R and bisects PﬁST. [4 marks]
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6 - (MAT-W 2013-Paper 2/0-Q7) - TRIGONOMETRY, VECTORS - LINES - PLANES

The vectors a4 and b are such that a=3cos@+6)i+7j and b= (cos8—-2)i+(1+sinb) .
Given that ¢ and b are perpendicular,
(a) show that 3sin’ 6§ —7sinf+2=0;

(by find the smaliest possible positive value of 6.
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7 - (MAT-W 2013-Paper 2/0-Q9) - VECTORS - LINES - PLANES

-5 -1
Aline [, has equation r=| -3 |+ 4| 2
2 2

Aline L, passing through the origin intersects L, and is perpendicular to L, .

(a) Find a vector equation of L. [5]
(b) Determine the shortest distance from the originto 7. 2]
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8 - (MAT-W 2014-Paper 2/0-Q1) - VECTORS - LINES - PLANES
[Maximum mark: 6]
Consider the two planes

midx+2y—z=8

m,ix+3y+3z=3.

Find the angle between m, and ,, giving your answer correct to the nearest degree.

T~
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9 - (MAT-W 2014-Paper 2/0-Q5) - VECTORS - LINES - PLANES
The lines /, and /, are defined as

/ x=1 y-5 z-12

3 2 -2

x-1 y-5 z-12

L = = .
8 11 6

The plane 7 contains both [, and /,.

(a) Find the Cartesian equation of 7.

The line /, passing through the point (4,0, 8) is perpendicular to 7.

(b) Find the coordinates of the point where /, meets 7.

4]

4]
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10 - (MAT-S 2015-Paper 2/2-Q5) - VECTORS - LINES - PLANES
Consider the vectors given by # =i+ 2j— 2k and v= ai + bj, where @ and b are constants.
It is given that u x v = 4i + bj + ck, where ¢ is a constant.
(a) Find the value of each of the constants ¢, » and c.

(b) Hence find the Cartesian equation of the plane containing the vectors «# and v and
passing through the point (0, 0, 0).

(3]

(2]
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11 - (MAT-S 2015-Paper 2/1-Q8) - VECTORS - LINES - PLANES

2 4
Letv=|3 | and w=| A4

5 10
(a) Find the value of 4 for v and w to be parallel. [2]
(b) Find the value of A for v and w to be perpendicular. [2]
(¢) Find the two values of A if the angle between v and w is 10°. 4]
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12 - (MAT-S 2015-Paper 2/2-Q13) - VECTORS - LINES - PLANES

The equations of the lines L, and L, are

1 -1

Liin=2|+4] 1

2 2

1 2

Lyrn=2|+pu|l

4 6
(@ Showthatthe lines 7, and L, are skew. [4]
(b)  Find the acute angle between the lines L., and L,. [4]

© (i Find a vector perpendicular to both lines.

(i)  Hence determine an equation of the line 7, that is perpendicular to both L, Q,é
and L, and intersects both lines. &\8]
AV

A
v 0
’
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13 - (MAT-W 2015-Paper 2/0-Q2) - VECTORS - LINES - PLANES
[Maximum mark: 4]

The three planes having Cartesian equations 2x+3y—z=11,x+2y+z=3
and 5x—y—z=10 meet ata point P. Find the coordinates of P.
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14 - (MAT-W 2015-Paper 2/0-Q10) - VECTORS - LINES - PLANES

Ed walks in a straight line from point P(—1, 4) to point Q(4, 16) with constant speed.
Ed starts from point P at time =0 and arrives at point Q attime =3, where tis
measured in hours.

Given that, at time f, Ed’s position vector, relative to the origin, can be given in the form,

r=a+tb,

(@) find the vectors « and b. [3]

Roderick is at a point C(11, 9). During Ed’s walk from P to (Q Roderick wishes to signal
to Ed. He decides to signal when Ed is at the closest pointto C.

(b)  Find the time when Roderick signals to Ed. [5]
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15 - (MAT-S 2016-Paper 2/1-Q1) - VECTORS - LINES - PLANES

1 1
The points A and B have position vectors O%A =| 2 | and (;B =10

-2 2
(@) Find OA x OB. [2]
(b) Hence find the area of the triangle OAB. [2]
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16 - (MAT-S 2016-Paper 2/2-Q9) - VECTORS - LINES - PLANES

— d

OACSB is a parallelogram with OA = a and OB = b, where ¢ and b are non-zero vectors.

(a) Show that
W 10C] =|af + 2a-b + [b]';
) |AB[ = 245+ |bf . [4]

(b) Giventhat |OC| = |AB|, prove that OACB is a rectangle. [4]
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17 - (MAT-W 2016-Paper 2/0-Q2) - VECTORS - LINES - PLANES

[Maximum mark: 5]

Find the acute angle between the planes with equations x+y +z=3 and 2x —z=2.

A
e i
’
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18 - (MAT-S 2017-Paper 2/1-Q7) - VECTORS - LINES - PLANES

[Maximum mark: 6]

Find the Cartesian equation of plane I7 containing the points A(6,2, 1) and B(3, -1, 1)
and perpendicular to the plane x + 2y —z - 6 =0.
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19 - (MAT-S 2017-Paper 2/2-Q7) - VECTORS - LINES - PLANES

[Maximum mark: 4]

Given that a x b= b x ¢ # 0 prove that a + ¢ = sb where s is a scalar.

A
e i
’
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20 - (MAT-S 2017-Paper 2/2-Q9) - VECTORS - LINES - PLANES

The points A, B and C have the following position vectors with respect to an origin O.

OA =2i+j-2k

OB =2 j+2%

OC =i+3j+3k
(@) Find the vector equation of the line (BC). [3]
(b) Determine whether or not the lines (OA) and (BC) intersect. [6]

(¢) Find the Cartesian equation of the plane //,, which passes through C and is
perpendicular to OA. [3]

(d) Show that the line (BC) lies in the plane /7, . [2]

The plane 77, contains the points O, A and B and the plane /7, contains the points O, A
and C.

() \Verify that 2j + k is perpendicular to the plane /7, . [3]
(f)  Find a vector perpendicular to the plane /7,. [1
(9) Find the acute angle between the planes /7, and /7, . [4]
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21 - (MAT-S 2018-Paper 2/1-Q11) - VECTORS - LINES - PLANES

Two submarines A and B have their routes planned so that their positions at time ¢ hours,

2 -1
0 <1< 20, would be defined by the position vectors r,=| 4 | +1| 1 and
-1 -0.15
0 —0.5
r,=|32|+1¢ 1.2 | relative to a fixed point on the surface of the ocean (all lengths are
-2 0.1

in kilometres).

(a) Show that the two submarines would collide at a point P and write down the
coordinates of P. [4]

To avoid the collision submarine B adjusts its velocity so that its position vector is now given by

0 ~0.45
rp=|32 | +1| 1.08
-2 0.09

(b) () Showthat submarine B travels in the same direction as originally planned.

(i)  Find the value of { when submarine B passes through P. [3]
(c) () Find an expression for the distance between the two submarines in terms of 1.

(iiy  Find the value of 7 when the two submarines are closest together.

(i) Find the distance between the two submarines at this time. [8]
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22 - (MAT-S 2019-Paper 2/2-Q11) - VECTORS - LINES - PLANES
The plane 71, contains the points P(1,6,-7),Q(0.1,1) and R(2,0.-4).
(a) Find the Cartesian equation of the plane containing P, Q and R. [6]
The Cartesian equation of the plane 17, is given by x — 3y —z=3.

(b) Giventhat 77, and I7, meet in a line L, verify that the vector equation of L can be

3 1
4 2
givenby r= 0 |+A4] 1 [3]
B I
4 2
The Cartesian equation of the plane 77, is given by ax + by + cz=1.
(c) Given that 17, is parallel to the line L, show that a + 25 — 5¢ = 0. [1]
Consider the case that /7, contains L.
(d) () Showthat 5a—-7c=4.
(i)  Given that 77, is equally inclined to both 77, and I7,, determine two distinct
possible Cartesian equations for 77, [9]
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23 - (MAT-W 2020-Paper 2/0-Q10) - VECTORS - LINES - PLANES

The plane [1, has equation 3x —y +z=-13 and the line /. has vector equation

1 -3
r=| 2 |+4 -1}, R.
-2 4
(a) Giventhat /. meets [1, atthe point P, find the coordinates of P. [4]
(b)  Find the shortest distance from the point O(0, 0, 0) to I1,. [4]

The plane I contains the point O and the line L.
(¢) Find the equation of I1,, giving your answer in the form rn=d. [3]

(d) Determine the acute angle between I, and I1.. [5]

A
v 0
’
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24 - (MathAA-S 2021-Paper 2/1-Q6) - VECTORS - LINES - PLANES

[Maximum mark: 5]

Consider the planes I1, and I1, with the following equations.
IT:3x+2y+2z=6
II,:x-2v+z=4

(a) Find a Cartesian equation of the plane I1, which is perpendicular to I, and I1, and
passes through the origin (0, 0, 0). [3]

(b} Find the coordinates of the point where I1,, I1, and I1, intersect. [2]

A
e i
’

2012 -2021 179 L y




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

25 - (MathAA-W 2021-Paper 2/0-Q11) - VECTORS - LINES - PLANES

[Maximum mark: 21]

Three points A(3,0,0),B(0,-2,0) and C(1, 1, -7) lie on the plane [],.

(a) (i) Findthe vector Ai?. and the vector Ab.

(i)  Hence find the equation of [],, expressing your answer in the
form ax+by+cz=d, where a, b, c,de 7. [7]

Plane [], has equation 3x —y +2z=2.

(b) Theline L is the intersection of [], and [],. Verify that the vector equation of /. can be

0 1
writtenas r=| -2 [+A| 1 |. [2]
0 -1

(c) The plane [], is given by 2x — 2z =3. The line L and the plane [], intersect at the point P.

(i)  Show that at the point P, 4 =%.
(i)  Hence find the coordinates of P. [3]
(d)y The point B(0,-2,0) lieson [..
(iy  Find the reflection of the point B in the plane [],.
(i)  Hence find the vector equation of the line formed when L is reflected in the
plane [].. [9]
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1 - (MAT-S 2012-Paper 2/1-Q5) - STATISTICS

The box and whisker plot below illustrates the [B grades obtained by 100 students,

i 2 3 4 5 6 7

Grade
IB grades can only take infeger values.

{(a) How many students obtained a grade of more than 47 [ mark]

(by State, with reasons, the maximum possible number and minimum possible
number of students who obtained a 4 in the exam. [4 marks]
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2 - (MAT-S 2012-Paper 2/2-Q10) - STATISTICS, PROBABILITY
A market stall sells apples, pears and plums.

{ay The weights of the apples are normally distributed with a mean of 260 grams and
a standard deviation of 23 grams.,

(iy  Given that there are 450 apples on the stall, what is the expected number
of apples with a weight of more than 225 grams?

(1) Given that 70 % of the apples weigh less than m grams, find the value
of m. /5 marks]

(by The weights of the pears are normally distributed with a mean of o grams
and a standard deviation of o grams. Given that 8 % of these pears have a
weight of more than 270 grams and 15 % have a weight less than 250 grams,
find oc and o . [6 marks]

(¢} 'The weights of the plums are normally distributed with a mean of 80 grams and
a standard deviation of 4 grams. 3 plums are chosen at random. What is the
probability that exactly 3 of them weigh more than 82 grams? [3 marks]
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3 - (MAT-S 2012-Paper 2/1-Q12) - STATISTICS, PROBABILITY

A ski resort finds that the mean number of accidents on any given weckday (Monday
to Friday)is 2.2, The number of accidents can be modelled by a Poisson distribution.

(ay Find the probability that in a certain week (Monday to Friday only)
(i)  there are fewer than 12 accidents;
(i1} there are more than 8 accidents, given that there are fewer than 12 accidents. [6 marks]

Due to the increased usage, it is found that the probability of more than 3 accidents in
a day at the weekend (Saturdav and Sunday) is 0.24.

(by Assuming a Poisson model,

(i) caloulate the mean number of accidents per day al the weekend (Saturday
and Sunday),

(iy calculate the probability that. in the four weekends in February, there will
be more than 3 accidents during at least two of the weekends. [10 marks]

It is found that 20 % of skiers having accidents are at least 25 vears of age and 40 %o
are under 18 vears of age.

(¢) Assuming that the ages of skiers having accidents are normally digtributed,
find the mean age of skiers having accidents. [6 marks]

2012 -2021 183




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 15 - STATISTICS

4 - (MAT-W 2012-Paper 2/0-Q4) - STATISTICS

[Meaximum mark: 6]

A set of 15 observations has mean 11.3 and variance 9.3. One observation of 22.1 1s

considered unreliable and is removed. Find the mean and variance of the remaining
14 observations.
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CH 15 - STATISTICS

5 - (MAT-W 2012-Paper 2/0-Q11) - STATISTICS, PROBABILITY

'The nunber of visitors that arrive at a museum every minute can be modelled by a
Poisson distribution with mean 2.2.

(a) If the museum is open 6 hours daily, find the expected number of visitors
1 day.

(by Tind the probability that the number of visitors arriving during an hour
exceeds 100.

(¢) Find the probability that the number of visitors in each of'the 6 hours the museum
is open exceeds 100.

The ages of the visitors to the museum can be modelled by a normal distribution
. . 2 i . . -

with mean g and variance 0. The records show that 29 % of the visitors are under

33 years of age and 23 % are at least 53 vears of age.

(dy Findthe values of 1 and .

(e) One day, 100 visitors under 35 vears of age come to the museum. Estimate the
number of visitors under 30 years of age that were at the muscum on that day.

[ 2 marks]

[3 marks]

[2 marks]

[6 marks]

75 marks]

-
v 0
F

2012 -2021 185




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 15 - STATISTICS

6 - (MAT-S 2013-Paper 2/1-Q1) - STATISTICS
[Maximum mark: 4]

The marks obtained by a group of students in a class test are shown below.

Marks Frequency
5 6
6 k
7 3
8 1
9 2
10 1

Given the mean of the marks is 6.3, find the value of £.
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7 - (MAT-W 2013-Paper 2/0-Q11) - STATISTICS, PROBABILITY

(a) The number of cats visiting Helena’s garden each week follows a Poisson distribution
with mean 4 =0.6.

Find the probability that

(i)  in a particular week no cats will visit Helena's garden;

(1) inaparticular week at least three cats will visit Helena's garden;

(111} over a four-week period no more than five cats in total will visit Helena’s garden;

(iv) over atwelve-weaek period there will be exactly four weeks in which at least one cat
will visit Helena’s garden. 97

() A continuous random variable X hag probability distribution function f given by

f(x)y=klnx 1<x<3
f(x)=0 otherwise

(1)  Find the value of k to six decimal places.

(11) Findthe value of E(X).

(i) State the mode of X,

(iv) Find the median of X . /9]
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8 - (MAT-S 2014-Paper 2/1-Q2) - STATISTICS
[Maximum mark: 5]

A student sits a national test and is told that the marks follow a normal distribution with
mean 100. The student receives a mark of 124 and is told that he is at the 68" percentile.
Calculate the variance of the distribution.
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9 - (MAT-S 2014-Paper 2/2-Q2) - STATISTICS, PROBABILITY

The weights, in kg, of one-year-old bear cubs are modelled by a normal distribution with mean
4 and standard deviation o .

(a) Given that the upper quartile weight is 21.3kg and the lower quartile weight is 17.1kg,
calculate the value of £ and the value of & . [4]

Arandom sample of 100 of these bear cubs is selected.

(b) Find the expected number of bear cubs weighing more than 22kg. 1]
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CH 15 - STATISTICS

10 - (MAT-W 2014-Paper 2/0-Q3) - STATISTICS
[Maximum mark: 6]
Consider the data set {2, x, ¥,10,17}, x, yeZ  and x< y.
The mean of the data set is 8 and its variance is 27.6.

Find the value of x and the value of y.
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11 - (MAT-W 2015-Paper 2/0-Q3) - STATISTICS

The data of the goals scored by players in a football club during a season are given in the
following table.

Goals Frequency

0

1 k
2 3
3 2
4 3
8 1

(a) Given that the mean number of goals scored per playeris 1.95, find the value of k. [3]

It is discovered that there is a mistake in the data and that the top scorer, who scored
22 goals, has not been included in the table.

(b) (i) Findthe correct mean number of goals scored per player.

(iy  Find the correct standard deviation of the number of goals scored per player. [3]
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12 - (MAT-S 2016-Paper 2/1-Q13) - STATISTICS, PROBABILITY

Six balls numbered 1, 2, 2, 3, 3, 3 are placed in a bag. Balls are taken one at a time from
the bag at random and the number noted. Throughout the question a ball is always replaced
before the next ball is taken.

(@ Asingle ball is taken from the bag. Let X denote the value shown on the ball.
Find E (X). (2]

(b)  Three balls are taken from the bag. Find the probability that
(i)  the total of the three numbers is 5;
(i) the median of the three humbersis 1. [6]

(¢) Ten balls are taken from the bag. Find the probability that less than four of the balls are
humbered 2. [3]

(d) Find the least number of balls that must be taken from the bag for the probability of
taking out at least one ball numbered 2 to be greater than (0.95. [3]

(e) Another bag alsc contains balls numbered 1,2 or 3.
Eight balls are to be taken from this bag at random. It is calculated that the expected
number of balls numbered 1 is 4.8, and the variance of the number of balls numbered
2is 1.5.
d
Find the least possible number of balls numbered 3 in this bag. A\&%]
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13 - (MAT-S 2017-Paper 2/2-Q1) - STATISTICS, PROBABILITY

There are 75 players in a golf club who take part in a golf tournament. The scores obtained
on the 18th hole are as shown in the following table.

Score 2 3 4 5 6 7
Frequency 3 15 28 17 9 3

(a) One of the players is chosen at random. Find the probability that this player’s score
was 5 or more. [2]

(b) Calculate the mean score. [2]
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14 - (MAT-S 2017-Paper 2/2-Q3) - STATISTICS, PROBABILITY
Packets of biscuits are produced by a machine. The weights X, in grams, of packets of

biscuits can be modelled by a normal distribution where X"~ N(,u, 62). A packet of biscuits is
considered to be underweight if it weighs less than 250 grams.

(@) Giventhat u=253 and o= 1.5 find the probability that a randomly chosen packet of
biscuits is underweight. [2]

The manufacturer makes the decision that the probability that a packet is underweight should
be 0.002. To do this u is increased and o remains unchanged.

(b) Calculate the new value of u giving your answer cotrect to two decimal places. [3]
The manufacturer is happy with the decision that the probability that a packet is underweight
should be 0.002, but is unhappy with the way in which this was achieved. The machine is

now adjusted to reduce o and return g to 253.

(¢) Calculate the new value of o. [2]

-
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’
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15 - (MAT-S 2017-Paper 2/1-Q9) - STATISTICS, PROBABILITY

The times taken for male runners to complete a marathon can be modelled by a normal
distribution with a mean 196 minutes and a standard deviation 24 minutes.

(@) Find the probability that a runner selected at random will complete the marathon in less
than 3 hours. [2]

It is found that 5% of the male runners complete the marathon in less than 7, minutes.

(b) Calculate 7. [2]
The times taken for female runners to complete the marathon can be medelled by a normal
distribution with a mean 210 minutes. It is found that 58 % of female runners complete the

marathon between 185 and 235 minutes.

{(¢) Find the standard deviation of the times taken by female runners. [4]
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16 - (MAT-W 2017-Paper 2/0-Q4) - STATISTICS

[Maximum mark: 6]

It is given that one in five cups of coffee contain more than 120mg of caffeine.
It is also known that three in five cups contain more than 110mg of caffeine.

Assume that the caffeine content of coffee is modelled by a normal distribution.
Find the mean and standard deviation of the caffeine content of coffee.

-
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CH 15 - STATISTICS

17 - (MAT-S 2017-Paper 2/2-Q10) - STATISTICS, PROBABILITY

A continuous random variable X has probability density function f given by

xz

—+b, 02x<4
f(xy=1qa ’ * where a and b are positive constants.

0 otherwise

It is given that P(Y > 2)=0.75.

(a) Showthat a=32 and b= %

(b) Find E{X).
(c) Find Var(X).
(d) Find the median of X.

Eight independent observations of X are now taken and the random variable Y is the
humber of observations such that X > 2.

(e) Find E(¥).

)  Find P(¥ = 3).
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18 - (MAT-S 2018-Paper 2/1-Q8) - STATISTICS

[Maximum mark: 7]

Each of the 25 students in a class are asked how many pets they own. Two students own
three pets and no students own more than three pets. The mean and standard deviation of

18 24

the number of pets owned by students in the class are 23 and 23 respectively.

Find the number of students in the class who do not own a pet.
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19 - (MathAA-S 2021-Paper 2/1-Q1) - STATISTICS

[Maximum mark: 7]

The following table shows the data collected from an experiment.

x 33 6.9 11.9 13.4 17.8 19.6 21.8 253
y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.

¥

25

20

15

10 "

The relationship between x and y can be modelled by the regression line of y on x with
equation y =ax + b, where a, b € R.

(a) Write down the value of ¢ and the value of b. [2]
(b) Use this model to predict the value of y when x = 18. [2]
(c) Write down the value of X and the value of y. [1]
(d) Draw the line of best fit on the scatter diagram. [2]
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20 - (MathAA-S 2021-Paper 2/2-Q1) - STATISTICS

[Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table
shows the number of customers, x, ahead of Sarah who have already ordered and are
waiting to receive their coffee and Sarah’s waiting time, ¥ minutes.

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between x and y can be modelled by the regression line of y on x with
equation y=ax +b.

(a) (i) Find the value of ¢ and the value of 5.
(i}  Write down the value of Pearson’s product-moment correlation coefficient, r. [3]
(b) Interpret, in context, the value of a found in part (a)(i). [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already
ordered their coffee and are waiting to receive it.

(c) Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee. 2]
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21 - (MathAA-W 2021-Paper 2/0-Q1) - STATISTICS

[Maximum mark: 7]

In Lucy’s music academy, eight students took their piano diploma examination and achieved
scores out of 150. For her records, Lucy decided to record the average number of hours per
week each student reported practising in the weeks prior to their examination. These results
are summarized in the table below.

Average weekly practice | 55 | 43 | 45 | a3 | 17 | 20 | 39 | 36

time (k)

Diploma score (1) 115 82 120 116 79 101 110 121
(a) Find Pearson’s product-moment correlation coefficient, », for these data. [2]

(b) The relationship between the variables can be modelled by the regression
equation /) = ah + b. Write down the value of & and the value of 5. [1]

(c) One of these eight students was disappointed with her result and wished she had
practised more. Based on the given data, determine how her score could have been
expected to alter had she practised an extra five hours per week. [2]

(d) Lucy asserts that the number of hours a student practises has a direct effect on their
final diploma result. Comment on the validity of Lucy’s assertion. 1]

Lucy suspected that each student had not been practising as much as they reported. In order
to compensate for this, Lucy deducted a fixed number of hours per week from each of the
students’ recorded hours.

(e) State how, if at all, the value of » would be affected. 11

A
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1 - (MAT-S 2012-Paper 2/1-Q2) - PROBABILITY
[Mecimum mark: 4]
The probability density function of the continuous random variable X is given by

1
f(x)y= k2%, 1<x<2
0

otherwise

-

where & is a constant. TFind the expected value of X
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(a)
)

(e

2 - (MAT-S 2012-Paper 2/2-Q2) - PROBABILITY

'The random variable X has the distribution B(30, p). Given that E(X) =10, find

the value of p; [i mark]
P(X =10); [2 marks]
P(X =15). [2 marks]
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3 - (MAT-S 2012-Paper 2/2-Q5) - PROBABILITY

The random variable X has the distribution Po(m).
Giventhat P(X =5)=P(X =3)+P(X =4), find

{ay the value of m, /3 marks]

by P(X>2). [2 marks]
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CH 16 - PROBABILITY

4 - (MAT-S 2012-Paper 2/1-Q7) - PROBABILITY
[Maximum mark: 5]

A fisherman notices that in any hour of fishing, he 1s equally likely to catch exactly
two fish, as he is to catch less than two fish. Assuming the number of fish caught can
be modelled by a Poisson distribution, calculate the expected value of the number of
fish caught when he spends four hours fishing,
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5 - (MAT-S 2012-Paper 2/2-Q7) - PROBABILITY

The probability density function of a continuous random variable X is given by

1
1+ x

0" x" a.

Slx)=

4

{ay Find the value of a. [3 marks]

(b} FTind the mean of X. [2 marks]
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6 - (MAT-S 2012-Paper 2/2-Q10) - STATISTICS, PROBABILITY
A market stall sells apples, pears and plums.

{ay The weights of the apples are normally distributed with a mean of 260 grams and
a standard deviation of 23 grams.,

(iy  Given that there are 450 apples on the stall, what is the expected number
of apples with a weight of more than 225 grams?

(1) Given that 70 % of the apples weigh less than m grams, find the value
of m. /5 marks]

(by The weights of the pears are normally distributed with a mean of o grams
and a standard deviation of o grams. Given that 8 % of these pears have a
weight of more than 270 grams and 15 % have a weight less than 250 grams,
find oc and o . [6 marks]

(¢} 'The weights of the plums are normally distributed with a mean of 80 grams and
a standard deviation of 4 grams. 3 plums are chosen at random. What is the
probability that exactly 3 of them weigh more than 82 grams? [3 marks]
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7 - (MAT-S 2012-Paper 2/1-Q12) - STATISTICS, PROBABILITY

A ski resort finds that the mean number of accidents on any given weckday (Monday
to Friday)is 2.2, The number of accidents can be modelled by a Poisson distribution.

(ay Find the probability that in a certain week (Monday to Friday only)
(i)  there are fewer than 12 accidents;
(i1} there are more than 8 accidents, given that there are fewer than 12 accidents. [6 marks]

Due to the increased usage, it is found that the probability of more than 3 accidents in
a day at the weekend (Saturdav and Sunday) is 0.24.

(by Assuming a Poisson model,

(i) caloulate the mean number of accidents per day al the weekend (Saturday
and Sunday),

(iy calculate the probability that. in the four weekends in February, there will
be more than 3 accidents during at least two of the weekends. [10 marks]

It is found that 20 % of skiers having accidents are at least 25 vears of age and 40 %o
are under 18 vears of age.

(¢) Assuming that the ages of skiers having accidents are normally digtributed,
find the mean age of skiers having accidents. [6 marks]
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8 - (MAT-W 2012-Paper 2/0-Q7) - PROBABILITY

Kathy plays a computer game in which she has to find the path through a maze within a
certain time. The first time she attempts the game, the probability of success is known
to be (.73, In subsequent attempts, if Kathy is successful, the difficulty increases and
the probability of success is half the probability of success on the previous attempt.
However, if she is unsuccesstul, the probability of success remains the same. Kathy
plays the game three times consecutively.

{ay Find the probability that she 1s successful m all three games. [2 marks]

(b} Assuming that she is successful in the first game, find the probability that she is
successtul in exactly two games. 6 marks]
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CH 16 - PROBABILITY

9 - (MAT-W 2012-Paper 2/0-Q11) - STATISTICS, PROBABILITY

'The nunber of visitors that arrive at a museum every minute can be modelled by a
Poisson distribution with mean 2.2.

(a) If the museum is open 6 hours daily, find the expected number of visitors
1 day.

(by Tind the probability that the number of visitors arriving during an hour
exceeds 100.

(¢) Find the probability that the number of visitors in each of'the 6 hours the museum
is open exceeds 100.

The ages of the visitors to the museum can be modelled by a normal distribution
. . 2 i . . -

with mean g and variance 0. The records show that 29 % of the visitors are under

33 years of age and 23 % are at least 53 vears of age.

(dy Findthe values of 1 and .

(e) One day, 100 visitors under 35 vears of age come to the museum. Estimate the
number of visitors under 30 years of age that were at the muscum on that day.

[ 2 marks]

[3 marks]

[2 marks]

[6 marks]

75 marks]
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10 - (MAT-S 2013-Paper 2/1-Q3) - PROBABILITY
Emily walks to school every day. 'The length of time this takes can be modelled by a
normal distribution with a mean of 11 minutes and a standard deviation of 3 minutes.

She ts late if her journey takes more than 13 minutes.

{ay Find the probability she is late next Monday. [2 marks]

(by Find the probability she is late at least once during the next week (Monday
to Friday). [2 marks]
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11 - (MAT-S 2013-Paper 2/2-Q3) - PROBABILITY

It 1s believed that the lifespans of Manx cats are normally distributed with a mean of
13.5 vears and a variance of 9.5 yvears®.

(a) Calculate the range of lifespans of Manx cats whose lifespans are within one

(b} Estimate the number of Manx cats in a population of 10000 that will have a

standard deviation of the mean. [2 marks]

litespan of less than 10 yvears. Give your answer to the nearest whole number. [3 marks]

2012 -2021 212




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 16 - PROBABILITY

12 - (MAT-S 2013-Paper 2/2-Q7) - PROBABILITY
The length, X metres, of a species of fish has the probability density function

ax’, for0<x<0.5
f(xy=4 0.35a(l-x), for0.5<x<1

0, otherwise .

(a} Showthat a=9.6. [3 marks]
(b)y  Sketch the graph of the distrition. [2 marks]
(¢} Find P(X <0.6). [2 marks]
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13 - (MAT-S 2013-Paper 2/2-Q9) - PROBABILITY

A small car hire company has two cars. Each car can be hired for one whole dav at
atime. The rental charge is TTSE60 per car per day. The number of requests to hire a
car for one whole day may be modelled by a Poisson distribution with mean 1.2

(a) Find the probability that on a particular weekend, three requests are received
on Saturday and none are received on Sundayv. [ 2 marks]

Gver a weekend of two days, 1t is given that a total of three requests are received.

(b} Find the expected total rental income for the weekend. /5 marks]
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14 - (MAT-S 2013-Paper 2/1-Q10) - PROBABILITY

Aferry carries cars across ariver. There is a fixed time of 7' minutes between crossings.
The arrival of cars at the crossing can be assumed to follow a Poisson distribution with
a mean of one car every four minutes. Let X denote the number of cars that arrive
in 7 minutes.

(a) Find 7', to the nearest minute, if P(X <3)=0.6. /3 marks|

It is now decided that the time between crossings, 7', will be 10 minutes. The ferry can
carry a maximum of three cars on each trip.

(b)  One day all the cars waiting at 13:00 get on the ferry. Find the probability that
all the cars that arrive in the next 20 minutes will get on either the 13:10 or the
13:20 ferry. [4 marks]
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15 - (MAT-S 2013-Paper 2/2-Q11) - SEQUENCES - SERIES, PROBABILITY

(a} (1)  Express the sum of the first # positive odd integers using sigma notation.
(il  Show that the sum stated above is n*.

(it} Deduce the value of the difference between the sum of the first 47 positive
odd integers and the sum of the first 14 positive odd integers. [4 marfcs]

(Y  Anumber of distinet points are marked on the circumierence of a circle, forming
apolygon. Ihagonals are drawn by joming all pairs of non-adjacent points.

(i)  Show on a diagram all diagonals if there are 3 points.

(i1y Show that the number of diagonals is if there are » points,

n(n-=3)
2

where n> 2.

(i1} Given that there are more than one million diagonals, determine the least
number of points for which this is possible. [7 marks]

(¢} The random variable X ~ B(#n, p) has mean 4 and variance 3.
(i)  Determing » and p.

(ity  Find the probability that in a single experiment the outcome is 1 or 3. [8 marics]

-
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16 - (MAT-W 2013-Paper 2/0-Q4) - PROBABILITY
[Maximum mark: 6]

The duration of direct flights from: London to Singapore in a particular yvear followed a normal
distribution with mean g and standard deviation o .

92 % of flights took under 13 hours, while only 12 % of flights took under 12 hours 35 minutes.

Find 1 and & to the nearest minute.
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17 - (MAT-W 2013-Paper 2/0-Q5) - PROBABILITY

At the start of each week, Fric and Marina pick a night at random on which they will watch

amovie.

If they choose a Saturday night, the probability that they watch a French movie is — and if they
choose any other night the probability that they watch a French movie is o

{a) Find the probability that they watch a French movie. [3]

(I Given that last week they watched a French movie, find the probability that it was on a
Saturday night. 2]
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18 - (MAT-W 2013-Paper 2/0-Q11) - STATISTICS, PROBABILITY

(a) The number of cats visiting Helena’s garden each week follows a Poisson distribution
with mean 4 =0.6.

Find the probability that

(i)  in a particular week no cats will visit Helena's garden;

(1) inaparticular week at least three cats will visit Helena's garden;

(111} over a four-week period no more than five cats in total will visit Helena’s garden;

(iv) over atwelve-weaek period there will be exactly four weeks in which at least one cat
will visit Helena’s garden. 97

() A continuous random variable X hag probability distribution function f given by

f(x)y=klnx 1<x<3
f(x)=0 otherwise

(1)  Find the value of k to six decimal places.

(11) Findthe value of E(X).

(i) State the mode of X,

(iv) Find the median of X . /9]
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19 - (MAT-S 2014-Paper 2/2-Q2) - STATISTICS, PROBABILITY

The weights, in kg, of one-year-old bear cubs are modelled by a normal distribution with mean
4 and standard deviation o .

(a) Given that the upper quartile weight is 21.3kg and the lower quartile weight is 17.1kg,
calculate the value of £ and the value of & . [4]

Arandom sample of 100 of these bear cubs is selected.

(b) Find the expected number of bear cubs weighing more than 22kg. 1]
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20 - (MAT-S 2014-Paper 2/2-Q6) - PROBABILITY

Six customers wait in a queue in a supermarket. A customer can choose to pay with cash or a
credit card. Assume that whether or not a customer pays with a credit card is independent of
any other customers’ methods of payment.

It is known that 60 % of customers choose to pay with a credit card.
(a) Find the probability that:
(i)  the first three customers pay with a credit card and the next three pay with cash;

(i) exactly three of the six customers pay with a credit card.

There are » customers waiting in another queue in the same supermarket. The probability that
at least one customer pays with cash is greater than 0.993.

(b) Find the minimum value of #.
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21 - (MAT-S 2014-Paper 2/1-Q8) - BINOMIAL THEOREM, PROBABILITY

(a) Find the term in x° in the expansion of (3x+A4)(2x+B)°. /4]

Mina and Norbert each have a fair cubical die with faces labelled 1, 2, 3, 4, 5 and 6; they throw
it to decide if they are going to eat a cookie.

Mina throws her die just once and she eats a cookie if she throws a four, a five or a six.
Norbert throws his die six times and each time eats a cookie if he throws a five or a six.

(b) Calculate the probability that five cookies are eaten. /4]
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22 - (MAT-S 2014-Paper 2/2-Q8) - PROBABILITY

The random variable X has a Poisson distribution with mean 4.

Giventhat P(X =2)+P(X =3)=P(X =93).
(a) find the value of «; /2]

(b) find the probability that X lies within one standard deviation of the mean. 27
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23 - (MAT-S 2014-Paper 2/1-Q9) - PROBABILITY

The number of birds seen on a power line on any day can be modelled by a Poisson distribution
with mean 5.84.

(a) Find the probability that during a certain seven-day week, more than 40 birds have been
seen on the power line.

(b On Monday there were more than 10 birds seen on the power line. Show that the
probability of there being more than 40 birds seen on the power line from that Monday to
the following Sunday, inclusive, can be expressed as:

PLX >40)+iP(X=r)P(Y > 40— 1)

=T where X ~Po(5.84) and Y ~ Po(35.04).
P(X >10)

2]

[27
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24 - (MAT-S 2014-Paper 2/1-Q11) - PROBABILITY
Arandom variable X has probability density function

ax+b, 2<x=<3

f(x)={ ,a,belR.

0, otherwise
(a) Show that Sa+2b=2. [4]
Let E(X)=u.
(b) (1) Showthat a=12xu-30.
(i1) Find a similar expression for 5 in terms of z. [7]
Let the median of the distribution be 2.3.
(¢) (1) Find the value of .

(i1) Find the value of the standard deviation of X, [10]
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(a)

(b)

(c)

(d)

25 - (MAT-S 2014-Paper 2/2-Q11) - PROBABILITY

The probability density function of a random variable X is defined as:

m
a XCoS X, OSxSE, where acR.

J(x)=

0, elsewhere

Show that a =

T—2
Find P[X < E] .
4
Find:

(1) the mode of X;

(i1) the median of .X.

Find P| ¥ < T x <X |
8 4
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26 - (MAT-W 2014-Paper 2/0-Q2) - PROBABILITY

The wingspans of a certain species of bird can be modelled by a normal distribution with
mean 60.2 cm and standard deviation 2.4 cm.

According to this model, 99 % of wingspans are greater than x cm.

(a) Find the value of x. /2]

In a field experiment, a research team studies a large sample of these birds. The wingspans of
each bird are measured correct to the nearest 0.1 em.

(b) Find the probability that a randomly selected bird has a wingspan measured as 60.2cm.  f3]
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27 - (MAT-W 2014-Paper 2/0-Q11) - PROBABILITY

The number of complaints per day received by customer service at a department store follows
a Poisson distribution with a mean of 0.6.

(a)  On arandomly chosen day, find the probability that

(i)  there are no complaints;

(i) there are at least three complaints. /3]
(b) In arandomly chosen five-day week, find the probability that there are no complaints. [2]

(¢) On a randomly chosen day, find the most likely number of complaints received.
Justify your answer. [3]

The department store introduces a new policy to improve customer service. The number of
complaints received per day now follows a Poisson distribution with mean A.

On a randomly chosen day, the probability that there are no complaints is now ().8.

(d) Find the value of A. [2]

A
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28 - (MAT-W 2014-Paper 2/0-Q12) - PROBABILITY

Ava and Barry play a game with a bag containing one green marble and two red marbles.
Each player in turn randomly selects a marble from the bag, notes its colour and replaces it.
Ava wins the game if she selects a green marble. Barry wins the game if he selects a red marble.
Ava starts the game.

Find the probability that

(a) Avawins on her first tumn; /1]
(b) Barry wins on his first turn; [2]
(¢) Avawins in one of her first three turns; [4]
(d) Awvaeventually wins. /4]

A
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29 - (MAT-S 2015-Paper 2/1-Q2) - PROBABILITY

The finishing times in a marathon race follow a normal distribution with mean 210 minutes
and standard deviation 22 minutes.

(@) Find the probability that a runner finishes the race in under three hours. [2]
The fastest 90 % of the finishers receive a certificate.

(b) Find the time, below which a competitor has to complete the race, in order to gain
a certificate. [2]
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30 - (MAT-S 2015-Paper 2/1-Q3) - PROBABILITY

A mosaic is going to be created by randomly selecting 1000 small tiles, each of which is

either black or white. The probability that a tile is white is 0.1. Let the random variable 7" be
the number of white tiles.

(a) State the distribution of ¥, including the values of any parameters. [2]
(b) Wite down the mean of V. [1]
(¢} Find P(i¥ > 89). [2]
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31 - (MAT-S 2015-Paper 2/2-Q4) - PROBABILITY
Emma acquires a new cell phone for her birthday and receives texts from her friends. Itis
assumed that the daily nhumber of texts Emma receives follows a Poisson distribution with
mean m=3.

(@ () Find the probability that on a certain day Emma receives more than 7 texts.

(iiy Determine the expected number of days in a week on which Emma receives
more than 7 texts. [4]

(b)  Find the probability that Emma receives fewer than 30 texts during a week. [3]
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32 - (MAT-S 2015-Paper 2/1-Q7) - PROBABILITY

The random variable X follows a Poisson distribution with mean m # 0.
(@) Giventhat 2P(X=4)=PX = 35), showthat m =10. [3]

(b) Giventhat X' =11, find the probability that X' =6. [4]
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33 - (MAT-S 2015-Paper 2/2-Q9) - PROBABILITY

Natasha lives in Chicago and has relatives in Nashville and St. Louis.
Each time she visits her relatives, she either flies or drives.

4
When travelling to Nashville, the probability that she drives is E , and when travelling to
1
St. Louis, the probability that she flies is g

Given that the probability that she drives when visiting her relatives is % find the probability

that for a particular trip,
(@) she travels to Nashville; [3]

(b)  she is on her way to Nashville, given that she is flying. [3]
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34 - (MAT-S 2015-Paper 2/2-Q10) - PROBABILITY

Farmer Suzie grows turnips and the weights of her turnips are normally distributed with a
mean of 122 g and standard deviation of 14.7g.

(@ (i) Calculate the percentage of Suzie's turnips that weigh between 110 gand 130 g.

(i)  Suzie has 100 turnips to take to market. Find the expected number weighing
more than 130 g.

(iliy  Find the probability that at least 30 of the 100 turnips weigh more than 130 g. [6]
Farmer Ray also grows turnips and the weights of his turnips are normally distributed with a
mean of 144 g. Ray only takes to market turnips that weigh more than 130 g. Over a period

of time, Ray finds he has to reject 1 in 15 turnips due to their being underweight.

(b) () Find the standard deviation of the weights of Ray's turnips.

(i) Ray has 200 turnips to take to market. Find the expected number weighing more
than 150 g. [6]

A
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(b)
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35 - (MAT-S 2015-Paper 2/1-Q11) - PROBABILITY

fx)=

Sketch the graph of v=f(x).

Find P(Y < 7).

1
Show that ¢ = — -
e

The probability density function of a continuous random variable X is given by

0,x<0
Y G v<n
4
a(x—m), n<x<2n
0,2n<x

[2]
[2]

[3]

[1]
[3]

[3]

[2]

[4]

(d) Write down the median of X,
(e) Calculate the mean of X.
(f) Calculate the variance of X.
@ Findp[E<x<t
27 T 2 )
. T 3n . -
(h) Given that 5 <X S? find the probability that 1 < X <2x.
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36 - (MAT-W 2015-Paper 2/0-Q1) - PROBABILITY

The events A and B are such that P(4)=0.65, P(8)=0.48 and P{4 U B)=0.818.

(@ Find P(4AB). 2]
(b) Hence showthat the events 4 and B are independent. [2]
3
O
¥
&8
i
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37 - (MAT-W 2015-Paper 2/0-Q6) - PROBABILITY
[Maximum mark: 6]

Josie has three ways of getting to school. 30% of the time she travels by car, 20% of the
time she rides her bicycle and 50% of the time she walks.

When travelling by car, Josie is late 5% of the time. When riding her bicycle she is

late 10 %o of the time. When walking she is late 25% of the time. Given that she was on
time, find the probability that she rides her bicycle.
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38 - (MAT-W 2015-Paper 2/0-Q8) - PROBABILITY

The continuous random variable X has the probability distribution function
fx)y=4 sin(ln(x)), 1<x<5.

(a) Find the value of A to three decimal places. [2]
(b) Find the mode of X. [2]
(c) Find the value P(X <3| X =2). [2]
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39 - (MAT-W 2015-Paper 2/0-Q11) - PROBABILITY

A survey is conducted in a large office building. It is found that 30 % of the office workers
weigh less than 62kg and that 25 % of the office workers weigh more than 98 kg.

The weights of the office workers may be modelled by a normal distribution with mean  and
standard deviation .

(@) (i) Determine two simultaneous linear equations satisfied by u and &.
(i)  Find the values of 1 and ©. [6]
(b)  Find the probability that an office worker weighs more than 100 kg. [1]

There are elevators in the office building that take the office workers to their offices.
Given that there are 10 workers in a particular elevator,

(¢) find the probability that at least four of the workers weigh more than 100kg. [2]
Given that there are 10 workers in an elevator and at least one weighs more than 100 kg,
() find the probability that there are fewer than four workers exceeding 100 kg. [3]

The arrival of the elevators at the ground floor between 08:00 and 09:00 can be modelled by
a Poisson distribution. Elevators arrive on average every 36 seconds.

(e) Find the probability that in any half hour period between 08:00 and 09:00 more
than 60 elevators arrive at the ground floor. [3]

An elevator can take a maximum of 10 workers. Given that 400 workers arrive in a half
hour period independently of each other,

(H  find the probability that there are sufficient elevators to take them to their offices. [3]

A
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40 - (MAT-S 2016-Paper 2/2-Q2) - PROBABILITY

A random variable X is normally distributed with mean 3 and variance 2°.

(@) Find P(0<X<2). [2]
(b) Find P(|.X|>1). [3]
(©) I P(X>c)=0.44, find the value of ¢. [2]
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41 - (MAT-S 2016-Paper 2/1-Q6) - PROBABILITY
[Maximum mark: 8]

The heights of students in a single year group in a large school can be modelled by a normal
distribution.

It is given that 40 % of the students are shorter than 1.62m and 25% are taller than 1.79m.

Find the mean and standard deviation of the heights of the students.
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42 - (MAT-S 2016-Paper 2/2-Q6) - PROBABILITY
[Maximum mark: 8]
A company produces rectangular sheets of glass of area 5 square metres. During

manufacturing these glass sheets flaws occur at the rate of 0.5 per 5 square metres. Itis
assumed that the number of flaws per glass sheet follows a Poisson distribution.

(a) Find the probability that a randomly chosen glass sheet contains at least one flaw. [3]

Glass sheets with no flaws earn a profit of $5. Glass sheets with at least one flaw incur a
loss of $3.

(b) Find the expected profit, P dollars, per glass sheet. [3]

This company also produces larger glass sheets of area 20 square metres. The rate of
occurrence of flaws remains at 0.5 per 5 square metres.
Alarger glass sheet is chosen at random.

(c)  Find the probability that it contains no flaws. [2]
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43 - (MAT-S 2016-Paper 2/1-Q10) - PROBABILITY

[Maximum mark: 8]

Students sign up at a desk for an activity during the course of an afternoon. The arrival of
each student is independent of the arrival of any other student and the number of students

arriving per hour can be modelled as a Poisson distribution with a mean of 4.

The desk is open for 4 hours. If exactly 5 people arrive to sign up for the activity during that
time find the probability that exactly 3 of them arrived during the first hour.
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44 - (MAT-S 2016-Paper 2/2-Q10) - PROBABILITY
A continuous random variable 7" has probability density function 1 defined by

t|sin2t|
Sy = T
0

0<t<n

otherwise

(@) Sketch the graph of y= f(¥).

(b)  Use your sketch to find the mode of T.
(¢) Find the mean of T'.

(d) Find the variance of 7.

() Find the probability that T lies between the mean and the mode.

® @ Find [/()dr where 0<T < g

(iiy  Hence verify that the lower quartile of T is E.
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(2]

[6]
[3]

[3]

d
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45 - (MAT-S 2016-Paper 2/1-Q13) - STATISTICS, PROBABILITY

Six balls numbered 1, 2, 2, 3, 3, 3 are placed in a bag. Balls are taken one at a time from

the bag at random and the number noted. Throughout the question a ball is always replaced

before the next ball is taken.

(@ Asingle ball is taken from the bag. Let X denote the value shown on the ball.
Find E (X).

(b)  Three balls are taken from the bag. Find the probability that
(i)  the total of the three numbers is 5;
(i) the median of the three humbersis 1.

(¢) Ten balls are taken from the bag. Find the probability that less than four of the balls are
humbered 2.

(d) Find the least number of balls that must be taken from the bag for the probability of
taking out at least one ball numbered 2 to be greater than (0.95.

(e) Another bag alsc contains balls numbered 1,2 or 3.
Eight balls are to be taken from this bag at random. It is calculated that the expected
number of balls numbered 1 is 4.8, and the variance of the number of balls numbered
2is 1.5.
Find the least possible number of balls numbered 3 in this bag.

2012 -2021 246




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 16 - PROBABILITY

46 - (MAT-W 2016-Paper 2/0-Q1) - PROBABILITY

Arandom variable X has a probability distribution given in the following table.

X 0.5 1.5 2.5 3.5 4.5 55

P(X=x) 0.12 0.18 0.20 0.28 0.14 0.08
(@) Determine the value of E(X?). [2]
(b) Find the value of Var(.Y'). [3]
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47 - (MAT-W 2016-Paper 2/0-Q3) - PROBABILITY

Adiscrete random variable X follows a Poisson distribution Po(s).

(@) Showthat P(X = x + 1) = ’ule(X:x),xeN. 3]
x +

(b) Giventhat P(X =2)=10.241667 and P(X =3)=0.112777, use part (a) to find the value
of u. [3]
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48 - (MAT-W 2016-Paper 2/0-Q8) - PROBABILITY

Arandom variable X is normally distributed with mean g and standard deviation o,
such that P(Y <30.31)=0.1180 and P(X > 42.52) = 0.3060.

(@ Find g and o. [6]

(b) Find P(LY - 4 < 1.25). 2]
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49 - (MAT-W 2016-Paper 2/0-Q11) - PROBABILITY

A Chocolate Shop advertises free gifts to customers that collect three vouchers.

The vouchers are placed at random into 10 % of all chocolate bars sold at this shop.

Kati buys some of these bars and she opens them one at a time to see if they contain a
voucher. Let P(X =) be the probability that Kati obtains her third voucher on the #th bar
opened.

(It is assumed that the probability that a chocolate bar contains a voucher stays at 10%o
throughout the question.)

(@ Showthat P(X'=3)=0.001 and P(X =4)=0.0027. [3]
w4+ an + b
It is given that P(X = n) = —————— x 0.9"” for n>3, neN.
2000
(b) Find the values of the constants a and b. [5]

PX=n)  09n-1)
P(X=n-1) n-3

(¢ Deduce that for n>3. [4]

(d) () Henceshowthat X has two modes m, and m,.
(i  State the values of m, and m,. [5]

Kati's mother goes to the shop and buys x chocolate bars. She takes the bars home for Kati
to open.

(e) Determine the minimum value of x such that the probability Kati receives at least one
free gift is greater than 0.5. [3]
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50 - (MAT-S 2017-Paper 2/1-Q1) - PROBABILITY

Consider two events 4 and B such that P(4) =k, P(B)=3k,P(AnB)=k and

P4 UB)=0.5.
(@) Calculate &; [3]
(b) Find P4’ B). [3]
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51 - (MAT-S 2017-Paper 2/2-Q1) - STATISTICS, PROBABILITY

There are 75 players in a golf club who take part in a golf tournament. The scores obtained
on the 18th hole are as shown in the following table.

Score 2 3 4 5 6 7
Frequency 3 15 28 17 9 3

(a) One of the players is chosen at random. Find the probability that this player’s score
was 5 or more. [2]

(b) Calculate the mean score. [2]
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52 - (MAT-S 2017-Paper 2/2-Q3) - STATISTICS, PROBABILITY
Packets of biscuits are produced by a machine. The weights X, in grams, of packets of

biscuits can be modelled by a normal distribution where X"~ N(,u, 62). A packet of biscuits is
considered to be underweight if it weighs less than 250 grams.

(@) Giventhat u=253 and o= 1.5 find the probability that a randomly chosen packet of
biscuits is underweight. [2]

The manufacturer makes the decision that the probability that a packet is underweight should
be 0.002. To do this u is increased and o remains unchanged.

(b) Calculate the new value of u giving your answer cotrect to two decimal places. [3]
The manufacturer is happy with the decision that the probability that a packet is underweight
should be 0.002, but is unhappy with the way in which this was achieved. The machine is

now adjusted to reduce o and return g to 253.

(¢) Calculate the new value of o. [2]

-
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53 - (MAT-S 2017-Paper 2/1-Q5) - PROBABILITY

When carpet is manufactured, small faults occur at random. The number of faults in
Premium carpets can be modelled by a Poisson distribution with mean 0.5 faults per 20m®.

Mr Jones chooses Premium carpets to replace the carpets in his office building. The office
building has 10 rooms, each with the area of 80m”.

(a) Find the probability that the carpet laid in the first room has fewer than three faults. [3]

(b) Find the probability that exactly seven rooms will have fewer than three faults in the
carpet. [3]
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54 - (MAT-S 2017-Paper 2/2-Q5) - PROBABILITY

John likes to go sailing every day in July. To help him make a decision on whether it is safe
to go sailing he classifies each day in July as windy or calm. Given that a day in July is

calm, the probability that the next day is calmis 0.9. Given that a day in July is windy, the
probability that the next day is calmis 0.3. The weather forecast for the 1st July predicts that
the probability that it will be calmis 0.8.

(@ Draw a tree diagram to represent this information for the first three days of July. [3]
(b)  Find the probability that the 3rd July is calm. [2]
(¢) Find the probability that the 1st July was calm given that the 3rd July is windy. [4]
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55 - (MAT-S 2017-Paper 2/1-Q9) - STATISTICS, PROBABILITY

The times taken for male runners to complete a marathon can be modelled by a normal
distribution with a mean 196 minutes and a standard deviation 24 minutes.

(@) Find the probability that a runner selected at random will complete the marathon in less
than 3 hours. [2]

It is found that 5% of the male runners complete the marathon in less than 7, minutes.

(b) Calculate 7. [2]
The times taken for female runners to complete the marathon can be medelled by a normal
distribution with a mean 210 minutes. It is found that 58 % of female runners complete the

marathon between 185 and 235 minutes.

{(¢) Find the standard deviation of the times taken by female runners. [4]
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56 - (MAT-S 2017-Paper 2/2-Q10) - STATISTICS, PROBABILITY

A continuous random variable X has probability density function f given by

xz

—+b, 02x<4
f(xy=1qa ’ * where a and b are positive constants.

0 otherwise

It is given that P(Y > 2)=0.75.

(a) Showthat a=32 and b= %

(b) Find E{X).
(c) Find Var(X).
(d) Find the median of X.

Eight independent observations of X are now taken and the random variable Y is the
humber of observations such that X > 2.

(e) Find E(¥).

)  Find P(¥ = 3).
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57 - (MAT-W 2017-Paper 2/0-Q2) - PROBABILITY

[Maximum mark: 6]

@ Find P(B).

(b) Find P(4).

Events 4 and B are such that P(4 W B)=0.95, P(4 ~ B)=0.6 and P(4 | B)=0.75.

(¢) Hence show that events 4’ and B are independent.

[2]
[2]
(2]
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58 - (MAT-W 2017-Paper 2/0-Q6) - PROBABILITY

[Maximum mark: 6]

The number of bananas that Lucca eats during any particular day follows a Poisson
distribution with mean 0.2.

(a) Find the probability that Lucca eats at least one banana in a particular day. [2]

(b) Find the expected number of weeks in the year in which Lucca eats no bananas. [4]
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59 - (MAT-S 2018-Paper 2/2-Q3) - PROBABILITY
The random variable ¥ has a normal distribution with mean g = 50 and variance & = 16.

(@) Sketch the probability density function for X', and shade the region representing

P(u—20<X < u+a). [2]
(b) Find the value of P(u—20<X < u+o0). [2]
{c) Find the value of & for which P(u— ko< X< u+ko)=0.5. [2]
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60 - (MAT-S 2018-Paper 2/1-Q4) - PROBABILITY

The age, L, in years, of a wolf can be modelled by the normal distribution 7. ~ N(8, 5).
(@) Find the probability that a wolf selected at random is at least 5 years old. 2]
Eight wolves are independently selected at random and their ages recorded.

(b) Find the probability that more than six of these wolves are at least 5 years old. [3]

2012 -2021 261




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 16 - PROBABILITY

61 - (MAT-S 2018-Paper 2/1-Q6) - PROBABILITY

[Maximum mark: 5]

The mean number of squirrels in a certain area is known to be 3.2 squirrels per hectare of
woodland. Within this area, there is a 56 hectare woodland nature reserve. It is known that
there are currently at least 168 squirrels in this reserve.

Assuming the population of squirrels follow a Poisson distribution, calculate the probability
that there are more than 190 squirrels in the reserve.

2012 -2021 262




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 16 - PROBABILITY

62 - (MAT-S 2018-Paper 2/2-Q8) - PROBABILITY

The random variable X has a binomial distribution with parameters » and p.
It is given that E(Y)=3.5.

(a) Find the least possible value of 7. [2]
It is further given that P(X < 1) = 0.09478 correct to 4 significant figures.

(b) Determine the value of » and the value of p. [5]
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63 - (MAT-S 2018-Paper 2/2-Q9) - PROBABILITY

The number of taxis arriving at Cardiff Central railway station can be modelled by a Poisson
distribution. During busy periods of the day, taxis arrive at a mean rate of 5.3 taxis every
10 minutes. Let T represent a random 10 minute busy period.

@ (i Find the probability that exactly 4 taxis arrive during T'.
(i)  Find the most likely number of taxis that would arrive during T.

(i)  Given that more than 5 taxis arrive during T, find the probability that exactly
7 taxis arrive during T. [7]

During quiet periods of the day, taxis arrive at a mean rate of 1.3 taxis every 10 minutes.

(b)  Find the probability that during a period of 15 minutes, of which the first 10 minutes is
busy and the next 5 minutes is quiet, that exactly 2 taxis arrive. [6]
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64 - (MAT-S 2018-Paper 2/1-Q10) - PROBABILITY

The continuous random variable X has probability density function f given by

3ax , 0<x<05
f(xy=<qaZ-x} , 05<x<2
0 , otherwise
2
(a) Showthat a = E [3]
(b) Find P(X < 1). [3]

(¢) Giventhat P(s <X <0.8)=2 x P(25s <X <0.8), and that 0.25 < s < 0.4, find the value
of 5. [7]
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65 - (MAT-W 2018-Paper 2/0-Q3) - PROBABILITY

It is known that 56 % of Infiglow batteries have a life of less than 16 hours, and 94% have
a life less than 17 hours. It can be assumed that battery life is modelled by the normal
distribution N(u, 6%).

(@) Find the value of 1 and the value of &. [6]

(b)  Find the probability that a randomly selected Infiglow battery will have a life of at least
15 hours. [2]
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66 - (MAT-W 2018-Paper 2/0-Q10) - PROBABILITY
Willow finds that she receives approximately 70 emails per working day.
She decides to model the number of emails received per working day using the random
variable X', where X follows a Poisson distribution with mean 70.

(a) Using this distribution model, find
@ P <060)
(i)  the standard deviation of X. [4]

(b) In order to test her model, Willow records the number of emails she receives per
working day over a period of 6 months. The results are shown in the following table.

Number of emails received (x) | Number of days
40 <x <49 2
50 <x<59 15
60 <x <69 40
70 <x <79 53
80 <x <89 0
90 <x <99 1
100 <x < 109 3
110 <x <119 6

Fromthe table, calculate
(i) an estimate for the mean number of emails received per working day;

(i) an estimate for the standard deviation of the humber of emails received per
working day. [5]

(c) Give one piece of evidence that suggests Willow's Poisson distribution model is not a
good fit. [1]

Archie works for a different company and knows that he receives emails according to a
Poisson distribution, with a mean of 1 emails per day.

(d) Suppose that the probability of Archie receiving more than 10 emails in total on any one
day is 0.99. Find the value of A. [3]

(¢) Now suppose that Archie received exactly 20 emails in total in a consecutive two day
period. Show that the probability that he received exactly 10 of them on the first day is
independent of 4 .
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67 - (MAT-S 2019-Paper 2/2-Q2) - PROBABILITY
Timmy owns a shop. His daily income from selling his goods can be modelled as a normal
distribution, with a mean daily income of $820, and a standard deviation of $230. To make a
profit, Timmy’s daily income needs to be greater than $1000.
(a) Calculate the probability that, on a randomly selected day, Timmy makes a profit. [2]

The shop is open for 24 days every month.

(b) Calculate the probability that, in a randomly selected month, Timmy makes a profit on
between 5 and 10 days (inclusive). [3]
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68 - (MAT-S 2019-Paper 2/1-Q3) - PROBABILITY

The marks achieved by eight students in a class test are given in the following list.

8 | 4 | 7 | e | 10 | 9 [ 7 | 3

(a) Find

(i) the mean;

(i)  the standard deviation. [2]
(b) The teacher increases all the marks by 2. Write down the new value for

(i) the mean;

(i)  the standard deviation. [2]
A ninth student also takes the test.

(c) Explain why the median is unchanged. [3]
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69 - (MAT-S 2019-Paper 2/2-Q3) - PROBABILITY

Igbal attempts three practice papers in mathematics. The probability that he passes the first
paper is 0.6. Whenever he gains a pass in a paper, his confidence increases so that the
probability of him passing the next paper increases by 0.1. Whenever he fails a paper the
probability of him passing the next paper is 0.6.

(a) Complete the given probability tree diagram for Igbal’s three attempts, labelling each

branch with the correct probability. [3]
/P
P
/ \F
F
\F
/P
P
- / \F
F
(b) Calculate the probability that Igbal passes at least two of the papers he attempts. [2]

(c) Find the probability that Igbal passes his third paper, given that he passed only one
previous paper. [3]
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70 - (MAT-S 2019-Paper 2/1-Q9) - PROBABILITY
A café serves sandwiches and cakes. Each customer will choose one of the following three
options; buy only a sandwich, buy only a cake or buy both a sandwich and a cake.
The probability that a customer buys a sandwich is 0.72 and the probability that a customer
buys a cake is 0.45.
(a) Find the probability that a customer chosen at random will buy
(i both a sandwich and a cake;
(i)  only a sandwich. (4]
On a typical day 200 customers come to the café.
(b) Find
(i) the expected number of cakes sold on a typical day;

(iiy  the probability that more than 100 cakes will be sold on a typical day. [4]

It is known that 46 % of the customers who come to the café are male, and that 80 % of these
buy a sandwich.

(c) (i) Acustomeris selected at random. Find the probability that the customer is male
and buys a sandwich.

(i) Afemale customer is selected at random. Find the probability that she buys a
sandwich. [5]
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71 - (MAT-S 2019-Paper 2/2-Q10) - PROBABILITY
Steffi the stray cat often visits Will’s house in search of food. Let X be the discrete random
variable “the number of times per day that Steffi visits Will's house”.
The random variable X can be modelled by a Poisson distribution with mean 2.1.

(a) Find the probability that on a randomly selected day, Steffi does not visit Will's house. [2]

Let ¥ be the discrete random variable “the number of times per day that Steffi is fed at Will’'s
house”. Steffi is only fed on the first four occasions that she visits each day.

(b) Copy and complete the probability distribution table for Y. [4]
v 0 1 2 3 4
P(r=y)
(c) Hence find the expected number of times per day that Steffi is fed at Will’s house. [3]

(d) Inany given year of 365 days, the probability that Steffi does not visit Will for at most »
days in total is 0.5 (to one decimal place). Find the value of n. [3]

(e) Show that the expected number of occasions per year on which Steffi visits Will's
house and is not fed is at least 30. [4]
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72 - (MAT-W 2019-Paper 2/0-Q2) - PROBABILITY

[Maximum mark: 6]

The number of marathons that Audrey runs in any given year can be modelled by a Poisson
distribution with mean 1.3.

(a) Calculate the probability that Audrey will run at least two marathons in a particular year.  [2]

(b) Find the probability that she will run at least two marathons in exactly four out of the
following five years. [4]
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73 - (MAT-W 2019-Paper 2/0-Q7) - PROBABILITY
[Maximum mark: 6]

Runners in an athletics club have season’s best times for the 100 m, which can be modelled
by a normal distribution with mean 11.6 seconds and standard deviation 0.8 seconds.

To qualify for a particular competition a runner must have a season’s best time of under

11 seconds. A runner from this club who has qualified for the competition is selected at
random. Find the probability that he has a season’s best time of under 10.7 seconds.
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74 - (MAT-W 2019-Paper 2/0-Q10) - PROBABILITY
[Maximum mark: 19]

A random variable X has probability density function

3a , 0<x<2
f(x)= a(x—S)(l—x) , 2<x<b a,beR",3<h<5.
0 , otherwise
(@) Find, in terms of a, the probability that X lies between 1 and 3. [4]

Consider the case where h=5.

(b) Sketch the graph of f. State the coordinates of the end points and any local maximum
or minimum points, giving your answers in terms of a. [4]

(c) Find the value of
0 a;
(i) E(X):

(i)  the median of X. [11]
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75 - (MAT-W 2020-Paper 2/0-Q2) - PROBABILITY
[Maximum mark: 4]

Jenna is a keen book reader. The number of books she reads during one week can be
modelled by a Poisson distribution with mean 2.6.

Determine the expected number of weeks in one year, of 52 weeks, during which Jenna
reads at least four books.
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76 - (MAT-W 2020-Paper 2/0-Q5) - PROBABILITY

A survey of British holidaymakers found that 15 % of those surveyed took a holiday in the
Lake District in 2019.

(a) Arandom sample of 16 British holidaymakers was taken. The number of people
in the sample who took a holiday in the Lake District in 2019 can be modelled by
a binomial distribution.

(iy State two assumptions made in order for this model to be valid.

(i)  Find the probability that at least three people from the sample took a holiday in
the Lake District in 2019. [4]

(b) From arandom sample of # holidaymakers, the probability that at least one of them
took a holiday in the Lake District in 2019 is greater than 0.999.

Determine the least possible value of n. [3]
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77 - (MAT-W 2020-Paper 2/0-Q9) - PROBABILITY

with mean 102 g and standard deviation 8 g.

is 0.444. Find the value of w.

The weights, in grams, of individual packets of coffee can be modelled by a normal distribution,

(a) Find the probability that a randomly selected packet has a weight less than 100 g. [2]
(b) The probability that a randomly selected packet has a weight greater than w grams
(¢) A packetis randomly selected. Given that the packet has a weight greater than 105 g,

find the probability that it has a weight greater than 110 g.

(d) From arandom sample of 500 packets, determine the number of packets that would be
expected to have a weight lying within 1.5 standard deviations of the mean. [3]

(e) Packets are delivered to supermarkets in batches of 80. Determine the probability that
at least 20 packets from a randomly selected batch have a weight less than 95 g. [4]

(2]

(3]
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78 - (MathAA-S 2021-Paper 2/1-Q2) - PROBABILITY
[Maximum mark: 6]
A company produces bags of sugar whose masses, in grams, can be modelled by a normal
distribution with mean 1000 and standard deviation 3.5. A bag of sugar is rejected for sale if
its mass is less than 995 grams.
(a) Find the probability that a bag selected at random is rejected. [2]

(b) Estimate the number of bags which will be rejected from a random sample of 100 bags. [1]

(c) Given that a bag is not rejected, find the probability that it has a mass greater than
1005 grams. [3]
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79 - (MathAA-S 2021-Paper 2/2-Q3) - PROBABILITY

[Maximum mark: 8]

At a school, 70 % of the students play a sport and 20 % of the students are involved in
theatre. 18 % of the students do neither activity.

A student is selected at random.

(a) Find the probability that the student plays a sport and is involved in theatre. [2]
(b) Find the probability that the student is involved in theatre, but does not play a sport. [2]
At the school 48 % of the students are girls, and 25 % of the girls are involved in theatre.

A student is selected at random. Let G be the event “the student is a girl” and let T be the
event “the student is involved in theatre”.

() Find P(GNT). 2]

(d) Determine if the events G and T are independent. Justify your answer. 2]
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80 - (MathAA-S 2021-Paper 2/2-Q6) - PROBABILITY
[Maximum mark: 6]

A continuous random variable X has the probability density function f, given by

j;’(x)z{(n+l)x", 0<x<1

0, otherwise

where n e R, n=>0.

(a) Show that E(X)= ::; 2]
n+1

b) Show that Var(X)=———. 4

(b) ow tha ar( ) (n+2)2(n+3) [4]
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81 - (MathAA-S 2021-Paper 2/1-Q7) - PROBABILITY
[Maximum mark: 7]

A continuous random variable X has the probability density function f given by

al 0<x<4
f(x)=1y(x* +k)
0 otherwise
where ke R'.
(a) Show that V16+k —k =Jk16+k . 5]
(b) Find the value of k. [2]
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82 - (MathAA-S 2021-Paper 2/2-Q10) - PROBABILITY
[Maximum mark: 15]

The flight times, T minutes, between two cities can be modelled by a normal distribution with
a mean of 75 minutes and a standard deviation of ¢ minutes.

(a) Given that 2% of the flight times are longer than 82 minutes, find the value of &. [3]

(b) Find the probability that a randomly selected flight will have a flight time of more than
80 minutes. [2]

(c) Given that a flight between the two cities takes longer than 80 minutes, find the
probability that it takes less than 82 minutes. [4]

On a particular day, there are 64 flights scheduled between these two cities.
(d) Find the expected number of flights that will have a flight time of more than 80 minutes. [3]

(e) Find the probability that more than 6 of the flights on this particular day will have a flight
time of more than 80 minutes. [3]
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83 - (MathAA-W 2021-Paper 2/0-Q3) - PROBABILITY
[Maximum mark: 7]

A factory manufactures lamps. It is known that the probability that a lamp is found to be
defective is 0.05. A random sample of 30 lamps is tested.

(a) Find the probability that there is at least one defective lamp in the sample. [3]

(b) Given that there is at least one defective lamp in the sample, find the probability that
there are at most two defective lamps. [4]
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84 - (MathAA-W 2021-Paper 2/0-Q7) - PROBABILITY
[Maximum mark: 6]
A continuous random variable X has a probability density function given by

. arccosx 0<x<l1
f(x)= .
0 otherwise

The median of this distribution is m.
(@) Determine the value of m. [2]

(b) Giventhat P(

X —m| <a)=0.3, determine the value of a. [4]
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1 - (MAT-S 2012-Paper 2/1-Q1) - DIFFERENTIATION
[Maxinum mark: 5]

Given that the graph of y=x"—6x"+kx—4 has exactly one point at which the
gradient is zero, find the value of k.
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2 - (MAT-S 2012-Paper 2/2-Q6) - DIFFERENTIATION

COS X . ‘
(a) Sketchthe curve vy = ==, —4 = x = 4 showing clearly the coordinates of the
Vi +1
x-intercepts, any maximum points and any minimum points. [4 marks]
(by  Write down the gradient of the curve at x=1. [l mark]
(¢) Yind the equation ol the normal to the curve at x=1. [3 marks]
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3 - (MAT-S 2012-Paper 2/1-Q10) - DIFFERENTIATION

[Meimum mark: 8]

. . . 1 1
Atriangle s formed by the three lines y=10-2x, y=mx and y=——x, where m > 3
m

Find the value of s for which the area of the triangle is a minimum.
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4 - (MAT-S 2012-Paper 2/1-Q11) - DIFFERENTIATION
The function f(x}=3sinx+4cosx is defined for 0<x <2m.

{a) Write down the coordinates of the minimum point on the graph of 7. [ mark]

(by The points P(p,3) and Q(g, 3}, g>p. liec on the graph of y=f(x)}.
Find p and ¢. [2 marks]

{¢) Find the coordinates of the point, on v = f(x). where the gradient of the
graph is 3. [4 marks]

{(d} Findthe coordinates of the point of intersection of the normals to the graph atthe
points P and Q. [7 marks]
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5 - (MAT-W 2012-Paper 2/0-Q12) - DIFFERENTIATION

The diagram shows the plan of an art gallery @ metres wide. | AB] represents adoorway,
leading to an exit corridor » metres wide. In order to remove a painting from the
art gallery, CD (denoted by 1) is measured for various values of « , as represented in
the diagram.

b
+

(a) If e is the angle between [CD] and the wall, show that L= — ,
sine  cosa

0< a<g. |3 marks]

(b) If a=5 and &=1, find the maximum length of a painting that can be removed
through this doorway. [4 marks]

Let =3k and b=Fk.

(c) Find % [3 marks]
da
(d) Find, interms of %, the maximum length of a painting that can be removed from

the gallery through this doorway. [6 marks]

(e) Findthe minimum value of £ if a painting 8 metres long is to be removed through
this doorway. [2 marks]

T
’
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6 - (MAT-S 2013-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION

. o . . d
Consider the differential equation yay =cos2x.

{a) (i) Show that the function v = cosx+sinx satisfies the differential eguation.

(i1 Findthe general solution of the differential equation. Express yoursolution
in the form y = f(x), involving a constant of integration.

(111) For which value of the constant of integration does your solution coincide
with the function given m part (i)? [0 marks]

{by A different solution of the differential equation, satisfymg y=2 when x=—,
defines a curve . 4

(i)  Determine the equation of C in the form y = g (x), and state the range of
the function 2.

Aregion B m the xp plane is bounded by C, the x-axis and the vertical lines

x=0 and x==.
2
(i1y Findthe area of K.

(i) Find the volume generated when that part of K above the line v=1 is
rotated about the x-axis through 2n radians. F12 maris]
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7 - (MAT-S 2013-Paper 2/1-Q13) - DIFFERENTIATION

The function f has inverse ' and derivative f'(x) forall xeR. For all functions
with these properties you are given the result that for ¢ e R with A= f(a) and

[(@#0
ey =—
f(ay
(a)  Verify that this is true for f(x)=x"+1 at x=2.
(b)Y Giventhat g(x)= xe”z, show that ¢'(x) >0 for all values of x.
(¢) Using the result given at the start of the question, find the value of the gradient
function of y=g7'(x) at x=2.
(dy (1) With fand g as defined in parts (a) and (b), solve go f(x)=2.

(i) Let A(x)=(go ) (x). Find #'(2).

[6 marks]

[3 marks]

[4 marks]

[6 marks]
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8 - (MAT-S 2013-Paper 2/2-Q13) - DIFFERENTIATION

A straight street of width 20 metres is bounded on s parallel sides by two
vertical walls, one of height 13 metres, the other of height 8 metres. The miensity
of light at pomt P at ground level on the street 1s proportional to the angle &
where @ = APB, as shown in the diagram.

diagram not io scale

B
NA
g8m 13m
)
p
20m

{a)y Find an expression for # interms of x, where x is the distance of P from the
base of the wall of height 8m. [2 marks]

by (13 Calceulate the value of & when x=0.

(11} Calculate the value of @ when x=20. [2 maris]
{¢} Sketchthe graph of &, for 0 <x<20. [ 2 marks]

. de 5(744—64x—x*
(d) Show that —=— ( 5 ) . [6 marks]

dx  (x" +04d)(x" —40x+569) i '

(¢} Usingthe result m part {d), or otherwise, determune the value of x corresponding

to the maxamum light mtensity at P. Give your answer to four significant figures. [3 marks]
(f)  The point P moves across the street with speed 0.5 ms™ . Determine the rate of

change of # with respect to time when P is at the midpoint of the street. [4 marics]

P
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9 - (MAT-S 2014-Paper 2/2-Q9) - DIFFERENTIATION

[Maxirmum mark: 5]

Sand is being poured to form a cone of height #cm and base radius »cm. The height

remains equal to the base radius at all times. The height of the cone is increasing at a rate of
0.5cmmin .

Find the rate at which sand is being poured, in ecm’ min™, when the height is 4cm.
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10 - (MAT-S 2014-Paper 2/1-Q10) - FUNCTIONS - ROOTS, DIFFERENTIATION

2x
Let f()=""1
)

(a) Find the equations of the horizontal and vertical asymptotes of the curve y= f(x).
(b) () Find F'(x).
(i1)  Show that the curve has exactly one point where its tangent is horizontal.

(iii) Find the coordinates of this point.

The line L, is parallel to L, and tangent to the curve y = f(x).

(d) Find the equation of the line Z,.

2012 -2021 295

(¢) TFind the equation of L, , the normal to the curve at the point where it crosses the y-axis.

4]

8]

4]

[3]

A
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11 - (MAT-S 2014-Paper 2/2-Q10) - DIFFERENTIATION

Consider the curve with equation (x2 + 37 )2 =4dxy’.

(a) Use implicit differentiation to find an expression for % /5]
(b) Find the equation of the normal to the curve at the point (1, 1). /3]
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12 - (MAT-S 2014-Paper 2/2-Q12) - DIFFERENTIATION

Enginecers need to lay pipes to connect two cities A and B that are separated by a river of width
450 metres as shown in the following diagram. They plan to lay the pipes under the river from
Ato X and then under the ground from X to B. The cost of laying the pipes under the river is five
times the cost of laying the pipes under the ground.

Let EX=1x.
+——1 000 ——————————

E x X Ground

*

450m
River

A

Let % be the cost, in dollars per metre, of laving the pipes under the ground.

(a) Show that the total cost C, in dollars, of laying the pipes from A to B is given by
C =5k202500+ x> + (1000 —x) k.

) ) dC
b d —.
(b) () Tin .

(i1)) Hence find the value of x for which the total cost is a minimum, justifying that this
value is a minimum.

(¢) Find the minimum total cost in terms of £.

The angle at which the pipes are joined is AXB=6.

(d) Find & for the value of x calculated in (b).

For safety reasons @ must be at least 120°.
Given this new requirement,
(¢) (i) findthe new value of x which minimises the total cost;

(i1) find the percentage increase in the minimum total cost.
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(b)) @
(i1)

() @
(ii)
(iii)

13 - (MAT-W 2014-Paper 2/0-Q10) - DIFFERENTIATION

Consider the triangle PQR where QPR =30°. PQ=(x+2)em and PR =(5-x)’cm,
where —-2<x<5.

(a) Show that the area, 4 cm’®, of the triangle is given by A4 = %()f —8x” +5x +50).

State % .
dx

1
Verify that “ =0 when x=—.
dx 3

2

Find d 4

2

o I . . .
and hence justify that x= 3 gives the maximum area of triangle PQR.

State the maximum area of triangle PQR.

Find QR when the area of triangle PQR is a maximum.

[2]

[3]

7]

2012 -2021
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14 - (MAT-W 2014-Paper 2/0-Q13) - DIFFERENTIATION, INTEGRATION

The vertical cross-section of a container is shown in the following diagram.

IN
50—

40—

10—

. I ~,
I I 0 I | “x
20 -10 10 20

The curved sides of the cross-section are given by the equation y = 0.25x* —16. The horizontal
cross-sections are circular. The depth of the container is 48cm.

(a) Ifthe container is filled with water to a depth of / ¢cm, show that the volume, 7 cm’, of

2
the water is given by V = 47{% + 16hj . /3]

A
v 0
’
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The container, initially full of water, begins leaking from a small hole at a rate given by
ar 250V
df m{h+16)

where f 1s measured in seconds.

dh 25041
(b) (i) Show that —:72—‘/_2.
di  4n*(h+16)

2

2 1 1
(i)  State L and hence show that 7 = —in I h? +32h% +256R 2 |dh.
dh 250

(ii1) Find, correct to the necarest minute, the time taken for the container to
become empty. (60 seconds = 1 minute) [10]

Once empty, water is pumped back into the container at a rate of 8.5cm’s™'. At the same time,

s0d0h .

water continues leaking from the container at a rate of cm’s
n{h+16)

(¢) Using an appropriate sketch graph, determine the depth at which the water ultimately
stabilizes in the container. /3]
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15 - (MAT-S 2015-Paper 2/1-Q5) - DIFFERENTIATION
[Maximum mark: 5]

Abicycle inner tube can be considered as a joined up cylinder of fixed length 200 cm

and radius rcm. The radius r increases as the inner tube is pumped up. Air is being
pumped into the inner tube so that the volume of air in the tube increases at a constant rate

of 30cm’s™ . Find the rate at which the radius of the inner tube is increasing when »=2cm.
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16 - (MAT-S 2015-Paper 2/1-Q6) - DIFFERENTIATION

[Maximum mark: 4]

Afunction f is defined by f(x)=x"+¢"+1,xeR. By considering f'(x) determine
whether f is a one-to-one or a many-to-one function.
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17 - (MAT-S 2015-Paper 2/1-Q9) - DIFFERENTIATION

[Maximum mark: 7]

Find the equation of the normal to the curve y = M at the point where x=10.

(x” + 1)5

In your answer give the value of the gradient, of the normal, to three decimal places.
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18 - (MAT-S 2015-Paper 2/2-Q11) - DIFFERENTIATION

Acurve is defined by x’— Sxy +3°=17.

dy 5v-2
(@ Showthat & =2Y"=% [3]
dx 2y-5x
(b)  Find the equation of the normal to the curve at the point (6, 1). [4]
(¢) Find the distance between the two points on the curve where each tangent is parallel to
the line y=x. [8]

A
v 0
’
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19 - (MAT-W 2015-Paper 2/0-Q13) - DIFFERENTIATION

The following diagram shows a vertical cross section of a building. The cross section of the

ch

roof of the building can be modelled by the curve f(x)= 30e *®  where —20 <x < 20.

Ground level is represented by the x-axis.

Y
30 s
f(x)=30e 0
F E
0 X
] ]
=20 C 0 D 20
@@ Find F7(x). [4]
(b) Show that the gradient of the roof function is greatest when x = —4200 . [3]

The cross section of the living space under the roof can be modelled by a rectangle CDEF
with points C(—a, () and D(a, 0), where 0 <a < 20.

1
(¢) Show that the maximum area 4 of the rectangle CDEF is 600\/5e z. [3]

(d) Afunction { is known as the Insulation Factor of CDEF. The function is defined

Pla)

as /(a) = ——= where P = Perimeter and 4 = Area of the rectangle.

(i)  Find an expression for P interms of a.
(i) Find the value of @ which minimizes /.

(i) Using the value of a found in part (ii) calculate the percentage of the cross
sectional area under the whole roof that is not included in the cross section of the
living space. 9]

’
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20 - (MAT-S 2016-Paper 2/2-Q7) - DIFFERENTIATION

Consider the curve with equation x*+ 17 = 4xy.

dy 4y -3x

(a) Use implicit differentiation to show that — 3 . [3]
dr 3y - 4x

The tangent to this curve is parallel to the x-axis at the point where x=%, k> 0.

(b) Find the value of k. 5]
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21 - (MAT-S 2016-Paper 2/2-Q11) - DIFFERENTIATION

Points A, B and T lie on a line on an indoor soccer field. The goal, [AB], is 2 metres wide.
A player situated at point P kicks a ball at the goal. [PT] is perpendicular to (AB) and is

6 metres from a parallel line through the centre of [AB]. Let PT be x metres and

let = APB measured in degrees. Assume that the ball travels along the floor.

(a) Find the value of « when x=10.

2x
435

(b) Showthat tana =

The maximum for tan & gives the maximum for «.

© 0 Find%(tana).

(i) Hence or otherwise find the value of « such that % (tanct) = 0.

2
(iiy Find % (tan ) and hence show that the value of o never exceeds 10°.

(d) Find the set of values of x for which a =7".

’
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22 - (MAT-S 2016-Paper 2/1-Q12) - DIFFERENTIATION

Consider the curve, C defined by the equation 3*— 2xy =5 —¢". The point A lies on C and
has coordinates (0, a), a > 0.

(a) Find the value of 4. [2]
dy  2yv—¢”

b) Showthat 7> =—F——-—. 4

(b) & 2] [4]

(c) Find the equation of the normalto C at the point A. [3]

(d) Find the coordinates of the second point at which the normal found in part (c)
intersects C. 4]

(e) Giventhat v=1".y>0, find % atx=0. [3]

2012 -2021 308




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

23 - (MAT-S 2016-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION
The functions f and g are defined by

e + e

f(x)= .xelR
2
g =" xeR
2
eJC
a i Show that = .
@ 0 4f(x)-2g(x) e*+3
In3 1
(il Use the substitution # = ¢ to find J' —  dx. Give your answer in the
o 4/ (%) — 2g(x)
form % where a, be Z". [e]

Let A(x) =nf (x)+ g(x) where neR, n>1.
(b) () By forming a quadratic equation in ¢", solve the equation A(x) =k, where ke R".

(il  Hence or otherwise show that the equation A(x) = £ has two real solutions
provided that & > {Jn’ =1 and ke R". [8]

_ 8
Let #(x) = )
[re)] - [go]
[reoT
(i)  Hence showthat #'(x) > 0 for xe R. [6]

(¢ () Showthat ¢'(x)= for xeR.
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24 - (MAT-W 2016-Paper 2/0-Q6) - DIFFERENTIATION

dt
Give your answers in standard form.

An earth satellite moves in a path that can be described by the curve 72.5x*+ 71.5)*=1
where x = x(f) and y = y(f) are in thousands of kilometres and ¢ is time in seconds.

Given that % =775 %10 when x=3.2 x 107, find the possible values of d_y

dt

-
v 0
’
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25 - (MAT-W 2016-Paper 2/0-Q10) - FUNCTIONS - ROOTS, DIFFERENTIATION, INTEGRATION

X

2
Let the function f be defined by f(x) = °

;, xebD.

2e" -1
(a) Determine DD, the largest possible domain of f. [2]
(b) Show that the graph of /" has three asymptotes and state their equations. [5]

3e*
(25 1)

(d) Use your answers from parts (b) and (c) to justify that /" has an inverse and state its
domain. [4]

(¢) Showthat /'(x}=— [3]

(e) Find an expression for /'(x). [4]

(fy  Consider the region R enclosed by the graph of y= f(x) and the axes.
Find the volume of the solid obtained when R is rotated through 2n about the y-axis. [4]

-
v 0
’
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26 - (MAT-S 2017-Paper 2/1-Q2) - DIFFERENTIATION

The curve C is defined by equation xy—Ilny=1,y>0.

d
(a) Find ay in terms of x and y. [4]

2
(b) Determine the equation of the tangent to C at the point (—,e]. [3]
e

2012 -2021 312




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

27 - (MAT-S 2017-Paper 2/2-Q2) - DIFFERENTIATION, INTEGRATION

Consider the curve defined by the equation 4x*+ =7

(a) Find the equation of the normal to the curve at the point (1 , Jg) [6]

(b)  Find the volume of the solid formed when the region bounded by the curve, the x-axis
for x = ) and the y-axis for y = 0 is rotated through 2z about the x-axis. [3]

-
v 0
’
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28 - (MAT-S 2017-Paper 2/1-Q8) - DIFFERENTIATION

Awater trough which is 10 metres long has a uniform cross-section in the shape of a
semicircle with radius 0.5 metres. It is partly filled with water as shown in the following
diagram of the cross-section. The centre of the circle is O and the angle KOL is & radians.

diagram not to scale

(a) Find an expression for the volume of water V(m3) in the trough in terms of 4. [3]

The volume of water is increasing at a constant rate of 0.0008m’s™ .

de
(b) Calculate m when 8 = g [4]

-
v 0
’
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29 - (MAT-S 2017-Paper 2/1-Q12) - FUNCTIONS - ROOTS, GRAPHS, DIFFERENTIATION
R 2
Consider f(x)=-1+ ]n(,/x - 1).

(a) Find the largest possible domain > for f to be a function. [2]
The function £ is defined by 7(x) = —1+]n(\/x2 —1), xeD.

(b) Sketch the graph of y = f(x) showing clearly the equations of asymptotes and the

coordinates of any intercepts with the axes. [3]
(c) Explainwhy f is an even function. [1]
(d)  Explain why the inverse function /™' does not exist. [1]

The function g is defined by g(x) = 1 + m(m) xell, o
{e) Find the inverse function g’1 and state its domain. [4]
f) Find g'(x). [3]
(g) Hence, show that there are no solutions to

0 g'@®=0:

@ (g')w=0. [4]
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30 - (MAT-W 2017-Paper 2/0-Q10) - DIFFERENTIATION, INTEGRATION

[Maximum mark: 17]

X
—.,O0<x<m.
sin x

Consider the function f(x) =

(@ () Showthatthe x-coordinate of the minimum point on the curve y = f(x) satisfies
the equation tanx = 2x.

(i)  Determine the values of x for which f(x) is a decreasing function. [7]

(b) Sketch the graph of y = f(x) showing clearly the minimum point and any asymptotic
behaviour. [3]

(¢) Find the coordinates of the point on the graph of f where the normal to the graph is
parallel to the line y=—x. [4]

Consider the region bounded by the curve 3 =f'(x), the x-axis and the lines x = g x= g

(d) This region is now rotated through 2n radians about the x-axis. Find the volume of
revolution. [3]
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31 - (MAT-W 2017-Paper 2/0-Q11) - TRIGONOMETRY, DIFFERENTIATION

[Maximum mark: 18]
Consider the function f(x) = 2sin’*x + 7sin2x + tanx — 9, 0 < x < g

(@ () Determine an expression for f(x) in terms of x.
(i) Sketchagraphof y=7'(x)for0 < x < g

(i) Find the x-coordinate(s) of the point(s) of inflexion of the graph of v =f(x),
labelling these clearly on the graph of y=f'(x). [8]

(b) Letu=tanx.
() Express sinx interms of u.
(i) Express sin2x in terms of u.

(i) Hence showthat f(x)= 0 can be expressed as u’— 7’ + 15u—9=0. [7]

(c) Solve the equation f(x)=0, giving your answers in the form arctant where ke Z . [3]
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(@)
(b)
©
C)

32 - (MAT-S 2018-Paper 2/1-Q9) - DIFFERENTIATION, INTEGRATION

The following graph shows the two parts of the curve defined by the equation x’v =15 — ",
and the normal to the curve at the point P(2, 1).

Y
A
/ £

v
&

Show that there are exactly two points on the curve where the gradient is zero.
Find the equation of the normal to the curve at the point P.
The normal at P cuts the curve again at the point Q. Find the x-coordinate of Q.

The shaded region is rotated by 2n about the y-axis. Find the volume of the solid
formed.

[7]
(5]

[3]

[7]
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33 - (MAT-S 2018-Paper 2/2-Q11) - DIFFERENTIATION

Acurve C is given by the implicit equation x + y — cos(xy) =0.

dy
(a) Showthat — =—

™ 5]

1 + ysin{xy)
1+ xsin{xy} )

(b) The curve xy = —g intersects C at P and Q.

()  Find the coordinates of P and Q.

(il Given that the gradients of the tangents to C at P and Q are m, and m,
respectively, show that m, xm,=1. [7]

(¢) Find the coordinates of the three points on C, nearest the origin, where the tangent is
parallel to the line y=—x. [7]
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34 - (MAT-W 2018-Paper 2/0-Q5) - DIFFERENTIATION

[Maximum mark: 5]

Differentiate from first principles the function f(x)=3x’— x.
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(i)

(ii)

The function f is defined by f{x) =

2Inx +1

@ Find £(x).

0

35 - (MAT-W 2018-Paper 2/0-Q9) - FUNCTIONS - ROOTS, DIFFERENTIATION

<x<3.

(b) Hence, or otherwise, find the coordinates of the point of inflexion on the graph
of y=f(x).

() Draw a set of axes showing x and v values between —3 and 3. On these axes

sketch the graph of y =f{(x), showing clearly any axis intercepts and giving the

equations of any asymptotes.

sketch the graph of y= /7'(x), showing clearly any axis intercepts and giving the

equations of any asymptotes.

(d) Hence, or otherwise, solve the inequality 7(x)> 7 '(x).

[4]

[4]

(8]

[3]

2012 -2021
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36 - (MAT-S 2019-Paper 2/1-Q1) - DIFFERENTIATION
[Maximum mark: 4]
Let / be the tangent to the curve y = xe™ at the point (1, €’).

Find the coordinates of the point where / meets the x-axis.
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37 - (MAT-W 2019-Paper 2/0-Q11) - DIFFERENTIATION, INTEGRATION
[Maximum mark: 17]

The following diagram shows part of the graph of 2x’=sin’y for 0 <y <m.

Y

-1
. L e , dy
(a) (i) Using implicit differentiation, find an expression for a

1 5n
(i)  Find the equation of the tangent to the curve at the point [Z’ ZJ [8]

The shaded region R is the area bounded by the curve, the y-axis and the lines y=0 and y=m.
(b) Find the area of R. [3]

The region R is now rotated about the y-axis, through 2n radians, to form a solid.

3 1. : 2
(c) By writing sin"y as (1 — cos”y) siny, show that the volume of the solid formed is ?n [6]

’
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38 - (MAT-W 2020-Paper 2/0-Q8) - DIFFERENTIATION

A small bead is free to move along a smooth wire in the shape of the curve y = %(x >0).
3-2e
. . dy
(a) Find an expression for o [3]
At the point on the curve where x =4, it is given that % =—0.1ms .
. dx . ,
(b) Find the value of E at this exact same instant. [3]
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39 - (MathAA-S 2021-Paper 2/1-Q9) - DIFFERENTIATION, KINEMATICS

[Maximum mark: 7]

Two boats A and B travel due north.

Initially, boat B is positioned 50 metres due east of boat A.

The distances travelled by boat A and boat B, after ¢ seconds, are x metres and y metres
respectively. The angle & is the radian measure of the bearing of boat B from boat A.

This information is shown on the following diagram.

diagram not to scale

N
N

N boat B

7
boat A ym
xm
[  J
50m
(a) Show that y=x+50col 8. [1]

Attime T, the following conditions are true.
Boat B has travelled 10 metres further than boat A.
Boat B is travelling at double the speed of boat A.
The rate of change of the angle @ is —0.1 radians per second.

(b) Find the speed of boat A at time T'. [6]

-
e i
’
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40 - (MathAA-S 2021-Paper 2/1-Q10) - EXPONENTIALS - LOGARITHMS, DIFFERENTIATION
[Maximum mark: 15]
Consider the function f defined by f(x)=90¢ ** for x ¢ R'.
The graph of f and the line y = x intersect at point P.
(a) Find the x-coordinate of P. 2]
The line L has a gradient of —1 and is a tangent to the graph of f at the point Q.
(b) Find the exact coordinates of Q. [4]
(c) Show that the equation of L is y=—x+2In45+2. [2]

The shaded region A4 is enclosed by the graph of f and the lines y=x and L.

N
rd
-

> X

(d) (i) Find the x-coordinate of the point where L intersects the line y =x.

(i) Hence, find the area of 4. [5]

The line L is tangent to the graphs of both f and the inverse function f .

>

> X

-

e Find the shaded area enclosed by the graphs of f and f ' and the line L.
y grap . .
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41 - (MathAA-S 2021-Paper 2/2-Q11) - DIFFERENTIATION

[Maximum mark: 18]

X
2

Afunction f is defined by f(x): lke - where x e R, x>0 and k e R".

+¢
The region enclosed by the graph of y = f(x), the x-axis, the y-axis and the line x =1n 16 is
rotated 360° about the x-axis to form a solid of revolution.

2

1
(a) Show that the volume of the solid formed is > cubic units. [6]

Pedro wants to make a small bowl with a volume of 300 cm’ based on the result from part (a).
Pedro’s design is shown in the following diagrams.

Inl6

The vertical height of the bowl, BO, is measured along the x-axis. The radius of the bowl's
top is OA and the radius of the bowl’s base is BC. All lengths are measured in cm.

(b) Find the value of k that satisfies the requirements of Pedro’s design. [2]
(c) Find

(i) OA;

(iy BC. [4]

For design purposes, Pedro investigates how the cross-sectional radius of the bowl changes.

(dy (i) By sketching the graph of a suitable derivative of f, find where the
cross-sectional radius of the bowl is decreasing most rapidly.

(i) State the cross-sectional radius of the bowl at this point. I
'. =y
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42 - (MathAA-S 2021-Paper 2/2-Q12) - ALGEBRA-FUNCTIONS - ROOTS, DIFFERENTIATION

[Maximum mark: 21]

e . (X =1
Afunction f is defined by f (x)—arcsm[r ] ,xeRR.

Y

x +1

(@) Show that f is an even function. [1]

(b) By considering limits, show that the graph of y = f(x) has a horizontal asymptote and
state its equation. [2]

\/?(\ +l)

(iiy By using the expression for f'(x) and the result \/x_2:|x , show that [ is
decreasing for x < 0. [9]

(c) () Showthat f'(x)= forxe R, x#0.

-

Afunction g is defined by g(x)—arcsin(i—ﬂ} ,xeR, x>0.
X

(d) Find an expression for g '(x), justifying your answer. [5]
(e) State the domain of g'. [1]

(f)  Sketch the graph of y =g '(x), clearly indicating any asymptotes with their equations
and stating the values of any axes intercepts. [3]

-
e i
’
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CH 17 - DIFFERENTIATION

43 - (MathAA-W 2021-Paper 2/0-Q8) - DIFFERENTIATION
[Maximum mark: 8]

Consider the curve ' given by y=x —xy In(xy) where x>0, y>0.

(a) Showthat%{x%w}(mn(w)):l.

(b) Hence find the equation of the tangent to  at the point where x = 1.

[3]
(3]

A
e i
’
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CH 18 - INTEGRATION

1 - (MAT-S 2012-Paper 2/1-Q8) - INTEGRATION
[Maximum mark: 9]

A cone has height /& and base radius . Deduce the formula for the volume of

. . . . . h
this cone by rotating the triangular region, enclosed by the line y=h——x and the
r
coordinate axes, through 27 about the y-axis.
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2 - (MAT-W 2012-Paper 2/0-Q8) - INTEGRATION

[Maximum mark: 7]

3
X

1-x%

By using the substitution x=sin7, find J- dx.
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CH 18 - INTEGRATION

3 - (MAT-W 2012-Paper 2/0-Q9) - INTEGRATION

[Meacimum mark: 7]

Find the area of the region enclosed by the curves y=x" and x= y* -3.
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4 - (MAT-S 2013-Paper 2/1-Q4) - INTEGRATION

[Maximum mark: 6]

Letf(x):sin(x—l),OSxS%+1

Find the volume of the solid formed when the region bounded by y = f(x) , and the
lines x =0, y=0 and y =1 is rotated by 2= about the y-axis.
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5 - (MAT-S 2013-Paper 2/2-Q4) - INTEGRATION

{ay Find Ix sec’x dx . [4 marks]

(b)y Determine the value of m if J'Um xsec’x dx=0.5, where m> 0. [2 marks]
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6 - (MAT-S 2013-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION

. o . . d
Consider the differential equation yay =cos2x.

{a) (i) Show that the function v = cosx+sinx satisfies the differential eguation.

(i1 Findthe general solution of the differential equation. Express yoursolution
in the form y = f(x), involving a constant of integration.

(111) For which value of the constant of integration does your solution coincide
with the function given m part (i)? [0 marks]

{by A different solution of the differential equation, satisfymg y=2 when x=—,
defines a curve . 4

(i)  Determine the equation of C in the form y = g (x), and state the range of
the function 2.

Aregion B m the xp plane is bounded by C, the x-axis and the vertical lines

x=0 and x==.
2
(i1y Findthe area of K.

(i) Find the volume generated when that part of K above the line v=1 is
rotated about the x-axis through 2n radians. F12 maris]
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7 - (MAT-W 2013-Paper 2/0-Q10) - INTEGRATION

[Maximum mark: 7]

: " dx —xl+4
By using the substitution x = 2tanu , show that j = +C.
PAx +4 4x
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8 - (MAT-W 2013-Paper 2/0-Q13) - FUNCTIONS - ROOTS, EXPONENTIALS - LOGARITHMS, INTEGRATION

Afunction f is defined by f(x)= ;(ex +e ) ,xelR.

(a) (i) Explain why the inverse function £~ does not exist.

(1) Show that the equation of the normal to the curve at the point P where x=1In3
is given by 9x4+12y-9In3-20=0.

(iit) Find the x-coordinates of the points Q and R on the curve such that the tangents at
(J and R pass through (0, 0). [i4]

{by The domain of f s now restricted to x >0.
(1) Find an expression for f'(x).

(i) Find the volume generated when the region bounded by the curve y= f(x)
and the lines x=0 and v=73 is rotated through an angle of 2n radians about
the y-axis. /8]
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9 - (MAT-S 2014-Paper 2/2-Q3) - INTEGRATION

The graphs of y=x¢" and y=1-2sinx for 2<x<7 intersect at points A and B.
The x-coordinates of A and B are x, and x;.

(a) Find the value of x, and the value of x, . /2]

(b) Find the area enclosed between the two graphs for x, < x<x,. [3]
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10 - (MAT-S 2014-Paper 2/1-Q5) - INTEGRATION

The shaded region S is enclosed between the curve y=x+42cosx, for 0<x<2n, and the
line y =x, as shown in the diagram below.

Va

o
(a) Find the coordinates of the points where the line meets the curve. [3]

The region § is rotated by 2n about the x-axis to generate a solid.

(b) (i) Write down an integral that represents the volume " of the solid.

(i1)  Find the volume V. /3]
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11 - (MAT-S 2014-Paper 2/1-Q6) - INTEGRATION

Let f(x)=x(x+2)°.

(a) Solve the inequality f(x)> x. /57

(b) Find [f(x)dr. [5]
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12 - (MAT-W 2014-Paper 2/0-Q13) - DIFFERENTIATION, INTEGRATION

The vertical cross-section of a container is shown in the following diagram.

IN
50—

10—

. I ~,
I I 0 I | “x
20 -10 10 20

The curved sides of the cross-section are given by the equation y = 0.25x* —16. The horizontal
cross-sections are circular. The depth of the container is 48cm.

(a) Ifthe container is filled with water to a depth of / ¢cm, show that the volume, 7 cm’, of

2
the water is given by V = 47{% + 16hj . /3]

A
v 0
’

2012 -2021 341



IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

The container, initially full of water, begins leaking from a small hole at a rate given by
ar 250V
df m{h+16)

where f 1s measured in seconds.

dh 25041
(b) (i) Show that —:72—‘/_2.
di  4n*(h+16)

2

2 1 1
(i)  State L and hence show that 7 = —in I h? +32h% +256R 2 |dh.
dh 250

(ii1) Find, correct to the necarest minute, the time taken for the container to
become empty. (60 seconds = 1 minute) [10]

Once empty, water is pumped back into the container at a rate of 8.5cm’s™'. At the same time,

s0d0h .

water continues leaking from the container at a rate of cm’s
n{h+16)

(¢) Using an appropriate sketch graph, determine the depth at which the water ultimately
stabilizes in the container. /3]

2012 -2021 342




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

13 - (MAT-S 2015-Paper 2/1-Q1) - INTEGRATION

[Maximum mark: 4]

The region K is enclosed by the graph of v = e"‘z, the x-axis and the lines x=-1 and x=1.
Find the volume of the solid of revolution that is formed when K is rotated through 2xn about

the x-axis.

LA
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CH 18 - INTEGRATION

14 - (MAT-S 2015-Paper 2/2-Q6) - INTEGRATION

{a) Find the value of ¢ and the value of 5.

(b) The region bounded by the graph of y = In(5x + 10), the x-axis and the lines
x=-e and x = 2e, is rotated through 2= radians about the x-axis. Find the volume
generated.

[4]

(2]
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15 - (MAT-W 2015-Paper 2/0-Q5) - INTEGRATION

Afunction is defined by f(x)=x"+2,x>0. Aregion R is enclosed by y =/ (x), the y-axis
and the line y=4.

(@) (i) Expressthe area of the region R as an integral with respect to y.
(iy  Determine the area of R, giving your answer correct to four significant figures. [3]

(b)  Find the exact volume generated when the region R is rotated through 2n radians
about the y-axis. [3]
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16 - (MAT-S 2016-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION
The functions f and g are defined by

e + e

f(x)= .xelR
2
g =" xeR
2
eJC
a i Show that = .
@ 0 4f(x)-2g(x) e*+3
In3 1
(il Use the substitution # = ¢ to find J' —  dx. Give your answer in the
o 4/ (%) — 2g(x)
form % where a, be Z". [e]

Let A(x) =nf (x)+ g(x) where neR, n>1.
(b) () By forming a quadratic equation in ¢", solve the equation A(x) =k, where ke R".

(il  Hence or otherwise show that the equation A(x) = £ has two real solutions
provided that & > {Jn’ =1 and ke R". [8]

_ 8
Let #(x) = )
[re)] - [go]
[reoT
(i)  Hence showthat #'(x) > 0 for xe R. [6]

(¢ () Showthat ¢'(x)= for xeR.

2012 -2021 346




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

17 - (MAT-W 2016-Paper 2/0-Q10) - FUNCTIONS - ROOTS, DIFFERENTIATION, INTEGRATION

X

2
Let the function f be defined by f(x) = °

;, xebD.

2e" -1
(a) Determine DD, the largest possible domain of f. [2]
(b) Show that the graph of /" has three asymptotes and state their equations. [5]

3e*
(25 1)

(d) Use your answers from parts (b) and (c) to justify that /" has an inverse and state its
domain. [4]

(¢) Showthat /'(x}=— [3]

(e) Find an expression for /'(x). [4]

(fy  Consider the region R enclosed by the graph of y= f(x) and the axes.
Find the volume of the solid obtained when R is rotated through 2n about the y-axis. [4]

-
v 0
’
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18 - (MAT-S 2017-Paper 2/2-Q2) - DIFFERENTIATION, INTEGRATION

Consider the curve defined by the equation 4x*+ =7

(a) Find the equation of the normal to the curve at the point (1 , Jg) [6]

(b)  Find the volume of the solid formed when the region bounded by the curve, the x-axis
for x = ) and the y-axis for y = 0 is rotated through 2z about the x-axis. [3]

-
v 0
’
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19 - (MAT-S 2017-Paper 2/1-Q4) - INTEGRATION

The region 4 is enclosed by the graph of 3 = 2arcsin(x — 1) — % , the y-axis and the

line y= r

4
(a) Vrite down a definite integral to represent the area of 4. 4]
(b) Calculate the area of 4. 2]

-
v 0
’
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CH 18 - INTEGRATION

20 - (MAT-W 2017-Paper 2/0-Q8) - INTEGRATION

[Maximum mark: 7]

By using the substitution x*= 2sec8, show that I

_&
x\/x“ — 4

1

—arccos

4

[

X

2
3 +c.
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21 - (MAT-W 2017-Paper 2/0-Q10) - DIFFERENTIATION, INTEGRATION

[Maximum mark: 17]

X
—.,O0<x<m.
sin x

Consider the function f(x) =

(@ () Showthatthe x-coordinate of the minimum point on the curve y = f(x) satisfies
the equation tanx = 2x.

(i)  Determine the values of x for which f(x) is a decreasing function. [7]

(b) Sketch the graph of y = f(x) showing clearly the minimum point and any asymptotic
behaviour. [3]

(¢) Find the coordinates of the point on the graph of f where the normal to the graph is
parallel to the line y=—x. [4]

Consider the region bounded by the curve 3 =f'(x), the x-axis and the lines x = g x= g

(d) This region is now rotated through 2n radians about the x-axis. Find the volume of
revolution. [3]
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22 - (MAT-S 2018-Paper 2/1-Q5) - INTEGRATION

(@) Giventhat 2x’— 3x + 1 can be expressed in the form Ax{x’+ 1) + Bx + C, find the

values of the constants 4, B and C. 2]
3
() Hence find jwcix. [5]
x+1
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CH 18 - INTEGRATION

(@)
(b)
©
C)

23 - (MAT-S 2018-Paper 2/1-Q9) - DIFFERENTIATION, INTEGRATION

The following graph shows the two parts of the curve defined by the equation x’v =15 — ",
and the normal to the curve at the point P(2, 1).

Y
A
/ £

v
&

Show that there are exactly two points on the curve where the gradient is zero.
Find the equation of the normal to the curve at the point P.
The normal at P cuts the curve again at the point Q. Find the x-coordinate of Q.

The shaded region is rotated by 2n about the y-axis. Find the volume of the solid
formed.

[7]
(5]

[3]

[7]
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24 - (MAT-W 2018-Paper 2/0-Q2) - INTEGRATION

[Maximum mark: 7]

Afunction f satisfies the conditions f(0)=-4, f(1)= 0 and its second derivative is

W _ 1
f(x)715\/;+—(x+1)2,x20

Find 7(x).

A
v 0
P
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25 - (MAT-S 2019-Paper 2/1-Q5) - INTEGRATION

[Maximum mark: 6]

Use integration by parts to find I(ln x) dx .
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26 - (MAT-S 2019-Paper 2/1-Q7) - INTEGRATION
[Maximum mark: 7]

The function 1 is defined by 7(x)=(x —1)*, x> 1 and the function g is defined by
gx)=x"+1,x>0.

The region R is bounded by the curves y =f(x), ¥ = g(x) and the lines y =0, x =0 and
y =9 as shown on the following diagram.

[N R L =)W N B BN o]

The shape of a clay vase can be modelled by rotating the region R through 360° about the y-axis.

Find the volume of clay used to make the vase.
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27 - (MAT-W 2019-Paper 2/0-Q11) - DIFFERENTIATION, INTEGRATION
[Maximum mark: 17]

The following diagram shows part of the graph of 2x’=sin’y for 0 <y <m.

Y

-1
. L e , dy
(a) (i) Using implicit differentiation, find an expression for a

1 5n
(i)  Find the equation of the tangent to the curve at the point [Z’ ZJ [8]

The shaded region R is the area bounded by the curve, the y-axis and the lines y=0 and y=m.
(b) Find the area of R. [3]

The region R is now rotated about the y-axis, through 2n radians, to form a solid.

3 1. : 2
(c) By writing sin"y as (1 — cos”y) siny, show that the volume of the solid formed is ?n [6]

’
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28 - (MAT-W 2020-Paper 2/0-Q3) - TRIGONOMETRY, INTEGRATION

The following diagram shows part of the graph of y = p + gsin(#x). The graph has a local

maximum point at (—%,SJ and a local minimum point at (—%,—1 .

}!
N
5 4
o 3m
4 4
-1 +
(a) Determine the values of p, ¢ and r. [4]
(b) Hence find the area of the shaded region. [4]

A
e i
’
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29 - (MathAA-W 2021-Paper 2/0-Q10) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS, INTEGRATION

[Maximum mark: 18]

Consider the function f(x)= i ,xeR,x# 12
’ 2x—15 2

(a) Find the coordinates where the graph of f crosses the

(iy x-axis;
(i) y-axis. [3]
(b) Write down the equation of the vertical asymptote of the graph of f. (1]

(c) The oblique asymptote of the graph of f can be writtenas y =ax + b where a, b € Q.
Find the value of a and the value of 5. [4]

(d) Sketch the graph of f for =30 <x < 30, clearly indicating the points of intersection with

each axis and any asymptotes. [3]
, L ; ;
(e) (i) Express in partial fractions.
/(x)
3
1
(i) Hence find the exact value of J.m dx , expressing your answer as a
0 - X
single logarithm. [7]

A
e i
f'.'
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1 - (MathAA-S 2021-Paper 2/1-Q12) - DIFFERENTIAL EQUATIONS

[Maximum mark: 20]

The function f has a derivative given by f’(x)z yxeR,x#0, x#k where £ is

a positive constant. x(k —x)

. . . b
(a) The expression for f'(x) can be written in the form E+—, where a, b € R.
Find @ and b in terms of k. x k-x [3]

(b) Hence, find an expression for f(x). [3]
Consider P, the population of a colony of ants, which has an initial value of 1200,

. . . . dP P(k-P)
The rate of change of the population can be modelled by the differential equation o :T ,
1

where ¢ is the time measured in days, ¢ > 0, and k is the upper bound for the population.

1200k

(c) By solving the differential equation, show that P = - . [8]
(k—1200)e ° +1200

At t= 10 the population of the colony has doubled in size from its initial value.

(d) Find the value of k, giving your answer correct to four significant figures. [3]

(e) Find the value of t when the rate of change of the population is at its maximum. [3]

A
e i
F.
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1 - (MAT-S 2012-Paper 2/2-Q12) - KINEMATICS
A particle moves i a straight line with velocity v metres per second. At any time
3x L en . .oodv
tseconds, 0=t < ik the velocity 1s given by the differential equation & +v +1=0.

It is also given that v=1 when ¢ = 0.
(ay Find an expression for v interms of 7. [7 marics]

(by Sketchthe graph of v against 7, clearly showing the coordmates of any intercepts,
and the equations of any asymptotes. [3 marks]

{¢y (1) Write down the time 7 at which the velocity is zero.
(1)) Find the distance travelled in the interval [0, T]. [3 marks)

(dy Find an expression for s, the displacement, in terms of ¢, given that s=0
when 1 =0. [5 marks)

2
1+

: . 1
(e} Hence, or otherwise, show that s =—In [4 marks)

5

-
v 0
’
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2 - (MAT-W 2012-Paper 2/0-Q6) - KINEMATICS

[Maximum mark: 6]

A particle moves along a siraight line so that afler ¢ seconds its displacement s, in metres,
satisfies the equation s*+5—2t=0. Find, in terms of 5, expressions for its velocity and its
aceeleration.
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CH 20 - KINEMATICS

3 - (MAT-S 2013-Paper 2/2-Q10) - KINEMATICS

[Macimum mark: 6]

. . 1 - . . R
The acceleration of a car is %(60 —v) ms™ , when its velocity is v ms™". Given the car

starts from rest, find the velocity of the car after 30 seconds,
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CH 20 - KINEMATICS

4 - (MAT-S 2013-Paper 2/1-Q12) - KINEMATICS

A particle, A, is moving along a straight line. The velocity, v, ms™, of A ¢ seconds
after its motion begins is given by

v, = =5 +61.

(a) Sketch the graph of v,=¢"-5+6r for 120, with v, on the vertical
axis and ¢ on the horizontal. Show on your sketch the local maximum and
minimum points, and the intercepts with the f-axis.

(b) Write down the times for which the velocity of the particle is increasing.

(¢) Write down the times for which the magnitude of the velocity of the particle
is increasing,

At t =0 the particle is at point O on the line.

(d) Find an expression for the particle’s displacement, x, m, from O at time .

A second particle, B, moving along the same line, has position x, m , velocity v, ms™
and acceleration, a, ms >, where a, =—2v, for t20. At t=0, x, =20 andv, =-20.

(e) Find an expression for v, in terms of t.

() Find the value of f when the two particles meet.

/3 marks]

[2 marks]

/3 marks]

[3 marks]

[4 marks]

[6 marks]
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5 - (MAT-W 2013-Paper 2/0-Q12) - KINEMATICS

(a) A particle P moves in a straight line with velocity vms™. At time r=0, P is at

the point O and has velocity 12ms ™",

dv = 3(:os£ms’2 , (t=0).
dr 4

Itz acceleration at time f seconds is given by

(1) Find an expression for the particle’s velocity v, in terms of 7.

(ii) Sketch a velocity/time graph for the particle for 0 <f < 8n, showing clearly where
the curve meets the axes and any maximum or minimum points.

(i} Find the distance travelled by the particle before first coming to rest, 8]

(by  Another particle ) moves in a straight line with displacement s metres and velocity
vms ™, Its acceleration is given by a = —(v2 +4) ms”, (0<£<1). Attime =0, O is

al the point O and has velocity 2ms ™.

. . . L n—8¢
(1) Show that the velocity v at time ¢ 18 given by v= 2tan( 2 J

v +4
(i) Show that dv =— u
ds v

(i1} Find the distance travelled by the particle belore coming to rest. [12]

-
v 0
’
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6 - (MAT-S 2014-Paper 2/2-Q14) - KINEMATICS

Particle 4 moves such that its velocity v ms ', at time ¢ seconds, is given by

t
V() =——. t20.
) 12+

(a) Sketch the graph of y=v(r). Indicate clearly the local maximum and write down
its coordinates. [27

f
4

(b)  Use the substitution = ¢* to find J.
12+¢

dr. 4]

(¢) Find the exact distance travelled by particle 4 between =0 and =06 seconds.
Give vour answer in the form karctan(?), kb, beR. 3]

Particle B moves such that its velocity v ms™ is related to its displacement s m, by the equation

v(s) = arcsin (\/;) :

(d) Find the acceleration of particle B when s=0.1m. [3]

A
v 0
P
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7 - (MAT-W 2014-Paper 2/0-Q4) - KINEMATICS

[Maximum mark: 5]

Two cyclists are at the same road intersection. One cyclist travels north at 20kmh™. The other
cyclist travels west at 15kmh™.

Use calculus to show that the rate at which the distance between the two cyclists changes is
independent of time.
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8 - (MAT-W 2014-Paper 2/0-Q8) - KINEMATICS
A particle moves in a straight line such that its velocity, vms™, at time ¢ seconds, is given by

5-(t-2Y, 0<t<4

v(f) = :
3L 4
2
(a) Find the value of r when the particle is instantancously at rest. 2]

The particle returns to its initial position at 1=17".

(b)  Find the value of 7. /57
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9 - (MAT-S 2015-Paper 2/2-Q12) - KINEMATICS

A particle moves in a straight line, its velocity vms ™ at time ¢ seconds is given by
v=9r-3t",0<t<5.

Attime 7= 0, the displacement s of the particle from an origin O is 3m.
(a) Find the displacement of the particle when t=4. [3]

(b) Sketch a displacement/time graph for the patticle, 0 £ ¢ < 5, showing clearly where the
curve meets the axes and the coordinates of the points where the displacement takes
greatest and least values. [5]

2t
For t > 5, the displacement of the particle is given by s = a+bcosTﬁ such that s is

continuous forall 1= 0.

{(c) Given further that s = 16.5 when r= 7.5, find the values of ¢ and 5. [3]

(d) Find the times r, and ¢, (0 <h <, < 8) when the particle returns to its starting point. [4]

A
v 0
’
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10 - (MAT-S 2015-Paper 2/1-Q13) - KINEMATICS

Richard, a marine soldier, steps out of a stationary helicopter, 1000m above the ground,
attime t=0. Let his height, in metres, above the ground be given by s(#). For the first
10 seconds his velocity, v(fyms™, is given by v(f) = -10¢.
(@ (i) Find his acceleration a(f) for 1 < 10.
(i)  Calculate v(10).
(i) Showthat s(10)=300. [6]

At 1= 10 his parachute opens and his acceleration a(f) is subsequently given by
a(®y=-10-5v, = 10.

dr dt
(b)y Given that —=——, write down — in terms of v. [1]
dv dv dv

ds

You are told that Richard’s acceleration, a(f) = —10 —3v, is always positive, for > 10.

(¢y Hence showthat 1 =10 +§]n(298 v} ) [5]
(d) Hence find an expression for the velocity, v, for 1 = 10. [2]
(e) Find an expression for his height, s, above the ground for t > 10. [5]
()  Find the value of r when Richard lands on the ground. [2]
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11 - (MAT-W 2015-Paper 2/0-Q9) - KINEMATICS

A particle can move along a straight line from a point O. The velocity v, inms™, is given by
the function v(£)= 1 — e ™" where time ¢ > 0 is measured in seconds.

(@) Wite down the first two times £, 7, > 0, when the particle changes direction. [2]
(b)y () Findthetime 7 <, when the particle has a maximum velocity.
(i)  Find the time ¢ < t, when the particle has a minimum velocity. [4]

(¢) Find the distance travelled by the particle between times i =1, and i=1¢,. [2]
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12 - (MAT-S 2016-Paper 2/1-Q3) - KINEMATICS

The displacement, s, in metres, of a particle # seconds after it passes through the origin is
given by the expression s = ln(2 - e'f) ,t=0.

(a) Find an expression for the velocity, v, of the particle at time 7. [2]
(b) Find an expression for the acceleration, a, of the particle at time 7. [2]
(¢) Find the acceleration of the particle at time = 0. [1]
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13 - (MAT-S 2016-Paper 2/2-Q8) - KINEMATICS

A particle moves such that its velocity vms™ is related to its displacement s m, by the
equation v(s) = arctan(sins), 0 < s < 1. The particle’s acceleration is ams™.

(@) Find the particle’s acceleration in terms of s. [4]

(b) Using an appropriate sketch graph, find the particle’s displacement when its
acceleration is 0.25ms™. 121
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14 - (MAT-S 2017-Paper 2/1-Q11) - KINEMATICS

Xavier, the parachutist, jumps out of a plane at a height of # metres above the ground. After
free falling for 10 seconds his parachute opens.

His velocity, vms™, ¢ seconds after jumping from the plane, can be modelled by the function

9.8, 0<¢<10
vt = L, t>10

\/1 +(t — 10y
(a) Find his velocity when 1= 15. [2]
(b) Calculate the vertical distance Xavier travelled in the first 10 seconds. [2]

His velocity when he reaches the ground is 2.8ms™ .

(c) Determine the value of 4. [5]

-
v 0
’
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15 - (MAT-S 2018-Paper 2/2-Q7) - KINEMATICS

A point P moves in a straight line with velocity v ms™' given by w(i)= ¢~ 8¢ ™ at time
t seconds, where 1> 0.

(@) Determine the first time ¢, at which P has zero velocity. [2]
(b) () Findan expression for the acceleration of P at time .

(i) ~ Find the value of the acceleration of P attime ¢, . [3]
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16 - (MAT-S 2019-Paper 2/2-Q6) - KINEMATICS

[Maximum mark: 6]

A particle moves along a horizontal line such that at time ¢ seconds, > 0, its acceleration a
is given by @ =2f— 1. When ¢ =6, its displacement s from a fixed origin O is 18.25m.
When ¢ =15, its displacement from O is 922.75m. Find an expression for s in terms of .
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17 - (MAT-W 2020-Paper 2/0-Q11) - SEQUENCES - SERIES, KINEMATICS

A particle P moves in a straight line such that after time 7 seconds, its velocity, v inms ',

is given by v = ¢ sin 64, where 0 <1 <g.
(@) Find the times when P comes to instantaneous rest. [2]

Attime ¢, P has displacement s(7); at time 7= 0, s(0) = 0.

(b) Find an expression for s in terms of 7. [7]
(c) Find the maximum displacement of P, in metres, from its initial position. [2]
(d) Find the total distance travelled by P in the first 1.5 seconds of its motion. [2]

At successive times when the acceleration of P is Oms °, the velocities of P form a
geometric sequence. The acceleration of P is zero attimes ¢, £,, ¢, where ¢, <1, <t,
and the respective velocities are v,, v,, v,.

(e) (i) Show that, at these times, tan6/=2.

i v, ¥ -
(i) Hence show that +=—3=—¢
v

1

T
2

[7]

2
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18 - (MathAA-S 2021-Paper 2/1-Q4) - KINEMATICS

[Maximum mark: 6]

A particle moves in a straight line. The velocity, vms ', of the particle at time ¢ seconds is
given by v(¢) =tsint —3,for 0 << 10.

The following diagram shows the graph of v.

I
6 -
4 .
2 _
i f >
8 10
(a) Find the smallest value of ¢ for which the particle is at rest. [2]
(b) Find the total distance travelled by the particle. [2]
(c) Find the acceleration of the particle when ¢ =7. [2]

-
e i
’
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19 - (MathAA-S 2021-Paper 2/1-Q9) - DIFFERENTIATION, KINEMATICS

[Maximum mark: 7]

Two boats A and B travel due north.

Initially, boat B is positioned 50 metres due east of boat A.

The distances travelled by boat A and boat B, after ¢ seconds, are x metres and y metres
respectively. The angle & is the radian measure of the bearing of boat B from boat A.

This information is shown on the following diagram.

diagram not to scale

N
N

N boat B

7
boat A ym
xm
[  J
50m
(a) Show that y=x+50col 8. [1]

Attime T, the following conditions are true.
Boat B has travelled 10 metres further than boat A.
Boat B is travelling at double the speed of boat A.
The rate of change of the angle @ is —0.1 radians per second.

(b) Find the speed of boat A at time T'. [6]

-
e i
’
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1 - (MAT-S 2012-Paper 2/1-Q6) - FUNCTIONS - ROOTS

h(x)= f(x=3)-2=In(x—3)—2
g(x)=—h(x)=2-In(x-3)

Note: Award M1 only if 1t is clear the effect of the reflection in the x-axis:
the expression is correct OR
there 1s a change of signs of the previous expression OR
there’s a graph or an explanation making it explicit

=Ine® —In(x—3)

:]11[;_23}

2 - (MAT-S 2014-Paper 2/2-Q7) - FUNCTIONS - ROOTS, GRAPHS

@) IA
-
x=2
6
4-
7 X intercept

\/(2.33,0)

| 1 1 I I 0 1 1 I I | >

10 8 —6 —4 =2 2& g 10 *
-

. V-
¥ mterceptf
(0,-3.5) y=-3

—6

—8- AlA141

Note: Award Al for correct shape, A1 for x=2 clearly stated and A7 for y=-3
clearly stated.

x intercept (2.33, 0) and y intercept (0, —3.5) Al

P
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(b) x=—3+——
y—2

Note:  Award M1 for interchanging x and y (can be done at a later stage).

Xx+3=—r

g -
4 x+3

Note: Award M1 for attempting to make y the subject.

fix)=2+ : [= 2x+7} x#-3

x+3 x+3

-
v 0
’
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(2)

(b)

3 - (MAT-S 2014-Paper 2/1-Q12) - FUNCTIONS - ROOTS, GRAPHS

@®  f(0)=-1
(i) (fog)(0)=f(4)=3

(111)
Y4
4
\/ N/ /. X/ x
-2 -1 1 2
Note: Award M1 for evidence that the lower part of the graph has
been reflected and A1 correct shape with y-intercept below 4.
() R
4..
2_
T T T T >x
4 -2 3 4
24
Note: Award M1 for any translation of y = |x|
(1) =1

2012 -2021
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() @)

Note: Award M1 for evidence that lower part of (b) has been reflected
in the x-axis and translated.

(i) 0, £2

(d () =1, +£3
(i) 0, £2, +4
() 0, £2, ¥4, +6, £8
e) (1) (1,3),(2,9),...
N=2n+1

(1) Using the formula of the sum of an arithmetic series

EITHER

4
4(0+2+3+... +n)=5n(n+1)
=2n(n+1)
OR

22+4+6+ ...+2n):%n(2n+2)
=2n(n+1)
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4 - (MAT-S 2015-Paper 2/2-Q3) - FUNCTIONS - ROOTS, GRAPHS

general shape including 2 minimums, cusp
correct domain and symmetrical about the middle (x =5)

(b) x=9.16 or x=0.838
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5 - (MAT-S 2015-Paper 2/1-Q10) - FUNCTIONS - ROOTS

asroats of f(x)=0 are -1,

soons [=0-[UJ] (<l orl<acs)

A
e i
’
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(b) METHOD 1

(graphs of g(x) and

roots of g(x)=0 are—-3 and 2

Notes: Award M1 if quadratic graph is drawn or two roots
obtained.

Roots may be indicated anywhere eg asymptotes on graph
or in inequalities below.

the intersections of the graphs g(x) and of 1/g(x)
are -3.19,-2.79,1.79,2.19

Note: Award A1 for at least one of the values above seen
anywhere.

solution is ]—3.19,—3[u]—2.79,1.79[u]2,2.19[
(-3.19<x<-3 0or -279<x<1.79 or 2<x<2.19 )

A
e i
’
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CH 1 - FUNCTIONS - ROOTS

METHOD 2

(graph of g(x) —L)
g(x)

asymptotesat x=-3 and x=2

Note: May be indicated on the graph.

roots of graph are —-3.19, -2.79,1.79, 2.19

Note: Award A1 for at least one of the values above seen
anywhere.

solution is (when graph is negative)
-3.19,-3[ U ]-2.79,1.79[ U |2,2.19]
(-3.19<x<-30r-279<x<1.79 or 2<x<2.19)

6 - (MAT-W 2015-Paper 2/0-Q12) - FUNCTIONS - ROOTS

@ () -4<y<-2
() —5<y<-1

(i) -3<2x—6<5

Note: Award M7 for f(2x - 6).

3<2x <11
ESJCSE
2 2
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(b) () any valid argument eg f is not one to one, f is many to one,
fails horizontal line test, not injective R1

(i)  largest domain for the function g(x) to have an inverse is [—1, 3] A1A1

(iii)
3.57
i (1,3)
2.5
2]
1.51
y=g"'(x) 1 o
0.51 L ’ y = g(x)
0 .

-2 -15 -1/~05/10 05,71 15 2 25 3 35
2051 .~

(=1, =) y=--"4

-1.51

24

y-intercept indicated (coordinates not required) A1l
correct shape A1l
coordinates of end points (1, 3) and (-1, —1) A1

A
v 0
’
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_2x—5
x+d

Y

(x+d)y=2x-35

Note: Award M1 for attempting to rearrange x and y in a linear

expression.

x(v—2)=—-dy—-35
_—dy =5
y—=2

X

Note: x and y can be interchanged at any stage

—dx =35

h‘l(x): x—2

Note: Award A7 only if 4 ' (x) is seen.

(ii)

(i)

self Inverse = h(x) = h"' (x)
2x -5 _ —dx -5
x+d x-2

d=-2

METHOD 1

2k(x)-5  2x

k(x)—2 x+1

F(x) = x+5

METHOD 2

2[i§L]—5
h*( 2x ]: x+1
x+1 2x )

x+1

F(x) = x+5

-
v 0
F
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7 - (MAT-S 2016-Paper 2/1-Q2) - FUNCTIONS - ROOTS, QUADRATICS

@ (x+27°-6

® (goNx)=(x+2y-6
= g(x)=x"-6

8 - (MAT-S 2016-Paper 2/2-Q5) - FUNCTIONS - ROOTS

_ -y
A1+ %
Note: Award M7 for interchanging x and y (can be done at a later stage). |
1—
= Y

_1+y
P+ xy=1—y

| Note: Award M7 for attempting to make v the subject.
y(l+x‘”’l):1—x2

2

_ 1—x
fl(x)=1+x2,x20

Note: Award A7 only if /' (x) is seen. Award A7 for the domain.
the range of /'is —1< f(x) <1

Note: Accept correct alternative notation eg. -1 <y <1.

-
v 0
F
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9 - (MAT-S 2016-Paper 2/1-Q11) - FUNCTIONS - ROOTS

(a) valid method eg, sketch of curve or critical values found (mM1)
x< =224, x>224, A1
-1<x<08 A1
[ Note: Award M7TA1A0 for correct intervals but with inclusive inequalities. |
[3 marks]
(b)y @iy (1.67,-514),(-1.74,-3.71) A1A1
| Note: Award A1AO0 for any two correct terms. |
(iy f'(x)=4x’+06x" -11.6x -1
ff(x)=12x"+12x-116=0 (M1)
—1.03, 0.934 A1A1

Note: M1 should be awarded if graphical method to find zeros of f”(x) or turning points of
f'(x) is shown.

[5 marks]
(¢ () 167 A1
(ii)
(0,4)
(-5.14, 1.67)
s (4,0)
54 (1.67,-5.14)
M1A1A1

Note: Award M1 for reflection of their y = f(x) in the line y = x provided

their / is one-one.

A1 for (0, 4), (4,0) (Accept axis intercept values) A7 for the other two sets of
coordinates of other end points

iy x=f() M1
=-16
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) () y=2sin(x-1)-3

x=2sm(y—-1-3 (M1)
. +3

(gfl(x) =) arcsm[x2 ]+1 A1

-5<x<-1 A1A1

Note: Award A7 for —5 and —1, and A7 for correct inequalities if numbers are
reasonable.

i [(g@)<l

Note: Accept =inthe above.

10 - (MAT-W 2016-Paper 2/0-Q5) - FUNCTIONS - ROOTS, GRAPHS

(@)

4y = <)
;} (0052, 1-68)
(- ,-‘I"U-l) i-—io
correct shape passing through the origin and correct domain At

Note: Endpoint coordinates are not required. The domain can be indicated by
—1 and 1 marked on the x-axis.

(0.652,1.68) AT

[2ma

2012 -2021 393

g(x)>-1.6 (M1)
x> gl (-1.6)=1.78 (A1)

1.78<x£%+1 A1A1

two correct intercepts (coordinates not required) A1
| Note: A graph passing through the origin is sufficient for (0, 0). |
f3m
(b) [-9.42,1.68] (or[-3m, 1.68]) A1A1 -. =y

Note: Award ATAQ for open or semi-open intervals with correct endpoints. Award ATAQ
for closed intervals with one correct endpoint.
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(c) attempting to solve either |3x arccos (x)| > 1 (or equivalent) or | 3x arccos(x)| = 1 (or
equivalent) (eg. graphically)
(M1)
9= =]
Jo 4
(—‘%\ ?-.: (0'2-(\&;!_)“___ [0:9437, 1)
I - I/' \\4 7 S
-1 [ I x
i
|
x=-0.189, 0.254, 0.937 (A1)
—1=<x<—-0189 or 0.254 < x < 0.937 A1A1
Note: Award A0 for x< —0.189. |
{4 marksj
11 - (MAT-S 2017-Paper 2/2-Q11) = FUNCTIONS - ROOTS, GRAPHS
@ gx)=3x"+ax’+bx’-Tx—4
eh=0=a+b=8 M1A1
g-Dh=0=—-a+hb=-6 A1
=a=7,b=1 A1
[4 marks]
(b) 3x'+7xX+x*-Tx—4= (xz— 1)(px2+ gx + r)
attempt to equate coefficients M1)
p=3,g=7,r=4 (A1)
3+ 780+ o = T — 4= (= 1)(37 + 7 + 4)
=(x-Dx+1D)’'GCx+ 4 A1
[Note: Accept any equivalent valid method. |
[3 marks]
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(©)

(0.476, —6.20)

ATt for correct shape (e with correct number of max/min points)
A1 for correct x and y intercepts
A1 for correct maximum and minimum points

[3 marks]
d ¢>0 A1
—6.20 < ¢ <« -0.0366 A1A1
| Note: Award A7 for correct end points and A7 for correct inequalities. |
Note: Ifthe candidate has misdrawn the graph and omitted the first
minimum point, the maximum mark that may be awarded
is ATFTAOAO for ¢ > —6.20 seen.
[3 marks]

’
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12 - (MAT-S 2018-Paper 2/1-Q2) - FUNCTIONS - ROOTS

METHOD 1
a+fB=5, af=-7 (M1)(A1)
[ Note: Award M1AO if only one equation obtained. |

(a+D+(f+1)=5+2=17 A1

(a+D)pB+D)=af+(a+ ) +1 (M1)

=-T7+5+1=-1

p=—-T7,qg=-1 A1A1

METHOD 2

a=#=6.1_._; ﬁ=#=—1.1_.. (M1)(A1)
+1=@=7_1_"; ﬁ+l=¥=—0.l... A1

(x =704, )x+0.14. )=x*—Tx—1 M1)

p=—7,q=—l A1A1

| Note: Exact answers only. |

6 marks]
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IB DIPLOMA
13 - (MAT-S 2018-Paper 2/2-Q10) - FUNCTIONS - ROOTS
@ ()
Y
7
64
54
4]
34
2
; . ./ —x
Sm 5 5 0 =
8 S 8 A1A1
A1 for correct concavity, many to one graph, symmetrical about the midpoint of the
domain and with two axes intercepts.
[ Note: Axes intercepts and scales not required. |
A1 for correct domain
(i)  for each value of x there is a unique value of f(x) Al
[ Note: Accept “passes the vertical line test” or equivalent. |
(i) no inverse because the function fails the horizontal line test
or equivalent R1
[ Note: No FT if the graph is in degrees (one-to-one). |
. 3_“J R1
4
[5 marks]

(iv) the expression is not valid at either of x =— (o

’
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(b)

METHOD 1

tan(x + %J
fx)= ——=

tan E—x
5
‘[anx+‘[anE
4
7T
1 — tan xtan —
4
T
tan— — tan x
4
1+tan£tanx
4
2
B 1+¢
1—¢

METHOD 2

[(x) = tan (x + %)tan(z

= tan’ (x + Ej
4

7T
tan x + tan—

g)=

T
1 — tan xtan—
4

2
(141
=

w1

M1A1

AG

(M1)
At

A1

AG

[3 marks]

-
v 0
’
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(€)

4

0.5

10

(d ()

(ii)

5 0

METHOD 1

1+

(-2

L+ +2t=k(l+6 -21)
k-DF-2k+Dt+ k-1 =0
attempt at using quadratic formula

a, B satisfy

a, p= ﬂ or equivalent
k-1
METHOD 2
a, B satisfy %:(i)\/l;
t+kt =k -1
Vi -1
t= (or equivalent)
Vi +1
t—\/l;tz—(\/i;—i-l)
i +1 .
t= (or equivalent)
Vi -1
so for eg 0{_\/%—1 ﬁ—\/erl
I S R
a+ﬁ:2(k+l) =_2(1+k)
(k=1 (1-k)
sincel+k>1-k
a+ p<-2

| Note: Accept a valid graphical reasoning. |

for £ <0, correct concavity with two axes intercepts and with asymptote y =1 At

t intercept at (-1, 0)
y intercept at (0, 1)

Al
A1

M1

A1

A1
M1

A1

M1

M1

A1

M1

A1

[3 marks]
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14 - (MathAA-S 2021-Paper 2/2-Q4) - ALGEBRA-FUNCTIONS - ROOTS

(a) attempting to find the vertex (mM1)
x=10R y=-5OR f(x)=6(x-1)"-5

rangeis y=-5 A1
[2 marks]
(b) METHOD 1
(gof)(x)= —(6x2 —12x+ l)+c (=—(6(x—1)2 —5)+c) (A1)
EITHER
relating to the range of 7 OR attempting to find g(-S) (M1)
54¢<0 (A1)
OR
attempting to find the discriminant of (gOf)(x) (M1)
144+24(c—1)_<_0 (120+24c$0) (A1)
THEN
c<-=5 A1
[4 marks]
METHOD 2
vertical reflection followed by vertical shift (mM1)
new vertex is (1,5+c) (A1)
5+¢<0 (A1)
c<-5 A1
[4 marks]

o=
O
S5
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

15 - (MathAA-S 2021-Paper 2/1-Q11) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS

3(4x" —1)-8x(3x+2 12x2 2 16x —
f.‘(x): ( X ) x( X+ ) — 12)6 16x 3 A1A1

(4x* 1) (4x* 1)

Note: Award A7 for each term in the numerator with correct signs, provided correct
dencminator is seen.

OR

£1(x)=-8x(3x+2)(4x> 1) +3(4x> 1) A1A1

| Note: Award A1 for each term. |

(c) attempt to find the local min point on y = f’(x) OR solve f"(x)=0 (M1)
x=-1.60 A1

(a) attempt to solve 4x* —1=0( e.g. by factorising 4x* —1 (M1)
1 1 .
=— g =—— Orvice versa Al
p > 4 >
[2 marks]
(b) attempt to use quotient rule or product rule (M1)
EITHER

[3 marks]

[2 marks]
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 1 - FUNCTIONS - ROOTS

(d)
x =- 05 x = 05
I |
| 4 I
I |
I 3 l
1 |
| 2 l
: 1 :
1 |
y =0 - 0.667./ | !
3 353 =) e+ 04 0 0.3 1 15 2 25 3
(-1.11, -0.339) ! !
-1
(—0.226,-1.66) :
] |
1 |
1 |
1 |
1 |
A1A1A1A1A1

seen next to the graph) and values of axes intercepts.

If vertical asymptotes are absent (or not vertical) and the branches overlap as a

consequence, award maximum AOATAQATA1.

Note: Award A7 for both vertical asymptotes with their equations, award A7 for
horizontal asymptote with equation, award A7 for each correct branch including
asymptotic behaviour, coordinates of minimum and maximum points (may be

[5 marks]

o=
o

.

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

2

e) x= —§(=—0.667) A1
(oblique asymptote has) gradient ;(_ 1_33) (A1)
appropriate method to find complete equation of obligue asymptote M1

4, 8
3 9
3x+2)4x” +0x—1
4x’ +§x
3
_8
3
8 16
2=
309
7
9
y=§x—§(zl.33x—0.889) A1

Note: Do not award the final A1 if the answer is not given as an equation. I

[4 marks]

f)  attempting to find at least one critical value (x =-0.568729...,x = 1.31872...) (M1)

—§<x<—0.569 OR -05<x<05 OR x>132 A1A1A1

Note: Only penalize once for use of < rather than <. I

[4 marks]

T

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

16 - (MathAA-S 2021-Paper 2/2-Q12) - ALGEBRA-FUNCTIONS - ROOTS, DIFFERENTIATION

(a) EITHER

RRIIC CIBRER .

-x) +1 X+
OR
a sketch graph of y zf(x) with line symmetry in the y-axis indicated R1
THEN
SO f(x] is an even function AG
[1 mark]
. T
(b) as x—>+w0, f(x)—>arcsinl L—) EJ A1
so the horizontal asymptote is :% At
[2 marks]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 1 - FUNCTIONS - ROOTS

2
(c) (i) attempting to use the quotient rule to find dfx -l
dx\ x? +1

d Clxr-1
attempting to use the chain rule to find —| arcsin| ——
dx X +1

2 d 1
let u=",_1 and so y =arcsinx and 9.
x'+l du 1_M2

\/x_z()c2 +1)

. , 2x

iy f'(x)= W

EITHER

for x <0, |x|=—x
2

x*+1

S0 1/(x)=-
OR
‘x|>Oand x2+1>0

2x <0, x<0
THEN

f'(x)<0

M1

A1

M1

M1

A1

A1

(A1)
A1

A1
A1

R1

Note: Award R1T for stating that in f"(x) , the numerator is negative, and t
denominator is positive.

so / is decreasing for x <0
INote: Do not accept a graphical solution|.

>
v
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

. |
(d) x—arCSln(J;q J M1
¥y +1
;2_1
sinxz)g ]:>_vzsinx+sinx:y2—1 A1
y +
)/2 _ l+sTnx A1
1—sinx

domain of g is xeR,x >0 and so the range of gil mustbe yeR,y>0

hence the positive root is taken (or the negative root is rejected) R1

Note: The R1is dependent on the above A1.

_ 1+sinx
SO (g l(Jc):) Tons A1

Note: The final A7 is not dependent on R71 mark. |

[5 marks]
(e) domainis — X<y <X A1
2 2
T T mT
Note: Accept correct alternative notations, for example, LEDEL or LE,EJ
Accept [—1.57,1.57[ if correct to 3 s.f.
[1 mark]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

()

A1A1A1
Note: A1 for correct domain and correct range and y-intercept at y =1
A1 for asymptotic behaviour x —» =~
2

Affor x=ZX

2
Coordinates are not required.
Do not accept x=1.57 or other inexact values.

[3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 1 - FUNCTIONS - ROOTS

17 - (MathAA-W 2021-Paper 2/0-Q10) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS, INTEGRATION

@ O

Note: In part (a), penalise once only, if correct values are given instead of
correct coordinates.

attempts to solve x* —x—12=0
(-3.0) and (4,0)

Note: Award A0 for x # ]—5

Award A1 in part (b), if x :g is seen on their graph in part (d).

(c) METHOD1
(ax+b)(2x-15)=x"—x-12

attempts to expand (ax+b)(2x—15)

2ax® —15ax+2bx —15h=x" —x—12
a=—

2
equates coefficients of x

=By
2

(M1)
A1

A1

[3 marks]

A1

[1 mark]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS
METHOD 2
attempts division on I_—I_lz M1
2x—15
B M1
2 4
1
2
I):E A1
4
EE
4 2 4
METHOD 3
a—l A1
2
Xox-12 _x 4. € M1
2x—15 2 2x-15
2x—15
x27x712£w+(2x715)b+c
2
equates coefficients of X : (M1)
—1:—E+2b
2
13
h=—" A1
4
;—£+E
YTy
METHOD 4
x—x—12
attempts division on ——— M1
2x-15
) LEA)
X —x—12_£+ )
2x-15 2 2x-15
a=1 A1
2
13x
7—12_E
2x-15 4
p=13
4
ox 13
YT,
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 1 - FUNCTIONS - ROOTS

two branches with approximately correct shape ( for =30 <x<30) A1
their vertical and oblique asymptotes in approximately correct positions with both branches

showing correct asymptotic behaviour to these asymptotes A1
their axes intercepts in approximately the correct positions A1

Note: Points of intersection with the axes and the equations of asymptotes
are not required to be labelled.

[3 marks]

A
e i
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 1 - FUNCTIONS - ROOTS

(ii)

attempts to split into partial fractions:
2x—15 A B

(x+3)(x—4) Ex-~-3+x—4
2x—-15= A(x—4)+B(x+3)

o 3 1

(=)o

attempts to integrate and obtains two terms involving ‘I’
=[3In|x+3|~In|x—4|]

=3In6-Inl1-3In3+In4

=3In2+In4 (=In8+In4)

=In32 (=5In2)

(M1)

A1
A1

(M1)
A1
A1

A1

Note: The final A7 is dependent on the previous two A marks.

[7 marks]

Total [18 marks]

2012 -2021
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 2 - QUADRATICS

1 - (MAT-W 2012-Paper 2/0-Q2) - QUADRATICS

A= (5—;’()2 +4(k+2)
=i* -6k +33
= (k- 3)2 + 24 which is positive for all &

2 - (MAT-S 2013-Paper 2/1-Q9) - QUADRATICS

(1) A=b dac=4k 4x3x(k- D=4k> 12k 12

| Note: Award M1A1 if expression seen within quadratic formula. |

EITHER

144 —4 x4 x12<0
A always positive, therefore the equation always has two distinct real roots
(and cannot be always negative as a >0)

OR

sketch of y=4k> 12k +12 or y=k" -3k + 3 not crossing the x-axis
A always positive, therefore the equation always has two distinct real roots

OR
write Aas 4(k 1.5 +3

A always positive, therefore the equation always has two distinct real roots

(b) closest together when A 1s least
minimum value occurs when & =1.5

3 - (MAT-S 2016-Paper 2/1-Q2) - FUNCTIONS - ROOTS, QUADRATICS

@ (x+27°-6

® (goN)=(x+2y-6
= g(x)=x"-6

2012 -2021 412
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 2 - QUADRATICS

4 - (MAT-S 2017-Paper 2/2-Q4) - QUADRATICS, TRIGONOMETRY

(@ K-k-12<0
k—-Hk+3)<0
B<k<4

2 2 g2
(b) cosBzu(

de
=12 1
= <

orl6=2"+¢* —4ccosB)

dc 4
=c—c—-12<0
from result in (a)
0<AB<4 or -3< AB< 4

but AB must be at least 2
=2<AB <4

Note: Allow < 4B for either of the final two A marks.

(M1)
A1

w1

At

(A1)

A1

[2 marks]

[4 marks]
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CH 2 - QUADRATICS

-
v 0
’

IB DIPLOMA MATHEMATICS AA -HL -P2
5 - (MAT-W 2017-Paper 2/0-Q7) - QUADRATICS
METHOD 1
let roots be o and 3« (M1)
8
sum of roots (4a) = 7 M1
2
7
EITHER
roduct of roots (3a’ £ M1
P (3e)=2
4
=2la® =21 x —
v 29
OR
2
712] =8[2 )+ p=0 m1
7 7
i_E-{- =0
77
THEN
=p =%(=1 1) A1
METHOD 2
8+ 64-28p
S (M1)
8+,f64—28p=3 8—f64—28p W1AT
14 14
8+/64—28p = 24-3,J64—28p = \J64—28p =4 (M1}
12
) =7(= 1.71) A1
I5 marks]
2012 -2021 414




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 2 - QUADRATICS

6 - (MathAA-W 2021-Paper 2/0-Q6) - QUADRATICS

(@ METHOD 1
(p+q) =3pg(p+q)=p*+q

3

attempts to expand ( p + q)3
P +3p°q+3pq’ +q°
(p+a) -3pq(p+q)=p* +3p°q+3pg* +a* =3pq(p+q)

=p’ +3p°q+3pg’ +q' -3p’q-3pq’
=p'+q

| Note: Condone the use of equals signs throughout.

METHOD 2

(p+aq) -3pa(p+q)=p’ +¢’

attempts to factorise (p +q)3 -3pq(p+q)
=(p+a)((p+a) —3pa) (=(p+a)(p*—pa+a’))
=p -pq+pg +pq-pg’+q

Ep3 +q3

Note: Condone the use of equals signs throughout.

METHOD 3

P +a’=(p+a) -3pq(p+q)
attempts to factorise p* +¢°
=(p+a)(p*~pa+q’)
=(p+a)((p+a) -3p4)

E(p+q)3—3pq(p+q)

| Note: Condone the use of the equals sign throughout.

M1

A1
AG

M1

A1
AG

M1

A1

[2 marks]

T
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 2 - QUADRATICS

Note: Award a maximum of ATMOAOATMOAO for m =-95 and n=8 found

5+4/17
4
Condone, as appropriate, solutions that state but clearly do not use the
values of ¢ and 4.
Special case: Award a maximum of ATM1A0ATMOAOQ for m=-95 and
n =8 obtained by solving simultaneously for ¢ and g from product of

roots and sum of roots equations.

by using a, = (a,p=0219..,2.28...).

2 S |

product of roots of x* ——x+—=0
2 2

af =

considers [é}[%} by stating ﬁ(—n)

af

(seen anywhere)

b | =

A1

M1

Note: Award M1 for attempting to substitute their value of &f into ( )g .
afy)

n=2_8

sum of roots of x’ —ix+i =0
2 2
3
a+pf= 3 (seen anywhere)

(a+pB) —3ap(c+p)

considers L}+i3 by stating
a p

[(a+ﬁ]33(a+ﬁ)

(aB) ap ) (aB)

A1

A1

e

Note: Award M1 for attempting to substitute their values of ¢ + # and af into their

expression. Award MO for use of (« +ﬁ)3 —3aff(a+ ) only.

-. o=
A M
P

2012 -2021
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

1 - (MAT-W 2013-Paper 2/0-Q3) - EXPONENTIALS - LOGARITHMS, GRAPHS

@ Y

| L

N

A correct graph shape for 0 < x<10.

maxima (3.78, 0.882) and (9.70, 1.89)
minimum (6.22, —0.885)

x-axis intercepts (1.97,0), (5.24,0) and (7.11,0)

Note: Award A1 if two x-axis intercepts are correct.

) 0<x<197
524<x<7.11

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

2 - (MAT-W 2013-Paper 2/0-Q13) - FUNCTIONS - ROOTS, EXPONENTIALS - LOGARITHMS, INTEGRATION

(a) (1) either counterexample or sketch or
recognising that y =% (k >1)intersects the graph of y = f(x) twice .
function is not 1-1 (does not obey horizontal line test)
so ' does not exist

() Fe=2(e <)
4

f'(1n3)=5 (=1.33)
s
T4

f(ln3)=§ (=1.67)

EITHER
2
Y 3 __g
x—In3 4
4y—£=—3x+3]n3
OR
2——Elr13+c
3 4
5 3
c=—+—In3
4
3 53
y=——x+§+—ln3

12y =—9x+20+9In3

THEN
9x+12y-9In3-20=0

(iii) The tangent at (a, f(a)) has equation y— f(a)= f"(a)(x—a
fa)y= 1@ (or equivalent)

., F—7
e —e =2 e (or equivalent) '
a

attempting to solve for a
a=11.20

2012 -2021 418




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

(by () 2y=e +e”

¢ —23e" +1=0 MIAL
Note: Award M1 for cither attempting to rearrange or interchanging
xand y.
2yt \f4 P-4
o ==Y Y Al
2
e =y’ -1
x=ln(yi yz—l) Al

f_l(x)=ln(x+\/ﬁ) Al

Note: Award A1 for correct notation and for stating the positive “branch”™.

2

G) V=n f(ln( y+Jyz_—1)) dy M)A

d
Note: Award M1 for attempting to use }' = nj xdy .

=37.1 (units3) Al

-
v 0
F
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

3 - (MAT-S 2016-Paper 2/2-Q3) - EXPONENTIALS - LOGARITHMS

METHOD 1

]n£=23—lnx+lny=2
x

hx*+Iny’=7=2lnx+3ny=7

attempting to solve for x and y (to obtain Inx =% and In y= %)
1

x=e’(=122)
E

y=e° (=9.03)

METHOD 2

]ni=2:>y=ezx
x

nhx*+Inex’=7

attempting to solve for x
1

x=e5 (=122)
E
y=e° (=9.03)

METHOD 3

]n£=2:>y=ezx
x

hx'+Iny’'=7= ln(x2y3) =7

x2y3 — 67

substituting y = ¢’x into x’1*=¢" (to obtain ¢°x’=¢")
1

x=¢ (=122)
E

y=e’ (=9.03)

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

4 - (MAT-S 2016-Paper 2/1-Q7) - EXPONENTIALS - LOGARITHMS

(@ a=420.65

39094 = g x 2
390.94

27 = =0.929...
420.65

h=—-0.10567

() N=8 T =33767

| Note: Accept 5sf answers between 337.44 and 337.67. |

(c) N =8 Percentage error 1.29%

| Note: Accept negative values of the above. |

(d) likely not to be a good fit for larger values of NV
likely to be quite a good fit for values close to §

5 - (MAT-S 2017-Paper 2/2-Q6) - EXPONENTIALS - LOGARITHMS

1 1
log,, m(p +2g9)= E(loglo p+logg, Q)

1 1
loglo m(p + 2q) = Eloglo rq (M1)
1 1
log,, m(p + 2q) =log,,(pg)* (M1)
1 1
m(p + 2q) = (pg)* (A1)

(p+29) =8pg
p'+4pg+4q°=8pq
pi—4pg+4g°=0
(p—2g97=0 M1
hence p=2g A1
[5 marks]

AF_

Note: Award M1 for sum of the roots, A7 for 3. Award AOM1AQO for just log, a +log, b+ '

6 - (MAT-S 2019-Paper 2/1-Q11) - EXPONENTIALS - LOGARITHMS

(a) recognition of the other root = —di
log,a+log,b+log,c+di—di=3

log, abc =3

= abe =2°
abc=38
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

(b) METHOD 1

let the geometric series be u, , u,r, u,r’

(u,r)?' =38 M1

wr=2 A1

hence one of the roots is log, 2 =1 R1

METHOD 2

b ¢

a b

b*=ac=b’=abc=8 M1

b=2 A1

hence one of the roots is log, 2 =1 R1

[3 marks]

(c) METHOD 1

product of the roots is 7 x 7, x1x dix—di = —8d” (M1)(A1)

Kxr,=-8 A1

sum of the roots is 7, +7, +1+di+—-di=3 (M1)(A1)

n+r=2 A1

solving simultaneously (M1)

h=-2,rn=4 A1A1

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 3 - EXPONENTIALS - LOGARITHMS

7 - (MathAA-S 2021-Paper 2/2-Q5) - EXPONENTIALS - LOGARITHMS

@ 100= Ae’
A, =100

(b) correct substitution of values into exponential equation
50=100e"7"* OR ¢ _L
2
EITHER
—5730k = lnl
2
1 1
In—=-In2 OR —In—=In2
2 2

OR

5730k
e =2

5730k =In2

THEN
In2

~ 5730

A1
AG
[1 mark]

(M1)

A1

A1

A1

A1

AG

Note: There are many different ways of showing that f = 5];1320

which involve showing different

steps. Award full marks for at least two correct algebraic steps seen.

In2

75 =100e 570

EITHER
using an appropriate graph to attempt to solve for f
OR
manipulating logs to attempt to solve for /
n0.75 = —n2,
5730
1=2378.164...
THEN

t =2380 (years) (correct to the nearest 10 years)

(c) if 25% of the carbon-14 has decayed, 75 % remains ie, 75 units remain

[3 marks]

(A1)

(M1)

(M1)

-
-. o=
v e
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

8 - (MathAA-S 2021-Paper 2/1-Q10) - EXPONENTIALS - LOGARITHMS, DIFFERENTIATION

(a) attempt to find the point of intersection of the graph of /" and the line y = x (M1)

x=5.56619...
=35.57 A1
[2 marks]
b)  f'(x)=—45¢"" A1
attempt to set the gradient of f equal to —] (M1)
—45¢™" =—1
Q has coordinates (2ln 45,2) (accept (-2 lnL,2) A1A1
45
Note: Award A7 for each value, even if the answer is not given as a coordinate pair.
1
D75 In4s
Do not accept _45 or —— as a final value for x. Do not accept 2.0 or 2.00
—0.5 0.5
as a final value for .
[4 marks]
(c) attempt to substitute coordinates of Q (in any order)
into an appropriate equation (M1)
y—-2=—(x-2In45) OR 2=-2In45+c¢ A1
equation of 7, is y=—x+2In45+2 AG
[2 marks]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 3 - EXPONENTIALS - LOGARITHMS

d) (i) x:1n45+1(:4.81) A1

(i) appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

\ Note: Allow absent or incorrect limits. |

Joaw (r=(rr2inds e 2)are [0 (9067 (x4 2nds 4 2))ax - (AT)AY

Note: Award A7 for one correct integral expression including correct limits
and integrand.

Award A1 for a second correct integral expression including correct limits and
integrand.

=1.51965...

=1.52 A1

[5 marks]
(e) by symmetry 2x1.52 (M1)
=3.03930...
=3.04 A1l
‘ Note: Accept any answer that rounds to 3.0 (but do not accept 3). |

[2 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

1 - (MAT-S 2016-Paper 2/1-Q5) - GRAPHS

@ fono 10 At
—x) =
(—x)2 -4
3x*+ 10
" O
fx)=f(=x) R1
hence this is an even function AG

| Note: Award ATRT for the statement, all the powers are even hence f(x) = f(—x). ‘

| Note: Just stating all the powers are even is AORO. |

[ Note: Do not accept arguments based on the symmetry of the graph. |

(b) () | |
1101
-12 -10 -8 -6 -4 - 4 6 8 10 12
bof |
correct shape in 3 parts which are asymptotic and symmetrical A1l
correct vertical asymptotes clear at 2 and -2 A1l
correct horizontal asymptote clear at 3 A1l Q:Sj
i Sx)>3
f(x)£-25
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 4 - GRAPHS

2 - (MAT-S 2017-Paper 2/1-Q6) - GRAPHS

T
a x=—
(@ 2

Sm 3n

x:—,x:—_

4 4

translation

2
ltan (—x+£)— 3(= lco‘[(x) - 3)
2 2 2

1 1
vertical stretch gives v = Etan(—x + %) [z ECOt[x +

Do not penalize the absence of y =,

Notes: Award the A7s independently of each other.

(b) reflection in the y-axis results in y = tan[—x + %J (= cot(x + %D

)

A1

A1

(A1)

(A1)

A1A1

[2 marks]

[4 marks]

2012 -2021
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS
3 - (MAT-W 2018-Paper 2/0-Q8) - GRAPHS
(@)
y |
x=p,
v= 1 a
___________________________ | e s evcesooe Sose e
. | X
I\\\ : §
4 e
-— E &
A ; -
y=-q E
either graph passing through (or touching) A A1l
correct shape and vertical asymptote with correct equation for either graph A1l
correct horizontal asymptote with correct equation for either graph A1l
two completely correct sketches A1l
[4 marks]
1
(b) -3 +1=0=a=2 At
P4
from horizontal asymptote, [%j =3 (M1)
942 pot3 A1
b 3
. 4
from vertical asymptote, & g +c=0
b=3 c=—4dorbh=-3 c=4 At
[4 marks]
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4 - (MAT-S 2019-Paper 2/2-Q9) - GRAPHS

(@ METHOD1
attempt to find roots or factors (M1)
roots are -3, 1, (4+i),(4—i) A1A1

| Note: Award A1 for each pair of roots or factors, real and complex. |

attempt to form quadratic M1
(z—l)(z+3):zz+22—3 A1
(z—(4+i))(z—(4—i))

=2 —(4-1)z—(4+1)z+17 (A1)
=z -8z+17 A1

2621 —222 +582-51 =(zl —32+|7)(z2 +2z—3)
[7 marks]

(b)

200

—200
shape A1
x-axis intercepts at (=3, 0), (1, 0) and y-axis intercept at (0, =51) A1A1
minimum points at (~1.62, —118) and (3.72,19.7) A1A1
maximum point at (2.40, 26.9) A1

| Note: Coordinates may be seen on the graph or elsewhere. |

| Note: Accept =3, 1 and =51 marked on the axes. |

[6 m
(c) from graph, 19.7<k<26.9 A1A
[ Note: Award A1 for correct endpoints and A7 for correct inequalities. | e 7
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MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

5 - (MAT-W 2019-Paper 2/0-Q3) - GRAPHS

@ f(1)=0 (A1)
7(0)=-1 A1
[2 marks]
(b) a=7(3) (M1)
> q= 4 A1
[2 marks]
(c) domainis -2<x<6 A1
rangeis -6 <y <10 A1
[2 marks]
6 - (MathAA-S 2021-Paper 2/1-Q11) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS
(a) attempt to solve 4x* —1=0( e.g. by factorising 4x* —1 (M1)
:l,qz_l or vice versa A1l
2
[2 marks]
(b) attempt to use quotient rule or product rule (M1)
EITHER
3(4x” —1)-8x(3x+2)| 124 —16x—
(4x" 1)
Note: Award A7 for each term in the numerator with correct signs, provided correct
denominator is seen.
OR
5 -2 -1
[1(x)=-8x(3x+2)(4x" 1) " +3(4x” —1) A1A1
| Note: Award A1 for each term. |
[3 marks]
(c) attempt to find the local min point on y = f’(x) OR solve f"(x)=0 (M1)
x=-1.60 A1
[2 marks]
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(d)
x =- 05 x = 05
I |
| 4 I
I |
I 3 l
1 |
| 2 l
: 1 :
1 |
y=0 — 0667/ | |
3 35 =) e+ 04 0 0.3 1 15 2 25 3
(-1.11, -0.339) ! !
-1
(—0.226,-1.66) :
] |
1 |
1 |
1 |
1 |
A1A1A1A1A1

Note: Award A7 for both vertical asymptotes with their equations, award A7 for
horizontal asymptote with equation, award A7 for each correct branch including
asymptotic behaviour, coordinates of minimum and maximum points (may be
seen next to the graph) and values of axes intercepts.

If vertical asymptotes are absent (or not vertical) and the branches overlap as a
consequence, award maximum AOATAQATA1.

[5 marks]

A
e i
’
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2

e) x= —§(=—0.667) A1
(oblique asymptote has) gradient ;(_ 1_33) (A1)
appropriate method to find complete equation of obligue asymptote M1

4, 8
3 9
3x+2)4x” +0x—1
4x’ +§x
3
_8
3
8 16
2=
309
7
9
y=§x—§(zl.33x—0.889) A1

Note: Do not award the final A1 if the answer is not given as an equation. I

[4 marks]

f)  attempting to find at least one critical value (x =-0.568729...,x = 1.31872...) (M1)

—§<x<—0.569 OR -05<x<05 OR x>132 A1A1A1

Note: Only penalize once for use of < rather than <. I

[4 marks]

T

’
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CH 4 - GRAPHS

7 - (MathAA-W 2021-Paper 2/0-Q10) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS, INTEGRATION

@ O

Note: In part (a), penalise once only, if correct values are given instead of
correct coordinates.

attempts to solve x* —x—12=0
(-3.0) and (4,0)

Note: Award A0 for x # ]—5

Award A1 in part (b), if x :g is seen on their graph in part (d).

(c) METHOD1
(ax+b)(2x-15)=x"—x-12

attempts to expand (ax+b)(2x—15)

2ax® —15ax+2bx —15h=x" —x—12
a=—

2
equates coefficients of x

=By
2

(M1)
A1

A1

[3 marks]

A1

[1 mark]
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METHOD 2
attempts division on I_—I_lz M1
2x—15
B M1
2 4
1
2
I):E A1
4
EE
4 2 4
METHOD 3
a—l A1
2
Xox-12 _x 4. € M1
2x—15 2 2x-15
2x—15
x27x712£w+(2x715)b+c
2
equates coefficients of X : (M1)
—1:—E+2b
2
13
h=—" A1
4
;—£+E
) 2 4
METHOD 4
x—x—12
attempts division on ——— M1
2x-15
) LEA)
X —x—12_£+ )
2x-15 2 2x-15
a=1 A1
2
13x
7—12_E
2x-15 4
p=13
4
ox 13
YT,

2012 -2021 434




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 4 - GRAPHS

two branches with approximately correct shape ( for =30 <x<30) A1
their vertical and oblique asymptotes in approximately correct positions with both branches

showing correct asymptotic behaviour to these asymptotes A1
their axes intercepts in approximately the correct positions A1

Note: Points of intersection with the axes and the equations of asymptotes
are not required to be labelled.

[3 marks]

A
e i
’
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(ii)

attempts to split into partial fractions:
2x—15 A B

(x+3)(x—4) Ex-~-3+x—4
2x—-15= A(x—4)+B(x+3)

0

attempts to integrate and obtains two terms involving ‘I’
=[3In|x+3|~In|x—4|]

=3In6-Inl1-3In3+In4

=3In2+In4 (=In8+In4)

=In32 (=5In2)

(M1)

A1
A1

(M1)
A1
A1

A1

Note: The final A7 is dependent on the previous two A marks.

[7 marks]

Total [18 marks]
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1 - (MAT-S 2012-Paper 2/2-Q1) - SEQUENCES - SERIES
n
(ay S, :5[2a+(n—l)d]

212_§(2a+15d) (=16a+120d)

nMterm is a+ (n—1)d
8=a+4d

solving simultancously:
d=15,a=2

(b) g[4+ 1.5(n—1)]> 600

= 31% + 51— 2400 >0
—n>274..,(n<-291..)

Note: Do not penalize improper use of inequalities.

=n=28
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CH 5 - SEQUENCES - SERIES

2 - (MAT-S 2012-Paper 2/2-Q8) - SEQUENCES - SERIES

(a)  hecight = 4x0.95*
=3.26 (metres)

(b)  4x0.95" <1
0.95" <0.25
1n0.25

In0.95
=n=27.0

Note: Do not penalize improper use of inequalities.

=n=28

Note:  If candidates have used #—1 rather than » throughout penalise in part
(a) and treat as follow through in parts (b) and (c).

(c) METHOD 1

recognition of geometric series with sum to infinity, first term of
4 x0.95 and common ratio 0.95
recognition of the need to double this series and to add 4

total distance travelled is 2[ 11 <0.95

+ 4 =156 (metres)
95

Note: If candidates have used »—1 rather than » throughout penalise in part
(a) and treat as follow through in parts (b) and (c).

METHOD 2

common ratio (.95

total distance travelled is 2 (1

recognition of the need to double this series and to subtract 4

4

—4 =156 (metres)
95

recognition of a geometric series with sum to infinity, first term of 4 and

’

2012 -2021

438




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

3 - (MAT-W 2012-Paper 2/0-Q1) - SEQUENCES - SERIES
METHOD 1

102 +105+...+ 498
so number of terms =133
EITHER

133
= (2x102+132x3)

= 39900

OR

133
= (102+ 498) x—~

= 39900

METHOD 2
300 +3=166.666... and 100 +3=33.333...

166 33

102+105+...+498= Y 3n- Y 3n

166
23n=41583

n=1

33
2311 - 1683

n=1

the sum is 39 900
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4 - (MAT-W 2012-Paper 2/0-Q5) - SEQUENCES - SERIES

CH 5 - SEQUENCES - SERIES

5 -

(©)

2012 -2021

(a)

(b)

the pieces have lengths ¢, ar, ..., ar
8a=ar’ (or §=7")
r=308=1259922...

10 10
il S ora’ 1 _1000
r—1 r—1

r—1

r—1
r1°—1= 0.0286... ( or g = T = 28.6...)

o=

a =29mm (accept 0.029 m or any correct answer regardless the units)

(MAT-S 2013-Paper 2/2-Q5) - SEQUENCES - SERIES

u —v, =16+ (n-1Dx=x1.5-3x1.2°" (=152 +0.1-3x1.2"")

attempting to solve » >v_numerically or graphically.
n=2621...,9.695...

So3<n<9

The greatest value of 2, —v, 15 1.642.

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 5 - SEQUENCES - SERIES

6 - (MAT-S 2013-Paper 2/2-Q11) - SEQUENCES - SERIES, PROBABILITY

@ @ i(ﬂc —1) (or equivalent)

=1

Note:  Award A0 for Z(2n —1) or equivalent.

n=1

(i) EITHER

n(n+l)_n
2

2%

OR

%(2+ (n-1)2) (using S, = %(27,;1 H(n-1)d))

OR

%(1+ 2n 1) (using S, :%(”1 tu,))

THEN

2
="

(iii) 47> —14> = 2013

(b) (i) EITHER

a pentagon and five diagonals

OR
five diagonals (circle optional)
(1) Each point joins to »—3 other points.

a correct argument for n(n—3)

-3
a correct argument for nn=3)

(i11)  attempting to solve ;n(n —3)>1000000 for ».

n>1415.7
n=1416
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() 1) np=4 and npg=3
attempting to solve for » and p

1
=16 and p=—
7 JZ 1

(i) X U B(16,0.25)
P(X =1)=0.0534538...(= (116}(0.25)(0.75)“)
16 3 13
P(X =3)=0.207876.. .(_[ ; j(o.zs) (0.75)")
P(X =1)+P(X¥ =3)
=0.261

7 - (MAT-W 2013-Paper 2/0-Q2) - SEQUENCES - SERIES

(a) METHOD 1

34 =a+3d and 76 =a+9d
d=7
a=13

METHOD 2

76 =34+6d
d=7
3d=a+21
a=13

Fl
(b) E(26 +7(n-1))>5000
1> 36463...

Note: Award M1A41A41 for using either an equation, a graphical approach

or a numerical approach.
“ ! ' F—7
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CH 5 - SEQUENCES - SERIES

8 - (MAT-S 2014-Paper 2/2-Q1) - SEQUENCES - SERIES
(@) () n=27

METHOD 1

527:ﬂx

=2835

27

METHOD 2
S, = %(2><14+ 26x7)
= 2835
METHOD 3

27
Sy =27+Tn

n=1

=2835

27
(i1) 2(7 +7n) orequivalent

n=1

28
Note: Accept 2 Tn

n=2

(b) %(2000—6(n—1))<0

n>334.333
n =335
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CH 5 - SEQUENCES - SERIES

9 - (MAT-W 2014-Paper 2/0-Q7) - SEQUENCES - SERIES

(a-) USing r:u_zzu_:fttoform a+2d= a
oo a+6d a+2d

a(a + 6d)=(a+ 2d)’
2d (2d — a) = 0 (or equivalent)

since d¢0=>d=%

a=— and af:é
8

P = | o

LA SVIE S N A B AN 1)
2077 g

attempting to solve for n
n=31.68 .

so the least value of 7 is 32

(b) substituting d = % mmnto a+6d =3 and solving for ¢ and d

-
v 0
’
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10 - (MAT-S 2016-Paper 2/2-Q4) - SEQUENCES - SERIES

ar + ar* =96

all=r) o

—F

Note: Award A7 for any valid equation involving a and r, eg,

9~ 500

1-r

EITHER

attempting to eliminate a to obtain 500r (1 — rz) = 96 (or equivalent in

unsimplified form)

OR

attempting to obtain a = = and a = 3001 - r)

r+r

THEN

attempting to solve for »

r=02 (: %j or ¥ = 0.885[: @J

10

-
v 0
’
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11 - (MAT-W 2016-Paper 2/0-Q12) - SEQUENCES - SERIES

@ 4 =1004x At
A, =1.004(1.004x + x) A1
= 1.004% x+ 1.004x AG

Note: Accept an argument in words for example, first deposit has been in for two months
and second deposit has been in for one month.

[2 marks]

® O  A4=1004(1.004x+ 1.004x + x) = LOOF x+ 1.004°x+ 1.004x  (M1)AT

A, =1.004" x+ 1.004* x+ 1.004* x +1.004x A1

(@) A= (1.004 + 1004 +.. .+ 1.004) x (A1)

120
L0071 h0ax M1A1
1.004 — 1

= 251(1.004" - 1)x AG

[6 marks]
216
©  Aye=251(1.004" - 1)x [: x21.004fj A1
=1

[1 mark]

(d) 251(1.004216— l)x =20000 = x = 58.22... (AT)(M1)(A1)

Note: Award (A1) for 251(1.004216 - l)x > 20000, (M1) for attempting to solve
and (A1) for x > 58.22....
x=359 A1
| Note: Accept x=58. Accept x>59. |

[4 marks]

(e) r=1.004" (=1.049...) (M1)

=1

15000 +* —1000 —0=n=278... (A1)(M1)(A1)

r—1

Note: Award (A7) for the equation (with their value of ), (M1) for attempting to solve
for n and (A1) for n=278....
n=128 At

Note: Accept n=27. |

’
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12 - (MAT-W 2017-Paper 2/0-Q12) - SEQUENCES - SERIES

(@ 150000 x 1.035% (M1)(A1)
= $298468 A1
| Note: Only accept answers to the nearest dollar. Accept $298469. |
[3 marks]
(b) attempt to look for a pattern by considering 1 year, 2 years efc M1)
recognising a geometric series with first term P and common ratio 1.02 M1)
EITHER
P+me+uﬁﬁnf%ﬂ=P@+Lm+u"+Lm”D A1
OR
explicitly identify #, = P, #=1.02 and n =20 (may be seen as S,)). A1
THEN
(Lo2*-1)p
S, = ———t AG
(1.02-1)
[3 marksj
() 24.297...P = 298468 (M1)(A1)
P =12284 A1
| Note: Accept answers which round to 12284, |
[3 marksj

(d) () METHODA1
Q(1.028") = 5000(1 +1.028 + 1.0287+ 1.028° + ... + 1.028"") M1A1

5000(1 +1.028 +1.028° +1.028 + ... + 1.028’“)

1.028
_ 3000 N 5000 5000

= +...+
1.028  1.028° 1.028"

A1

AG
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CH 5 - SEQUENCES - SERIES

METHOD 2
the initial value of the first withdrawal is 5000 A1
the initial value of the second withdrawal is % R1
the investment required for these two withdrawals is 5000 50002 R1
1.028 1.028
0= 5000 50002 4 5000 AG
1.028 1.028 1.028"
5000
(i)  sum to infinity is % (M1)(AT)
1— —
1.028
=178571.428...
so minimum amount is $178572 A1
Note: Accept answers which round to $178571 or $178572. |
[6 marks]
13 - (MAT-S 2018-Paper 2/1-Q1) - SEQUENCES - SERIES
(@ u+2d=1407, u,+ 94 =1183 (M1)(A1)
w=1471, d =-32 A1A1
[4 marks]
(b) 1471+ (n - l)(—32) >0 M1)
1471
>n< —+1
32
n<4696... (A1)
so 46 positive terms A1
[3 marks]

’
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14 - (MAT-S 2018-Paper 2/1-Q7) - SEQUENCES - SERIES

@ EITHER
2019: 2500 x 0.93 + 250 = 2575 (M1)A1
2020: 2575 x 0.93 + 250 M1
OR
2020: 2500 x 0.93% + 250(0.93 + 1) M1M1A1

Note: Award M7 for starting with 2500, M7 for multiplying by 0.93 and adding 250 twice. A7
for correct expression. Can be shown in recursive form.

THEN

(= 2644.75) = 2645 AG
[3 marks]

(b) 2020: 2500 x 0.93 + 250(0.93 + 1)

2042: 2500 x 0.93” + 250(0.93% +0.93” + ... +1) (M1)(A1)
(093"-1)

= 2500 x 093" + 250~ (M1)(A1)
093-1)

=3384 A1

Note: If recursive formula used, award M7 for «, =0.93 », , +250 and , or 7, seen

(can be awarded if seen in part (a)). Then award M1A7 for attempt to find u,, or u,,

respectively (different term if other than 2500 used) (M7A0Q if incorrect term is being
found) and A2 for correct answer.

| Note: Accept all answers that round to 3380. |

[5 marks]
15 - (MAT-W 2018-Paper 2/0-Q1) - SEQUENCES - SERIES
(@ wu,=ur’=-2916=4s° (A1)
solving, r =-09 (M1)A1
[3 marks]
4
) S,=———— (M1)
1-(-09)
40
=—(=2.11 A1
o ( )
[2 marks]

-
v 0
F
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16 - (MAT-S 2019-Paper 2/2-Q7) - SEQUENCES - SERIES

n=1=S =u,, sotrue for n=1 R1

U, (1—1’*)
assume true for n=k , ie. S, =1 m1
-r

| Note: Award MO for statements such as “let n = & ”. |

| Note: Subsequent marks after the first M7 are independent of this mark and can be awarded. |

S, =S, +ur* M1
u, (1-r"*
S =M+u]rk A1
1-r
U (l_rk) u,r" (l—r)
D1 = +
-7 I-r
k k &
S, = u,—ur Hur —rur A1
1-r
u 1— rk+|
Sea _u(i=) A1
1-r
true for n =1and if true for »n = k then true for n=k +1 ,
the statement is true for any positive integer (or equivalent). R1
[ Note: Award the final RT mark provided at least four of the previous marks are gained. |
[7 marks]
17 - (MAT-W 2019-Paper 2/0-Q1) - SEQUENCES - SERIES
ur’ =-70, ur® =8.75 (M1)
r =&=—0.125 (A1)
=>r=-0.5 (A1)
valid attempt to find u, (M1)
for example: u, = - 560
-0.125
u, =560x-0.5
=-280 A1
[56 marks]

o=
o
G
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CH 5 - SEQUENCES - SERIES

18 - (MAT-W 2020-Paper 2/0-Q11) - SEQUENCES - SERIES, KINEMATICS

Tc p—
(@) g(_ 0.524)

%(:1.05)

(b) attempt to use integration by parts

s :J ¢ sin 61 dr
EITHER
e sin6¢

= J.fZe‘S’ cos 67 dt

e sin 67 _[ 2e ' cos 6¢

3 3 - _[ —4e ¥ sin 6¢ dtJ

e ¥sin6r [ 2e ¥ cos6t
=— — +4s
3 3

—3e sin6sr —6e " cos 61
9

Ss =

OR

-3t
— 7L056t7j.le 3t cos6f dr
6 2

~ ecos6r [esinbt
6 12

1 .
+_[—e sinor dr
4

e cos6t (e Msinbr 1
=— — +—s
6 12

. —2e * cos 61 —e ' sin 61

4 12
THEN
oo e (sin 6;;— 2¢0s61) (+c)

att:O,S:0:>O:—li+c

2
15

C =

A1

A1

M1

A1

A1

M1

A1

A1

M1

[2 marks]
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CH 5 - SEQUENCES - SERIES

2 e (sin6t+2cos6r)
§=—-
15 15

(¢) EITHER
substituting ¢ :g into their equation for s

2 e_z(sinn+2cosn)
§=—-
15 15

OR
using GDC to find maximum value

OR

evaluating ‘..0" vdt

THEN

—0.161£—%(1+C—%)J

1.5
distance required = j |e‘3’ sin 6f| dr
0

OR

distance required =

St——aln

o
3 1.5
e sin 6t dr + J'e’s’ sin 6 dr|+ je’” sin 6 dt
o T
6

3

(=0.16105...40.033479...+ 0.006806...)
THEN

=0.201 (m)

METHOD 2
using successive minimum and maximum values on the displacement gra

0.16105...+(0.16105...-0.12757...)+ (0.13453...- 0.12757...)
=0.201 (m)

[7 marks]

(M1)

(M1)

(M1)

A1

[2 marks]

(M1)

(M1)

A

A

1
; o=
L
G
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(€ (O

(ii)

valid attempt to find Z—v using product rule and set % =0
t t

dv ~ 4 .
E:e 6 cos 6 — 3¢ sin 61

dv_ 0= tan6r =2
dt
attempt to evaluate ¢,,¢,,7, in exact form

6t, = arctan 2 (::» t = %arctan 2J
: n 1
6t, = m+arctan 2 [:> L= 5 + P arctan ZJ

6t, = 2m + arctan 2(:> t, = %+ %arctan zJ

M1

A1

AG

M1

A1

Note: The A7 is for any two consecutive correct, or showing that 6¢, =z +6¢, or
61, = +61,.

showing that sin6¢,,, = —sin6¢,

. 2
eg tan 6f = 2 = sin 6¢ =i£
3!u+l _E
showing that ——=e *
e
73[645 -3k 3
egec 0 ‘+c " =¢?

M1A1

M1

AG

A
T
’

2012 -2021
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19 - (MathAA-S 2021-Paper 2/2-Q2) - SEQUENCES - SERIES

(a) attemptto use y, +(n—l)d =0 (mM1)
60—2.5(k—1)=0
k=25 A1
[2 marks]
(b) METHOD 1
attempting to express S,] in terms of n (M1)
use of a graph or a table to attempt to find the maximum sum (M1)
=750 A1
METHOD 2
EITHER
recognizing maximum occurs at n =25 (M1)
S:S:§(60+0), S25:§(2x60+24x—2.5) (A1)
OR
attempting to calculate S5, (M1)
Sy :2—24(2><60+23x—2.5) (A1)
THEN
=750 A1
[3 marks]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

20 - (MathAA-S 2021-Paper 2/2-Q9) - SEQUENCES - SERIES

(@ 1—z+¢ A1

Note: Accept 1,— and .

[1 mark]
2 4 -1
NS S— R S (M1)
( xoxt 21 | 4
1——+—(—...)
STRPY
t=cosx—1 or secx=1—(cosx—1)+(cosx—1)Z (M1)
I 2y 2
:1_{_§+E(_'") + _E+E(_'") A1
© XX
e B A1
2 24 4

2 4
so the Maclaurin series for secx up to and including the term in x* is 1+?+E AG

[4 marks]
ote: Condone the absence of '...
INote: Condone the ab f..]
(2x)°
(c) arctan2x=2x—T+...
2 3
x[2x(;€)+...J
lim( xarctan 2x ] lim : M1
x—0 secx — 1 x—0 x° 5x4
I+—+—— -1
2 24
4
2x2—8i+
—lim| ——3 A1
x—=0 £ 5_)(;4
2 24

=lim

x=0| 32 5y
1+ =
()

=4

Note: Condone missing ‘lim’ and errors in higher derivatives.
Do not award M1 unless x is replaced by 2x in arctan.

A~
e i

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 5 - SEQUENCES - SERIES

21 - (MathAA-W 2021-Paper 2/0-Q5) - SEQUENCES - SERIES

2 7
a =5 =—x— M1
(@ =5 3 %3 (M1)
=E =l=0.583333... A1
24\ 12
[2 marks]
7
(b) r=§(: 0.875) (A1)
substituting their values for 1, and # into S, =1i (M1)
—r
:%(:4.66666...) A1
[3 marks]
(c) attempt to substitute their values into the inequality or formula for S, {M1)
l(l ] (Z]" J
n ! 12 8
523(1] <0001 OR §, =———~
3 43.8 [ 7}
1--
8
attempt to solve their inequality using a table, graph or logarithms
(must be exponential) {M1)
Note: Award (M0) if the candidate attempts to solve 5, —u, <0.001.
correct critical value or at least one correct crossover value (A1)
63.2675...0R §_ -8, =0.001036... OR §, —§,, =0.000906...
OR §, -8, —0.001=0.0000363683... OR §, =S, —0.001=-0.0000931777...
least value is n =64 A1
[4 marks]

W
| g==nyg,

K »
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

1 - (MAT-W 2012-Paper 2/0-Q10) - COMPLEX NUMBERS
METHOD 1

(1-a) =(1-cis 26) = ((1 -c0s26) —isin26)
=(1-cos20) +1isin24d

-y’

= \/(1— cos28) +sin” 264 (= \/(ZSin2 ay + (2sin6c0s 6’)2 )
= |2sin£9|
arg ((1— wz)*)= a=tana = cot(ﬁ)

T

o=—=-0
2

therefore:

. . . T
modulus is 2|sm 6*| and argument is 3 Gor——8=xn

Note: Accept modulus is 2sin# and argument is X 9

METHOD 2
EITHER

(1-a) =(1-cis 26) = ((1-cos26) —isin26)
=(l-cos260) +1s1in28
=(1—1+23i1123)+2isint9cosl9

OR

(l-a’) = (1 —(cos @ + isin ) )*

= (1-cos® @ +sin’ 6 - 2isin Geos 0)
= 2sin’ 0 + 2isinfcos ¢

THEN
=2sinf(sind +icos )

=2sinf| cos E—B +1sin E—B
2 2
=2sin6’cis(£—t9)
2

therefore:

. . . X T
modulus is 2|s1n E?l and argument is — - & or 3" |
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

2 - (MAT-S 2013-Paper 2/1-Q6) - COMPLEX NUMBERS

other root 182 —;

a quadratic factor 1s therefore (x—2+ ) (x—2-1)
=x?—4x+5

x+1 1s a factor

(x—2)* is a factor

plx)=a(x+ 1)(3c72)2(}c2 —4x+35)
p(O)=4=a _;

plx)= ;(er 1)(3c—2)2(x2 —4x+3)

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS
3 - (MAT-W 2013-Paper 2/0-Q6) - COMPLEX NUMBERS
(@) a +% y a +? Ml
a—1 a+i
* 1+ 2ai -1 2a .
_a 2 ai ([ _ a2 : a_, Al
a +1 a +1 a +1
(i) z isreal when a=0 Al
(1)  z is purely imaginary when = =1 Al
2 _ .
Note: Award MI1404110 for ﬂ (= 1+ 22(1 i] leading to ¢ =0 in (1).
a - a —
(b) METHOD 1
attempting to find either |z| or ‘Z‘z by expanding and simplifying
(12—12+4a2 LI, P |
i R ”
(a?‘ + 1) (a2 +1)
(a2 +1)2
(a2 +1)2
|z[ =1= 7| =1 Al
METHOD 2
|a + i|
2= — MI
ja—il
P41
|z| =4 = |z| =1 Al
2
a +1
“ ! ' F—7
2012 -2021 459




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

4 - (MAT-S 2014-Paper 2/1-Q1) - COMPLEX NUMBERS

METHOD 1

substituting
=S5+121+a(2+31)+b=0
equating real or imaginary parts
1243a=0=a=-4
—5+2a+b=0=5=13

METHOD 2

other root is 2—31

4 =—¢g (sum of roots) so a=—4
13="5 (product of roots)

considering either the sum or product of roots or multiplying factors

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

5 - (MAT-S 2014-Paper 2/2-Q13) - COMPLEX NUMBERS

(a) let P(n) be the proposition z* =#*(cosné +isinn@), ne ¢ *
let n=1=
LHS =r(cos@+1sin &)
RHS = r(cos@+1sind), ... P(1)1s true
assume true for n=k = r* (cos@+isin@) =" (cos(k6)+isin(k6))

Note: Only award the M1 if truth 1s assumed.

now show n =k true implies n =k +1 also true

#M(cos@+1sin@) " =" (cosG+isin8) (cosB@+isind)

=y (cos(k@)+isin(kB))(cosf+isinb)

=y (cos(k@)cos 6 —sin (k@)sin 8 +i(sin (k&) cos 6+ cos(kB)sin 6’))

=7 (cos(k6 +6)+isin(kG+86))

=" (cos(k+1)@+isin(k+1)8)=n=4k+11is true

P(k) true implies P(k +1) true and P(1) is true, therefore by mathematical
induction statement is true for n>1

Note: Only award the final RI if the first 4 marks have been awarded.

: (m

by () u—2c1s(§]
: T
v_ﬁm(_zj

Notes: Accept 3 sf answers only. Accept equivalent forms.

Accept 28? and \/Eeif.

(i) o =2cis(m)=-8
vt =4eis(-r)=—4

Wyt =32

-
T °
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

(c) Im(z)

24

34
\4

Note: Award Al1ifAor 1+ \/3_’1' and B or 1—: are in their correct quadrants,
are aligned vertically and 1t is clear that |u| > |v|

1 . (5|
d AI‘Ga=—X2X\/5XSIH —
& 2 (12]

137 %%@ﬁ)]

Notes: Award M140A40 for using Z—;E

(&) (z-1+iz-1-1)=z"-2z42

Note: Award M1 for recognition that a complex conjugate is also a root.

(z—l—\@i)(z—l+\/§i)=zz—2z+4

(z2—2z+2)(z2—2z+4)=z4—4z3+10z2 —12z+8

P
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

6 - (MAT-S

(@)

(b)

2015-Paper 2/1-Q12) - COMPLEX NUMBERS

() (cosO+isindy
=cos @+ 5icos’ @sinf +10i° cos’Fsin® 6+
10i° cos*@sin’@ + 5i* cos Osin® & +1° sin°#
(=cos’ & +5icos’ #sinf—10cos’ Osin® & —

10icos’ Osin® O+ Scosfsin’ O +isin’ 0)

Note: Award first A7 for correct binomial coefficients.

(i) (cis#) = cis58 = cos 56+ 1sin 50

= cos’ @+ 5icos’ Bsin@—10cos’ Gsin® @ —10icos® Osin’ O+
S5cosfsin’ @+isin’ 6

Note: Previous line may be seen in (i)

equating imaginary terms
sin 58 = 5¢cos* @sin @ —10¢cos’ Gsin® @ +sin’ &

(iii) equating real terms
cos 50 = cos’ @ —10cos” @sin’ @+ 5cosOsin’ &

(reisa) =1= r’cis 5a =1cis 0
r=1=r=1

Sa=01360k, keZ = a=T2k
a=72°

Note: Award M1AO if final answer is given in radians.

(©)

use of sin(5x72)=0 OR the imaginary part of 1 is ()
0=35cos* asina —10cos” asin’® a +sin’ a

sinag#0=> 0= 5(1—sin2 a)2 —10(1—sin2 oz)sin2 o+sin' a

Note: Award M7 for replacing cos’ o .

0= 5(1—2sin2 o +sin’ 05)—10sin2 a+10sin’ o +sin’ &

Note: Award AT for any correct simplification.

so 16sin* @ —20sin* a+5=10

A _
M
P
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

; _ 20£4400-320

d sin” &
(d) 3

) ,20i\/80
sin o =+ |————
32

+410+ 243

sing=——"——
4

Note: Award A7 regardless of signs. Accept equivalent forms
with integral denominator, simplification may be seen later.

) 3
as 72 > 60, sin72 > 7: 0.866... so we have to take both positive

signs (or equivalent argument)

Note: Allow verification of correct signs with calculator if clearly
stated

J10+245

sin 72 = ——

7 - (MAT-S 2016-Paper 2/1-Q9) - COMPLEX NUMBERS

(a) othertworootsarec—1and 2 - 1d

() METHOD 1
use of sum of roots
2¢c+4=10
c=3
use of product of roots
productis (¢ + 1)(c —1)(2 +1d)(2 — 1d)

(c*+1)(4+ dz)[z 10 (4 + dz)] =50

| Note: The line above can be awarded if they have used their value of c.

d=1

|
T
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS

METHOD 2
z' =102+ az’ + bz + 50 = (zz— 2cz+c2+1)(22— 4z + 4 + dz)

compare constant terms or coefficients of z°
4 +2¢=10

(c2+1)(4+ d2)=50
c=3,d=1

8 - (MAT-S 2018-Paper 2/2-Q1) - COMPLEX NUMBERS

_(2+71) (6-2i)
@ == (6+2i) (6-2i) )

i 13+19i .
SECRELY L =0.65+0.95i AT
40 20
[2 marks]
(b) attemptto use |z‘ =+d + 5 (M1)
’53 V530
|z| =.]—|= or equivalent A1
40 20
| Note: A1 is only awarded for the correct exact value. |
[2 marks]
(c) EITHER
argz = arg(2+71) —arg(6+ 2i) {M1)
OR
arg z = arctan Q (M1)
13
THEN
arg z = 0.9707 (radians) (= 55.6197 degrees) A1
[ Note: Only award the last A7 if 4 decimal places are given. |
[2 marks]

9 - (MAT-S 2019-Paper 2/1-Q2) - COMPLEX NUMBERS

(@ z=2" (=2e") A1

Y
E-*—21’!4"# ‘i
Note: Accept all answers in the form 26:[“’1 -
ELp 3 .
z=2¢" (:2e3°3i) OR z=2¢ * (:26 2'36') (M1)
f—ﬁﬁ-b{n\l

L -. F——0
Note: Accept all answers in the form 2e* * /. '

Note: Award M1AO0 for correct answers in the incorrect form, eg —2e*
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

(o) z=1414+141i, z=—-1.41-141i

(z=\/§+\/§i,z=—\/5—\/5i)

10 - (MAT-S 2019-Paper 2/1-Q6) - COMPLEX NUMBERS

(a)
Imz
s

—a+bi, b Ja+bi

} —> Re z
—a a

A1A1

[2 marks]

A1

| Note: Award A1 for z in first quadrant and z-24 its reflection in the y-axis.

(b) (i) w—4@ (or any equivalent)

=20 —m (or any equivalent)

(c) METHOD1

(i) arg (ﬁj =arg(z) — arg(z—2a)

Note: Accept any equivalent, eg 0 = _T .

ifRe( z ]zOthen 20-1="" (1 0dd)
z=2a 2
-n<20-1<0=>n=-1
29—7:=—E
2
=2
4
METHOD 2
a—+ bi _bz—az—Zabi
—a+bi g+
Re( £ j:o:bz—f:o
z=2a
b=a
=2
4
n

[1 mark]
A1

(M1)

A1
[3 marks]

(mM1)

(A1)

A1

M1

A
"
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 6 - COMPLEX NUMBERS

11 - (MAT-S 2019-Paper 2/2-Q8) - COMPLEX NUMBERS

(a) METHOD1
w' =8i

writing 8i = 8[c0s(§+ 2nkJ+ isin [g+ ann

(m1)

| Note: Award M1 for an attempt to find cube roots of w using modulus-argument form. |

E+2nk E+21|:k
+1isin

cube roots w=2| cos

ie. w=3+i,—/3+i,~2i

[ Note: Award A2 for all 3 correct, A7 for 2 correct. |

| Note: Accept w=1.73+i and w=—1.73+i. |

METHOD 2
W +(2i =0
(w-~-2i)(1122 —2wi—4) =0

2i++/12
w=

2
w=3+i,—/3+1,-2i
| Note: Award A2 for all 3 correct, A1 for 2 correct. |

| Note: Accept w=1.73+i and w=—1.73+i. |

(b) w=-2
L
zZ—1
z:—2i(z—1)
z(1+2i)=-2

-2
z =
1+ 2i
2
z=—Z+—i
5

Note: Accept a = _é,b = %

(m1)

A2

[4 marks]

M1

M1

A2

[4 marks]

m1

Al

A1l

[3 marks]

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 6 - COMPLEX NUMBERS
12 - (MAT-W 2019-Paper 2/0-Q6) -~ COMPLEX NUMBERS
METHOD 1
one other rootis 3 —1i A1
let third root be « (M1)
considering sum or product of roots (mM1)
sum of roots =6+0¢=3—7 A1
a
10
product of roots =10 = — A1
a
hence a=6 A1
[6 marks]
METHOD 2
one other rootis 3 —i A1
quadratic factor will be z> —6z+10 (M1)A1
P(z)=az3—37zz+662—10=(zz—6z+10)(az—1) M1
comparing coefficients (mM1)
hence a=6 A1
[6 marks]
METHOD 3
substitute 3+i into P(z) (M1)
a(18+26i)—37(8+6i)+66(3+i)—10=O (M1)A1
equating real or imaginary parts or dividing M1
10-66(3+1)+37(8+ 6i
184-296+198—10=0 or 26a—222+66=0 or 3+) ‘ (8+61) A1
18 +26i
hence a =6 A1
[6 marks]
13 - (MathAA-S 2021-Paper 2/1-Q8) =~ COMPLEX NUMBERS
@ (Jewf=)16 A1
[1 mark]
(b) attempt tofind arg(z)+arg(w) (M1)
arg(zw) = arg(z) +arg(w)
_n 2km(_(1-2k)n A1
5 5 5
[2 marks]
(€ () zweZ=>arg(zw)isamultiple of &
= 1-2k is a multiple of 5 i P
k=3 A1 ? .
(i) zw= 16(005(—n)+isin(—n))
_16 4 ’
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14 - (MathAA-S 2021-Paper 2/2-Q8) - COMPLEX NUMBERS

1+z l+cos@+isin@

l—z l-cos@—isiné
attempt to use the complex conjugate of their denominator M1

_(1+cos@+isinf)(1-cos@+isind)

= — — A1
(1-cos@—isin@)(1-cos@+isin®)

1+z) 1-cos’@-sin’ 0 1—cos’ @—sin’ 0

Re = — | = M1A1
1-z (1—0059) +sin” 4 2-2cost

Note: Award M1 for expanding the numerator and A7 for a correct numerator. Condone
either an incorrect denominator or the absence of a denominator.

using cos” @ +sin® @ =1 to simplify the numerator (M1)
l+z

Re =0 AG

-z
[5 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

1 - (MAT-S 2012-Paper 2/1-Q3) - PERMUTATION - COMBINATION

1 210
@ )-

8
(b) 2X[SJ_112

Note: Accept210-28-70=112

112 8
(©) [

—2 =2 =0.533
210 | 15 J

2 - (MAT-S 2012-Paper 2/2-Q4) = PERMUTATION - COMBINATION

(a) number of arrangements of boys 1s 15! and number of arrangements of girls
s 10!
total number of arrangements is 15!x10!x 2(=9.49x10'%)

[ Note: If2is omitted, award (41)M140. |

15
(b) number of ways of choosing two boys is { 5 j and the number of ways of

10
choosing three girls is ( 3 ]
number of ways of choosing two boys and three girls 1s
15 (10
% =12600
2 3

3 - (MAT-S 2013-Paper 2/1-Q8) -~ PERMUTATION - COMBINATION

(a)  the three girls can sit together in 3! =6 ways
this leaves 4 ‘objects’ to arrange so the number of ways this can be done i1s 4!

so the number of arrangements 1s 6 x4! =144
“ ! ‘ F——0

(b) Finding more than one position that the girls can sit
Counting exactly four positions
number of ways = 4 x 313! =144
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4 - (MAT-S 2014-Paper 2/1-Q3) - PERMUTATION - COMBINATION

7 7
the number of ways of allocating presents to the first child is (3 ] or )
4 5 5
multiplying b or or
Note: Award M1 for multiplication of combinations.
7Y 4
=210
302
5 - (MAT-S 2015-Paper 2/2-Q2) = PERMUTATION - COMBINATION
11
_ 11x10x9x8 ~330
@ \4) 4x3x2xl1
5) (6
(b) y _ Sx4 y 6x5
2 2 2x1 2x1
=150
METHOD 2
(¢) METHOD1
5 635 6\(5 6\(5 6
_{?]_ - - -
number of ways all men = (4] =3 113 21\ 2 3 19 4
330-5=325 =325

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

6 - (MAT-S 2017-Paper 2/2-Q8) - PERMUTATION - COMBINATION

METHOD 1

consideration of all papers
all papers may be sat in 18! ways
number of ways of positioning “pairs” of science subjects =3!x 17!

but this includes two copies of each “triple”
number of ways of positioning “triplets” of science subjects =3! x 16!

hence number of arrangements is 18! — 3! x 17!+ 3! x 16!

(= 4.39x10" )

METHOD 2

consideration of all the non-science papers
hence all non-science papers can be satin 15! ways
there are 16 x 15 x 14 (=3360) ways of positioning the three science papers

hence the number of arrangements is 16 x 15 x 14 x 15!(= 4.39x10" )

METHOD 3

consideration of all papers
all papers may be satin 18! ways
number of ways of positioning exactly two science subjects =3! x 13! x16x15

nhumber of ways of positioning “triplets” of science subjects =3! x 16!
hence number of arrangements is 18! — 3! x 16! - 3! x 15! x 16x15

(= 43910 )

A1
A1
(R1)
A1
M1A1

M1)
A1
(M1)A1

(M1)A1

A1
M1A1

A1
M1A1

[6 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

7 - (MAT-W 2017-Paper 2/0-Q9) - PERMUTATION - COMBINATION

(@) 121(=479001600) A1
[1 mark]
(6) METHOD 1
8 x 2 =16 ways of sitting Helen and Nicky, 10! ways of sitting everyone else (A1)
16 x 10!
= 58060800 A1
METHOD 2
8 x lxlO!(=29030400) ways if Helen sits in the front or back row
4 x 2><10!(=29030400) ways if Helen sits in the middle row (A1)
| Note: Award A1 for one correct value. |
2x 29030400
= 58060800 A1
[2 marks]
(©) METHOD1
9%x2x 10!(:65318400) ways if Helen and Nicky sit next to each other (A1)
attempt to subtract from total number of ways (M1)
12! -9 x 2 x 10!
= 413683200 A1
METHOD 2
6 % 10><10!(: 217728000) ways if Helen sits in column 1 or 4 (A1)
6 % 9><10!(:195955200) ways if Helen sits in column 2 or 3 (A1)
217728000 +195955200
= 413683200 A1
[3 marks]

.
P
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8 - (MAT-W 2019-Paper 2/0-Q8) - PERMUTATION - COMBINATION

(a) METHOD 1
101-2x 9! (= 2903040) (A1)(A1)A1

| Note: Award A7 for 10!, A1 for 2x9!, A1 for final answer.

METHOD 2
9% 8x8! (A1)(A1)AT

| Note: Award A1 for 9x8 or equivalent, A1 for 8! and A7 for answer. |

[3 marks]

(b) METHOD 1
8x7x8!(=2257920) (A1)A1

| Note: Award (A1) for 8x7, A1 for final answer.

METHOD 2
101-2x8!-2x2xTx8!

| Note: Award A1 for 10! minus EITHER subtracted terms and A1 for final correct answer. |

[2 marks]
(¢) METHOD1
8x 7x(81-2x7!)(=1693440) (A1)(A1)A1
Note: Award (A1) for 8x7, (A1) for 2x 7!, A1 for final answer.
(81~2x7!) can be replaced by 6x 7! or’ P, x6! which may
be awarded the second A1.
METHOD 2
their answer to (a) —2x8!-2x2x7x 8! (A1)(A1)A1
| Note: Award A1 for subtracting each of the terms and A1 for final answer. |
METHOD 3
their answer to (b) —2x 7 x 8! or equivalent (A1)A2
[ Note: Award A1 for the subtraction and A2 for final answer.
[3 marks]

’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 7 - PERMUTATION - COMBINATION

9 - (MAT-W 2020-Paper 2/0-Q7) - PERMUTATION - COMBINATION

(a) identifying two or three possible cases (M1)
. (7 TV 5 7Y5
total number of possible groups is + + (A1)(A1)
5 411 IN2
Note: Award A7 for any two correct cases, A7 for the other one.
=21+(35x5)+(35x10)
=546 A1
(b) METHOD 1
identifying at least two of the three possible cases- Gary goes,
Gerwyn goes or neither goes (M1)
. (10 10 10
total number of possible groups is 5 + 4 + 4 (A1)
=252+210+210
=672 A1
METHOD 2
identifying the overall number of groups and no. of cases where both
Gary and Gerwyn go. (M1)
_ (12 10
total number of possible groups is 5 - 3 (A1)
=792-120
=672 A1

[4 marks]

[3 marks]

[3 marks]

T
’

2012 -2021 475




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 7 - PERMUTATION - COMBINATION

10 - (MathAA-S 2021-Paper 2/2-Q7) - PERMUTATION - COMBINATION

(@) Jack and Andrea finish in that order (as a unit) so we are considering the

arrangement of 7 objects (M)
7! (=5040) ways A1
[2 marks]

(b) METHOD 1

the number of ways that Andrea finishes in front of Jack is equal to the number of

ways that Jack finishes in front of Andrea (M1)
total number of ways is &! (A1)
% (=20160) ways A1
[3 marks]
METHOD 2
the other six runners can finish in 6! (= 720) ways (A1)

when Andrea finishes first, Jack can finish in 7 different positions

when Andrea finishes second, Jack can finish in 6 different positions etc

T+6+5+4+3+2+1 (=28) ways (A1)
hence there are (7+6+5+4+3+2+1)x6! ways

28x6! (=20160) ways A1

[3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

1 - (MAT-S 2012-Paper 2/1-Q9) - BINOMIAL THEOREM
2y 32 16
x—— :x4—8x2+24——2—&-—4
X X X

3
[x2+2] :x6+6x3+12+£3

X X

Note:  Accept unsimplified or uncalculated coefficients in
the constant term

=24x12
=288

2 - (MAT-S 2014-Paper 2/2-Q5) - BINOMIAL THEOREM
expanding (x—1) =x° -3x* +3x-1
&
: 1 :
expanding | —+2x | gives
X

64x® +192x" +240x* +@+%+L6+160

X X X

Note: Award (M1) for an attempt at expanding using binomial.

Award A1 for @

X

Award AT for %

X

6—(2)><—1+%><—3x2
X X

Note: Award (M1) only if both terms are considered.

therefore coefficient x> is—96
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

3 - (MAT-S 2014-Paper 2/1-Q8) - BINOMIAL THEOREM, PROBABILITY

i p
(a) A 2°B+3 2°B° x
5 4

=(192AB+72032)x5

(b) METHOD 1

probability is % (=0.0494)

METHOD 2
P(5 eaten)=P (M eats 1) P(N eats 4)+ P (M eats 0) P(N eats 3)

ALLIEHERIE

4
=— (=0.0494
o7 ( )

4 - (MAT-W 2016-Paper 2/0-Q4) - BINOMIAL THEOREM

attempting a valid method to obtain the required term in the expansion (M1)

Note: Valid methods include an attempt to expand, noting the behaviour of the
powers of x, use of the general binomial expansion term, use of a ratio etc.

identifying the correct term (A1)

12 8 8
%4 % 2 =495x 4% x 3 M1A1
8 2 2

12
Note: Accept 4l

Note: Award M1 for the product of a binomial coefficient, a power of 4 and either

A
v 0
F

3
a power of —— or —.
2
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 8 - BINOMIAL THEOREM

5 - (MAT-S 2017-Paper 2/1-Q3) - BINOMIAL THEOREM

METHOD 1

Br

e} (l) (5x) = °C.(5) ¥
x

F=35

Cx5°="Ca*x 5"

56 x 5=354"

a’=8

a=2

METHOD 2

attempt to expand both binomials
175000x"

21875a°x"

175000 = 218754

a=8

a=2

6 - (MAT-S 2018-Paper 2/2-Q5) - BINOMIAL THEOREM

@ [3n+1] B (3n + 1)!

n-2) (3n-2)13!
~(3r+1)30(3n-1)
- 3!

9

1
==n’—=n or equivalent
2 2

9 1
(b) attempt to solve Erf —5" >10°

n>60.57...

| Note: Allow equality. |
= n==01

(M1)

(A1)
M1A1

(A1)
A1

M1
A1
A1
M1

(A1)
A1

[6 marks]

(M1)

A1

A1
[3 marks]

(M1)
(A1)

A1
[3 marks]

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 8 - BINOMIAL THEOREM

7 - (MAT-W 2018-Paper 2/0-Q4) - BINOMIAL THEOREM

METHOD 1
{x+ iz} - [5}3(% . (M1)(AT)AT)
X 2 X

Note: Award M7 for a product of a binomial coefficient, a power of x, and a power of %

A1 for correct binomial coefficient, A7 for correct powers.

27 270
=,,,+10><7+,,, =,,,+?+,,, (A1)

270
constant term is x{ T j
X

=270 A1
METHOD 2
EITHER
3
(M1)(A1)

) 5 5-r
the general termis x* x| =
r %

Note: Award M7 for a product of a binomial coefficient, power(s) of x, and a power of =

5 xr+4 5
— 35—r — 35—rx3r—6
(rJX Xxlo_zr{ (rjx }

constant term occurs when r=2 (A1)
OR
. 5 L3y
the general termis x* 5 FT = (M1)(A1)
—Fr X

Note: Award M7 for a product of a binomial coefficient, power(s) of x, and a power of et

5 9-r 5
- o VA «3 "
5—r x* 5—r

constant term occurs when r=3

(A1)

THEN

(ZJ(3)3 (A1

: -. o=
v o
P
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 8 - BINOMIAL THEOREM

8 - (MAT-W 2019-Paper 2/0-Q5) - BINOMIAL THEOREM
attempt to find coefficients in binomial expansion

2 n 2 .. n s
coefficient of x° : [2JX2" *+ coefficient of x° : [3}(2" ?

Note: Condone terms given rather than coefficients.
Terms may be seen in an equation such as that below.

n n ,
% 21:*3 — 4 % 2;!*-
3 2

attempt to solve equation using GDC or algebraically

)L

nl 8n!
31(n-3)! 2 (n-2)!
18
3 n-2
n=26

9 - (MAT-W 2020-Paper 2/0-Q4) - BINOMIAL THEOREM

9
use of Binomial expansion to find a term in either [L—EJ

3x’
1 2Y (1 1Y W9
|, |=—=-=|or(2-3x
[3 2} [3x3 2} (2-3)

1
' 3x%

(M1)

A1A1

(A1)

(M1)

A1
[6 marks]

(M1)(A1)

Note: Award M7 for a product of three terms including a binomial coefficient and
powers of the two terms, and A7 for a correct expression of a term in the expansion.

finding the powers required to be 2 and 7

2 7
1 1
constant term is °C, x| = | x| —=
3 2

(M1)(A1)

(M1)

Note: Ignore all x’s in student’s expression.

therefore term independent of x is —3—12 (=-0.03125)

-
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 8 - BINOMIAL THEOREM

10 - (MathAA-S 2021-Paper 2/1-Q5) - BINOMIAL THEOREM
METHOD 1

product of a binomial coefficient, a power of 3 (and a power of x?) seen
evidence of correct term chosen

212 (n+1 _
!!+1C2X3n+172x(x..) (:n(n—)x3nlxx4j OR n_r=1
2
equating their coefficient to 20412 or their term to 20412x*

EITHER

e, %3 =20412

OR

"0 x3 =20412=r=6
THEN

n="7

METHOD 2

5 il
30| 14
3

2
product of a binomial coefficient and a power of X_ OR 1 seen
3
evidence of correct term chosen

3.'1|| % n}lczx[’x_;] [_3,1] n(f12+1) x4]

equating their coefficient to 20412 or their term to 20412x*

n(n+1)

3% =20412

n=7

(M1)
(A1)

(M1)

(A1)

(A1)

A1

(M1)

(A1)

(M1)

(A1)

A1
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 9 - REMAINDER & FACTOR
THEOREM

1 - (MAT-W 2014-Paper 2/0-Q6) - REMAINDER & FACTOR THEOREM

using p(a)=-7 to obtain 3¢* + a* +5a+7=0
(a+1)(3a* —2a+7)=0

Note: Award M1 for a cubic graph with correct shape and A7 for
clearly showing that the above cubic crosses the horizontal axis
at (=1, 0) only.

a=-1

EITHER

showing that 3q° —2a+4 7 =0 has no real (two complex) solutions for a

OR

showing that 3a° + a*+ 5a + 7 = 0 has one real (and two complex)
solutions for

2 - (MAT-S 2016-Paper 2/1-Q8) - REMAINDER & FACTOR THEOREM
2
a+da—-b=2

EITHER

a+da—(h+2)=0
asaisreal = 16 +4(b+2)=0
OR

b=a"+4a-2

=(a+2’-6

THEN

bz-6
hence smallest possible value for 5 is —6

-
v 0
F
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 9 - REMAINDER & FACTOR
THEOREM

3 - (MAT-S 2018-Paper 2/2-Q2) - REMAINDER & FACTOR THEOREM

METHOD 1

substitute each of x =1, 2 and 3 into the quartic and equate to zero M1}
prgt+r=-7

4p+2g+r=-11 or equivalent (A2)

9p+3g+r=-29

[ Note: Award A2 for all three equations correct, A7 for two correct. |
attempting to solve the system of equations (M1)
p==T7,q=17,r=-17 A1

| Note: Only award M7 when some numerical values are found when solving algebraically or using GDC. |

METHOD 2

attempt to find fourth factor (m1)
(x -1 A1
attempt to expand (x — 1)°(x — 2)(x — 3) M1
=x' -7+ 17" = 17x+6 (p=—T.q=17.r =-17) A2

| Note: Award A2 for all three values correct, A7 for two correct. |

[ Note: Accept long / synthetic division. ]

[5 marks]
4 - (MAT-W 2018-Paper 2/0-Q6) - REMAINDER & FACTOR THEOREM
(a) afttempt to substitute x =35 and set equal to zero, or use of long /
synthetic division 1)
2x5-15x5+ax5+5h+c=0 A1
(= 25a + 5b + ¢ =625)
{2 marks]
by 0 A1
[1 mark]
(¢) EITHER
attempt to solve P'(5) =0 M1)
=8x 5 -45x5+4x5+h=0
OR
(xz— 10x + 25)(2x2+ ox + ﬁ)z 215 + 2P+ hx + ¢ M1)

comparing coefficients gives a=3,=2

THEN

b =103
Se=625-25x2- 525
c =50

A fs
g
P
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 10 - MATHEMATICAL INDUCTION

1 - (MAT-S 2013-Paper 2/2-Q8) - MATHEMATICAL INDUCTION

P(n): f(n)=5" - 24n—1 is divisible by 576 for nc 7"
for n=1, f()=5>-24-1=0
Zero is divisible by 576, (as every non-zero number divides zero), and so P(1) is true.

Note:  Award R0 for P(1)= 0 shown and zero is divisible by 576 not specified.

Note:  Ignore P(2)=3576 if P(1)=0 is shown and zero is divisible by 576 is specified.

Assume P(X) is true for some k(=> f (k)= N x576).

Note: Do not award M1 for statements such as “let n =k .

consider P(k+1): f(k+1)=5"Y 24k +1) -1
=25x5% 24k 25

EITHER

=25x(24k +1+ N = 576)— 24k — 25

=576k + 25 576N which is a multiple of 576
OR

=25x 5% — 600k — 25+ 600k — 24k

= 25(5% — 24 — 1) + 576k (or equivalent) which is a multiple of 576
THEN

P(1) is true and P(k) true= P(k + 1) true, so P(#) is true forall neZ”*

-
v 0
F
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 10 - MATHEMATICAL INDUCTION

2 - (MAT-S 2014-Paper 2/1-Q7) -~ MATHEMATICAL INDUCTION

if n=0
7% +2 =345 which is divisible by 5, hence true for n=0

Note: Award 40 for using » =1 but do not penalize further in question.

assume true for n=%

Note: Only award the M1 if truth 1s assumed.

so 77 +2=5p, pe-
ifn=Fk+1

78(k+1)+3+2
=7878k+3+2

=7 (5p—2)+2
=7°5p—27"+2
=7°5p—11529600
=5(7° p-2305920)

hence if true for n =k, then also true for n=4k+1. Since true for
for all ne

n =0, then true

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 10 - MATHEMATICAL INDUCTION

3 - (MAT-S 2018-Paper 2/2-Q6) - MATHEMATICAL INDUCTION

consider the case n=2: (1—a)’=1-2a+a’
>1 - 2a because a” > 0. Therefore P, is true
assume Py is true for some n =k

(l1-a) >1-ka

let P, be the statement: (1—a)" >1-na forsome neZ',n> 2, where 0 <a<l1

M1
R1

M1

| Note: Assumption of truth must be present. Following marks are not dependent on this M1. |

EITHER

consider (1-a)"™ =(1—-aX1-a)*
>1—(k+Da+ka*

>1-(k+Da = P, is true (as ka’ > 0)

OR

multiply both sides by (1- &) (which is positive)
(I-aY" >(1-ka)y(1-a)
(1-ay" >1=(k+Da+kd’
(I-ay™" >1-(k+Da=P,,, istrue (as ka’ >0)

+1

THEN

P, istrueand P, istrue = P, istrue so P, true forall » > 2 (or equivalent)

w1
A1
R1

M1

A1
R1

R1

| Note: Only award the last R7 if at least four of the previous marks are gained including the A7. |

[7 marksj
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 10 - MATHEMATICAL INDUCTION

4 - (MAT-S 2019-Paper 2/1-Q8) - MATHEMATICAL INDUCTION

(a) x<—0.414, x> 241

(x<1—x/§,x>1+\/§)

| Note: Award A1 for —0.414, 2.41 and A1 for correct inequalities.

(b) check for n=3,
16 >9 so true when n=3
assume true for n=k
2k+| > k'l

| Note: Award MO for statements such as “let n =&". ]

A1A1

[2 marks]

A1

m1

| Note: Subsequent marks after this M1 are independent of this mark and can be awarded. |

prove true for n=k +1
2k+3 — 2 % 2i'+|
> 2k’
=k*+k
> k* 42k +1(from part (a))
which is true for £ >3

M1
(M1)
A1
R1

[ Note: Only award the A1 or the R1 if it is clear why. Alternate methods are possible. |

=(k+1y’
hence if true for n=~k true for n=%k+1, true for n=3 so true for all n>3

R1

[ Note: Only award the final R provided at least three of the previous marks are awarded. |

[7 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 10 - MATHEMATICAL INDUCTION

5 - (MAT-W 2020-Paper 2/0-Q6) - MATHEMATICAL INDUCTION

d xe™
n=1: LHS= (:lx ):xpe"x+e”’*=(px+1)e’”‘“,RHS=p“(pr+1)e‘”

LHS =RHS sotruefor n=1:

A1

Note: Award ATif n=0 is proved.

k

assume proposition true for 1=k, i.e. d - (xef”f) =p" ! (pr+k)e™
X

M1

Notes: Do not award M7 if using # instead of 4.
Assumption of truth must be present.
Subsequent marks are not dependent on this M7 mark.

k+1 k
a4 )
= E(pk"l (px+k)e‘”°)

=p"(px+k)pe™ +e™ (p*)

:p"'(px+k)c”"'+cpx(pk)

(M1)

M1

A1

Note: Award A7 for correct derivative.

=p* (px+k+1)e”

= p((km_]] (px +(k+ 1))0‘“

A1

Note: The final A7 can be awarded for either of the two lines above.

hence true for n=1 and n=k true =>n=k +1 true

therefore true for all ne Z."

R1

Note: Only award the final R17 if the three method marks have been awarded.

AF_
T O
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 11 - RADIAN

1 - (MAT-S 2012-Paper 2/2-Q9) - RADIAN

D

AC=BD=+13"-3* =12.64...
cosa:i:a:1.337...(76.65...°. )
13

attempt to find either arc length AB or arc length CD
arc length AB=5(n—2x0.232..)) (=13.37..)

arc length CD =8(m + 2x0.232...) (=28.85...)

length of string =13.37...+28.85...+ 2(12.64...)
=67.5(cm)

2 - (MAT-S 2013-Paper 2/1-Q5) - RADIAN
l rPx1=7
2
r:3.7...(:J1_4) (or 37... mm)

height =2rcos (n 1] (or 2rsin1j
2 2

3.59 or anything that rounds to 3.6
so the dimensions are 3.7 by 3.6 (cm or 37 by 36 mm)
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

3 - (MAT-S 2014-Paper 2/2-Q4) - RADIAN, TRIGONOMETRY

() METHOD 1

2arcsin (Ej
4

o =0.769 (44.0%)

METHOD 2

using the cosine rule:
3 =4 +47 - 2(4)(d)cosax
o=0.769" (44.0%)

(b) one segment
A= %)(42 ><0.76879—%><42 % sin (0.76879)

=0.58819K
2A, =118 (em?)

4 - (MAT-S 2016-Paper 2/1-Q4) - RADIAN

attempting to use the area of sector formula (including for a semicircle)
semi-circle % nXx 5= % = 39.26990817 ...

angle in smaller sectoris m—4&

area of sector = % X 2*x (n — 6)

attempt to total a sum of areas of regions to 44
2(m— 6) =44 —39.26990817 ...

e =0.777 (: 23_% — 22}

-
v 0
F

2012 -2021 491




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

5 - (MAT-W 2016-Paper 2/0-Q9) - RADIAN, TRIGONOMETRY

(@ A=2(a-sina)’+ %(9 — sin &)r’ M1A1A1

Note: Award MTA71A1 for alternative correct expressions eg. 4 = 4[% - sin%}”2 + %6’;”2 )

[3 marks]

(b) METHOD 1

consider for example triangle ADM where M is the midpoint of BD M1
sinZ = 1 A1
4 4
o .
— =arcsin—
4 4
a= 4arc:sinl AG
4
METHOD 2
attempting to use the cosine rule (to obtain l—cos% = %) M1
sinZ = 1 (obtained from sinZ At
4 4 4
o .
— = arcsin—
4 4
!
o = darcsin— AG
4
METHOD 3
sin LA - 2sin — where Ez r «
4 2 4
cosZ = 4sinLcos & M1
4 4 4
Note: Award M1 either for use of the double angle formula or the conversion
from sine to cosine.
1 .
—= smg A1
4 4
o .1
— = arcsin—
4 4
1
& = 4arcsin —

v 0
P
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 11 - RADIAN

! 1
(c) (fromtriangle ADM), 6 = n—% [z T— Qarcsmz = 2arccosz =2.6362.. ]

attempting to solve 2(a — sina)r® + %(0 —sin)r* =4

r=1.69

6 - (MAT-W 2017-Paper 2/0-Q3) - RADIAN

METHOD 1

area = (four sector areas radius 9) + (four sector areas radius 3) m1)
1,7 1,.,7n
=4 =9 = |+4|=3—= A1)(A1
[2 9J [2 ISJ (ATA1)
=18n + 7z

= 25n(= 78.5cm2) A1

METHOD 2

area =
(area of circle radius 3) + (four sector areas radius 9) — (four sector areas radius 3) (M1)
1.,.n 1,mn
3+ 4| =9 = |- 4| =3 = A1)(A1
( ; 9] ( %5 (AT)(A)
| Note: Award A1 for the second term and A1 for the third term. |
=91 + 18z - 2=

= 25n(= 78.5cm2) A1

[ Note: Accept working in degrees. |

A1

with a=4arcsin% and 8 = n—% [= 2arccosi) for » M1)

At
[3 marks]

[4 marks]

’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 11 - RADIAN

@ O

7 - (MAT-S 2018-Paper 2/2-Q4) - RADIAN

METHOD 1

3

PC = 7 or 0.8660

1 V3

PM = =PC = — or 0.4330
2 4

1 3
AM =, J—+—

416
V7

=— or 0.661 (m
2 (m)

| Note:

Award M1 for attempting to solve triangle AMP. |

(ii)

|

OR
|

—AM? x 2AMP-X2
2 8

METHOD 2

using the cosine rule

ﬁ}z VA

AM? =12+[— —2><—><c0s(30°)
4 4

V7

AM === or 0.661(m)

tan(AMP) = % or equivalent

=0.857

(b) EITHER

EAMZ(ZAMP - sin(zAMP))

3

= 0.158(m?)

(M1)

(A1)

A1

M1A1

A1

(M1)

A1

(M1)A1

(M1)A1

A1

[ Note: Award M1 for attempting to calculate area of a sector minus area of a triangle. |

[5 marks]

[3 marks]

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

8 - (MAT-W 2019-Paper 2/0-Q4) - RADIAN

(a) each arc has length 70 = 6x§ =2n(=6.283...) (mM1)
perimeter is therefore 6m (= 18.8) (cm) A1

[2 marks]
(b) area of sector, s, is %199 =18x§=6n(=18.84..‘) (A1)
area of triangle, , is %x 6x3v3 =93 (=15.58...) (M1)(A1)

| Note: area of segment, £, is 3.261... implies area of triangle

finding 3s—2¢ or 3k+t or similar
area =35 —21 =181 183 (=25.4) (cm?) (M1)A1
[5 marks]

9 - (MAT-W 2020-Paper 2/0-Q1) - RADIAN, TRIGONOMETRY

attempt to find AOB by right-angled trigonometry or the cosine rule (M1)
EITHER
A . (55

AOB =2arcsin| — A1
15

OR

AOB = arccos M A1
2x15x15

THEN

=0.750847... (=43.0204...")

Note: Award (M1)A1 for correct calculation of AéB or %AéB

shaded area = area of sector- area of triangle £= %rz (6 —sin B)J (M1)

:%xlfx(0.750847...—sin0.750847...) (A1)

=7.72 (cm?)
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 11 - RADIAN

10 - (MathAA-W 2021-Paper 2/0-Q4) - RADIAN

(a) attempt to find the area of either shaded region in terms of r and # (M1)

Note: Do not award M7 if they have only copied from the booklet and not

applied to the shaded area.

Area of segment:lrzef%rzsine A1
Area of triangle =%r2 sin(n—6) A1
correct equation in terms of @ only (A1)

0—sin0 =sin(n-0)
g —sinf =sinf A1
6 =2sind AG

Note: Award a maximum of MTATAOAQAQ if a candidate uses degrees

(i.e. %r! sin(180°—@)), even if later work is correct.

Note: If a candidate directly states that the area of the triangle is

%rg sin@ , award a maximum of MTATAO0ATAT.

[5 marks]
(b) €=1.89549...
d=1.90 A1
Note: Award AQ if there is more than one solution. Award A0 for an answer
in degrees.
[1 mark]

-. o
g

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

1 - (MAT-S 2012-Paper 2/2-Q3) - TRIGONOMETRY

(a)

Note: Accept 2 separate triangles. The diagram(s) should show that one
triangle has an acute angle and the other triangle has an obtuse angle.

The values 9.63, 7.5 and 45.7 and/or the letters, A, B C’ and C should be
correctly marked on the diagram(s).

(b) METHOD 1

sin45.7 sinC

75 9.63
5= 6677 T18.2,.."

—B=6752..°.21.07..°
b 15
sinB  sin45.7

= b =9.68(cm), b =3.77(cm)

Note: If only the acute value of Cis found, award MI1(A1)(A0)(10)A1A0.

METHOD 2

7.5* =9.63% +b* —2x9.63x bcos45.7
b* —13.45...h+36.48...=0

,_13:45.. 213457 ~4x36.48...

2
AC=9.68(cm) , AC=3.77(cm)

A
e i
’
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2 - (MAT-S 2013-Paper 2/2-Q1) - TRIGONOMETRY

(a) EITHER

AOB = 2arcsin (%] or equivalent (eg AOB = 2arctan [%] , AOB =2arccos [g} )

OR
2 2 2
cos AOB = u = _l
2x4x4 8
THEN

=1.696 (correct to 4sf)

(b) use of areca of segment — area of sector — area of triangle

21 x 4% x1.696 — 1 x4 x5in1.696
2 2
=5.63(cm”)
3 - (MAT-S 2013-Paper 2/2-Q6) - TRIGONOMETRY
(a) attempting to solve for cosx or for  where # =cosx or for x graphically.

EITHER

COS X = i (and 2)

OR
x=48.1897..°

THEN
x=48

Note:  Award (MI)(A1)A0 for x =48, 132".

Note:  Award (MI)(41)A0 for 0.841 radians.

(b) attempting to solve for secx or for v where v=secx.

secx_Jrﬁ{and +\/§} —
secx:iﬁ | ' .
’
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IB DIPLOMA MATHEMATICS AA -HL -P2
4 - (MAT-S 2013-Paper 2/1-Q7) - TRIGONOMETRY
(a) let the distance the cable 1s laid along the seabed be y
¥ = x* +200% — 2 x x % 200 cos 60°
(or equivalent method)
v = x* —200x + 40000
cost=C =80y+20x
1
C =80(x* —200x + 40000)2 + 20x
(b) x=355.2786...=355 (m to the nearest metre)
( =100—+2000)
5 - (MAT-W 2013-Paper 2/0-Q7) - TRIGONOMETRY, VECTORS - LINES - PLANES
(a) attemptingto form (3cos@+6)(cos@—2)+7(1+sind)=0
3cos*@—12+7sinf+7=0
3(1-sin* 6)+7sin6-5=0
3sin* 0—7sind+2=0
(b) attempting to solve algebraically (including substitution) or
graphically for siné
sin @ =—
#=0340 (=19.5")
2012 -2021

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

6 - (MAT-W 2013-Paper 2/0-Q8) - TRIGONOMETRY

1 1 )
(a) A=E><102><(9—§><102><sm6'

MIAl

Note: Award M1 for use of area of segment = area of sector —area of triangle.

=506 —50sinf

(b) METHOD 1

nx10*

unshaded area = —50(8—sin )
(or equivalent eg 50m — 508+ 50s1n#)
5060 —-50sind = %(5011:— 508 +50sin#)
30 -3sinf-n=0

=6 =1.969 (rad)

METHOD 2

2
500 —50sin0 = 1| Tx1Y
3 2

30 -3sinfd—n=0
=6 =1.969 (rad)

AG

(M1)
A1)

Al

(MDA

Al

-
v 0
’
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7 - (MAT-S 2014-Paper 2/2-Q4) - RADIAN, TRIGONOMETRY

() METHOD 1

2arcsin (Ej
4

o =0.769 (44.0%)

METHOD 2

using the cosine rule:
3 =4 +47 - 2(4)(d)cosax
o=0.769" (44.0%)

(b) one segment

A= %)«42 ><0.76879—%><42 % sin (0.76879)

=0.58819K
2A, =118 (em?)
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8 - (MAT-W 2014-Paper 2/0-Q9) - TRIGONOMETRY
: 1 , . 2n 1, .
(a) each triangle has area gx sin— (use of Eab sinC’)
n

: 1 .2
there are # triangles so 4= 3 et sin
n

(b) attempting to find the least value of n such that Zi sin 2n > (.99
T n

n=26
. 2n
nsin—
attempting to find the least value of »# such that —— % —>0.99

T
1+ cos—
n

n=21 (and so a regular polygon with 21 sides)

Note: Award (MO)AOMI)AL if zﬁsing > (.99 1s not considered
T n

nsin =
and ——2—>0.99 is correctly considered.
JT,[1+ cos—]

n

Award (MDA1(MO)AD for n=126.

(c) EITHER

for even and odd values of #, the value of C seems to increase towards
the limiting value of the circle (C =1) ie as » increases, the polygonal

regions get closer and closer to the enclosing circular region

OR

the differences between the odd and even values of » illustrate tha

measure of compactness is not a good one. T .

’
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CH 12 - TRIGONOMETRY

9 - (MAT-W 2014-Paper 2/0-Q14) - TRIGONOMETRY

() METHOD 1

squaring both equations

Osin® B+24sin Becos C +16¢cos* C =36
9cos® B+24cosBsin C+16sin* C' =1

9+ 24sin(B+C)+16=37

24(sin BecosC +cos Bsin C)=12

24sin(B+C)=12

. 1

sin(B+C)=—
( ) 2

METHOD 2

substituting for sin B and cos B to obtain
sin(B+C) = [%]COSC+(#]QHC

B 6cosC +sinC —4

3
substituting for sinC and cosC to obtain

6—3MnBJ 1—3mm3]

(or equivalent)

sin(B+C):sinB{ 2

+ COSB(

_cosB+6sinB—3
4

Adding the two equations for sin (B +C ):

(or equivalent)

adding the equations and using cos®’@+sin*f=1 to obtain

(18sin B+ 24cosC)+(4sinC +3cos B)—25

2sin (B+C)= -
sin(B+C) = 36+1-25 +214_ 25

sin(B+C) =%

METHOD 3

substituting for sinB and sinC to obtain

6—4cosC] 1—30033}

sin(B+C)=[ oosC+cosB[

substituting for cos B and cosC to obtain

sin(B+C)=sinB 6= 3smb + 1= 4sinC sinC
4 3

Adding the two equations for sin (B +C ):

6cosC +sinC —4 N 6sin B+cosB—3

ZSin(B+C)=

3 4

(or equivalent)
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CH 12 - TRIGONOMETRY

_ (18sinB+24cosC)+(4sinC +3cos B)—25

25in(B+C)— 0
sin(B +C) = —36 +214_25
sin(B+C)=%

(b)  sinA=sin(180°—(B+C)) so sin 4 =sin(B+C)
sin(B+C')=l=>sinA=l
2 2
= A=30°0or 4=150°

if 4=150° then B <30°

for example, 3sin B+4cosC < %+ 4 <6, ie a contradiction
only one possible value ( 4 =30°)

10 - (MAT-S 2015-Paper 2/2-Q1) - TRIGONOMETRY

(a) A:%xsxlzxsinmo“

=295 (cmz)

(b) AC*=5"+12"-2x5%x12x¢cos100’
therefore AC=13.8 (cm)

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

11 - (MAT-S 2015-Paper 2/1-Q4) - TRIGONOMETRY

®

METHOD 1

6 7 ) 7 sin 50
- =——=sinC=
sin50 sinC

C=63.344...

or C =116.655...
B =13.344.. (or B=66.656...)

area =%>< 6x7xsin13.344... (or %x 6x 7xs1n 66.656...)

4846 (or =19.281..)
so answer is 4.85 (cm?)

METHOD 2

6>=7>+b>-2x7bcos50
b*—14bcos50+13 =0 or equivalent method to solve the above equation
b=7.1912821...or b =1.807744...

area :%x 7x1.8077...sin50=4.846...

(or%x 7x7.1912821...sin50=19.281...)

so answer is 4.85 (cm?)
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METHOD 3

7 \
h \
A C D A_

Diagram showing triangles ACE and ADB
h=7sin(50) = 5.3623... (cm)

f= arcsin% =63.3442. ..

AC=AD-CD =7cos50-6cosa=1.8077.. (cm)
area= %x 1.8077...x5.3623...

=485 (cm?

2012 -2021 506




IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

@)

(b)

12 - (MAT-S 2015-Paper 2/2-Q8) - TRIGONOMETRY

)0

ok &

4

EITHER

area of triangle = %x 3x4 (=6)

1 . [ 4 )
area of sector = Earcsm(gij“ (=115911;:.)

OR

j\/ZS—xzdx
0

THEN
total area=17.5911...m?
percentage = % %100 = 44%
40
METHOD 1
\/ a -6 10
d 9
k %
(‘%

area of triangle = %x 4x\Ja’ 16

6= arcsin(ij
a

area of sector = 11‘26 = lar2 arcsin (ij
2 2 a

therefore total area = 24/a* —16 +%a2 arcsin (i) =20
a

5 . (4 2
rearrange to give: a” arcsin (—j +44a” —16 =40
a
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CH 12 - TRIGONOMETRY

METHOD 2

4
I\laz —xtd=20
0
. ) dx
use substitution x=asiné, @= acosd

arcsin[%}
j a’ cos” 8dH =20

1]

e
— [ (cos20+1)do=20

0

e |:(Sin 20 N Hﬂmm{ﬂ _ 10
2 0

(4
arcsin

5 =40

a’ [(sin Ocosb + (9)]

0

e )

a arcsin[i]+ dla®—16 = 40
a

(¢) solving using GDC = a=35.53¢cm
13 - (MAT-W 2015-Paper 2/0-Q4) - TRIGONOMETRY

@ @) A=-3

2n

ii eriod = —

@iy p B
B=2

Note: Award as above for 4 =3 and B=-2.

Gip C=2

by x=174,297 x:l :rc+arcsinl ,l 271:—211‘<:sinl
2 32 3

2012 -2021 508




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

14 - (MAT-W 2015-Paper 2/0-Q7) - TRIGONOMETRY
1 i
21=§-6-11-smA

sinA=l

EITHER
- 7

OR

cos A :il—(z i0.771...)

642
1

THEN
BC*=6"+11"-2-6-11cos 4
BC=16.10r 7.43

15 - (MAT-S 2016-Paper 2/2-Q1) - TRIGONOMETRY

AC*=7.8% +10.4°

AC =13

6.5+ 9.1~ 13°
2(6.5)(9.1)

use of cosine rule eg, cos(A]:%C)

ABC =111.804..° (= 1.95134..))
=112

A= 0.6897...,2.452... (A = arcsinﬁ,n—arcsinl—71= 39.521...",140.478..."}

-
v 0
’
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CH 12 - TRIGONOMETRY

16 - (MAT-W 2016-Paper 2/0-Q7) - TRIGONOMETRY

(a) METHOD 1
let AC =x
F=x+4 - 8xcos§
attempting to solve for x
x=1.09,6.43

METHOD 2

let AC=x
using the sine rule to find a value of C
4 =x"+3"~ 6xcos(152.869...7) = x=1.09

4= %" +3" — 6xcos(27.131...") = x =6.43

METHOD 3

let AC=x
using the sine rule to find a value of B and a value of C

(8=2319...,0.124... and C=0.473..., 2.608...)
attempting to find a value of x using the cosine rule
x=1.09,6.43

| Note: Award M1AO(M1)A1AOQ for one correct value of x |

1 . 1 .
(b) —x 4x6.428...xsin= and —x 4x1.088...xsin—
2 9 2 9

(4.39747... and 0.744833...)
let D be the difference between the two areas

D=t ax6.428. xsin®— L x 4x1.088... xsin "~
2 9 2 9

(D = 4.39747...—0.744833..‘)
= 3.65(cm2)

obtaining B=132.869...°, 7.131..." and C =27.131...°, 152.869...

M1A1

(M1)
A1A1

M1
(M1)A1

(M1)A1

m1
A1

(M1)
A1A1

[5 marks]

(A1)

(M1)

A1
[3 marks]

P
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

17 - (MAT-W 2016-Paper 2/0-Q9) - RADIAN, TRIGONOMETRY

(@ A=2(a-sina)’+ %(9 — sin &)r’

M1A1A1

Note: Award MTA71A1 for alternative correct expressions eg. 4 = 4[% - sin%}”2 + %6’;”2 )

(b) METHOD 1

consider for example triangle ADM where M is the midpoint of BD

a1
sin—=—
4 4

o )
— = arcsin—
4 4
1
o = darcsin—
4

METHOD 2

attempting to use the cosine rule (to obtain l—cos% = %)

sin£=l (obtained from sinz
4 4 4
o )
— = arcsin —
4 4
1
o = darcsin—
4

METHOD 3

M1
A1

AG

M1

A1

AG

M1

Note: Award M1 either for use of the double angle formula or the conversion
from sine to cosine.

1 .

—=s8in—

4

o 1

— = arcsin —

4 4
.1

o = 4darcsin—

A1

v 0
P

[3 marks]
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.1 1
(c) (fromtriangle ADM), 6 = n—% [z T— Qarcsmz = 2arccosz = 2.6362...) A1l
attempting to solve 2(a — sina)r® + %(0 —sin)r* =4

with a=4arcsin% and 8 = n—% [= 2arccosi) for » M1)

r=1.69

18 - (MAT-S 2017-Paper 2/2-Q4) - QUADRATICS, TRIGONOMETRY

(@ K -k-12<0
k—H(k+3)<0
B<k<4

22+ 2_42
(b) cosB=C— (

dc
=12 1
- <

orl6=2*+¢* —4ccosB)

dc 4
=c-c-12<0
from result in (a)
0<AB<4 or -3< AB< 4

but AB must be at least 2
=2<AB <4

Note: Allow < 4B for either of the final two A marks.

At
[3 marks]

(M1)
A1
[2 marks]

m1

A1

(A1)

A1

[4 marksj
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19 - (MAT-S 2017-Paper 2/1-Q10) - TRIGONOMETRY

(@ p'=122+7r"—2x12xr x cos(30°) M1A1
P 12437 +144 - p* =0 AG
[2 marks]
(b) EITHER
72— 12437 + 80 = 0 (M1)
OR
using the sine rule (M1)
THEN
PO =5.10 (cm) or A1
PO =157 (cm) A1
[3 marks]
(¢) area= % x 12 x 5.1008... x sin(30%) M1A1
=15.3(cm?) A1
[3 marks]
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CH 12 - TRIGONOMETRY

(d)

METHOD 1
EITHER

P = 12437 +144 - p* =0

2
discriminant = (12\/§) —4x (144 - Pz) m1
= 4(p*-36) A1
(p*-36)>0 M1
p>6 A1
OR
construction of a right angle triangle 1)
12 sin30°=6 M1(A1)
hence for two triangles p > 6 R1
THEN
p<l12 A1
144 — p* > 0 to ensure two positive solutions or valid geometric argument R1
SLe<p<l2 A1
METHOD 2
diagram showing two triangles 1)
1258in30° =6 M1A1
one right angled triangle when p=6 (A1)
.. p > 6for two triangles R1
p <12 for two triangles A1
6< p<l2 A1

20 - (MAT-W 2017-Paper 2/0-Q5) - TRIGONOMETRY

attempt to use tan, or sine rule, in triangle BXN or BXS

NX =80tan55° | = 80 =114.25
tan35°

SX =80tan65°| = 80 =171.56
tan25°

Attempt to use cosine rule
SN*=171.56"+114.25° - 2 x171.56 x 114.25¢cos 70°

SN =171(m)

(M1)

(A1)

(A1)

M1
(A1)

[ Note: Award final A7 only if the correct answer has been given to 3 significant figures.

[7 marks]

A

T

’

2012 -2021 514




IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

21 - (MAT-W 2017-Paper 2/0-Q11) - TRIGONOMETRY, DIFFERENTIATION

F'(x)=4sinxcosx+14cos 2x+sec’ x (or equivalent) (M1)A1

(i)

y
20+

FE2la
=

=T A1A1A1A1

Note: Award AT for correct behaviour at x=0, A1 for correct domain and
correct behaviour for x a%, A1 for two clear intersections with x-axis

and minimum point, A{ for clear maximum point.

(i) x=0.0736
x=1.13
(b) () attemptto write sinx interms of u only
. u
SiN X = ——
1+
1
(i) cosx=
1+
attempt to use sin 2x = 2ginxcosx | =2 X !
J1+ u’ \/1 +u’
sin 2x = 2u 5
1+ u
(i)  2sin’x + 7sin2x 4+ tanx —9 =0
2’ 14u
+u-9(=0
1+u* 1+ ( )
2’ + 1w+ u (1407 ) = 9(1+1%)
- = 0 (or equivalent)
1+u
wW— T +15u-9=0
(©0 u=loru=3
x = arctan(l)
x = arctan(3)

[ Note: Only accept answers given the required form. |

A1
A1

(M1)

A1

(A1)

(M1)

A1

M1

A1

[8 marksj
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22 - (MAT-S 2018-Paper 2/1-Q3) - TRIGONOMETRY

tan(x + ) = tan x (= Smxj (M1)A1
cosx
T .
COS(X_EJ =sinx (M1)A1
| Note: The two M7’s can be awarded for observation or for expanding. |
.2
tan(x+n)cos(x—£j=sm a A1
2 cos X
5 marksj

23 - (MAT-W 2018-Paper 2/0-Q7) - TRIGONOMETRY

C
D
use of cosine rule (M1)
CAB = arccos B2 +100 =25 = 0.48276...(=27.660..") (A1)
2xT7x10
CBA = arccos 221100 =49 =0.70748...(=40.535...") (A1)
2x5x10
attempt to subtract triangle area from sector area (M1)

1 . . 1 . .
area = - x 49(2CAB - sm2CAB) o 25(2CBA - sm2CBA)
=3.5079... + 5.3385... (A1)

| Note: Award this A7 for either of these two values. |
= 8.85(km’) A1

| Note: Accept all answers that round to 8.8 or 8.9. |

[6 marks]

-
v 0
’
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MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

24 - (MAT-W 2018-Paper 2/0-Q11) - TRIGONOMETRY

@ METHOD 1

use of tan

tan Qp = l
P

QP = arctan (l]
p

METHOD 2

AP=p* +1

Hp = arcsin[

b) QR=I1=r=g+l

use of sin, cos, sine rule or cosine rule using the correct length of AP

# or & = arccos _P
Jpl-i-l ? 1’p2+1

| Note: This may be seen anywhere.

tan 6, =tan (6, +6,)

tand, +tan 6,

tanf) =———
’ 1-tan 6, tan 6,
1 1
1
p_ 1 1
(210)
1. L |-
o9 a1 -
o)
g \g+l
1__g+q+1
p g(g+D) -1

attempt to use compound angle formula for tan

1 1

_+_
g g+l

Note: Award M1 for multiplying top and bottom by g(g+1). |

_q2+q—l
2g +1

(M1)

(A1)

A1

(A1)
(1)

A1

(A1)

M1
(A1)

(M1)

A1

M1

[3 marks]

2012 -2021
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(©)

>4
increasing function with positive g-intercept Al
| Note: Accept curves which extend beyond the domain shown above. |
(0.618 <) g <9 (A1)
=range is (0 <)p <4.68 (A1)
0< p <4068 A1l
[4 marks]
25 - (MAT-S 2019-Paper 2/2-Q1) - TRIGONOMETRY
attempt to apply cosine rule M1
F4+11P-14°
CosA=——=-0.4545...
2x5x11

= A=117.03569...

=>A=117.0 A1
attempt to apply sine rule or cosine rule: M1
sin117.03569.. sinB

14 11

= B=44.4153...

=> B=444 A1
C=180 -A-B

C=185 A1

| Note: Candidates may attempt to find angles in any order of their choosing._l
[5 marks]

A
v 0
P
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26 - (MAT-S 2019-Paper 2/1-Q4) - TRIGONOMETRY

@@ f(x)=3 A1
[1 mark]

(b) x=secy+2 (M1)

| Note: Exchange of variables can take place at any point. |

cosy = (A1)

X —

fx)= arccos[

12],x23 A1A1

| Note: Allow follow through from (a) for last A7 mark which is independent of earlier marks in (b). |

[4 marks]
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27 - (MAT-S 2019-Paper 2/2-Q4) - TRIGONOMETRY

(a)

AN
r &

=35 e A1A1
| Note: Award A1 for each correct curve, showing all local max & mins. |

| Note: Award AOAO for the curves drawn in degrees. |

[2 marks]

(b) x=1.35,4.35,6.64 (M1)

| Note: Award M1 for attempt to find points of intersections between two curves. |
0<x<1.35 A1

| Note: Accept x <1.35. |
435<x<6.64 A1A1

| Note: Award A1 for correct endpoints, A1 for correct inequalities. |

[ Note: Award MIFTA1FTAOFTAOFT for 0 < x <7.31. ]

| Note: Accept x <7.31. |

[4 marks]

-
e i
’
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28 - (MAT-S 2019-Paper 2/2-Q5) - TRIGONOMETRY

(@) METHOD 1

LHS:l+sm2x:l+27smx.c07sx M1
cos2x cos” x—sin” x
(cos2 x+sin’ x)+ 2sin xcosx
- 2 . 2. M1
cos” x—sin” x
(cosx+sin x)2
= : 3 A1
(cosx+smx)(cosx—smx)
_ cosx+sinx
cosx —sinx
cosx sinx
+
_COsSX cosx A1
cosXx sin x
COSX COSX
_ 1+ tanx AG
| —tanx
| Note: Candidates may start with RHS, apply MS in reverse.
[4 marks]
METHOD 2
LHS:l+sm2x:l+27smxf:075x M1
cos2x cos” x—sin” x
dividing numerator and denominator by cos® x M1
_ sec’ x+2tanx
1—tan® x
1+tan® x+2tanx
= 5 A1
]—tan" x
tan x + 1)’
__ (tanx+1) A1
(1—tan x)(1 + tan x)
_ 1+ tan x AG
| —tan x
| Note: Candidates may start with RHS: apply MS in reverse.
[4 marks]
(b) valid attempt to solve L, I8 (M1)

| —tan x

3=1
\/§+1

x= 0.262(:£), x:3_4o(=13_“j
12 12

INote: Award M1AQ if only one correct solution is given|

tan x =
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

29 - (MAT-S 2019-Paper 2/1-Q10) - TRIGONOMETRY

(@ 3,-3

2
(b) stretch parallel to the y-axis (with x-axis invariant), scale factor 5

03
translation of ( j (shift to the left by 0.003)

| Note: Can be done in either order. |

(c)

y
N
59 (0.0035, 4.76)
4
3_
2_
l_.
>
0 001 0/02
_1_

(0.0085, —1.24)

correct shape over correct domain with correct endpoints
first maximum at (0.0035, 4.76)

first minimum at (0.0085, —1.24)

(d)  p>3between £=0.0016762 and 0.0053238 and 1 =0.011676
and 0.015324

| Note: Award M1A1 for either interval. |
=0.00730

1 0.007

~0.007 %
=287

e p. 6sin (10077) sin (1007 (£ +0.003) ) ds

A1A1
[2 marks]

A1

A1

[2 marks]

A1
A1

A1
[3 marks]

(M1)(A1)

A1
[3 marks]

(M1)

o~
v
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY
(f)  in each cycle the area under the ¢ axis is smaller than area above the ¢ axis R1
the curve begins with the positive part of the cycle R1
[2 marks]
4.76-(-1.24)
(9 a= — (M1)
a=3.00 A1
g 4.76+(—1.24)
2
d=1.76 A1
_ 2z
0.01
b=628(=200m) A1
0.01
€=00035 == (1)
¢=10.00100 A1
[6 marks]
(b) METHOD 1
let the geometric series be u, , u,r, u,r’
(u,r)3 =38 m1
wr=2 A1
hence one of the roots is log, 2 =1 R1
METHOD 2
b g
a b
b*=ac=b’=abc=8 M1
b=2 A1
hence one of the roots is log,2 =1 R1
[3 marks]
(c) METHOD 1
product of the roots is r xr, x1xdix—di = ~Ril* (M1)(A1)
rnxr, =-8 A1
sum of the roots is 7, +7, +1+di+—di=3 (M1)(A1)
r4r=2 A1
solving simultaneously (mM1)
h=-2,n=4 A1A1
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

30 - (MAT-W 2019-Paper 2/0-Q9) - TRIGONOMETRY

(@ () A(7.47,2.28) and B(43.4,-2.45) A1A1A1A1
(i)  maximum speed is 2.45 (ms™') A1
[5 marks]
(b) (i) v=0=>1=251(s) (M1)A1
(i j vt (1)
0
=41.0(m) A1
(iii) a:ﬂ att=¢=25.1 (M1)
dr
a=-0.200 (ms?) A1
| Note: Accept a=-0.2. |
[6 marks]
(c) attempt to integrate between 0 and 30 (M1)
| Note: An unsupported answer of 38.6 can imply integrating from 0 to 30. |
EITHER
30
_[ [v]de (A1)
0
OR
30
41.0—| wvdr (A1)
THEN
=43.3(m) A1
[3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

31 - (MAT-W 2020-Paper 2/0-Q1) - RADIAN, TRIGONOMETRY

attempt to find AOB by right-angled trigonometry or the cosine rule
EITHER
AOB = 2arcsin EJ
15
OR

AOB = arccos M
2x15x15

THEN

=0.750847... (=43.0204...7)

(M7)

A1

A1

R 1 -
Note: Award (M1)A1 for correct calculation of AOB or EAOB

1, .
shaded area = area of sector- area of triangle £= Er' (9—sm H)J

1 o :
=5 XI5 »(0.750847...—sin 0.750847...)

=7.72 (cm?

32 - (MAT-W 2020-Paper 2/0-Q3) - TRIGONOMETRY, INTEGRATION

(a) the principal axis is y@ 2)

so p=2

the amplitude is y(_ 3)

sog=3

(M1)

(A1)

A1
[5 marks]

A1

A1
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

EITHER
one period is 2 —E— _9_1:
4 4
=3n
:>2—n:3n:
”
OR
_ . ) 3n
Substituting a pointeg —1=2+sin —Tr
. 3n In St m 3xm
sin| —v¢ |=-1=2—r=...—,——,—,
4 4 2 22
Choice of correct solution —%r = —%

THEN

2
=>r==
3

- rersa()

(M1)

(M1)

A1

Note: ¢ and r can be both given as negatives for full marks

(b) roots are x =-1.09459...,x=-3.617797...

~1.09459... .2
j3.617797..,£2 +3sin [%J}ix
= —1.66(=—1.66179..)

so area =1.66 (units?)

[4 marks]

(A1)

(M1)

(A1)

A1
[4 marks]

o=
o
G
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 12 - TRIGONOMETRY

33 - (MathAA-S 2021-Paper 2/1-Q3) - TRIGONOMETRY

Amplitude is M =55
2

27” =20 OR —55¢0s(206)+65= 10

A
b="(=0314
o )

34 - (MathAA-W 2021-Paper 2/0-Q2) - TRIGONOMETRY

EITHER
attempt to use cosine rule

12> + AB> —2x12xc0s25°xAB=7> OR AB*-21.7513..AB+95=0

at least one correct value for AB

AB =6.05068... OR AB=15.7007...

using their smaller value for AB to find minimum perimeter
12+7+6.05068...

OR

attempt to use sine rule

S‘FQB - 51“725 OR sinB=0.724488... OR B=133.573..° OR B=46.4263..°

at least one correct value for C
C=21.4263..° OR C =108.573..°

using their acute value for C to find minimum perimeter

12474122+ 7 —2x12x Tcos21.4263. OR 1247 L5021:4263..2
sin25°

THEN

25.0506...

minimum perimeter =25.1.

(A1)

A1

A1

(M1)

A1

A1
Total [65m
-. ===y

(M1)
(A1)
(A1)

(M1)

(M1)

(A1)

(A1)
(M1)

.

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY
35 - (MathAA-W 2021-Paper 2/0-Q9) - TRIGONOMETRY
(a) 12=2% OR p=2" A1
b 12
p=T AG
6
[1 mark]
(b) _ 6 8;2.2 OR a= max— min (M1)
=23(m) A1
[2 marks]
© d= 6.8+2.2 OR d:max+mm (M1)
=4.5(m) A1
[2 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

{(d) METHOD1
substituting 1 =4.5 and H = 6.8 for example into their equation for i (A1)

6.8:2.3sin[%(4.5c)J+4,5

attempt to solve their equation {M1)

c=1.5 A1

METHOD 2

using horizontal translation of % (M1)

45-¢c=3 (A1)

c=15 A1

METHOD 3

, s i
H (z): (2.3)[gjcos[g(t—c)] (A1)
attempts to solve their H’(4.5):0 for ¢ (mM1)
b L2
2.3)| — |cos| =(4.5—c) [=0

(23) % Joos{ £(45-0))

c=1.5 A1
[3 marks]

(e) attempttofind I/ when =12 or ¢ =0, graphically or algebraically (M1)

H =2.87365...

H =2.87(m) A1
[2 marks]

=y
o

.

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 12 - TRIGONOMETRY

(f)  attempt to solve 5=2.3 sin(g(t—l.S)} +45 (M1)

times are ¢ =1.91852... and ¢ =7.08147..., (£=13.9185...,r =19.0814...) (A1)

total time is 2x(7.081...-1.919...)

10.3258...
=10.3 (hours) A1
Note: Accept 10.
[3 marks]
(g METHOD 1
substitutes tz?l and H =6.8 into their equation for A and attempts to solve for ¢ (M1)
6.8=23sin E[—ICJ i45mc=2
6\ 3 3
(= 2
H(t)=23sin —[t——} +45 A1
6 3
METHOD 2
uses their horizontal translation [% = 3) {M1)
u —-¢c=3=c= 2
3
(= 2
H(1)=23sin —[t——] +45 A1
6 3
[2 marks]
Total [156 marks]

=y
o

.

’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 13 - MATRICES

1 - (MAT-W 2012-Paper 2/0-Q3) - MATRICES

det 4 =3Inx-2In(5-x)

A singular =det A =10

attempt to solve 3Inx —2In(5-x) =0 (eg graph sketch)
x =2.0547...

x=2.05 (3sf)
2 - (MAT-S 2013-Paper 2/1-Q2) - MATRICES

METHOD 1

determinant =0
F(-2-16)—(0-12)+2(0+3)=0
~18% +18=0

k=1

METHOD 2

writes in the form

k1 2 4
0 -1 4 5| (orattempts to solve simultancous equations)
3 4 21

Having two 07s in first column (obtaining two equations in the same two variables)

ko1 2 4

0 -1 4 5 (or isolating one variable)
0 0 18t—18 21k-27

| Note: The A1 is to be awarded for the 18% —18. The final column may not be seen. |
k=1

’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 13 - MATRICES

3 - (MAT-S 2013-Paper 2/2-Q2) - MATRICES
(a) attempting to express the system in matrix form
0.1 -17 09\ xy (-44

-24 03 32 |y /= 12
25 06 37z 0.8

Note:  Award M1A1 for a correct augmented matrix.

-2.4 —2.40

=| 1.6 | (correctto 2sf) or | 1.61
-1.6 -1.57

(correct to 3sf) or

Bt R

4 - (MAT-W 2013-Paper 2/0-Q1) - MATRICES
AX =B

EITHER

=X=A"'B

OR

attempting row reduction:
1 1 12

eg| 0 -2 -1-6
0 -2 0-1

THEN

=X=

(b) either direct GDC use, attempting elimination or using an inverse matrix.

932
389
628
389

612
389

(cxact)
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 13 - MATRICES

5 - (MAT-S 2014-Paper 2/1-Q4) - MATRICES

(a) x+2y—z=2
2x+y+z=1
—-x+4y+az=4

[ x+2y-z=2

—| 3y+3z=-3
| 6y+(a—1)z=6
[ x+2p—z=2

—=|By+3z=-73
| (a+5)z=0

(or equivalent)
if not a unique solution then ¢ =-35

Note: The first M1 is for attempting to eliminate a variable, the first A7 for
obtaining two expression in just two variables (plus @), and the
second A1 for obtaining an expression in just a and one other variable

(b) if a=-5 there are an infinite number of solutions as last equation
always true
and if’ ¢ # —35 there 1s a unique solution
hence always a solution

-
v 0
F
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 13 - MATRICES

6 - (MAT-S 2015-Paper 2/2-Q7) - MATRICES

(a) 2x+y+6z=0
dx+3y+14z=4
2x-2y+(x—Dz=H-12

attempt at row reduction

eg R -2R and R,—R,

2x+y+6z=0
yv+2z=4
Sy+(a—-8)z=p-12

eg [R,+3K
2x+y+6z=0
y+2z=4
(@=2)z=p

(i) nosolutionsif a=2, f#0
(i) one solutionif & #2

(i)  infinite solutions if a =2, f =0

Note: Accept alternative methods e.g. determinant of a matrix

Note: Award ATATAQ if all three consistent with their reduced
form, A1AQAOQ if two or one answer consistent with their
reduced form.

by y+2z=4=y=4-2=
2x=—-y—06z=2z-4-6z=-4z-4 = x=-2z-2
+2 y-4

therefore Cartesian equation is ol 3 :—2:— or equivalent
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MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

IB DIPLOMA

1 - (MAT-S 2012-Paper 2/1-Q4) - VECTORS - LINES - PLANES

. . -1-354 9+54 -
point on line 1 x = 5 y= — z=A orsimilar
Accept use of point on the line or elimination of one of the variables using

Note:
the equations of the planes

—1—5&_9+5ﬂu+2ﬂ,:k

5 5
Note: Award M1A1 if coordinates of point and equation of a plane is used to
obtain linear equation in & or equations of the line are used in combination

with equation obtained by elimination to get linear equation in k.

f=-2

535
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 14 - VECTORS - LINES - PLANES

2 - (MAT-S 2012-Paper 2/2-Q11) - VECTORS - LINES - PLANES

1 -3 1 3
(a) in augmented matrixform |1 5 -2 1
0 16 -6 k
attempt to find a line of zeros

1 -3 1 3

n—-rl0 8 3 -2

0 16 6 k

1 3 1 3

=20 8 3 2
0 0 0 k+4

there is no solution when

k+—4,(keR)

there is an infinite number of solutions when 4 =4

Note: Approaches other than using the augmented matrix are acceptable.

1 3 1 3
(b) wusing |0 8 -3 -2 |andletting z=4
0 0 0 k+4
§y—-34=-2
34-2

=S yp="""
Y 8

x—3y+z=3
94—6
ERIP

= 8x—-94+6+84=24

18+ 4
i
18 1
N 5115
= = ——= |+ 4| =
Y 8 g
z 0 1
9
41 1
r=|—|+A 3
4 8
0
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

(c)

3
recognition that | —2 | is parallel to the plane
0
i j k
direction normal of the plane 1s givenby |1 3 8
3 20

=16i+24j-11k
Cartesian equation of the plane 1s given by 16x+24yv—11z=4d and a point
which fits this equation s (1, 2, 0)
—16+48=d
d=64
hence Cartesian equation of plane 1s 16x+ 24y —11z =64

Note:  Accept alternative methods using dot product.

(d)

(e)

the plane crosses the z-axis when x=y=0

coordinates of P are [0, 0, —ﬁ}

11

recognition that the angle between the line and the direction normal is given by:
3V 16
4 24 |= @Jﬁ cosf where & is the angle between the line and
2 -11

the normal vector

=122 =~/294/953 cos 6

= =428 (0.747 radians)

hence the angle between the line and the plane 18
90" —42.8"=47.2° (0.824 radians)

.
P

2012 -2021
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

(a)

3 - (MAT-S 2012-Paper 2/1-Q13) - VECTORS - LINES - PLANES

¢ U N
_)
AB=| 6 |= AB =472 Al
\_6/
gk
—)
AC=| 0 |z aC=-T2 Al
\_62
so they are the same AG
—_— —
AB-AC=36= (\/72) (\/72)c059 o
WL B PR AIAG

) 2

Note: Award MIAZ1f candidates find BC and claim that tnangle ABC 1s equilateral.

(b)

(c)

METHOD 1
i ok
- -
ABx AC=|0 6 -6|=-36i+36jF+36k MDAL
-6 0 -6
equation ofplane 1s x—-y-z=1% (17 81]
goes through & BorC = x-y-z=2 Al
METHOD 2
x+by+ecz=d (orsimilar) M1
5-2b+5c=d
S5+4b—c=d Al
-1-2b—-c=d
solving simultaneously M?
b==1,ec=-1,d=2
S0 X—y—z=2 Al
(i) midpointis (5,1, 2), so equation of I1, is y—z=-1 AlAl

(1) mdpointis (2, - 2, 2), so equation of [T, 1s x+z=4

Note: In each part, award A7 for midpoint and 47 for the equation of

2012 -2021
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

(d) EITHER
solving the two equations above
4 -1
Lir=|-1+4] 1
0 1

OR
L. has the direction of the vector product of the normal vectors to the planes
I, and IT,
i j k
0 1 -1=i—-j—-k
Lot (or its opposite)
THEN

-1
direction1s | 1 | as required
1

(¢) Disofthe form (4—A4, -1+ 4, A)
A+ A+ (1A +(B-A) =72

3 —64-45=0
A=5or A=-3
D(-1, 4, 5)

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

() EITHER

Gis of the form (4—A, -1+ A, A) and DG = AG, BG or CG
eg A+ AV +(1-D+G- A =G-D+GE- D+
A+AY =(5-A)

A=2

G(2,1,2)

OR

G 18 the centre of mass (barycentre) of the regular tetrahedron ABCD

G[5+5+(—1)+(—1) —2+4+(-2)+4 5+(—1)+(—1)+5]

4 ’ 4 ’ 4

THEN
Note:

the following part 1s independent of previous work and candidates may
use AG to answer it (here it 1s possible to award MOMOAOAIMIAL

-3 3
GD=| 3 |and GA=| -3
3 3

cosd = % = —% — & =109" (or 1.91 radians)

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

4 - (MAT-W 2012-Paper 2/0-Q13) - VECTORS - LINES - PLANES

1 2
(a) n=|-2|and m=|-1
-3 -1
cosf =
] ]
cosd = 2+2+43 _ 7

VI+4+9J4+1+1 146
A=402"  (0.702 rad)

(b) METHOD 1

climinate z from x-2y-3z=2 and 2x- y-z=F%

5x—y=3k—2=>x=%_3k)
climinate y from x-2y-3z=2and 2x-y-z=k
3x+z=2k—2:x=L};_2)
x=t, y=02-3k)+5tand z=(2k-2)-3¢
0 1
F=|2-3k|+¢t| 5
2k -2 -3
METHOD 2
1 2 -1 1
2 |x|-1|=|-5|= directionis | 5
-3 -1 3 -3
Tet x=0

0-2y-3z=2and 2x0-y-z=Fk
solve simultaneously

y=2-3k and z=2k-2

0 1
therefore r=| 2-3%k [+#] 5
2k -2 -3

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

METHOD 3

substitute x =7, y=(2-3k)+5¢ and z=(2k-2)-3¢ into ;, and mx,
for m ¢+ —2(2-3k+5t) — 3(2k-2-31)=2

for m, : 2t— (2 -3k +50)—(2k-2-3 =k

the planes have a unique line of intersection

0 1
therefore the lineis #=| 2-3k [+¢£] 5
2k -2 -3

©) 5-1=(2-3k+5)+3=2-2(2k-2-30)

Note: Award MiA1 if candidates use vector or parametric equations of L,

0 1 5 -2 t=5-2s
eg |2-3k |+t 5 |=|-3|+s| 2 |or =2-3k+5t=-3+2¢
2k -2 -3 1 -1 2k -2-3t=1+s

solve simultaneously
k=2.t=1(5=2)
intersection point (1, 1, —1)

@ L=| -2

L]
S

=

|
—

IxL=| 1 5 -3 || -7
2 =2 1 -12
1 1 1
rl 7 |=] 1 7
12 -1 12
x+7yv+12z=-4
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

1 2
(¢) Let & be the angle between the lines 2 =| 5 |and [, =| -2
-3 1
9 [2-10-3| g =0.902334...(51.699..7)
cosf=—rn—"=0=0. ...(51.699..!
V3549

as the triangle XY7 has aright angle at Y,
XZ=a=Y7Z=asmf and XY =acost/

a*sinfcos 6 B
2

area =3 = 3

a=35122...
perimeter = g + asiné + acos = 8.44537...=8.45
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IB DIPLOM

A MATHEMATICS AA -HL -P2

CH 14 - VECTORS - LINES - PLANES

(a)

5 - (MAT-S 2013-Paper 2/1-Q11) - VECTORS - LINES - PLANES

8
PQ=|6
4

-3 8
equation of line: r =| —1 |+#| 6 | (or equivalent)
2 4

| Note

- Award MIAQ if r = is omitted. |

(b)

(c)

METHOD 1

x: —4+55=-3+8¢

y: 2s=—1+06¢

Z: 4= 2+ 4¢

solving any two simultaneously
t=10.5, 5 =1 (or equivalent)

verification that these values give R when substituted into both equations

(or that the three equations are consistent and that one gives R)

METHOD 2

(1,2, 4)1s given by t=0.5 for Zjand s=1 for L,
because (1, 2, 4) 1s on both lines it is the point of intersection of the

two lines

5% 74
2 bl 3= 26=29 x29cos 6

012
costﬁ’:E
29

0 =0.459 or 26.3

-
v 0
’

2012 -2021

544




IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 14 - VECTORS - LINES - PLANES

-3) (1) (-4
(d) RP=| -1 -|2|=|-3]
2) a4, 2

Note: This could also be obtained from |(0.5| 6

4

EITHER
4N (1Y (-5
RSi= 0 |-|2|= —2,
4
~0S,-0S,1 2SR =| 0
4

1

4

S, 18 (6,4, 4)
OR

—4+ 35 1 555
25 —12|=|25s-2
4 4 0
(55— 5 +(2s—2)* =29
295” — 585+ 29 =29
s{z—2)=0,5=0,2
(6,4, 4) (and (-4, 0, 4))

RS,|= 29
5
+2| 2
0
5

orOS _OR+SR_ 21+2

0

2012 -2021
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

(¢) EITHER

midpoint of [PS,] is M(-3.5,-0.5, 3)
4.5

RM=| 2.5
-1

OR
-5

RS, =| 2
0

the direction of the line 1s R§1+ R}
-5 —4 -9
2|+ -3 |=|-5
0 -2 -2

THEN

the equation of the line is:
1 9

r=| 2|+t 5 or equivalent
4 2

6 - (MAT-W 2013-Paper 2/0-Q7) - TRIGONOMETRY, VECTORS - LINES - PLANES

(a) attempting to form (3cosB+6)(cos@—2)+7(1+sind)=0
3cos’@—12+7sin0+7=0
3(1-sin* 0)+7sin0-5=0
3sin*@-Tsinf+2=0

(b) attempting to solve algebraically (including substitution) or
graphically for sin@

sin = —
3

0=0340 (=19.5")

-
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’
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7 - (MAT-W 2013-Paper 2/0-Q9) - VECTORS - LINES - PLANES

() METHOD 1

—5—-4
for P on 7, 6P= —3+24
2+24
—S5-4 (-1
require | 3+24 || 2 |=0
2424 2
5+ A-6+4A+4+44 =0 (or equivalent)
a=_1
3
14
3
%P= 11
3
4
3
-14
Lyr=pu|-11
4

Note: Do not award the final A1 if # = is not seen.

METHOD 2

2

€g

—»

opP

—

Calculating either op

or

OP|= (=5 — A4) +(3+24)" +(2+24)’

=J9AZ+6A+38

— i d 2
Solving eitheri OP| |=0 ori OP| [=0for A.
di di
2=-1
3
_14
3
aP: _E
3
4
3
-14
Lyir=yp|—-11
4

-
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(b) METHOD 1

METHOD 2
-1 -5
2 x| -3
) 2
shortest distance = "
2
2
_|10i+8+13k|
Ji+4+4

= 6.08 (= \/37)

8 - (MAT-W 2014-Paper 2/0-Q1) - VECTORS - LINES - PLANES

4 1
n= 2 and n,=| 3
-1 3
use of costﬂ
[ |

os0= s (1;9]

Note: Award A1 for a correct numerator and A7 for a correct denominator.

6 =:69°

-
v 0
’
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9 - (MAT-W 2014-Paper 2/0-Q5) - VECTORS - LINES - PLANES
3 8
(a) attempting to find anormalto 7 eg| 2 |x| 11
-2 6
3 8 2
2 |x| 11 |=17] -2
-2 6 1
2 1 2
rel =2 |=| 5 |+ 2
1 12 1
2x—2y+ z =4 (or equivalent)
4 2
(b)y L:r=| O |+ -2 |.fteR
8 1
442t 2
attempting to solve =2t | 2 |=4fortie%+16=4 for¢
8+t 1
4
t=——
3
4820
3'3° 3
“ ! ' gi==mg,
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10 - (MAT-S 2015-Paper 2/2-Q5) - VECTORS - LINES - PLANES

2(0)+ 25 26
@ uxv=|-2a-100) |=| —2a
b—2a b—2a
2b 4
—2a |=|b
b—-2a ¢

Note: Award AT for two correct.

() n=|2

=4x+2y+4z=0 2x+y+2z=0)

11 - (MAT-S 2015-Paper 2/1-Q8) - VECTORS - LINES - PLANES

4 2
(@ require| A |=353
10 5

=4=2s=5=2=1=6

Note: Accept cross product solution.

(b) require v-w=2><4+3><l+5><10=0:>3&=—58:>A=_758(—19.3)

© vew=2x4+3xA+5x10=v22 +37+5° x/42 + 12 +10° xcos10°

58434 =38 xA/ 116+ A% x cos10°

A=3.73 or 8.76
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12 - (MAT-S 2015-Paper 2/2-Q13) - VECTORS - LINES - PLANES

-1 2
(@ L, and [, are not parallel, since | 1 |#k| 1 R1
2 6
if they meet, then 1-A=1+2x and 2+ A=2+u m1
solving simultaneously = A= =0 A1
2+24=4+6u= 2+ 4 contradiction, R1
so lines are skew AG

Note: Do not award the second R1T if their values of parameters are incorrect.

-1 (2
B |1 |1|(=11)=v641c0s8 M1A1
2 )6
11
cost) =— (A1)
V246
6 =45.5"(0.794 radians) A1
-1y (2) (6-2
© O |1|x1]=|4+6 (m1)
2} {6) (-1-2
4
=| 10 |=4i+10j-3k A1
-3
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() METHOD 1

let P be the intersection of 7, and L,
let Q be the intersection of L, and L,

1-4 1+2u
OP=| 242 | 0Q=| 2+ 4
2424 4+6u
2u+ A
therefore P_(>) = O_)Q— 6P = H—A
24+6u—-24
2u+ A 4
H—A =t 10
24+64—22 -3
2u+A-4r=0
w—A—-10tr=0

61— 2A+3t =2

solving simultaneously

32 28
A=——=(0.256), u=—-———(-0.224
125( ) 1 125( )

Note: Award A7 for either correct 1 or .

EITHER
£
1-2Y [123] (0744
= 282
therefore OP=| 2+ 4 |= E =|2.256
2424 314 2.512
125
0.744 4
therefore L, :r, =| 2.256 |+a| 10
2.512 -3
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OR
L2
1+2,u Z; 0.552
therefore OQ=| 2+ u |= 25 =| 1.776
4464 332 2.656
125
0.552 4
therefore L, :r, =| 1.776 |+a| 10
2.656 -3

Note: Allow position vector(s) to be expressed in decimal or
fractional form.

METHOD 2

a 4
Ly:ry=|b|+f 10

¢ -3
forming two equations as intersections with 7, and L,

4 1 -1
b+ 10 |=|2|+4] 1
c -3 2 2

4 2
bl+6,| 10 |=|2[+u 1
c -3 4 6

A1

A1

M1A1A1

Note: Only award MTATAT if two different parameters ¢,,7, used.

attempting to solve simultaneously

32 28
A=——=(0.256), u=—-——-(-0.224
125( ) 1 125( )

A
v 0
F

2012 -2021 553




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES

EITHER
a 0.552
bl=|1776
¢ 2.656
0.552 4
therefore L, :r, =| 1.776 |+¢| 10
2.656 -3
OR
a 0.744
b|=]|2256
¢ 2.512
0.744 4
therefore L, :r, =| 2.256 |+1| 10
2.512 -3

13 - (MAT-W 2015-Paper 2/0-Q2) - VECTORS - LINES - PLANES

using technology and/or by elimination (eg ref on GDC)

w=189 =] yo167=2] 2= —229f = 22
9 3 )

-
v 0
’
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14 - (MAT-W 2015-Paper 2/0-Q10) - VECTORS - LINES - PLANES

-1
(@) a=(4] A1

Il
| =
P
[a—

o =
N
I

I
+ )
S~ A
N

Il
S SV RV

(M1)A1
() METHOD 1
Roderick must signal in a direction vector perpendicular to Ed’s path. (M1)
) ) . 11 -12 .
the equation of the signal is s = 5 + A 5 (or equivalent) A1
-1 t{3 11 -12
4 — = + 1 M1
4 3112 9 5
%t+12lz12and4t—5ﬂz5 M1
360
=213 =— A1
169
METHOD 2
5
5 11 -1+ =t ,
. - 3 = 0 (or equivalent) M1A1A1
12 9
4 + 4t

Note: Award the M1 for an attempt at a scalar product equated to zero, Af for
the first factor and A7 for the complete second factor.

attempting to solve for ¢ (M1)

= 2.13[=@] A1
A _
v O
P

169
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METHOD 3

2 2
x=\/[12—%] +(5—4z‘)2 (or equivalent) [ﬁ:[lZ—%} +(5—4r)2J M1A1A1

5¢Y
Note: Award MT for use of Pythagoras’ theorem, A7 for (12—?] and A1

for (54t

ax _ [9(<)
attempting (graphically or analytically) to find ¢ such that E =0 =0

dr
(M1)
t=213 =@ A1
169
METHOD 4
cost = : 12 = 120 M1A1
12 5 169
512
Note: Award M1 for attempting to calculate the scalar product.
120 tlf 5
—_— == or equivalent A1
= = [1 2] (or eq ) (A1)
attempting to solve for ¢ (M1)
360
{ =213 =— At
169

15 - (MAT-S 2016-Paper 2/1-Q1) - VECTORS - LINES - PLANES

4
(@) OAxOB=|-4
2

(M1)A

Note: M1A0 can be awarded for attempt at a correct method shown, or correcthm ===y

by the digits 4, 4, 2 found in the correct order. T
1

by area= —\4+ 4 +2°=3 M

(b) 2 ’
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(ii)

16 - (MAT-S 2016-Paper 2/2-Q9) - VECTORS - LINES - PLANES

@

METHOD 1

loc|’=oc-oc
=(a+b)(a+b)
=a-a+a-b+ ba+b-b
= |a|2+ 2a-b + |b|2

METHOD 2
loc]’ = [oA]*+]0B{*~ 2/0A0Bleos (0AC)
‘OﬁA”OﬁBlcms (OAC) = —(a : b)

OC=|af + 25 + |8

METHOD 1

|AB|’ = AB AB
=h-a)b-a
=b-b-ba-ab+aa
= |a|2 —2a-b+ |b|2

METHOD 2

AR =|ac|+ ‘B_)C|2—2|A_>C||BﬁC|cos(A(ﬂlB)
|AC|BCleos (ACB)=a-b

IAB|= |af* - 245 + b

® 00| =|AB =[O0 =|AB = |af* + 2a-b + o= |af - 2a-b + |8

At

A1

AG

A1
A1

AG

At

A1t

AG
[4 marks]

R1(M1)

Note: Award Rf for |(;c| = |§B| - |o%c|2 = |pf13|2 and (M1) for |a| + 2a-b + b =|a| — 2a-b + |p[ .

a-b=0

hence OACB is a rectangle (¢ and b both non-zero)
with adjacent sides at right angles

| Note: Award R1(M1)AOR1 if the dot product has not been used. |

A1

R

P
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557




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 14 - VECTORS - LINES - PLANES

17 - (MAT-W 2016-Paper 2/0-Q2) - VECTORS - LINES - PLANES

n=|1land n,=| 0
1 -1
EITHER
6= arccos(&J (0059 =MJ
| (2N

2+0—1J

OR

= arcsin |n1><n2|J [sin =|nl><n2|]
’ (|m||nz| *= el
(N (L

= arcsin \/5.\/5 S1in _Jg\/g

L (NEY (V@

= arcsin ,\/B sin _,\/ﬁ

THEN

= 75.0° (or 1.31)

(A1)(A1)

(M1)

(A1)

(M1)

(A1)

A1
5 marks]

-
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’
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18 - (MAT-S 2017-Paper 2/1-Q7) - VECTORS - LINES - PLANES

METHOD 1
-3

AB=|-3
0

-3 1

—3] x| 2

0 -1
3

x—y—z=k
k=3
equation of plane 77 is x — y — z =3 or equivalent

METHOD 2

let plane I7 be ax + by +cz=d

attempt to form one or more simultaneous equations:
a+2b-c=0 )]

ba+2b+c=d (2

3a—-b+c=d (3

Note: Award second A7 for equations (2) and (3). |

attempt to solve

EITHER
d d d

) b:——, c=—-—

3 3
equation of plane {f is x — y — z =3 or equivalent

using GDC gives a =

OR

row reduction
equation of plane 77 is x — y — z = 3 or equivalent

(A1)

M1A1

A1

w1

A1

w1
A1

A1

w1

(A1)
A1

w1
A1

[6 marks]

’
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19 - (MAT-S 2017-Paper 2/2-Q7) - VECTORS - LINES - PLANES

METHOD 1

axb=bxc
(@axb)y—(bxe)=10

(axbhy+(cxh)=0 M1A1
(@a+c)xb=0 A1
(a +c)isparalleltc b= a +c= sh R1AG

Note: Condone absence of arrows, underlining, or other otherwise “correct” vector
notation throughout this question.

[ Note: Allow “is in the same direction to”, for the final R mark. |

METHOD 2
a,b, —a,b, be,— b,

axb=bxc=| ab—ab, |=| byc,—bc, M1A1
ab,—a,b be, — by,

a,b,—ab, =bc,—be, = b3(a2 +cl)= b, (a3 +03)
b —ab, =be —be, = bl(a3+03)= b3(ar1 +cl)
ab, —a,b =be,—b,c, = bl(al +cl)= bl(a2 +c2)

(a+c) (a,+¢) (a+c,)

= = =5 A1

bl b2 b3

= a,+c =sbh

= a,+c, =sh,

= a,+c, = sh,
a) [« )

=|a |+ ¢ |=5h A1
a )\ by

=a+c=sb AG

[4 marks]

’
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20 - (MAT-S 2017-Paper 2/2-Q9) - VECTORS - LINES - PLANES

@ BC=(@G+3j4+3k)-Q2i—-j+2k)=—i+4j+k (A1)
r=2i—-j+20)+ A(—i+ 45+ k)
forr=3+3j+3E)+ A-i+ 45+ k) (M1)A1
| Note: Do not award A7 unless r = or equivalent correct notation seen. |
[3 marks]
(b) attempt to write in parametric form using two different
parameters AND equate M1
Qu=2-4
pH=-1+44
2pu=2+1 A1
attempt to solve first pair of simultaneous equations for two parameters M1
_ . . 4 7
solving first two equations gives A= 5, H= 5 (A1)
substitution of these two values in third equation (M1)
since the values do not fit, the lines do not intersect R1

Note: Candidates may note that adding the first and third equations immediately leads to a
contradiction and hence they can immediately deduce that the lines do not intersect.

[6 marks]
(¢) METHOD1
plane is of the form re(2i + j— 2k)=d (A1)
d=(+37+3k)»2i+ j-2k)=-1 (M1)
hence Cartesian form of plane is 2x + yy — 2z = -1 At
METHOD 2
plane is of the form 2x+ y—-2z=d (A1)
substituting (1, 3, 3) (to find gives 2+3-6=-1) (M1)
hence Cartesian form of plane is 2x + y — 2z = -1 At
[3 marks]

’
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(d) METHOD 1

attempt scalar product of direction vector BC with normal to plane M1
(Ci+adj+h)Qi+j-2k)=-2+4-2
=0 A1
hence BC lies in 7, AG
METHOD 2
substitute eqn of line into plane M1
2 -1
line r=-1(+A4| 4 |. Plane 7, :2x+ y—2z=-1
2 1
2(2-A)+(-1+41)-2(2+4)
=-1 A1
hence BC lies in [/, AG

| Note: Candidates may also just substitute 2i/— j+2k into the plane since they are told C lies on 7.

[ Note: Do not award ATFT. |

[2 marks]
(¢) METHOD1
applying scalar product to O4 and OB M1
(2j+k)y2i+ j-2k)=0 A1
(2j+ k) (2i— j+2k)=0 A1
METHOD 2
attempt to find cross product of O_)A and O_>B M1
plane 77, has normal O%Ax 6B =-8j— 4k A1
since —8f — 4k =-4(2j + k), 2+ k is perpendicular to the plane 7, R1
[3 marks]
() plane /7, has normal O_)A x O_)C =91 —-8j+5k A1
[1 mark]
(g) attempt to use dot product of normal vectors M1)
27 +k)»(9i-8j+ 3k
cos =L KrOL—8) 1 5k) (M)
[2j + k|[9i - 8 + 5k|
—11
=—==(=-0.377... (A1)
V5170 ( )

11
Note: Accept ——.
P V5170

acute angle between planes = 67.8°(= 1.185)

-
v 0
F
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21 - (MAT-S 2018-Paper 2/1-Q11) - VECTORS - LINES - PLANES

@ r,=r (M1)
2—t=-05=1t=4 A1
checking 7 = 4 satisfies 4 +t=32+12fand —-1-015%=-2+0.1s R1
P(-2,8, -1.6) A1

| Note: Do not award final A7 if answer given as column vector. |

[4 marks]
-0.5 —-0.45
by O 09x| 12 |=]| 1.08 A1
0.1 0.09
| Note: Accept use of cross product equalling zero.
hence in the same direction AG
—0.45¢ -2
(i) 32+1.08 |=] 8 M1
-2+ 0.09¢ -1.6
| Note: The M1 can be awarded for any one of the resultant equations. |
:>r=?=4.44... A1
[3 marks]
2—t —0.45¢
© O F =P = 4+t —| 3.2+ 1.08¢ (M1)(A1)
-1-0.15¢ -2+ 0.09¢
2—0.55
=10.8—-0.08¢ (A1)
1-0.24¢

| Note: Accept r,—r,. |
distance D = J(z - 0.55t)"+ (0.8 — 0.081)* + (1 — 0.24¢) M1A1
(=/8.64— 2.6887+03177%)

(i)  minimum when % =0 (M1)

=383 At

A1 .
v o
P

(i) 0.511 (km)
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22 - (MAT-S 2019-Paper 2/2-Q11) - VECTORS - LINES - PLANES

(a)

(b)

(c)

METHOD 1

for example
-1 1

PQ=| 5|, PR =| -6
8 3
PQ x PR =33i+11j+11k
rn=an
0)(33
3Bx+1ly+1lz=|1p| 11 |=22
1/{11
= 3x+y+z=2 orequivalent

METHOD 2

assume plane can be written as ax + by +cz =1
substituting each set of coordinates gives the system of equations:
a+6b-T7c=1
Oa+b+c=1
2a+0b—4c=1
solving by GDC
3 1 1

a==—,b=—,c=—

2 2 2

:>ix+ly+l2=1 or equivalent
2 27 2

METHOD 1

substitution of equation of line into both equations of planes

3[§+£)+1+(—Z—5—l]=2
4 2 4 2
4 2 4 2

normal to H_; is perpendicular to direction of L

al( 1
=| b 2 [=0
c/\-5

=a+2b-5¢=0

A1A1
(M1)A1

(M1)

A1
[6 marks]

m1

A1
(m1)

A1A1A1

[6 marks]

M1
A1

A1

[3 marks]

A1

o~
e M
’
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= a=-2,b=-4,c=-2
hence equationis —2x-4y-2z=1

IB DIPLOMA MATHEMATICS AA -HL -P2 CH 14 - VECTORS - LINES - PLANES
>
4
(d) (i) substituting | 0 |into /Z;: M1
_7
4
sa e, a1
4 4
Sa-Tc=4 AG
(i)  attempt to find scalar products for /£ and /L, 11 and 1
and equating M1
3a+b+c _ a-3b-c M1
NN+ +¢& 1IN +b87 +¢
| Note: Accept 3a+b+c=a—3b—c. |
=a+2b+c=10 A1
attempt to solve a+2b+c=0, a+2b—-5¢=0, 5a—-Tc=4 m1
:)a:i,b:—%,czo A1
5 5
hence equation is %fﬁzl
for second equation:
3a+b+c o a-3b-c (1)
\/ﬁ\/a3+b2+cz \/ﬁ\/ar2+.b2Jr(:2
=2a-b=0
attempt to solve 2a—b=0, a+2b-5¢=0, Sa-Tc=4
A1

[9 marks]

A
e i
’
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23 - (MAT-W 2020-Paper 2/0-Q10) - VECTORS - LINES - PLANES

@ 3(1-34)—(2-4)+(-2+42)=-13 (mM1)
=3 (A7)
1 -3) (-8
r= 2 |+3/-1]=] -1 (mM1)
-2 4) (10
so P(—8,-1,10) A1

Note: Do not award the final A7 if a vector given instead of coordinates

[4 marks]

(b) METHOD 1

3
r=u| -1
1

substituting into equation of the plane M1

Qu+pu+pu=-13

13
=——(=-1.18... A1
=7 )
133 +(=1) +1°
distance = T (M1)

13 (13411
Vit 11

= 3.92} A1
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METHOD 2

choice of any point on the plane, eg (—8, -1, 10) to use in distance formula (M1)

so distance = - - A1A1
(=3) +1° +(-1)

Note: Award A7 for numerator, A7 for denominator.

_24-1-10

Vit

_ B[, A1
Jiloo1

[4 marks]

(c) EITHER

identify two vectors (A1)

1 -3
eg,| 2 |and| -1
-2 4

| -3 6

n=| 2 |x|-1|=|2 (M1)
-2 4 5

OR

identify three points in the plane (A1)

1 -2
eg A=0,1gives| 2 |and | 1
-2 2

solving system of equations
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THEN

7, :r|2|=0 A1

Note: Accept 6x+2y+5z=0.

[3 marks]
3
(d) vectornormalto /7, iseg n, =| —1
1
6
vector normalto /7, iseg n, =| 2 (A1)
5
33V(6
-1 2
required angle is &, where ad 1 > M1A1
ui is &, wl COsf = ~—==—7—
V11465
cosH—L—OT’SS (A1)
Vides
8 =0.667520...
0=0.668 (=38.2") A1
Note: Award the penultimate (A7) but not the final A7 for the obtuse angle 2.47406. ..
or 142",
[5 marks]
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24 - (MathAA-S 2021-Paper 2/1-Q6) - VECTORS - LINES - PLANES

(a) attempt to find a vector perpendicular to Hl and 1_12
using a cross product
3 1
2 x| -2 |=(2-(-2))i+(1-3)j+(-6-2)k
1 ]

4 2
=l -2 =2| 1
-8 -4

equation is 4x—2y—8z = 0(:> 2x—y—4z= 0)

(b) attempt to solve 3 simultaneous equations in 3 variables

(ﬂ,—&ﬂ](_(1.95,—0.476,1.10)]
217 2121

(M1)

(A1)

A1
[3 marks]

(M1)

A1

[2 marks]

A
v 0
’
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(@ ()

25 - (MathAA-W 2021-Paper 2/0-Q11) - VECTORS - LINES - PLANES

attempts to find either AB or AC

-3 -2
B=|-2|and AC=| 1
0 =7
METHOD 1
attempts to find A_Jé xA—)C
14
ABxAC=| -21
-7

EITHER
equation of plane is of the form 14x—-21y -7z =d (2x—3y—z = d)

substitutes a valid point e.g (3,0,0) to obtain a value of d

d=42 (d=6)

OR

attemptstouse r-n=a-n
14 3 14 14

r-| =21 (0 | =21 | r-| 21 |=42
=7 o)\ =7 =7
2 (3)(2 2

r-|-3|=/0||-3[|r|-3|=6
-1 0){-1 -1

THEN

14x-21y-T7z=42 (2x—3y—z=6)

METHOD 2
X 3 -3 -2
equation of plane is of the form | y |=| O [+s| =2 |+/] 1
z 0 0 -7

attempts to form equations for x,y,z in terms of their parameters

x=3-3s-21, y=-2s5+¢t, z=-Tt

eliminates at least one of their parameters
for example, 2x—3y =6-7/(=2x-3y =6+z)
2x-3y—z=06

(M1)

A1

(M1)

A1

(A1)
M1

(M1)

A1

A1

(M1)

l..
e i
’
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() METHOD 1

0 1

substitutes r =| -2 |+ 4| 1 | into their /7 and /7, (given) (M1)
0 -1

11 24-3(2+4)—(-4)=6 and 11,: 3A—(-2+A)+2(-4)=2 A1

Note: Award (M1)A0 for correct verification using a specific value of 1.

0 1
so the vector equation of I can be writtenas r=| -2 |+ 4| 1 AG
0 -1
METHOD 2
EITHER
2 3
attempts to find | -3 x| —1 M1
-1 2
=7
=| -7
7
OR
2 1 3 1
=3 1 [=(2-3+1)=0and|-1|| 1 |=(3-1-2)=0 M1
-1) -1 2 )1-1
THEN
substitutes (0,-2,0) into /7, and 77,
I7: 2(0)-3(-2)—(0)=6 and 77,: 3(0)—(-2)+2(0)=2 A1
0 1
so the vector equation of L can be writtenas r=| -2 |+ 4| 1 AG
0 -1
METHOD 3
attempts to solve 2x—-3y—z=6 and 3x—y+2z=2 (M1)
forexample, x=-A,y=-2-14,z=4 A1
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CH 14 - VECTORS - LINES - PLANES

Note: Award A1 for substituting x=0(or y =-2 or z=0) into /7 and /7,
and solving simultaneously. For example, solving —3v—z =6 and

—y+2z=2 toobtain y=-2 and z=0.

0 1
so the vector equation of L can be writtenas r=| -2 |+ 4| 1
0 -1

(¢) (i) substitutes the equation of /. into the equation of /7,

2A+24=3=44=3

a=2
4

(i) P has coordinates 2,_25_2
4" 4" 4

2
(d) () normalto /L isn=| 0
-2

AG

[2 marks]

(M7)

A1
AG

A1

[3 marks]

(A1)

| Note: May be seen or used anywhere.

considers the line normal to f/, passing through B(O, -2, 0)

0 2
r=|-2+ul 0

0 -2
EITHER

finding the point on the normal line that intersects 77,
attempts to solve simultaneously with plane 2x -2z =
dpu+4u=3

3

ﬂig

point is (2,—2,—21
< 4

(M1)

(M1)
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(ii)

0 |=0 (M1)

3
== A1
2
OR
attempts to find the equation of the plane parallel to /7, containing B’ (xfz = 3) and
solve simultaneously with L (M1)
24 +24 =3
, 3
== A1
73
THEN

so, another point on the reflected line is given by

0 2
r=|2|+5] 0 (A1)
0 -2
3 3
:Br[_,_z,__] A1
2 2
EITHER

attempts to find the direction vector of the reflected line using their P and B’ (M1)

attempts to find their direction vector of the reflected line using a vector approach (M1)

1 1
PB'=PB+BB =2 1 |+3] 0
oY B

THEN
3 3
2 4

r=| -2 |+ -2 | (or equivalent)

3

2 4
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X
Note: Award AOQ for either ‘¥ =’ or ‘| v |=’ not stated. Award AQfor ‘L' =".

z

[9 marks]
Total [21 marks]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 15 - STATISTICS

1 - (MAT-S 2012-Paper 2/1-Q5) - STATISTICS

(a) 50

(b) Lower quartile is 4 so at least 26 obtained a 4
Lower bound 1s 26

Minimum is 2 but the rest could be 4

So upper bound 1s 49

2 - (MAT-S 2012-Paper 2/2-Q10) - STATISTICS, PROBABILITY

() (1) P(X>225)=0.158...
expected number = 450x0.158...=71.4

(1) PX <m)=0.7
= m =213 (grams)

270
o
250 — p
o

Note: These could be seen in graphical form.

=1.40...

(b)

=-1.03...

solving simultaneously

1=258, 6=8.19

(c) )
X~N(80,4%)

P(X >82)=0.3085...

recognition of the use of binomial distribution.
X~B(5,0.3085 ...)

P(X=3)=0.140
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3 - (MAT-S 2012-Paper 2/1-Q12) - STATISTICS, PROBABILITY

-
v 0
’

(a) (1) X ~Po(l
P(X £11)=0.579
(i) PX>8|X<12)=
P(8<X <12) or P(X <11)-P(X <8) of 0.3472...
 P(XY <12) P(X <11) 0.5792...
=0.600
(b)y (1) ¥ ~Po(m)
P(Y >3)=0.24
P(Y £3)=0.76
—nt ]' 2 ]' 3
¢ lrmt+=m" +—=m |=0.76
2 6
Note: At most two of the above lines can be implied.
Attempt to solve equation with GDC
m=2.49
(i) A~Po(4.98)
P(A4>35)=1-P(A4<5)=0.380...
W ~B(4,0.380...)
PW =2)=1-P@ £1)=0.490
(¢) P(A4<25)=08,P(4<18)=04
271 0.8416...
e}
18— u
———=-0.2533... (or —0.2534 from tables)
o
solving these equations
#=19.6
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CH 15 - STATISTICS

15

15

(a)

(b)

()

(d)

(e)

Nnew mean =

)
1=1

-11.5* =93
15

4 - (MAT-W 2012-Paper 2/0-Q4) - STATISTICS

15

H o 115=Vx =1725
15 2 ‘

i=1

172.5-22.1
14

= 10.7428...=10.7 (3sf)

15
2 —
= Zx =2123.25

2123.25-22.1°

new variance = —(10.7428...

=1.37 (3sf)

14

5 - (MAT-W 2012-Paper 2/0-Q11) - STATISTICS, PROBABILITY

22x6x60=792

V7 - Po(2.2x60)
P(V > 100) = 0.998

(0.997801...)° =0.987

A~N(u, o)
P(4<35)=0.29 and P(A4>55)=0.23=>P(4<55)=0.77

P(Z <35—‘f“) = 0.29 and P(z< 55"“) ~0.77

led o
use of inverse normal
3-H 055338, and 2 _ 0.738846...
o o

solving simultaneously

11 =43.564... and o =15477...
1 =43.6 and o =15.5(3sf)

0.29n1 =100 = n = 344.82...
P(A<50)=0.66121...

expected number of visitors under 50 =228

-
v 0
’
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6 - (MAT-S 2013-Paper 2/1-Q1) - STATISTICS

Sx6+6k+Tx3+8x1+9x2+10x1
13+ %

= 6.5 (or equivalent)

Note: Award (M1)(A1) for correct numerator, and (4 1) for correct denominator.

05k=25=k=5

-
v 0
’
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CH 15 - STATISTICS

7 - (MAT-W 2013-Paper 2/0-Q11) - STATISTICS, PROBABILITY

(@) (i) X~Po(0.6)
P(X =0)=0.549 (= e-“)

(i) P(X=23)=1-P(X <2)

2
=1—(e_°'6 +e¢ % x0.64+c7" x 0.6 ]
2
=0.0231

(iii) ¥ ~Po(2.4)
P(¥ <5)=0.964

(iv) Z~B(12,0451..)

Al

(M1)(A1)

Al

(MD)
Al

(M1)(A1)

Note: Award M1 for recognising binomial and 41 for using correct parameters.

P(Z =4)=0.169

) @) kf Inxde=1

(k x1.2958...=1)
k=0.771702

(i) EQ) =] klnxdy

attempting to evaluate their integral
=227

(i) x=3

(iv) Lmklnxdx =0.5
klxlnx-x]"=0.5

attempting to solve for m
m=2.34

Al

(MD

(M1

A

’
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CH 15 - STATISTICS

8 - (MAT-S 2014-Paper 2/1-Q2) - STATISTICS

X: N(100, 02)
P(X <124)=0.68

ﬁ=0.4676....

o
o=>51315...

variance = 2630

9 - (MAT-S 2014-Paper 2/2-Q2) - STATISTICS, PROBABILITY

(a) METHOD 1

ﬂZ%X(17.1+21.3)

finding z value for the upper qu

0.674480K = /14
[#2

203-u
o

0.674489K =

solving gives:
£#=19.2(kg)
oc=3.11(kg)

=18

#=19.2(kg)

finding z value for the upper quartile =0.674489K

0.674489K =222 102 o g 674480k =1L17102
© c

o=3.11(kg)

METHOD 2

artile =0.674489K

from symmetry the z value for a lower quartile is —-0.674489K
forming two simultancous equations:

(b) using 100X P(X >22)=100x0.184241K

2012 -2021
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10 - (MAT-W 2014-Paper 2/0-Q3) - STATISTICS

21

24+ x+y+10+17

(x—8) +(y—8)> =17

use of p=-+= to obtain 8

n 5
x+y=11
EITHER

k

ﬁ(xj'_#)z 2 2 3 3 2
use of g ==L to obtain (6)" +(x—8) +5(y—8) T2 49 =276
n

+xP 4+ 1P +10P+17
Al —8 =276

attempting to solve the two equations
x=4 and y=7 (onlyasx< y)

11 - (MAT-W 2015-Paper 2/0-Q3) - STATISTICS

OR
i
Z -]rzxiz 22
use of o7 =L — ;/* to obtain
n
x4+ =65
THEN

5

-
v 0
’

0-4+1'k+23+3-24+4.3+81 k+32

(@) =1.95 =195

13+ % E+1

attempting to solve for &
k=17

® 0 7+32+22:290 :ﬂ

T+13+1 21
(i) standard deviation = 4.66
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CH 15 - STATISTICS

(b) ()

12 - (MAT-S 2016-Paper 2/1-Q13) - STATISTICS, PROBABILITY

1 2 3 14 7
@ EX)=1X—+2XZ4+3x2=—|=-=233
6 6 6 6\ 3

3xP13) +3x P(122)
3xlxlxl+3xlxlxl=l(=0.0972)
6 6 2 6 3 3 72

Note: Award M1 for attempt to find at least four of the cases.

(ii)

recognising 111 as a possibility (implied by ﬁ)

3

2
recognhising 112 and 113 as possibilities (implied by 16 and

seeing the three arrangements of 112 and 113
PA1D)+3xP012)+3xP(113)

LN A LN
216 216 216 216\ 27

216)

-
v 0
F
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 15 - STATISTICS

(¢) let the number of twos be X, X ~ B(IO, %)

P(X < 4)=P(X <3)=0.559

(d) let i be the number of balls drawn
PX z=2zD)=1-P(X =0)

=1- [EJ >().95
3

n

< 0.05

W | o

n=2_8

3
) 8p=48= p1=g

8p2(1 - p2)=1.5
P —p,—0.1875=0

_1 or3
Py 1 1

reject % as it gives a total greater than one

17 3
Plor2)=—or P(3) = —
( ) 0 3 0

recognising LCM as 20 so min total number is 20
the least possible number of 3's is 3

13 - (MAT-S 2017-Paper 2/2-Q1) - STATISTICS, PROBABILITY

(a) P ormore)= %(= 0.387)

2x34+3x154+4x28+5x17+6x9+7x3
75

{(b) mean score =

323
=——(=431
-5 (=431)

(M1)A1
[2 marks]

(M1)

-
v 0
’
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14 - (MAT-S 2017-Paper 2/2-Q3) - STATISTICS, PROBABILITY

(@ P(X <250)=0.0228 (M1)A1
[2 marks]
(b) 25(1)—;/u=—2.878... (M1)(A1)
= 1 =25432 A1
Notes: Only award A7 here if the correct 2dp answer is seen.
Award MO for use of 1.5%.
[3 marks]
(c) M=—2.878... (A1)
o
= o =104 A1
[2 marks]
15 - (MAT-S 2017-Paper 2/1-Q9) - STATISTICS, PROBABILITY
@ T~ N(196, 242)
P(T <180)=0.252 (M1)A1
[2 marks]
(b) P(T < Tl) =0.05 (M1)
T,=157 A1
[2 marks]
© F-~ N(ZIO, 0'2)
P(F <235)=0.79 (M1)
235-210 = 0.806421 or equivalent (M1)(A1)
a
g =310 A1
[4 marks]

16 - (MAT-W 2017-Paper 2/0-Q4) - STATISTICS

let X be the random variable “amount of caffeine content in coffee”
P(Y >120)= 02, P(X >110)= 0.6 (M1)
(= P(X <120)= 0.8, P(X <110) = 0.4)

[ Note: Award M1 for at least one correct probability statement. |

120 = £ gar6n. U4
a a

=-0.253347.. (M1)(A1)(A1)

| Note: Award M7 for attempt to find at least one appropriate z-value. |

==

120 — 2 = 0.841620, 110 — . = -0.2533470
attempt to solve simultaneous equations M1) '
4=112, 0 =9.13 A1

P
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CH 15 - STATISTICS

17 - (MAT-S 2017-Paper 2/2-Q10) - STATISTICS, PROBABILITY
47 2 3 4
X X 64
@) j Z b ldx=l= | —+bx| =l =+ 4b=1
a 3a o 3a

0

4

jx— de=075= 2 1 26 =075
L a 3a

M1A1

M1A1

a 3a

1]

the above equations.

2 2
Note: .[(x— + dex: 025> i + 2bh =10.25 could be seenfused in place of either of

evidence of an attempt to solve simultaneously
(or check given a, b values are consistent)

a=32,b=i
12

S|
(b) E(X)—E':x[§+ajda

E(X) = %(: 2.67)

o sl

Var(X)=E(X2) [ECO) = (107)
g m x2 1 _ 05
@ [lzraf=o
m—3+ﬁ=0.5(:>m3+8m—48=0)
9 12
m=1291

) Y ~B(8.0.75)
E(¥)=8x0.75=6

®  P(Y 23)=0.99

M1
AG

(M1)

A1

(m1)

A1

(M1)

(A1)
A1

(M1)
A1

[5 marks]

[2 marks]

[2 marks]

[3 marks]

[2 marks]
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CH 15 - STATISTICS

18 - (MAT-S 2018-Paper 2/1-Q8) - STATISTICS

METHOD 1

let p have no pets, g have cne pet and » have two pets
ptrg+r+2=25

Op+lg+2r+6=18

[ Note: Accept a statement that there are a total of 12 pets. |
attempt to use variance equation, or evidence of trial and error

Op+1g+4r+18 (18Y _(24Y
25 25 25

attempt to solve a system of linear equations

p=14

METHOD 2

x 0 1 2
P(X =x)

-]
2 [ oo

_14
P75

so 14 have ho pets

(M1)
(A1)
A1

(M1)

(A1)

(M1)
A1

(m1)
(A1)

A1

(M1)(A1)

(M1)

A1

[7 marks]

2012 -2021 586
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CH 15 - STATISTICS

19 - (MathAA-S 2021-Paper 2/1-Q1) - STATISTICS

@ a=0433156..., b=4.50265...
a=0433, b=4.50

(b) attempt to substitute x =18 into their equation

1 =0.433x18+4.50
=12.2994...
=123

(¢ x=15,y=1

(d)

v

0 5 10 15 20 25 30

Note: Award marks as follows:
A1 for a straight line going through (15, 11)

A1 for intercepting the y-axis between their p+1.5 (when their line is
extended), which includes all the data for 3.3<x<25.3.

If the candidate does not use a ruler, award AOA1 where appropriate.

A1A1

(M1)

A1

A1

A1A1

[2 marks
A
o

[2 marks]

[2 marks]

[1 mark]

.

’
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20 - (MathAA-S 2021-Paper 2/2-Q1) - STATISTICS

@ (i) a=0805084... and b=2.88135...
a=0.805 and b=2.88

(iy r=097777...
r=0.978

(b) a represents the (average) increase in waiting time (0.805 mins) per
additional customer (waiting to receive their coffee)

(c) attempt to substitute x =7 into their equation

8.51693...
8.52 (mins)

A1A1

A1

R1

(mM1)

A1

[3 marks]

[1 mark]

[2 marks]
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21 - (MathAA-W 2021-Paper 2/0-Q1) - STATISTICS

(a)

use of GDC to give (M1)
r=0.883529...
r=0.884 A1

Note: Award the (M1) for any correct value of 7, a, b or > =0.780624...
seen in part (a) or part (b).

[2 marks]
(b) a=136609... , b=64.5171..
a=137, b=64.5 A1
[1 mark]
(c) attempt to find their difference {M1)
5%1.36609... OR 1.36609...(h+5)+64.5171...—(1.36609.. h+64.5171...)
6.83045...
=6.83(6.85 from 1.37)
the student could have expected her score to increase by 7 marks. A1
Note: Accept an increase of 6, 6.83 or 6.85.
[2 marks]
(d) Lucy is incorrect in suggesting there is a causal relationship.
This might be true, but the data can only indicate a correlation. R1
| Note: Accept ‘Lucy is incorrect as correlation does not imply causation’ or equivalent. |
[1 mark]
(e) no effect A1
[1 mark]
Total [7 marks]

o=
o
G
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CH 16 - PROBABILITY

1 - (MAT-S 2012-Paper 2/1-Q2) - PROBABILITY

1

1

j:z?dx

1
kfzxdlejk: (=0.61556..))

1
E(X)= kjlz x2¢ dx =239,k or 1.47

2 - (MAT-S 2012-Paper 2/2-Q2) - PROBABILITY

(a) E@)=mp
—510=30p

!
p3

(b) P(X—IO)—GSJ{%} @] ~0.153

() P =15)=1 P(X <14)
=1-0.9565...=0.0435

3 - (MAT-S 2012-Paper 2/2-Q5) - PROBABILITY

(a) P(X=5=P(X=3)+P(X=4)

e "m B e "m . e "m'

TR TRRRY
m —5m—20=0
:m—ﬁT V105 _ 7.62)

(b) P(X>2)=1 P(X<2)
=1-0.018...
~0.982
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CH 16 - PROBABILITY

4 - (MAT-S 2012-Paper 2/1-Q7) - PROBABILITY

X~Po(m)

P(X=2)=P(X <2)
Emle"’” =¢ " (1+m)
m=2.73 (1+J§)

in four hours the expected value is 10.9 (4+ 43 )

5 - (MAT-S 2012-Paper 2/2-Q7) - PROBABILITY

« 1
o Lt

a=1.40

®)  BO)= [ —ds

[— %arctan(az)]

=0.548

2012 -2021

-
v 0
’
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MATHEMATICS AA -HL -P2

CH 16 - PROBABILITY

6 - (MAT-S 2012-Paper 2/2-Q10) - STATISTICS, PROBABILITY

@ @

P(Y >225)=0.158...

(b)

(©)

expected number =450 0.158...=71.4

(i) P(X<m)=07

= m =213 (grams)

20-2 4 40...
a

P0—# 03
(o2

Note: These could be seen in graphical form

solving simultaneously
u=258,6=8.19

X~N(80,4%)
P(X >82)=0.3085...
recognition of the use of binomial distribution.
X~B(5,0.3085 ...)
P(X =3)=0.140

2012 -2021
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MATHEMATICS AA -HL -P2

CH 16 - PROBABILITY

7 - (MAT-S 2012-Paper 2/1-Q12) - STATISTICS, PROBABILITY

-
v 0
’

(a) (1) X ~Po(l
P(X £11)=0.579
(i) PX>8|X<12)=
P(8<X <12) or P(X <11)-P(X <8) of 0.3472...
 P(XY <12) P(X <11) 0.5792...
=0.600
(b)y (1) ¥ ~Po(m)
P(Y >3)=0.24
P(Y £3)=0.76
—nt ]' 2 ]' 3
¢ lrmt+=m" +—=m |=0.76
2 6
Note: At most two of the above lines can be implied.
Attempt to solve equation with GDC
m=2.49
(i) A~Po(4.98)
P(A4>35)=1-P(A4<5)=0.380...
W ~B(4,0.380...)
PW =2)=1-P@ £1)=0.490
(¢) P(A4<25)=08,P(4<18)=04
271 0.8416...
e}
18— u
———=-0.2533... (or —0.2534 from tables)
o
solving these equations
#=19.6
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8 - (MAT-W 2012-Paper 2/0-Q7) - PROBABILITY

—_

3.3 3 27
P(WWW) =0.75x 0.375x0.1875 = 0.0527 (3sf) [ = -
@ ™ X2 (SD(4XS 16 512)

(b)

Note: Award M1 for any reasonable attempt to use a tree diagram showing that
three games were played (do not award M7 for tree diagrams that only
show the first two games) and A for the highlighted probabilities.

P(WWL, WLW)
P (wins first game)

P(wins 2 games| wins first game) =

_ 0.75%0.375x 0.8125+ 0.75x 0.625x 0.375
- 0.75

69
=0.539(3 —
(3sh) (or 128)

-
v 0
’
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CH 16 - PROBABILITY

9 - (MAT-W 2012-Paper 2/0-Q11) - STATISTICS, PROBABILITY

(1)  2.2x6x60=792

(b) 7 ~Po(2.2x60)
PV >100) = 0.998

(¢)  (0.997801...° =0.987

(@ A~N(u,o")

P(A<35)=0.29 and P(A>55)=023=P(A4<55)=0.77

35—
o

P(Z< )=0.29 and P(2<55_’“‘)=0.77
g

use of inverse normal

3P-p = —0.55338... and Eikd.] =0.7388406...
o o

solving simultancously
[=43.564... and o =13477...

1 =43.6 and o =15.5(3sf)

(&) 0.29n=100=>7n=344.82...
P(4 <50)=0.66121...

expected number of visitors under 50 =228
10 - (MAT-S 2013-Paper 2/1-Q3) - PROBABILITY

Let X represent the length of time a journey takes on a particular day.
(a) P(X >15)=0.0912112819... = 0.0912

(b)  Usc of correct Binomial distribution
N ~ B(5,0.091...)

1-0.0912112819...=0.9087887181...
1-(0.9087887181...)° = 0.380109935... = 0.380

-
v 0
’
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CH 16 - PROBABILITY

11 - (MAT-S 2013-Paper 2/2-Q3) - PROBABILITY

(a) X ~N(13.5,9.5)
13.5-49.5 < X <13.5+93

104 <X <16.6

Note: Accept 6.16.

(b)  P(X <10)=0.12807...
estimate is 1281 (correct to the nearest whole number).

-
v 0
’
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12 - (MAT-S 2013-Paper 2/2-Q7) - PROBABILITY

(a) j:j e+ _[:50.5a(1 _xyde=1

i—: (or equivalent) or o x0.104...=1

Note:  Award M1 for considering two definite integrals.
Award AT for equating to 1.
Award A! for a correct equation.
The A141 can be awarded in any order.

-—
Ed

0.5 1
correct shape for 0 <x<0.5 and f(0.5)~2.4
correct shape for 0.5<x <1 and f(1)=0

(¢) attempting to find P(X <0.6)
direct GDCuse oreg P(0< X <0.3)+P(0.5<X <0.6) or 1-P(0.6 <X <1)

POY <0.6)=0.616 [ =L
125

’
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13 - (MAT-S 2013-Paper 2/2-Q9) - PROBABILITY

(a) X ~Po(l.2)
P(X =3)xP(X =0)
~0.0867...x0.3011. .
=0.0261

(b)  Three requests over two days can occur as (3,0),(0,3),(2.1) or (1,2).
using conditional probability, for example
PG.0) =0.125 or PE.D =0.375
P(3 requests, m =2.4) P(3requests, m =2.4)

expected income 1s
2x0.125xUS$120+2x0.375 < US$180

Note:  Award M1 for attempting to find the expected income including both
(3.0) and (2,1) cases.

=US$30 + USS135
= USS$165

14 - (MAT-S 2013-Paper 2/1-Q10) = PROBABILITY

(a) X ~Po(0.25T)
Attempt to solve P(X <3)=0.6
T =12.8453... = 13 (minutes)

Note: Award AIMIAG 1f T found correctly but not stated to the nearest minute.

(b) let X, be the number of cars that arrive during the first interval and X,
be the number arriving during the second.
X, and X, are Po(2.5)
P (all get on) = P(X, <3)xP(X, =3)+ P(X, =4« P(X, <2)
+P(X, =3 «P(X, =D+ P(X, =6)=xP(X, =0)
=0.573922...+ 0.072654...+ 0.019192... + 0.002285...
=0.668 (053...)
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CH 16 - PROBABILITY

15 - (MAT-S 2013-Paper 2/2-Q11) - SEQUENCES - SERIES, PROBABILITY

@ @ i(ﬂc —1) (or equivalent)

=1

Note:  Award A0 for Z(2n —1) or equivalent.

n=1

(i) EITHER

n(n+l)_n
2

2%

OR

%(2+ (n-1)2) (using S, = %(27,;1 H(n-1)d))

OR

%(1+ 2n 1) (using S, :%(”1 tu,))

THEN

2
="

(iii) 47> —14> = 2013

(b) (i) EITHER

a pentagon and five diagonals

OR
five diagonals (circle optional)
(1) Each point joins to »—3 other points.

a correct argument for n(n—3)

-3
a correct argument for nn=3)

(i11)  attempting to solve ;n(n —3)>1000000 for ».

n>1415.7
n=1416
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CH 16 - PROBABILITY

() 1) np=4 and npg=3

attempting to solve for » and p
1
n=16 and p= 1
(i) XL B(16,0.25)
P(X =1)=0.0534538...(= (116}(0.25)(0.75)“)
P(X =3)=0.207876...(= [lfj(0.25)3(0.75)”)

P(X =1)+P(X =3)
~0.261

16 - (MAT-W 2013-Paper 2/0-Q4) - PROBABILITY

P(Z < 780_“jzosz and P(Z< 755_‘”]=0.12

o o
use of inverse normal
755— u

780= 4 _ 1 405... and —_1.174...
a (o2

solving simultaneously

=

eg, inverse normal not used.

Note: Award M1 for attempting to solve an incorrect pair of equations

1t =766.385
o =9.6897
1=12 hrs 46 mins (=766 mins)

o =10 mins

-
v 0
F
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17 - (MAT-W 2013-Paper 2/0-Q5) - PROBABILITY

(2) P(F)=(%xg]+(§xg]

Note: Award M1 for the sum of two products.

%( 0.4920...)

1 7
(b) Useof P(S F):M to obtain P(S|F)= 7319
63
Note: Award MI only if the numerator results from the product of two
probabilities.
7
=— (=0.2258... £
31 ¢ )

-
v 0
’
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CH 16 - PROBABILITY

18 - (MAT-W 2013-Paper 2/0-Q11) - STATISTICS, PROBABILITY

(@) (i) X~Po(0.6)
P(X =0)=0.549 (= e-“)

(i) P(X=23)=1-P(X <2)

2
=1—(e_°'6 +e¢ % x0.64+c7" x 0.6 ]
2
=0.0231

(iii) ¥ ~Po(2.4)
P(¥ <5)=0.964

(iv) Z~B(12,0451..)

Al

(M1)(A1)

Al

(MD)
Al

(M1)(A1)

Note: Award M1 for recognising binomial and 41 for using correct parameters.

P(Z =4)=0.169

) @) kf Inxde=1

(k x1.2958...=1)
k=0.771702

(i) EQ) =] klnxdy

attempting to evaluate their integral
=227

(i) x=3

(iv) Lmklnxdx =0.5
klxlnx-x]"=0.5

attempting to solve for m
m=2.34

Al

(MD

(M1

A

’
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(a)

(b)

(a)

19 - (MAT-S 2014-Paper 2/2-Q2) - STATISTICS, PROBABILITY

METHOD 1

ﬂZ%X(17.1+21.3)

#=19.2(kg)
finding z value for the upper quartile =0.674489K

0.674489K = 2212 o g 674480 = L1112

o (o3
o=3.11(kg)

METHOD 2

finding z value for the upper quartile =0.674489K
from symmetry the z value for a lower quartile is —0.674489K
forming two simultancous equations:

0.674489K = /14
(¢
0.674489K = S~ H
(¢3
solving gives:
11=19.2(kg)
o=3.11(kg)

using 100x P(X >22)=100x0.184241K
=18

20 - (MAT-S 2014-Paper 2/2-Q6) - PROBABILITY

1 06°x04°

Note: Award (M1) for use of the product of probabilities.

=0.0138

(11)  binomial distribution X : B(6, 0.6)
Note: Award (M1) for recognizing the binomial distributio

P(X =3)=°C, (0.6)° (0.4)°
=0.276
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 16 - PROBABILITY

(b)

Y : B(n. 0.4)

P(¥ 21)>0.995
1-P(¥ =0)>0.995
P(¥ =0)<0.005

Note:  Award (M1) for any of the last three lines. Accept equalities.

0.6" <0.005

Note: Award (M1) for attempting to solve 0.6" <0.005 using any

method, eg, logs, graphically, use of solver. Accept an equality.

(a)

(b)

n>10.4
sn=11

21 - (MAT-S 2014-Paper 2/1-Q8) - BINOMIAL THEOREM, PROBABILITY

(Gt}

=(192AB+72032)x5

METHOD 1

probability is % (=0.0494)

METHOD 2
P(5 eaten)=P (M eats 1) P(N eats 4)+ P (M eats 0) P(N eats 3)

ALLIEHERIE

4
=— (=0.0494
o7 ( )

P

2012 -2021
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22 - (MAT-S 2014-Paper 2/2-Q8) - PROBABILITY

2 —p 3.—i 5 —u
@ Ml pel _pe

2! 3! 5!
2 3 5

g H_2 _,

2 6 120

U=5.55

(b) o =+555.=235598...
P(3.19< X <7.9)

PA<X <)
= 0.607

23 - (MAT-S 2014-Paper 2/1-Q9) - PROBABILITY

(a) mean for week is 40.88 (A1)

P(S >40)=1-P(S £40)=0.513 Al

probability there were more than 10 on Monday AND more than 40 over the week

®) probability there were more than 10 on Monday

MI
possibilities for the numerator are:
there were more than 40 birds on the power line on Monday RI
11 on Monday and more than 29 over the course of the next 6 days RI
12 on Monday and more than 28 over the course of the next 6 days ... until
40 on Monday and more than 0 over the course of the next 6 days RI
hence if X is the number on the power line on Monday and Y, the number on
the power line Tuesday — Sunday then the numerator 1s Mi

P(X >40)+P(X =11)XP(¥ >29)+P(X =12)xP(¥ >28)+...

FP(X =40)xP(¥ >0)
A
e M
’

=P(X >40)+§P(X=r)P(Y > 40— 7)
P(X >40)+§P(X=r)P(Y > 40 — 1)

hence solution is r=11
P(X >10)
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CH 16 - PROBABILITY

24 - (MAT-S 2014-Paper 2/1-Q11) - PROBABILITY
3
@ | (ac+byde(=1)

Bapf +bx:|2 (=1)

5
—a+b=1
2
Sa+2b=2

® @ [ (@ +be)de(=p)

Note: Elimination of b could be at different stages.

(ii) b=1—%(12ﬂ—30)
=76-30u

Note: This solution may be seen in part (1).

© ) L“(ax+ bydx(=0.5)

1 2.3
|:—ax2+bx:| (=0.5)
2 2

0.645a+0.3b(=0.5)
0.645(122£=30)+0.3(76=302)=0.5

295
=234 =22
# ( 126]
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(ii) E(XZ):jx2 (ax +b)dx

40 121
a=124-30=——, b=T76-30pu=—
a 21 # 21

3
E(x*)= | ~ e B e = s 530, [ =22
217 21 63

Var (X) =5.539K —(2.341K ¥’ =0.05813...
o=0241
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CH 16 - PROBABILITY

25 - (MAT-S 2014-Paper 2/2-Q11) - PROBABILITY

T

(a) ajfxcos xdx=1

integrating by parts:

X v =cosx
=1 y=sinx

U=
u’
chosxdx xsinx +cosx

[xsinx+cosx]?=—=—1

[e=] N|F|

ml:]

1

Ozxcosxdx: 0.460

4 ) m—
Note: Accept —— _i £—1 or equivalent
n-2
(¢) (1) mode = 0.860

( x-value of a maximum on the graph over the given domain)

(ii) ﬁj:xcosxdx =0.5
jmxcosxdxzn—_2
0 4

) T—2
msinm+cosm—1=——

4
median = 0.826

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 16 - PROBABILITY

~0.129912
0.459826

=0.283

26 - (MAT-W 2014-Paper 2/0-Q2) - PROBABILITY

(a) P(X>x)=099 (=P(X <x)=0.01)
= x=254.6(cm)

(b)y P(60.15<X £60.25)
=0.0166

27 - (MAT-W 2014-Paper 2/0-Q11) - PROBABILITY
@ @) P =0)=0.549(=¢"")
(i) P 23)=1-P(X<2)
P(X 23)=0.0231

(b) EITHER
using ¥ ~ Po(3)

OR
using (0.549)’

THEN
P(Y =0)=0.0498(=¢")
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(¢) P(X =0) (most likely number of complaints received is zero)

EITHER
calculating P(X =0)=0.549 and P(X =1)=0.329

OR
sketching an appropriate (discrete) graph of P(X = x) against x

OR
finding P(X =0)=e*® and stating that P(X =0)> 0.5

OR

using P(Y =x) = P(X =x—1)x* where p<1
X

(d) P(X=0)=08=¢c*=0.8)

A= 0.223(= ln2,= —lnij
4 5
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28 - (MAT-W 2014-Paper 2/0-Q12) - PROBABILITY

(a)  P(Ava wins on her first turn) = %

2
(b) P (Barry wins on his first turn) = (%)

4
= (=0.444
9( )

(¢) P(Ava wins in on¢ of her first three turns)
I {2131 (2)1yf2)1)1
=—+ ===+ === =|=
Note: Award M1 for adding probabilities, award 41 for a correct second

term and award A1 for a correct third term.
Accept a correctly labelled tree diagram, awarding marks as above.

=103 o404y
243

(d) P(Avaeventually wins) = % + [%)[%J% + [%](%][%][%)% +...

using S _ - with a:l and r=2
1-r 3 9

Note: Award (M1) for using szli and award (41) for azé and
—r
“ ! ' ==
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29 - (MAT-S 2015-Paper 2/1-Q2) - PROBABILITY

@ X ~ N(210, 222)
P(X <180)=0.0863

(b) P(X<T)=O.9::>T=238 (mins)

30 - (MAT-S 2015-Paper 2/1-Q3) - PROBABILITY

(@ W~ B(1000, 0.1) (accept C1* (0.1) (0.9)™ )

Note: First A1 is for recognizing the binomial, second A7 for
both parameters if stated explicitly in this part of the
guestion.

()  1(=1000x0.1)=100

(©) P >89)=P( 290) (=1-P(V <89))
=0.867

31 - (MAT-S 2015-Paper 2/2-Q4) - PROBABILITY

@ @O X~Po(d)
P(X 28)=0.133

(i Tx0.133...
=~ (0.934 days

Note: Accept “1 day”.

(b) 7x5=35(Y ~Po(35))
P(Y £29)=0.177
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32 - (MAT-S 2015-Paper 2/1-Q7) - PROBABILITY

e mt e’
@ 2 4 5

2
. or other simplification
4! 5!

Note: accept a labelled graph showing clearly the solution to the
equation. Do not accept simple verification that » =10 is a solution.

=m=10

P(X =6)
P(X <11)
_ 0.063055...

" 0.696776...
= 0.0905

by P(X=6/X<11)=

-
v 0
’
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EITHER
3 1

_X_

125

o
18

OR
5 1

.—X.—

12 5

33 - (MAT-S 2015-Paper 2/2-Q9) - PROBABILITY

Nashville

St. Louis

ix+g(1—x):E
5 3 18
R = B2
5 3 18 3
2x_1
15 18

5
X=—

12

(b) attempt to set up the problem using conditional probability

(a) attempt to set up the problem using a tree diagram and/or an equation,
with the unknown x

-
e i
’
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CH 16 - PROBABILITY

34 - (MAT-S 2015-Paper 2/2-Q10) - PROBABILITY

@ () POI10<X <130)==0.49969...=0.500=50.0%

Note: Accept 50

Note: Award M1AOQO for 0.50 (0.500)

(i) P >130)=(1-0.707...)=0.293...
expected number of turnips = 29.3

Note: Accept 29.

P(Y 230)=0.478

® ) XwN(l44,az)

P(X <130)= %z 0.0667

130-144
P(Z < —] = 0.0667

g
M 1501
o
c=933g
i) P(X>150] >130)="E>150)
P(X >130)
_0.26008... oo
1-0.06667

expected number of turnips = 55.7

(i)  no of turnips weighing more than 130 is ¥ ~ 5 (100, 0.293)

-
v 0
F
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35 - (MAT-S 2015-Paper 2/1-Q11) - PROBABILITY

Award A1 for sine curve from 0 to w, award A7 for straight line from nt to 27

n8in X 1
b dx =—
® [ >
(¢ METHOD 1

o 2n
require 5+L a(x—m)dx=1

31+a bE—m) =1 (6F l+ar ﬁ-m =1}
2 2 2 2

T m

1
=g
2

1
=>a=—

T

Note: Must obtain the exact value. Do not accept answers
obtained with calculator.

METHOD 2
0.5 + area of triangle = 1

area of triangle = % txan=0.5

Note: Award M1 for correct use of area formula = 0.5, A7 for an .

-
e i
’

(3%}

a

(d) medianis w
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(h) P[nsxszn < 2
2 3n
2

L RSy
e

3n
J. (x_zﬂ)dx 0.125 :
g . 8 ,
= = (or =—2— from diagram areas)
0.375 0.375 3
8
_1 (0.333)
; O

36 - (MAT-W 2015-Paper 2/0-Q1) - PROBABILITY

@ 0818=065+048—P(4n B)
P(An B)=0312

(b) P(4) P(B)=0312(=0.48x0.65)

since P(A) P(B) = P(4 n B) then 4 and B are independent

IB DIPLOMA MATHEMATICS AA -HL -P2 CH 16 - PROBABILITY
= osinx m o X—T
(e) ;z=j0 b 1 dx+’[T x- = dx
2340339, =340  (or “+2m 2By
6 12
()  For u=3.40339...
EITHER
m sinx m o, X—T
62=I0 x*- dx+_[‘T xt > dx— 4
OR
: (" 2 sinx 2z 2 X—TW
A A T =
THEN
=3.866277...=3.87
. n
781N X SX—T 1 1 3
(@) . dr+ | 2 dx=0.375 for —+—=—)
J‘E 4 -.‘TI: ﬂz 4 8 8

A

’
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37 - (MAT-W 2015-Paper 2/0-Q6) -

PROBABILITY

EITHER
0.05) _~L
C
0.95 3
0.3 /
S
0.5 L
: L
o (0.25)
L'

Note: Award MT for a two-level tree diagram, A7 for correct first level
probabilities, and A7 for correct second level probabilities.

OR

P(B| L) = P(L'| B) P(B) - [= P(BmL’)j
P(L'|B)P(B) + P(L'|C)P(C) + P(L'|W) P(W) P(L)

THEN

PB|L) - o?xoz (=018)
09%x02+095x03+075x0.5\ 0.84

=02u{:3J
14

?A
S5

2012 -2021
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38 - (MAT-W 2015-Paper 2/0-Q8) - PROBABILITY

@) Afsin(mx)dx=1
A =10.323 (3 dp only)

cos(lnx) _

(b) either a graphical approach or /'(x) = 0

x=4.81{=e5J

Note: Do not award ATFT for a candidate working in degrees.

PRX <3)| _ Lssin (In (x))dx
P(X 22) Esin (In (x))dx

© PWw<3x=22-=
= 0.288
39 - (MAT-W 2015-Paper 2/0-Q11) - PROBABILITY

(@ () let W be the weight of a worker and }}" ~ N(,u, 62)

P[Z c92- /“]: 0.3 and P[Z 8- “] =075

a a

62— u

=07 (03)(=-0.524...) and
98 — u

= D7 (0.75) (= 0.674..)

or linear equivalents

(i) attempting to solve simultaneously
pn=T17,c6=300

() POV >100) = 0.229

(¢) let X represent the number of workers over 100kg in a"
passengers ' o—

X ~B(10, 0.229..) '
P(X >4)=0.178
Ve
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P(l<X <3)

d) P(X<4X=2D= NN

Note: Award the M7 for a clear indication of conditional probability.

=0.808

(€) L ~ Po(30)
P(L > 60)=1— P(L < 60)
=0.0722

(f 400 workers require at least 40 elevators
P(L240)y=1—-P(L £39)
=0.935

40 - (MAT-S 2016-Paper 2/2-Q2) - PROBABILITY

@ PO<X<2)=0242

() METHOD 1
P(|X|>1) =P <=1)+ P(X > 1)
=0.02275... + 0.84134 ..
= 0.864

METHOD 2

P(X|>D=1-P(-1<X <)
=1-0.13590...
= 0.864

© ¢=330
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41 - (MAT-S 2016-Paper 2/1-Q6) - PROBABILITY

let the heights of the students be X
PX <1.62)=0.4, P(X >1.79)=0.25

| Note: Award M1 for either of the probabilities above. |

P[Z < 1'(’2—_“) =04, P(Z < 1'79—_“] = 0.75
o g

| Note: Award M1 for either of the expressions above. |

162 — 179 —
oc T B _pas33.. 2T H

g o

=0.6744...

| Note: A7 for both values correct. |
1 =1.67(m), o = 0.183(m)

| Note: Accept answers that round to 1.7(m) and 0.18(m). |

| Note: Accept answers in centimetres. |

42 - (MAT-S 2016-Paper 2/2-Q6) - PROBABILITY

@ X ~ Po(0.5)
P(Y 21)=0.393 (=1-¢*)

(b) PX =0)=0.607...
E(P)=(0.607...x5) —(0.393...x3)
the expected profit is $1.85 per glass sheet

() Y ~ Po(2)
P(Y =0)=0.135 (=¢*)

-
T °
’
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43 - (MAT-S 2016-Paper 2/1-Q10) - PROBABILITY

3 -4

P(3 in the first hour) =

3!
number to arrive in the four hours follows Po(41)
(M)5 g™
5!
attempt to find P(2 arrive in the next three hours)
(3A)

2!
use of conditional probability formula

P(5 arrive in total) =

et (3A) e
X
31 2!
(4/1)5 et
51

P(3 in the first hour given 5 in total) =

( 9 ]
13!
2131) 45 — 0.0879

£Y 512
51

-
v 0
’
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44 - (MAT-S 2016-Paper 2/2-Q10) - PROBABILITY

2

N
Y @ T

(a) two enclosed regions (0 < ¢ < %and g <t £ 1) bounded by the curve and

the r-axis

. T
correct non-symmetrical shape for 0 < ¢ < E and

g< mode of 1" < ©t clearly apparent

(b) mode= 246

() E)= ifﬁ |sin 24| d
[}

= 2.04

A
v 0
’
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IB DIPLOMA MATHEMATICS AA —HL -P2
(d) EITHER
% : z|sin 2;.f|
Var(7) = j (r — 2.03788...)°"| ——L | dr
i
0
OR
I3 r|sin 2r| "
Var(T) = || —— | dr — (2.03788..)
T
0
THEN
Var(7)=0.516
2.456590...
@ = [ t|sin2dr=0.285
T 2.03788...
® (i) attempting integration by parts
) 1
(u=t,du=dr,dv=sin2tdt and v = —ECOS2I)
1 1 S IPEVAR
— t(— —Cos ZIJ — —I [— —cos 2t] dr
v 2 , T 2
| Note: Award A1 if the limits are not included. |
_ sin27 _ Tcos2T
4n 2n
T
sint 5 0T
(i) -2 --
4n 2n 4
i 1 . . I
as P[O <T < E] = Z (or equivalent), then the lower quartile of 7'is E
2012 -2021 624
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(b) ()

45 - (MAT-S 2016-Paper 2/1-Q13) - STATISTICS, PROBABILITY

1 2 3 14 7
@ EX)=1X—+2XZ4+3x2=—|=-=233
6 6 6 6\ 3

3xP13) +3x P(122)
3xlxlxl+3xlxlxl=l(=0.0972)
6 6 2 6 3 3 72

Note: Award M1 for attempt to find at least four of the cases.

(ii)

recognising 111 as a possibility (implied by ﬁ)

3

2
recognhising 112 and 113 as possibilities (implied by 16 and

seeing the three arrangements of 112 and 113
PA1D)+3xP012)+3xP(113)

LN A LN
216 216 216 216\ 27

216)

-
v 0
F

2012 -2021
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(¢) let the number of twos be X, X ~ B(IO, %)

P(X < 4)=P(X <3)=0.559

(d) let i be the number of balls drawn
PX z=2zD)=1-P(X =0)

=1- [EJ >().95
3

n

< 0.05

W | o

n=2_8

3
) 8p=48= p1=g

8p2(1 - p2)=1.5
P —p,—0.1875=0

_1 or3
Py 1 1

reject % as it gives a total greater than one

17 3

Plor2)=—or P(3) = —

( ) 0 3 0
recognising LCM as 20 so min total number is 20

the least possible number of 3's is 3

-
v 0
’
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46 - (MAT-W 2016-Paper 2/0-Q1) - PROBABILITY

@ E(X*)=Yx*P(X¥=x)=1037 (=104 3sf

() METHOD1
sd(X) = 1.44069...
Var(X) = 2.08 (=2.0756)
METHOD 2
E(X) =288 (=0.06 +0.27 + 0.5+ 0.98 + 0.63 + 0.44)
use of Var(X)=E(x?) - (E(x))

Note: Award (M1) only if (E(X))2 is used correctly.

(Var(X)=10.37-8.29)
Var (¥) = 2.08 (= 2.0756)

| Note: Accept 2.11. |

METHOD 3
E(Y) = 288 (=0.06 +0.27 + 0.5+ 0.98 + 0.63 + 0.44)
use of Var (¥) =E((¥ ~E(X))')

(0.679728+...4+0.549152)
Var (¥) = 2.08 (=2.0756)

(M1)A1

(M1)(A1)
A1

(A1)
(M1)

A1

(A1)
(m1)

A1

[2 marks]

[3 marks]
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47 - (MAT-W 2016-Paper 2/0-Q3) - PROBABILITY

(@) METHOD 1

x+1
PX=x+1)=—L _en
(x +1)!

N e

x+1 x!
J7

X PO =)

METHOD 2

E p(x=x)=Lxfer
x+1 x+1 x!

_ /le+1 e,'u
(x+ 1)
=P =x+1)

METHOD 3

X+l

M ok
P(X=x+1)= (x+ D!
P=x) M,
x!

a+1

= X
x

W (x+ 1)
__M
x+1

x!

and so P(X = x +1)= —2—xP(X = x)
x+1

(b) P =3) =§-P(X:2) (0.112777:

W=

-0.241667]

attempting to solve for u
H=1.40

A1

M1A1

AG

A1

M1A1

AG

(M1)

A1

A1

AG

A1

(M1)
A1

’

[3 marks]

[3 marks]
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48 - (MAT-W 2016-Paper 2/0-Q8) - PROBABILITY

(@) P(X <42.52) = 0.6940 (M1)
sither P[z < w] = 0.1180 or P[Z < w]: 0.6940 (1)
[l o
303171 _ 101180 (A1)
a —_—
—-1.1850...
2327 K _ g1 (0.6940) (A1)
o 0.5072...
attempting to solve simultaneously (M1)
H#=389and o =722 A1
[6 marks]
b) P(u-12c0<X <u+120) (orequivalenteg. 2P < X < u+1206)) (M1)
=0.770 A1
| Note: Award (M7)AT for P(-12< 7 <1.2)=0.770. |
[2 marks]
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49 - (MAT-W 2016-Paper 2/0-Q11) - PROBABILITY

@ P =3)=(0.1"°
= 0.001
P(Y = 4)= P71V ) + P(V717) + P(7177)
=3 x (0.1’ x 0.9 (or equivalent)
= 0.0027

() METHOD 1

attempting to form equations in @ and 5

9+3a+b: 1 Ga+b=-7)
2000 1000

16+4da+b 9 27

DPrTMTD 2 o 2 (4a+b=-10)
2000 10 10000

attempting to solve simultaneously

a=-3,h=2

METHOD 2
n-1 3 n-3
P(r=m=| " [x0.0 %09

_ (=)= g
2000

2 —
= u % (0.9"3
2000

a=-3,b=2

A1
AG

(M1)

A1
AG

M1
A1

A1

(M1)

A1

A1

(M1)A1

A1
A1

Note: Condone the absence of 0.9" in the determination of the values of @ and b. |

[3 marks]

[5 marks]

’
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(c) METHOD 1

EITHER
n=3n+2
P(X =n)=——=x 09" M1
( ) 2000 (M1)
OR
n-1 3 -3
P(X =n)= 5 x0.1"%0.9 (M1)
THEN
_ == g a1
2000
P()(:n_l):wxo_gﬂ A1
2000
PX =mn :(n—l)(nr—2)xo.9 A1
PX=n-1) (n-2)n-3)
_ 0.9(n-1) AG
n-=3
METHOD 2
2 —
n—=3n+2 < 0,97
PAX =n) _ 2000 M1)
. 2
PO =n=-D (n=1)-3(n-D)+2 .,
2000
0.9(* - 3n+2)
= A1A1
(n2 - 5Sn+ 6)
| Note: Award A1 for a correct numerator and A7 for a correct denominator. |
_ 0.9(n —1)(n - 2) a1
(n=2)(n-3)
_ 0.9(n-1) AG
n-=3
[4 marks]

.
’
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_ _ 0.9(n-1)
(dy (i) attemptingtosolve —————==1 for

n—

n=21

0.9(n-1)
n—3

0.9(n-1)
n—

X has two modes

<l=n>21

>1=n<2l

A1
A1
R1

R1
AG

PLX = n)

inequalities (using ———).
d ( g P(X =n-1)

Note: Award R1R1T for a clearly labelled graphical representation of the two

(i) the modes are 20 and 21

(¢) METHOD1
¥ ~ B(x, 0.1)

A1
[5 marks]

(A1)

attempting to solve P (¥ =3)>0.5 (or equivalent eg 1-P{¥ £2) > 0.5) for x (M1)

Note: Award (M1) for attempting to solve an equality (obtaining x=26.4). |

x=27
METHOD 2

iP(X =n)>0.5
n=0

attempting to solve for x
x=27

50 - (MAT-S 2017-Paper 2/1-Q1) - PROBABILITY

@) use of P(AUB) = P(4) + P(B) — P(AnB)
0.5=Fk+3k -k
=4k +05=0
k=0.129

| Note: Do not award the final A7 if two solutions are given.

(b) use of P(4'~ B)=P(B) - P(AnB) or alternative
P(A'nB)=3k -k
=0.371

A1

(A1)

(M1)
A1
[3 marks]

m1
A1

A1

[3 marks]

(M1) '-

(A
-. =g
.
P
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51 - (MAT-S 2017-Paper 2/2-Q1) - STATISTICS, PROBABILITY

(@ P( ormore)= %(: 0.387) (M1)A1
[2 marks]
(b) mean score = 2x34+3x154+4x28+5x17+6x9+7x3 (1)
75
=ﬁ(:4.31) A1
75
[2 marks]
52 - (MAT-S 2017-Paper 2/2-Q3) - STATISTICS, PROBABILITY
(@ P(XY <250)=0.0228 (M1)A1
[2 marks]
(b) 25(1)—;# =-2.878... (M1)(A1)
= u=25432 A1
Notes: Only award A7 here if the correct 2dp answer is seen.
Award MO for use of 1.5%,
[3 marks]
(c) M=—2.87&.. (A1)
og
= oc=1.04 A1
[2 marks]
53 - (MAT-S 2017-Paper 2/1-Q5) - PROBABILITY
@ A=4x05 {M1)
A=2 (A1)
P(X £2)=0.677 A1
[3 marks]
(b) Y ~B(10,0.677) {M1)(A1)
P(Y =7)=0.263 A1
| Note: Award MT for clear recognition of binomial distribution.
[3 marks]

’
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(@)

O =
ﬁ’ 'ﬁ
ke — W oy
@) =0 =

0/ W
e o
C 0.3 C
0\ W
C<
09 C

| Note: Award M1 for 3 stage tree-diagram, A2 for 0.8,0.9,0.3 probabilities correctly placed. |

M1A2

[3 marks]
(b) 02x0.7x03+02x03x09+08x0.1x03+0.8x09x0.9=0.768
(M1)A1
[2 marks]
(¢) P(1st Julyiscalm | 3rd July is windy) = Pdst July is calm an‘_l 3rd- July is windy)
P(3rd July is windy)
(M1)
_0.8x0.1x0.7+08x09x0.1
1-0.768
R 0.8x0.1x0.7+08x09x0.1
0.2x0.7x0.7+0.2x0.3x0.1+0.8x0.1x0.7+0.8x0.9x0.1
0.128
R—— A1)(A1
0.232 ARG
[ Note: Award A7 for correct numerator, A1 for correct denominator. |
=0.552 A1
[4 marks]

A
v 0
’
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55 - (MAT-S 2017-Paper 2/1-Q9) - STATISTICS, PROBABILITY

@ T~ N(196, 242)
P(T' < 180) = 0.252

) P(T <T;)=0.05
T =157

© F~n(210,0%)
P(F < 235)=0.79
235 - 210

a
ag=310

= 0.806421 or equivalent

56 - (MAT-S 2017-Paper 2/2-Q10) - STATISTICS, PROBABILITY

47 2 3 4
(@) _‘-[x—+bjdx=1:{x—+bx} 1= o
0

a 3a 3a

0

4 2

Ix—+b Q= 0.75= 22 + 26 = 075
S Ie] 3a

(M1)A1
[2 marks]

(M1)
A1
[2 marks]

(m1)
(M1)(A1)

A1
[4 marks]

M1A1

M1A1

a 3a

1]

the above equations.

2 2
Note: .[[x— + b]dxz 025> i + 2b =10.25 could be seenfused in place of either of

evidence of an attempt to solve simultaneously
(or check given a, b values are consistent)

_1
12

|
(b) E(X)—!x{§+a}h

E(X) = %(: 2.67)

a=32,b

SN EA
©) E(X)z!x(;c—z+Ede

Var(X) = E(X?) - [B(O)] = g(z 1.07)

1

AG
[5 marks]

(M1)

A1
[2 marks]

’
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m 2 1
) ![;C—Z+E}u=0.5 M1)

m m
—+—=05(=m"+8m—48=0 A1
9% 12 ( ) (A1)
m=12091 AT
[3 marks]
(e) Y ~B(8.075 (M1)
E¥)=8x0.75=06 AT
[2 marks]
® P >3)=099 A1
[1 mark]
57 - (MAT-W 2017-Paper 2/0-Q2) - PROBABILITY
P4 ~ B)
PA4|IB)=——
(@ PA|B) PB)
—075=28 M)
P(5)
= P(B) [= £)=0.8 A1
0.75
[2 marks]
(b) P BY=PU)+PB)- P4~ B)
= 0.95=P(4)+0.8-0.6 (M1)
= P(4)=0.73 A1
[2 marks]

(¢) METHOD 1
P~ B) 0.2

P(A'| B) = =—=0.25 A1
P(B) 0.8

P(4"| By =P(4) R1

hence A’ and B are independent AG

Note: If there is evidence that the student has calculated P(4'~B)=0.2 by assuming
independence in the first place, award AORO.
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METHOD 2
EITHER
P(A) = P(4|B)

OR

P(A) % P(B) = 0.75% 0.80 = 0.6 = P(A4 B)
THEN

A and B are independent
hence 4’ and B are independent

METHOD 3

P(A4") x P(B) = 0.25 x 0.80 = 0.2
P(4") x P(B)= P(4' B)

hence A' and B are independent

58 - (MAT-W 2017-Paper 2/0-Q6) - PROBABILITY

(@

(b)

let X be the number of bananas eaten in one day
X ~ Po(0.2)
PXX =1)=1-P(X =0)

=0.181(=1—e’°‘2)

EITHER

let I' be the number of bananas eaten in one week
¥ ~ Po(1.4)

P(Y =0)=0.246359 ,(=efl-4)

OR

let Z be the humber of days in one week at least one banana is eaten
Z ~B(7,0.181..)
P(Z =0)=0.246596_ ..

THEN
52 x 0.246596. ..

= 12.8(: 52e'“‘)

A1

A1

R1
AG

A1
R1

AG
[2 marks]

(M1)
A1
[2 marks]

(A1)
(A1)

(A7)
(A1)

(M1)

A1
[4 marks]
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59 - (MAT-S 2018-Paper 2/2-Q3) - PROBABILITY

(@)

T T ‘ T
42 50 54 60
X
normal curve centred on 50 A1
vertical lines at x = 42 and x = 54, with shading in between A1
[2 marks]
(b) PM2<X <54) (=P(-2<Z <)) (M1)
=0.819 A1
[2 marks]
) Pu-ko<X<pu+ko)=05=>PX <pu+ko)=075 (1)
k=0.674 A1
| Note: Award M1AQ for k = —0.674 . |
[2 marks]
60 - (MAT-S 2018-Paper 2/1-Q4) - PROBABILITY
(@ P =25)=0.910 (M1)A1
[2 marks]

(b) X isthe number of wolves found to be at least 5 years old
recognising binomial distribution
X ~ B(8,0.910..)
PX >6)=1-P(X £6)
= 0.843
| Note: Award M1AQ for finding P(X > 6). |

1
» SNy
e M

’
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61 - (MAT-S 2018-Paper 2/1-Q6) - PROBABILITY

X is number of squirrels in reserve

X ~Po(179.2) A1
| Note: Award A7if 179.2 or 56 x3.2 seen or implicit in future calculations.
recognising conditional probability M1

P(X >190] X 2 168)

_ P(X > 190) _ 0.19827... (AT)(AT)
P(X =2168)\  0.80817---
=0.245 A1
62 - (MAT-S 2018-Paper 2/2-Q8) - PROBABILITY
@ mp=335 (A1)
pEl=leastn=4 A1
[2 marks]
P (1-p)+np(l- p)’H =0.09478 M1A1
attempt to solve above equation with np =3.5 M1)
7
n=12, p=— (=0.292 A1A1
P=o ( )
| Note: Do not accept » as a decimal. |
5 marks]
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63 - (MAT-S 2018-Paper 2/2-Q9) - PROBABILITY

@ (@ X ~Po(53)

4
P(X =4)=¢7" 543' (M1)
=0.164 A1
(i) METHOD1
listing probabilities (table or graph) M1
mode X =35 (with probability 0.174) A1
| Note: Award MOAQ for 5 (taxis) or mode = 5 with no justification.
METHOD 2
mode is the integer part of mean R1
E(X)=53=mode=5 A1
[ Note: Do not allow ROAT. |
(i) attempt at conditional probability M1)
P(X =7 .
g or equivalent =w A1
P(X = 6) 0.4365...
=0.267 A1
[7 marks]
{(py METHOD1
the possible arrivals are (2,0), (1,1), (0,2) (A1)
¥ ~ Po(0.65) A1
attempt to compute, using sum and product rule, M1)
0.070106... x 0.52204 ... + 0.026455... x 0.33932_.. + 0.0049916... x 0.11028. ..
(A1)(A1)
[ Note: Award A1 for one correct product and A7 for two other correct products. |
=(.0461 A1
[6 marks]
METHOD 2
recognising a sum of 2 independent Poisson variableseg Z =X +Y R1
A=53 +£ A1l
2
P(Z =2)=0.0461 (M1)A3
[6 marks]

64 - (MAT-S 2018-Paper 2/1-Q10) - PROBABILITY

@) a[j0°'53xdx 4 j;(z - x)dx}z 1

| Note: Award the M1 for the total integral equalling 1, or equivalent.

A
-. =y

a@J =1 (M1)A1 '
P

2
a=— AC
3
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(o) EITHER

[M2xdr+ % [ @-xna

2
3
OR

2 2 1
- 2-xdx=—=
BL( ) 3

S0 P(X<1)=§

0.5 2 0.8
(c) P(S<X<0.8)=I 2xdx+§.[ (2 —x)dx
5 0.5
=[# ] +027
025 - s*+0.27

08
P(2s <X <0.8) =§I (2 - x)dx
p24

2
E(1.28 — (45 - 257))

equating

025 - s*+ 027 = %(1.28 — (45 — 25%)

attempt to solve for s
s=0274

65 - (MAT-W 2018-Paper 2/0-Q3) = PROBABILITY

(@) use of inverse normal (implied by £0.1509... or=1.534..))
P(X <16) =056

1074 41509,
a

P(Y < 17) = 0.94

LB 55
a

attempt to solve a pair of simultaneous equations
Hu=159 0 =0.712

(b) correctly shaded diagram or intent to find P(X >15)
= 0.895

(M1)(A1)

A1

(M1)

(M1)A1
[3 marks]

M1A1

(A1)

A1

(A1)

(M1)
A1

[7 marks]

(M1)

(A1)

(A1)

(M1)
A1A1

7

M o
| Note: Accept answers rounding to 0.89 or 0.90. Award M71AO for the answer 0.9. ' .

’
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66 - (MAT-W 2018-Paper 2/0-Q10) - PROBABILITY

@ @) P(Y <60)

=P(X £59) (M1)

=0.102 A1

(i) standard deviation = /70 (= 8.37) (M1)A1

(b) () use of midpoints (accept consistent use of 43, 35 etc.) {M1)

445 x2+545x154+645 x40+ 745 %53 +945+1045x3+1145x 6
2+15+40+353+0+1+3+6

(M1)
8530

=——(=71.1 A1
120 ( )

[4 marks]

Note: If 45, 55, etc. are used consistently instead of midpoints (implied by the answer
71.58...) award MTM1AQ.

(i 13.9 (M1)A1

(c) valid reason given to include the examples below R1
variance is 192 which is not close to the mean (accept not equal to)
standard deviation too high (using parts (a)(iiy and (b)(ii))
relative frequency of X < 59 is 0.142 which is too high (using part (a){i))

Poisson would give a frequency of roughly 14 for 80 < X < 89

[5 marks]

Note: Reasons which do not use values found in previous parts must be backed up with
numerical evidence.

d) P >10)=0.99
1-P £10)=0.99 = P(¥Y £10)=0.01 {M1)
attempt to solve a correct equation (1)
A=20.1 A1

’
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(e) in1 day, no of emails is X ~ Po(A)
in 2 days, no of emails is ¥ ~ Po(24)
P(10 on first day | 20 in 2 days)

_ PX =10) x P(X =10)
- P(Y = 20)
L0 2
L)
20!
AP 20!
= 220&206—24 X (10!)2
20
22301y
which is independent of 4

67 - (MAT-S 2019-Paper 2/2-Q2) - PROBABILITY

(@ X~N (820, 2302)

(A1)
(M1)

(M1)

A1

A1

AG
[5 marks]

(M1)

[ Note: Award M1 for an attempt to use normal distribution. Accept labelled normal graph. |

= P(X >1000)=0.217

(b) Y ~B(24,0217...)

[ Note: Award M1 for recognition of binomial distribution with parameters. \

P(Y<10)-P(¥<4)

Note: Award M1 for an attempt to find P(5 < ¥ <10 or P(Y<10)-P(¥<4),

=0.613

A1
[2 marks]

(M1)

(mM1)

A1
[3 marks]

’
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68 - (MAT-S 2019-Paper 2/1-Q3) - PROBABILITY

(@ (@ 6.75 A1
(i) 2.22 A1
[2 marks]
(b)y (@) 875 A1
(i) 2.22 A1
[2 marks]
(¢) theorderis3,4,6,7,7,8,9,10
median is currently 7 A1
| Note: This can be indicated by a diagram/list, rather than actually stated. |
with 9 numbers the middle value (median) will be the 5" value R1
which will correspond to 7 regardless of whether the position of the median
moves up or down R1

| Note: Accept answers using data 5, 6, 8,9, 9, 10, 11, 12 (ie from part (b)). |

[3 marks]

A
e i
’
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69 - (MAT-S 2019-Paper 2/2-Q3) - PROBABILITY

(a)

~

0.8 —F

o

P 8'6 b

0.6 k - /
%g

0.4 0.6 P/
\

(%)
T

/\
A

<
N
~

A1A1A1
| Note: Award A1 for each correct column of probabilities. |
[3 marks]
(b) probability (at least twice) =
EITHER
(0.6><0.7><0.8) +(0.6x0.7><0.2) +(O.6><O.3 ><0.6) +(0.4>< 0.6x0.7) (M1)
OR
(0.6><0.7) + (0.6><0.3><0.6) + (O.4><0.6><0.7) (mM1)
| Note: Award M1 for summing all required probabilities. |
THEN
=0.696 A1
[2 marks]
(c) P(passes third paper given only one paper passed before)
P (passes third AND only one paper passed before) (M1)
P (passes oncein first two papers)
B (0.6><0.3x0.6)+(0.4><0.6>< 0.7) A1
~ (0.6%0.3)+(0.4x0.6)
=0.657 A1
[3 marks]

o=
O
S5
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70 - (MAT-S 2019-Paper 2/1-Q9) - PROBABILITY

(@) (i) use of formula or Venn diagram (M1)
0.72 +0.45 -1 (A1)
=0.17 A1
(i) 0.72-0.17=0.55 A1
[4 marks]
(b) (i) 200 x 0.45 =90 A1
(i) let X be the number of customers who order cake
X ~B(200,0.45) (M1)
P(X>100):P(X2101)(:1—P(X£100)) (M1)
=0.0681 A1
[4 marks]
(c) (i) 0.46x0.8=0.368 A1

(i) METHOD 1

0.368 + 0.54 x P(S| F) =0.72 M1A1A1
[ Note: Award M1 for an appropriate tree diagram. Award A1 for LHS, A1 for RHS. |
P(S|F)=0.652 A1
METHOD 2
P(S|F)= PEnF) (M1)
P(F)
_ 0.72 — 0.368 A1A1
0.54
| Note: Award A1 for numerator, A7 for denominator. |
P(S|F)=0.652 A1
[5 marks]

71 - (MAT-S 2019-Paper 2/2-Q10) - PROBABILITY

(@) X ~Po(2.1)
P(X =0)= 0.122(: e?') (M1)A1
[2 marks]

-
e i
’
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(b)
Yy 0 1 2 3 4
P(Y =y)| 0.122...] 0.257... 0.270... 0.189... 0.161...
(: 6—2,1) (=672'I2.1) B e‘z"Z.lz ~ e72'12.l3
-2 T
A1A1A1A1
| Note: Award A1 for each correct probability for Y =1, 2, 3, 4. Accept 0.162 for P(Y = 4). |
[4 marks]
© E(¥)=)_yP(r=y) (M1)
=1x0.257...42x0.270...43x0.189...+4x0.161... (A1)
=2.01 A1
[3 marks]
(d) let T be the no of days per year that Steffi does not visit
T ~B(365,0.122...) (M1)
require 0.45<P(T <n)<0.55 (M1)
P(TS44) =0.51
n=44 A1
[3 marks]

() METHOD 1

let V' be the discrete random variable “number of times Steffi is not fed per day”

E(V)=1><P(X:5)+2><P(X:6)+3><P(X:7)+--- M1
=1x0.0416...+2x0.0145...4+3x0.00437...+--- A1
=0.083979... A1
expected no of occasions per year > 0.083979...x365 =30.7 A1
hence Steffi can expect not to be fed on at least 30 occasions AG

Note: Candidates may consider summing more than three terms in their calculation for E(V).

[4 marks]
METHOD 2
E(X)-E(Y)=0.0903... M1A1
0.0903... x 365 M1
=33.0 > 30 A1AG
[4 marks]

72 - (MAT-W 2019-Paper 2/0-Q2) - PROBABILITY

(@ X ~Po(1.3)
P(X >2)=0373

(b) ¥V ~B(5,0.373)

W
A1 =

| Note: Award (M1) for recognition of binomial or equivalent, A7 for correct parameters ? .

P(V =4)=0.0608 (M1)s

F
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73 - (MAT-W 2019-Paper 2/0-Q7) - PROBABILITY

T~N(11.6,0.8)

P(T <10.7|T <11) (M1)
P(T <10.70T <11)

= (M1)

P(T <11)

P(T <10.7)

= (M1)
P(T <11)

P (T<10.7)=0.1302... (A1)

P (T<11)=0.2266... (A1)

P(T<10.7|T<11)=0.575 A1

| Note: Accept only 0.575. |

[6 marks]
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74 - (MAT-W 2019-Paper 2/0-Q10) - PROBABILITY

@ (P(1<X<3) =)Ilz3adx+aj3—x2 +6x—5dx

2

:3a+£a
3

= Ea (=6.67a)

(b)

(3.4a), At for (5,0)

(M1)(A1)(A1)

A1
[4 marks]

A4

award A1 for (0,3a), A1 for continuity at (2,3a), A1 for maximum at

| Note: Award A3 if correct four points are not joined by a straight line and a quadratic curve. |

() (i) P(OSXS5)=6a+aJ.»—x2+6x—5dx

2
=15a
15a =1

1
=—(=0.0667
=>a 15( )

(i) E(X) =%J.02xdx+%“j—x3 +6x7 —5x dx
=2.35

[4 marks]

(M1)

(A1)
(M1)

A1

(M1)(A1)

A1

o=
o

’
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(i)

=13.7

attempt to use J'mf(x)dx =0.5
0

0.4+a£"—x2 +6x—-5dx=0.5

aj‘)m—xz +6x—-5dx=0.1

attempt to solve integral using GDC and/or analytically

L ——1-x3+3x2—5x =0.1
15| 3

m=2.44

2

75 - (MAT-W 2020-Paper 2/0-Q2) - PROBABILITY
let X be the random variable “number of books Jenna reads per week.”

then X~P0(2.6)

P(X >4)=0.264 (0.263998...)
0.263998...x 52

(M1)

(A1)

(M1)

A1
[11 marks]

(M1)(A1)
(M1)

A1

Note: Accept 14 weeks.

(@ ()

(ii)

76 - (MAT-W 2020-Paper 2/0-Q5) = PROBABILITY
people’s holidays are independent of each other

the proportion is constant (at 0.15)

X ~B(16,0.15)

P(X >3)=0.439

(b) probability of at least cne = | —probability of none

=1-0.85" >0.999 OR 0.85" < 0.001

attempt to solve inequality
n=42.503...

so least possible 7 =43

[4 marks]

R1

R1

(M1)A1

[4 marks]

(A1)
1 ===y

’
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77 - (MAT-W 2020-Paper 2/0-Q9) - PROBABILITY

(@ X ~N(102,8)

P(X <100)=0.401

(b) P(X>w)=0.444

— w=103(g)

(X >1101 X >105)
P(X >105)

P
(¢ P(X>110|X >105)=

_ P(X>110)
- P(X>105)
~ 0.15865...
0.35383...

=0.448

(d) EITHER
P(90 < X <114)=0.866...
OR
P(-1.5<Z <1.5)=0.866...

THEN

0.866...x500
=433

(e) p=P(X <95)=0.19078...
recognising ¥ ~ B(80, p)

(M1)A1

(M1)

A1

(M1)

(A1)

A1

(A1)

(A1)

(M1)
A1

[2 marks]

[2 marks]

[3 marks]

[3 marks]

T
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now using ¥ ~ B(80,0.19078...) (M1)

P(Y220):0.116 A1
[4 marks]

78 - (MathAA-S 2021-Paper 2/1-Q2) - PROBABILITY

Note: In this question, do not penalise incorrect use of strict inequality signs. |

Let X = mass of a bag of sugar
(a) evidence of identifying the correct area (M1)

P(X <995)=0.0765637...

=0.0766 A1l
[2 marks]
(b)  0.0766x100
~§ A1l
[1 mark]
‘ Note: Accept 7.66 . |
(c) recognition that P(X >1005|X > 995)is required (M1)
P(X29950X>1005)
P(X >995)
P(X >1005) (A1)
P(X >995)
0.07656... [ 0.07656...
1-0.07656... 0.9234...
=0.0829 A1l
[3 marks]

’
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79 - (MathAA-S 2021-Paper 2/2-Q3) - PROBABILITY

(a) EITHER

0.7+0.2+0.18-P(SNT)=1 oR P(SUT)=1-0.18

OR
a clearly labelled Venn diagram

THEN
P(SNT)=0.08 (accept 8%)

P(S)+P(T)+P(S'NT")-P(SNT)=1 OR P(SUT)=P((S'NT")) (M1)

(M1)

A1

For example, do not accept 0.7 in the area correspondingto S7".

Note: To obtain the M7 for the Venn diagram all labels must be correct and in the correct sections.

(b) EITHER
P(TNS')=P(T)-P(TnS)(=02-0.08) OR
P(TNS")=P(TUS)-P(S)(=0.82-0.7)

OR
a clearly labelled Venn diagram including P(S), P(T) and P(S ﬁT)

THEN
=0.12 (accept 12%)
(c) P(GNT)=P(T|G)P(G) (0.25x0.48)

=0.12

(d) METHOD 1
P(G)xP(T)(=0.48x0.2)=0.096

P(G)xP(T)#P(GﬂT)D G and 7 are not independent

METHOD 2
P(T|G)=0.25

P(T|G)¢P(T):> G and 7 are not independent

(M1)

(M1)

A1

(M1)

A1l

A1

R1

| Note: Do not award AOR1.

[2 marks]

[2 marks]

[2 marks]
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80 - (MathAA-S 2021-Paper 2/2-Q6) - PROBABILITY

(@) E(X)=(n+D[x""dx

:(;f;+1)[;fn++;]1

0

leading to E(X)=

n+l
n+2

(b) METHOD 1

use of Var(X)=E(X*)-[E(X)]

Var(X)z(n+1)j‘x"+2dx—(n+lJ2

Y n+2
1 "ty
—(n+1)|: x"”} —(’ }
n+3 o \n+2
7n+]_ n+1 :
n+3 n+2

(11+1)(n+2)2 —(n+l)2(n+3)
(n+2)2(n+3)

EITHER

(n+ l)(n2 +4.v:f+4—(n2 +4II+3))
(n+ 2)2 (n+3)

OR

w450 +8n+4)—(n’ +50° +Tn+3
( ) )

(n+2)2 (n+3)
THEN
n+l1
so Var(X) :W

M1

A1

AG

[2 marks]

m1

A1

M1
A1

A1

A
e i
’
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METHOD 2

use of Var(X)= E(X—E(X))2

1 2
Var(X)=(n+ I)J(x—n—ﬂ] x"dx
0

n+2

1
:(n-}-l)l:#x"-ﬁ_2(n+1)xn+3+ "+1 Y,H—]}
0

n+3 (n+2)2 (n+2)2.
_n+1_(n+lJl
n+3 \n+2

(n+1)((n+2)" = (n+1)(n+3))

(n+2)2(n+3)

EITHER

(n + 1)(122 +4n+4 —(n2 +4n +3))
(n+2)2 (n+3)

OR

- (113 +5n* +8n +4)—(n3 +5n° +7n +3)

(n+2)2(n+3)
THEN
SO Var(X):n,—-’_1
(n+2)' (n+3)

M1

A1

M1

A1

A1

[4 marks]
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81 - (MathAA-S 2021-Paper 2/1-Q7) - PROBABILITY

(a) recognition of the need to integrate al
R 3
(x‘ + k)
X
——ax(-)
(x' + k)
EITHER

u=x+k= % =2x (or equivalent)

X :l 2x
I—dex zj—mdx

1
=—(x7 +k) 2 (+c)
THEN
attempt to use correct limits for their integrand and set equal to 1

| l6+k | 4
[—u 5} ~1 OR |:—(x2+k)3:| =1
k 0
1 1
—(16+k)2+k 2= (:L—; ]

N

(b) attempt to solve y/16+k —\//;:\/E\]16+k
k =0.645038...
=0.645

(M1)

(A1)

A1

(A1)

A1

M1

A1

AG

(M1)

A1

[5 marks]

[2 marks]
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82 - (MathAA-S 2021-Paper 2/2-Q10) - PROBABILITY

(@) use of inverse normal to find z-score (M1)
z=2.0537...
2.0537...= 32275 (A1)
o
o =3.408401...
o=341 At
[3 marks]
(b) evidence of identifying the correct area under the normal curve {(M1)

P(T>80)=0.071193...

P(7 >80)=0.0712 A1
[2 marks]
(c) recognition thatP(80<T<82) is required (M)
P(80<T <82
P(T <82|T >80) = (80<T< ):(0.051193...) (M1)(A1)
P(T >80) 0.071193...
=0.719075...
=0.719 A1
[4 marks]

A
e i
’
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(d) recognition of binomial probability (M1)
X ~B(64,0.071193...) or E(X)=64x0.071193... (A1)
E(X)=4.556353...
E(X)=4.56 (flights) A1
[3 marks]
(e) P(X>6)=P(X>7)=1-P(X<6) (M1)
=1-0.83088... (A1)
=0.1691196...
=0.169 A1
[3 marks]

A
e i
’
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83 - (MathAA-W 2021-Paper 2/0-Q3) - PROBABILITY

(@)

recognize that the variable has a Binomial distribution

X ~B(30,0.05)
attempt to find P(X 1)

1-P(X =0) OR 1-0.95 OR 1-0.214638... OR 0.785361...

Note: The two M marks are independent of each other.

P(X >1)=0.785

recognition of conditional probability

P(X <2| X >1) OR P(at most 2 defective | at least 1 defective)

Note: Recognition must be shown in context either in words or symbols but

not just P(4|B).

P(1<X <2) P(X =1)+P(X =2)
px=1) % T B(x=)

0.597540... OR 0.812178...—-0.214638... OR 0.338903...+0.258636...
0.785361... 0.785361... 0.785361...

=0.760847...

P(X<2|X>1)=0.761

(M1)

(M1)

A1

[3 marks]

(M1)

(A1)

(A1)

A1

[4 marks]

Total [7 marks]

o=
o
G
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84 - (MathAA-W 2021-Paper 2/0-Q7) - PROBABILITY

a=0.124861...
a=0.125

(a) recognises that J arccosx dx=0.5 (M1)
Q
marccosm—1—m’ —(O—JT) =05
m=10.360034...
m=0.360 A1
[2 marks]
(bp) METHOD 1
attempts to find at least one endpoint (limit) both in terms of m (or their m ) and a {M1)
P(m-a<X <m+a)=03
0.360034...+a
arccosx dx=0.3 (A1)
0.360034...~a
Note: Award (A1) for [ arccosx dr=0.3.
0.360034..+a
[x arccosx—«/l—xﬂ
0.360034..~a
attempts to solve their equation for a (M1)
| Note: The above (M1) is dependent on the first (M1).
a=0.124861...
a=0.125 A1
METHOD 2
[ arccos|x—0360034. | dx (=0.3) (M1)(A1)
Note: Only award (M1) if at least one limit has been translated
correctly.
Note: Award (M1)(A1) for j arccos|x—m| dx (=0.3).
attempts to solve their equation for a (M1)

=y
o

.

’
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METHOD 3

EITHER
[ arccos (x+0.360034...) dx (=0.3)

a

Note: Only award (M1) if at least one limit has been translated
correctly.

Note: Award (M1)(A1) for I arccos(x+m) dx (=0.3).

—a

OR

2{0.360034...)+a

arccos(x—0.360034...) dx (: 0.3)

2{0.360034...)-a

Note: Only award (M1) if at least one limit has been translated
correctly.

Note: Award (M1)(A1) for ‘ I arccos(x—m) dx (=0.3).

2m-a

THEN

attempts to solve their equation for «

Note: The above (M1) is dependent on the first (M1).

a=0.124861...
a=0.125

(M1)(A1)

(M1)(A1)

(mM1)

A1

[4 marks]
Total [6 marks]

’
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1 - (MAT-S 2012-Paper 2/1-Q1) - DIFFERENTIATION

@:?mcz —12x+k
dx

For use of discriminant »* —4ac =0 or completing the square 3(x - 2)2 +k-12
144124k =0

Note:  Accept trial and error, sketches of parabolas with vertex (2,0) or use of
second derivative.

k=12
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2 - (MAT-S 2012-Paper 2/2-Q6) - DIFFERENTIATION

@)

| (1'52,0)
>x
(-2-34 ,-0:317) (294, —0~31%)

Note: Award A1 for correct shape. Do not penalise if too large a domain is used,
A1l for correct x-intercepts,
A1 for correct coordinates of two minimum points,
A1l for correct coordinates of maximum point.

Accept answers which correctly indicate the position of the intercepts,
maximum point and minimum points.

(b) gradient at x=1is —0.786

-1
—0.786
when x=1, y=0.3820...

Equation of normal is y—0.382=127(x-1)
(= y=1.27x-0.890)

(c¢) gradient of normal is

(=1.272..))

A
e i
’
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3 - (MAT-S 2012-Paper 2/1-Q10) - DIFFERENTIATION

attempt to find intersections

) } 10 10m 10m 10
mtersections arc . and , —
m+2 m+2 2m—-1 2m-1
. 1 100+ 100m" 100 + 100n7
area of triangle = — x
(m+2) (2m-1)

50(1+ )
(m+2)(2m 1)
minimum when m =73

-
v 0
’
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4 - (MAT-S 2012-Paper 2/1-Q11) - DIFFERENTIATION

@) (3.79,-5)

(b) p=15Tor g g=6.00

(¢) S (x)=3cosx—4sinx
3cosx—4dsinx=3—=>x=4.43...
(y=-4

Coordinates are (4.43, —4)

1

(dy m =—

normal ~_
tangent

gradient at P is —4 so gradient of normal at P 1s %
. . . .1
gradient at Q is 4 so gradient of normal at Q 1s 3

. i 1
equation of normal at Pis y—3 :1(x71.570. ) (ory=0.25x+2.60..)

Note: Award the previous two M1 even if the gradients are incorrect in
y—b=m(x—a)where (a,b) arc coordinates of P and Q
(or in ¥ =mx+c¢ with ¢ determined using coordinates of Pand Q.

intersect at (3.79, 3.55)

Note: Award N2 for 3.79 without other working.

. . 1
equation of normal at Qi1s y—3= —Z[x— 5.999.. j [Ory =—-0.25x+ 4.499..,

’
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IB DIPLOMA

5 - (MAT-W 2012-Paper 2/0-Q12) - DIFFERENTIATION

(a)

L=CA+AD
sincr = —— = CA = _a
11824
cosa=i=>AD= b
D CosSc
L= -a + b
SN COScY
5 |
by a=S5andb=1=L=—+
sina cosa

METHOD 1

y
4\

/

(1042, 7-773)

Y,
",

> X

minimum from graph= L =7.77
minimum of /. gives the max length of the painting

METHOD 2

dl. -5cosa sina
—_— +

da sina costa
dZ sin’ o ;
= —S5=tana =35 (@=1.0416..)

da cos’ a
minimum of L gives the max length of the painting

“ ! ' g5
maximum length =7.77 ' .
d. 3kcosa ksma (or equivalent) ’

© ——=— +
da gn‘a cosa
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(d)

(e)

3 = 3
d.  3kcos o+ ksin” o
= . 2 2
do sin” orcos” o

-3
&y sin a:%:»tana=\3/§ (0 =0.96454..))

dex cos’ a

anor=PB—=—— -1+ (1.755...)

cos

1L _y1+30 (1.216..))

and =
sin o e

3
L=3k[ ““‘@]Jrk 1439 (L=5405598...k)

A

L=<8=F=2148

the minimum value is 1.48

-
v 0
’
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@ (i)

(ii)

6 - (MAT-S 2013-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION

METHOD 1

dy .
—— = —sinxX+cosx
dx

dy

ya: (cos x + sin x)(—sin X + cos x)

=cos’ x—sin’ x
=cos2x

METHOD 2
y* = (sinx+ cosx)2

&y

2ydx =2(cos x + s x)(cos x —sin x)

dy

y—=cos" x—sin’ x
dx

=cos2x

attempting to separate variables j ydy= jcos 2xdx

1);2 = lsin2x+ C
2 2

Note:

Award A1 for a correct LHS and A7 for a correct RHS.

(iif)

1
y==4(smn2x+ A)?

sin 2x+ A = (cos x + sin x)

(cos x +sin x)* = cos” x + 2sin xcos x + sin” x

use of sin2x=2sinxcosx.

A=1
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by @

1

s0 g(x)=(sin2x+3)2.

range g 18 [JL_’ , 2}

1

substituting x = % and y =2 into y = (sin2x+ A4)*

Note:

Accept [1.41,2]. Award AZ for cach correct endpoint and

A I for the correct closed interval.

(ii)

(i)

ki 1
j'ol (sin2x +3)? dx
—=2.99

TEIOE (sin2x + 3) dx—7(1) [g] (or equivalent)

Note:  Award (MI)(A1)(A1) for njoa (sin2x+ 2)dx

—17.946 — 4.935 (:g(3n+ 2)—7':(%])

=13.0

Note:

Award A1 for n(an+1).
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7 - (MAT-S 2013-Paper 2/1-Q13) - DIFFERENTIATION
@  F(2)=9
=1y
(F Y ()= %(xl)ﬁ
14! _ i
YO -

f(x)=3x"
LN S
2y 3x4 12

| Note: The last M1 and A1 are independent of previous marks.|

()  g'x)=¢" +2x%"
2'(x) >0 as each part is positive
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(¢) to find the x-coordinate on y = g(x) solve

2= xe*
x =0.89605022078...

gradient = (g7)(2) =

1
0896y (1+ 2x(0.896.. .)2)

1
2(0.89...)

=0.172 to 3sf

(using the j—y function on gde g'(0.896...) =5.7716028...
X
1

. —0.173)
2'(0.896...)

@ () (e =2
x=-0.470191. .

(i) METHOD 1

(gof)(x) =32 (2(x3 +1)% + 1)
(go )(—0.470191...) =3.85755...
1

h(2)=———=10.259 (232...
2) 3.85755... ( )

Note: The solution can be found without the student obtaining
the explicit form of the composite function.

METHOD 2
h(x)=(f"og ()
H) = (g7 (g™ ()

e e
O =5(g"@-1)  x(gV )

2
—%(0.89605...—1) 3% 0.171933...
=0.259(232..)
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8 - (MAT-S 2013-Paper 2/2-Q13) - DIFFERENTIATION

(a) EITHER

# = —arctan E —arctan 13
X 20

] (or equivalent)

X

Note:  Accept @ =180°—arctan (Ej —arctan [ 2(} 3

] (or equivalent).

OR

f = arctan i + arctan 20_—x
8 13

(b)y () 6=0.994 (=arctan %)

(i) 6=1.19 (_arctan;)

(c)  correct shape.
correct domain indicated.

155

] (or equivalent)
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(d)  attempting to differentiate one arctan( f(x)) term
EITHER

(3)omim(555)
# =mn—arctan| — |—arctan
X 20— x

dg 8 1 13 1

- = %

b 2 (ST_(ZO—xfx [ 13 ]
1+| — 1+
X 20— x

THEN

8 B 13
X +64 569—40x+ x*

 8(569—40x+ x*) —13(x* + 64)
(x* + 64)(x* —40x+ 569)

5744 64x - x7)
(27 + 64)(xP — 40x+ 569)

() Maximum light intensity at P occurs when g =0.

dx
x=10.05 (m)
dx
—=0.5
0y 4
de 5
At x=10, — =0.000453 (= ——).
¥ dx =110’
dg de dx
useof — =—x—
d de dr
4 =0.000227 (= L) (rad s™)
dr 22058
2012 -2021

either attempting to solve %9 =0 for x or using the graph of either & or ik
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9 - (MAT-S 2014-Paper 2/2-Q9) - DIFFERENTIATION

METHOD 1

) 1
volume of a cone is V' = —mr*h

given h=r, :%Tch3

4 _ e

dh

when /=4, dl:?txélsz.S (using dl:d—VX%)
dr de dh dt

dl

— =8m (=25.1 *min”!
T ( ) (em’min™)

METHOD 2

volume of a cone is V' = —mr*h

given h=r, }V/ :%Tch3

d_V:lﬂ:x:‘)hzxﬁ
d 3 df
when s =4, dl:?txélzXO.S
dr
d—V:STc (=25.1) (em’min™)
dr
METHOD 3
V=lﬂ:r2h
3
d—V=ch 2rh£+r2%
de 3 dr dr

Note: Award M1 for attempted implicit differentiation and A7 for
each correct term on the RHS.

when h=4, r=4, ar =ln(2x4x4x0.5 +47%0.5)
dt 3

% =81 (=25.1) (em’min™)

P
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10 - (MAT-S 2014-Paper 2/1-Q10) - FUNCTIONS - ROOTS, DIFFERENTIATION

1 1.
(a) x—)—oo:>y—>—5 SO y=—§ 1s an asymptote

e'—2=0= x=In2 so x=In2(=0.693) is an asymptote

by @ S(x)=

(i)  f(x)=0 when " —4e* —e" =0
e (e2‘—4ex—1)=0
¢ =0, "' =—0.236, ¢"=4.24 (or & =2J_r£)

Note: Award A7 for zero, A1 for other two solutions.
Accept any answers which show a zero, a negative and a positive.

as ¢" >0 exactly one solution

Note: Do not award marks for purely graphical solution.

(i) (1.44,8.47)

©  f(0)=-4
so gradient of normal is l
F(0)y=-2

so equation of 7, is y= %x—Z

-
v 0
F

2012 -2021 675




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

()=~
@@=

s0 x=1.46

f(1.46)=8.47
equation of L, 1s y—8.47 = %(x—l 46)

(or y=%x+8.ll)
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11 - (MAT-S 2014-Paper 2/2-Q10) - DIFFERENTIATION

(a) METHOD1
expanding the brackets first:

x4 2%y 4yt =4xy’

dy dy dy
45’ +4xy* +4x°y—=+4y° —=4y* + 8xp =
4 ydx 4 dx 4 ydx

Note: Award M1 for an attempt at implicit differentiation.
Award A1 for each side correct.

d_y__x3_xyz+yz

i ", - or equivalent
YX-—axy+y

METHOD 2

dy dy
2(x*+ %) 2x+2y = |=4y’ +8xy =
(x y)[x ydx] 7T g

Note: Award M1 for an attempt at implicit differentiation.
Award A1 for each side correct.

dy dy
Py x+y= =y 4+ 2xy—
(x y)(x ydx]y e

dy dy dy
X +xty—+y'x+y ==y +2xp—
yl Y Y 1 Y xyl

d_y_—x3—xy2+y2

" T — or equivalent
YX“—ixy+y

(b)y METHOD 1
at (1,1), & is undefined
dx
y=1

METHOD 2

vt —2xy+ 3
gradient of normal =—i :—(y - }: yz)
d_y (—x —xy +y )

dx

at (1, 1) gradient =0
y=1
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12 - (MAT-S 2014-Paper 2/2-Q12) - DIFFERENTIATION

(@) C=AXx5k+XBxk (M1)

Note: Award (M1) for attempting to express the cost in terms of AX, XB and k.

= 5k4450% + x* +(1000—x)k Al
= 5k 202500 + x> + (1000 — x) AG

®) ) £=A{ OX2x —1}:/& X M1A1
dx | 24202500+ x> 202500 + x>
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(i1) attempting to solve % =0 M1
X =1 (A1)
V202500 + x°
ngl_g(m)[ 758 )] "
METHOD 1
for example,
at x:91£=—0.00895k<0 M1
dx
at x=92 £20001506k>0 Al
dx
Note: Award M1 for attempting to find the gradient either side of
x=91.9 and A1 for two correct values.
thus x=91.9 gives a minimum AG
METHOD 2
d*C _ 1012500 %
2 3
(x* +202500)2
d*C
at x=91.9 —-=0.010451k >0 (M)Al

Note: Award M1 for attempting to find the second derivative and A1
for the correct value.

2

Note: If d
dx

award (M1)A1 for correct reasoning eg, both numerator and
denominator are positive atx =91.9.

n 1s obtained and its value at x=91.9 1s not calculated,

thus x=91.9 gives a minimum

METHOD 3 =
: : dC
Sketching the graph of either C versus x or — versus x .

dx
Clearly indicating that x =91.9 gives the minimum on their graph.
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(© C, =3205k

Note:  Accept 3200%.
Accept 3204 k.

(d) arctan (ﬁ]: 78.463K °

01.855865K
180-78.463K =101.537K
=102°
i 450
() (1) when 8=120° x=260(m) | ——(m
(7]
(i) 133.728K < 100%
3204.54076835K
= 4.17 (%)
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13 - (MAT-W 2014-Paper 2/0-Q10) - DIFFERENTIATION
(a) useof A= %qr sin @ to obtain 4 = %(x+ 2)(5—x)*sin 30°
= i(x +2)(25 —10x + x%)
A= i(f— 8x*+ 5x + 50)
d4 1

(b)) a=Z(3x2—16x+5)=%(3x—1)(x—5)

(i) METHOD 1
EITHER

THEN

SO %=0 when x=%

METHOD 2
solving d =0 forx
dx

1
2<x<S=x= 3

s0 — = () when le

METHOD 3

a correct graph of % Versus x
dx
: dA4 1
the graph clearly showing that ™ =0 when x= 3

so — =0 when x=l
dx 3

’
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3 3 3N 3
=391.702...

QR =19.8(cm)

IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION
© o S leey
dx* 2
2

for x:g, d [j =-3.5(<0)

S0 x = % gives the maximum area of triangle PQR
() A= ﬁ(: 12.7)(ecm?)

27
7 14Y

(11) PQ= 3 (cm) and PR = {?] (cm)
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14 - (MAT-W 2014-Paper 2/0-Q13) - DIFFERENTIATION, INTEGRATION

(a) attemptingtouse I/ = :n:jb x*dy
attempting to express x* interms of y ie x* = 4(v+16)
A
for y=h, 1 = 475.[0 y+16dy

h?.
V= 47{7 + l6hJ

(b) (i) METHOD1

dh_dh 4
de diF dr
a_ dn(h + 16)
dh
d_ 1 —asodh
dt  4mn(h+16) n(h+16)
Note: Award M1 for substitution into i = %xd—V :
de dVf dt
dn 250
dt 4t (h+16)*
METHOD 2
a_ 4n(h+ 16)% (implicit differentiation)
di di
—250vh dh
—J_ =4n(h+16)— (or equivalent)
n(h+16) dt
dh__ 1 sk
dt  4n(h+16) mn(h+16)
dn 250n

dt 4’ (h+16)

.. dr Ant(h+16Y
(i) —=———
dh 250./h
2 2
z=j—4“ (h+16)°
25041
2 2
z=j—4“ (K +32h+256)
250A
—4x’ !

3 1 1
t= j(hz 13242 +2564 ¢ ]dh
0
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(i1) METHOD 1
_ A

0
250 Ls(

]dh
t =2688.756...(8)
45 minutes (correct to the nearest minute)

3 1 1

¢ h2+32h% +256h 2

(M)

(A1)
Al

METHOD 2
At 3 3 L
_in th +ﬁh2 +512h% |+c
250 { 5 3
2 El 3 1
when t=0,h=48 = ¢=2688.756...| ¢ = in z>< 482 +ﬁ>< 482 +512x 482
2500 5 3
2 5 3 L
when 2=0, r=2688.756...| 1 = 4 E><482 +ﬁ>< 482 +512x 482 | |(s)
2500 5 3
45 minutes (correct to the nearest minute)
(¢) EITHER
the depth stabilises when ar =0 ie 8 S—M =0 R1
dr n(h+16)
attempting to solve 8.5— M =0 forh (M1)
T(h+16)
OR
the depth stabilises when %= ie _ 8.5—M = R1
dr 4n(h+16) n(h+16)
attempting to solve _ 8.5—M =0 for h (M1)
dn(h+16) w(h+16)
THEN
h=35.06 (cm) I
., F——0
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15 - (MAT-S 2015-Paper 2/1-Q5) - DIFFERENTIATION

I = 2007

Note: Allow }” =mhr® if value of / is substituted later in the question.

EITHER
d—V = 2001121’i
dr dr

Note: Award M1 for an attempt at implicit differentiation.

at ¥ =2 we have 30 = 200114%

OR
dV
dr 3 E
&
dr
di: 400mr
dr
r =2 we have d—V: 800~x
dr
THEN
d 30 3
g (=— =0.0119] (ems™)
dr  800m 80m
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16 - (MAT-S 2015-Paper 2/1-Q6) - DIFFERENTIATION

F(x)=3x"+¢"

Note: Accept labelled diagram showing the graph y = f’(x) above the x-axis;

do not accept unlabelled graphs nor graph of y = f(x)

EITHER

this is always > 0
so the function is (strictly) increasing
and thus 1-1

OR

this is always > 0 (accept # 0)
so there are no turning points
and thus 1-1

17 - (MAT-S 2015-Paper 2/1-Q9) - DIFFERENTIATION

1=02y=1

J)=13680..

]
Note: The exact answer s y’((l):e—=1+-.

¢ ¢

0 gradient of norme i
1367879

(=105,

equation of nomalis y=-0.731038...x+¢
gives y=-0T31x41
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18 - (MAT-S 2015-Paper 2/2-Q11) - DIFFERENTIATION
(a) attempt at implicit differentiation

dy dy
2x—-5x—-5v+2v—=10
dx Y ,de

Note: A7 for differentiation of x*—5x3, A7 for differentiation of
v and 7.

dy
2x—35v+—(2v-5x)=0
y dx( y—35x)

dy 5y—2x
dx 2y-35x

d_y_5><1—2x6_ 1

(b) =—
dx 2x1-5x6 4

gradient of normal =—4

equation of normal y=—-4x+c
substitution of (6, 1)
y=—4x+25

Note: Accept y—1=-4(x-06)

(¢c) setting oy 2x =1
2y—>5x
y=-X
substituting into original equation
X +5x+xt=7
Tx'=17
x=x*1
points (1, —1) and (-1, 1)

distance = J§(= 2\/5)

-
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19 - (MAT-W 2015-Paper 2/0-Q13) - DIFFERENTIATION

NE 3 -
a "(x)=30e 400 .| = o 400
@ 7' 400{ 20 J

Note: Award M1 for attempting to use the chain rule.

Py = m e |2 3w X
20 4000 20

b2

]

<
e

Note: Award M7 for attempting to use the product rule.

(b) the roof function has maximum gradient when f"(x)=0

Note: Award (M1) for attempting to find f”(—\/ZOO).

EITHER
=0

OR
() = 0= x = £4/200

THEN

valid argument for maximum such as reference to an appropriate graph or
change in the sign of f'(x) eg ["(-15=0.010..(>0) and
f"(-14)=-0.001...(< 0)

= x = —+/200
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(©) A=2a-30e [= 60ae 0 =—400 f’(a)]

EITHER

a’ at

da

OR

(M1)(A1)

A _ 600 w0 . — % +60e 190 =0= a = /200 (—400f”(a) —0=a= Jzoo)

M1A1

by symmetry eg a = —+/200 foundin (b) or 4 __ coincides with f"(a)=0 R1

= a = 200
THEN

20
A =60 - [200¢ 0

1
= 600-/2¢ 2

d2

d) () perimeter= 4a + 60e *®

Note: Condone use of x.

22

~400
Gy 7(a)= w

a

60ae 10

graphing 7 (a) or other valid method to find the minimum
a=1206

2
X
20 ——
(i) area underroof = | 30¢ *® dx
20

= 896.18...

26

area of living space = 60-(12.6...)-¢ *° =3508.56...

A1

1

AG

A1A1

(A1)

(M1)
A1

M1
(A1)

(A1)

percentage of empty space = 43.3% l
., P
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20 - (MAT-S 2016-Paper 2/2-Q7) - DIFFERENTIATION

dy dy
3+ 3y ==4| v+ x—
(@ X +oy | (,V x]]

(3);2 — 4x)% =4y - 3x°

dy 4y -3x°

dx 33" — 4x

dy 2
by —=0=4y-3x"=0
(b) ” Y
substituting x = k£ and y = %kl into x°+ 3° = dxy
B+ ﬂkﬁ =3k
64
- 3 27 6 3
attempting to solve £~ + ak =3k fork

e =1.68(= giﬁj

21 - (MAT-S 2016-Paper 2/2-Q11) - DIFFERENTIATION
(a) EITHER

o= arctan% - arctan% (=34992..° - 26.5651..7) {(M1)(A1)(A1)

Note: Award (M1) for & = APT - BPT, (A1) for a correct APT and (A1) for a correct BPT.

OR

o = arctan 2 — a:rctang (=63.434..° - 55.008..%) (M1)(A1){A1)

Note: Award (M1) fora = PBT — PAT, (A1) for a correct PRT and (A1) for a correct PAT.

OR
125 + 149 — 4
o = arccos (MT)(AT)(A1)
(2 x 4125 x \/149]

Note: Award (M1) for use of cosine rule, {A1) for a correct numerator and (A
for a correct denominator.

THEN
=8.43°
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(b) EITHER

7
X

= |

tan o = M1A1A1

Note: Award M1 for use of tan(A — B), A7 for a correct numerator and A7 for a correct
denominator.

2
__x M1
142
xZ
OR
XX
tangg = —=> 1 M1A1A1

Note: Award M1 for use of tan(4 — ), A1 for a correct numerator and A7 for a
correct denominator.

2x
=33 M1
1+
35
OR
2
cosr = x+35 M1A1

J(xz +25)(x* + 49)

Note: Award M1 for either use of the cosine rule or use of cos(4 — B). |

sin = 2x A1l
J(xz +25)(x + 49)
2x
2 2
o J(x+25)(x* + 99)
x*+ 35
\/(xz +25)(x* + 49)
THEN
2x
tan ¢ = >
x4+ 35

-
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2(x* +35) - (2x)(2 o
© i(tanoa): (x* +35) - (2x)2) _ 70— 2x

dx (x*+35) (x*+35)

Note: Award M1 for attempting product or quotient rule differentiation,
A7 for a correct numerator and A7 for a correct denominator.

(i) METHOD 1
EITHER

4 ey =0=70 - 2" =0
dx
x = 35(m)(= 5.9161...(m))

fan & = —— (= 0.16903..)
35

OR
attempting to locate the stationary point on the graph of
2x
tan & = —
x +35

x =59161... (m)(=~35(m))

1
tan ¢ = 0.16903.. | = —
%)
THEN
o =959

-
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METHOD 2
EITHER
_ 2
0:=arctan( 22x ]:>d—a= 0 22x M1
X +33) de (x4 35) + 4’
C}EC’@O:» x = +/33(m)(= 5.9161...(m)) A1
OR
attempting to locate the stationary point on the graph of
o = arctan M1
{xz + 35} 1)
x=359161...(m) (= V35 (m)) A1
THEN
1
o =10.1674...| = arctan— (A1)
35
=9.59° A1
& (x* +35) (=dx) =(2)(2x)(x* +35)(70-2x) [ dx(x* - 105)
(iii) —(tan r) = - — _
dx (x* +35) (x*+35)
M1A1
2
substituting x = v/35 (= 5.9161...) into d2 (tan &7) M1
2
—(tanar) <0 (= —0.004829..)and so & = 9.59" is the maximum
value of & R1
& never exceeds 10° AG
(d) attempting to solve — = tan7’
x + 35
Note: Award (M1) for attempting to solve — 33 =tan7" . I
x4+
x=255and x=13.7 " =
2.55<x<13.7 (m) ' .
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22 - (MAT-S 2016-Paper 2/1-Q12) - DIFFERENTIATION

@ a=5-1
a=2
dy ly .
b) 2y—=—|2x—=+2y|=-
(b) ™ [x y] S

| Note: Award M1 for an attempt at implicit differentiation, A7 for each part.

dy _ 2y-¢
dx  2(y-x)

atx=0, d—: 3

(©)

4
finding the negative reciprocal of a number

4
gradient of normal is ——

4
=—=x+2
4 3

(d)

substituting linear expression

2
(—ix + 2\ - 2x[—§x + 2] +e"— 5 =0 orequivalent

x=1.56
y=-0.0779
(1.56, - 0.0779)

dv dy
e) —=3y'—=
) el
£=3X4X3=9
4
2012 -2021 694
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23 - (MAT-S 2016-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION

@ 0

4{e +e ]_2[e—e ]
2 2

_ 1
_2(e”+e_x)—(e”—e_x)
B 1
43
— ex
e+ 3

(i) u=¢ = du=¢"dx
e 1
dx= du
J‘e”+3» ju2+3
(when x=0, u=1 andwhen x=In3, u =3)

j;du = [Larctan lﬂs
1’43 NE) NZ) .

el
i

9 18

18

-
v 0
’
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CH 17 - DIFFERENTIATION

(b) ()

(ii)

€ @

(7 + 1) — 2ke" + (n—1) =0
2% + J4k2 —4(n* 1)
B 2n + 1)

1 [ki\/kz—n2+1}
X =m

n+1

X

for two real solutions, we require & > \/kz - +1

and we also require £ —#*+1>0
F>n-1

= k> \/nz—l (keR™)

METHOD 1

—X

g —e

tH(x) =

g'+e”
e} - (ef—e)
(e +e™) —(—e7)

(ex +e " )2
(e’c +e " T B (ex —e " T
, 2 2
t(x) = 5
e'+ e

=5
_lrel - le@l
[reof

METHOD 2
F @) (x) — g(0)f(x)
[Fof
g'(x) = F(x) and f(x) = g(x)
_ @l - [s@l
[Fof

H(x) =

£(x)=

2012 -2021
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METHOD 3
Hx) = (eI - e_x)(ejC +eF )71
t’(x) =1_u
(e’C + efx)
[g(JC)]
[f(x)]
@l -le@l
[l
METHQOD 4
£(x) = g g)f(x)
o [/

g,(x) = f(x) and f’(x) = g(x) giVGS t’(x)zl_ [g(x)]2
[0l

_ref - [e@f
o]

(i) METHOD1

[7)] > [g()] (or equivalent)
[Feo)] >0

hence r(x) >0, xeR

-
v o
’
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METHOD 2
[ £ = [g(x)] =1 (or equivalent) M1A1
[F )] >0 R1
hence #(x) >0, xe R AG
Note: Award as above for use of either f(x) = © +26 and g(x) = © _Ze
ore’+e ande —¢e .
METHOD 3
, 4
r(x)= 3
(e” + e )
(ex + e”f)2 >0 M1A1
4
—— >0 R1
(e’C +e )
hence ¢ (x) >0, xeR AG

-
v 0
’
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24 - (MAT-W 2016-Paper 2/0-Q6) - DIFFERENTIATION

METHOD 1
substituting for x and attempting to solve for 3 (or vice versa) M1)
y=(£)0.11821... (A1)
EITHER
d 145
1455 +143p P g [ Do 10 M1A1
dx dx 143y
OR
145x£ + 143yd—y =0 M1A1
dr dr
THEN
145(3.2x107°
attempting to find b |d__ ( ) x(7.73x107) (M1)
dr | dr  143((%)0.11821...)
d—y=4_r2.13><10'6 A1
dr

[ Note: Award all marks except the final A7 to candidates who do not consider +. |

METHOD 2
2

y=(%) /1 77125536 M1A1
dy
E:(i)o.oz’m... (M1)(AT)
dy -5
E=(i)0.0274‘..><7.75 10 (M1)
j—y=i2.13x10'5 A1

{

[ Note: Award all marks except the final A1 to candidates who do not consider +. |

[6 marks]

P
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25 - (MAT-W 2016-Paper 2/0-Q10) - FUNCTIONS - ROOTS, DIFFERENTIATION, INTEGRATION

(a) attempting to solve either 2e"—1=0 or 2e"—1= 0 for x M1)
D=R\{—h12} (or equivalent eg x# —In2) A1

Note: Accept D =R\ {-0.693} or equivalent eg x # —0.693.

[2 marks]
(b) considering lirrll J(x) (M1)
x—-In2
x=-In2 (x=—0.693) At
considering one of lim f(x) or lim f(x) M1
Iim f(x)=-2=> y=-2 A1
lim f(x)——l:» S A1
L —>+co 2 y 2
Note: Award AOAOfor y=-2 and y= —% stated without any justification.
[5 marks]
—e* (26x - 1) - 2¢" (2—6*)
© [f(x)= > M1A1A1
(2¢"-1)
S AG
(2¢-1)
[3 marks]
(d) F'(x)<0 (forall xeD) = [ is (strictly) decreasing R1
Note: Award RT for a statement such as f’(x) # 0 and so the graph of /* has no
turning points.
ohe branch is above the upper horizontal asymptote and the other branch is
below the lower horizontal asymptote R1
f has aninverse AG
—oo<x<—2u—%<x<oo A2
| Note: Award A2 if the domain of the inverse is seen in either part (d) or in part (e). |
[4 marks]

’
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Ay
@ x=2=S M1
2¢’ -1
‘ Note: Award M1 for interchanging x and y (can be done at a later stage). ‘
2xe’ —x=2-¢" m1
e Rx+)=x+2 A1
+ 2
x)=In o ) =In(x+2)-In{2x + 1 A1
o =0 22 (10 = (- -z )
[4 marks]
b
® useof V= njf dy (M1)
r +2 )Y
= x| In 2 dy (A1)(A1)
. 2y +1
| Note: Award (A1) for the correct integrand and (A7) for the limits. |
=0.331 A1
[4 marks]
26 - (MAT-S 2017-Paper 2/1-Q2) - DIFFERENTIATION
d 1d
@ y+x2-__g M1A1AT
dx y dx
| Note: Award AT for the first two terms, A7 for the third term and the 0.
d 2
g__r A1
dx 1-=xy
Note: Accept .
Iny
Note: Accept _—yl
x__
Y
[4 marks]
el
(b)y m,= 7 (M1)
l-ex=
e
m.=—¢e

y—e=—¢x+2e

—e’x — y + 3e = 0 or equivalent

Note: Accept y=—-7.39x+8.15.

(A1)
A
O

P
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27 - (MAT-S 2017-Paper 2/2-Q2) - DIFFERENTIATION, INTEGRATION

(a) METHOD1
4’ +y* =7
8x+2 d—’V—O

Y ax

dy ~ 4x
de y

(M1)(A1)

d
Note: Award M1A7T for finding ay: -2.309..

. using any alternative method.

hence gradient of normal =2
4x

A

hence gradient of normal at (1\/5) is TB(: 0.433)

hence equation of normal is y — \/_ = ?(x -1

y =—x+TJ (»=0.433x+1.30)

(M1)

(A1)

(M1)A1

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2
METHOD 2
dx*+y' =7
y=~7—4x M1)
d 4
Yo (A1)
dx 7 —4x°
d
Note: Award M1A7 for finding Ey =-2.309... using any alternative method.
7—4dx*
hence gradient of normal =4_x (M1)
X
hence gradient of normal at (l,\/?_)) is g(z 0.433) (A1)
. . 3
hence equation of normal is y — \/_ = T(x -1 (M1)A1
3 343
v V3,3 (y=0.433x+1.30)
4 4
J7
2
(b) Useof V= nj 3dx
0
i
2
V= nj (7 - 4x2)dx (M1)(A1)
o]
Note: Condone absence of limits or incorrect limits for M mark.
Do not condone absence of or multiples of .
N
=19.4 [= —{EJ A1

[6 marks]

[3 marks]

’
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(@)

(b)

£= 0.00128 [ 4
dt 3

28 - (MAT-S 2017-Paper 2/1-Q8) - DIFFERENTIATION

area of segment = % x 0.5 % (0 —sin®)

I”= area of segment x 10

5
V' =—(0 —sind
4( sin &)

METHOD 1

a = 2(1 — cos H)ﬁ
dt 4 dr

0.0008 = 2[ 1 - cos =] 42
4 3) dr

% = 0.00128 (rad s7)

METHOD 2

o _do ar
de dI7  dt

d—sz(l—cosé?)
dg 4

dé 4% 0.0008

de 5[1 —COSE]
3

125

J (rad s71)

M1A1

A1
[3 marks]

M1A1

(m1)

A1

(M1)

A1

(1)

A1

[4 marks]

.
’
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29 - (MAT-S 2017-Paper 2/1-Q12) - FUNCTIONS - ROOTS, GRAPHS, DIFFERENTIATION
(@ x*-1>0 M1)
x<-lorx>1 A1
[2 marks]
(b)
x=-1 xi=1
i 37
(-2.90,0) ! i (2.90,0)
shape ' ' Al
x=1land x=-1 A1
x-intercepts A1l
[3 marks]
() EITHER
f is symmetrical about the y-axis R1
OR
S(=x) = f(x) R1
[1 mark]
(d) EITHER
f is not one-to-one function R1
OR
horizontal line cuts twice R1
Note: Accept any equivalent correct statement.
[1 mark
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(e) x=—1+ln( yz—l) m1
€2x+ 2 — yl _ 1 M1
gl ()= +1, xeR A1A1
[4 marks]
O )= = M1AT
JE-1 20 -1
x
(%)= At
g ==
[3 marks]
@ 0 g®= 2x_1=03x=0 M1
which is not in the domain of g (hence no solutions to g'(x) = 0) R1
. elx+2
i) (g')()=—F——= M1
( ) e2x+2+1
as e >0= (g’l)r (x) >0 so no solutions to (g’l)f (x)=0 R1
Note: Accept: equation ¢*** =0 has no solutions. |
[4 marks]
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30 - (MAT-W 2017-Paper 2/0-Q10) - DIFFERENTIATION, INTEGRATION

(@) () attempt to use quotient rule or product rule M1
1
sin x lx 2| - \/;cosx
filx) = 2 __ 1 Vreoss A1A1
sin” x 2Jxsinx  sin’x
1
Note: Award AT for —=—— or equivalent and AT for —J;_C—SS)C or
2\/;s1nx sin” x
eguivalent.
setting /'(x)=0 M1
sin x \/—
—+xcosx =0
24/x
Smx Jxcosx or equivalent A1
24x
tanx = 2x AG
(i) x=1.17
0<x<1.17 A1A1

| Note: Award AT for 0 < x and ATfor x <1.17. Accept x <1.17. |

(b)

0 T ,Il x

approaches x = 0 asymptotically A1
approaches x = m asymptotically A1

[7 marks]

concave up curve over correct domain with one minimum point above the x-axis. A1

Note: For the final AT an asymptote must be seen, and © must be seen on the x-
axis or in an equation.

B3m

P
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1
sinx(%x 2] - «/;cosx

© f@)| = L -1 (A1)
sm-x
attempt to solve for x (M1)
x=196 A1
¥y :f(1.96...)
=1.51 A1
[4 marks]j
= xdx
@ V=n[= (M1)(A1)
5 sin” x

| Note: M1 is for an integral of the comrect squared function (with or without limits and/or ). |

= 2.68(=0.8527) A1

[3 marks]j

31 - (MAT-W 2017-Paper 2/0-Q11) - TRIGONOMETRY, DIFFERENTIATION

(@ (i) f'(x)=4sinxcosx+14cos2x+sec’ x (or equivalent) (M1)A1
(i) "
201
15
10+
54
T
2 x
G \_/
- A1A1A1A1

Note: Award AT for correct behaviour at x=0 A1 for correct domain and

correct behaviour for x —>§, A1 for two clear intersections with x-axis

and minimum point, A{ for clear maximum point.
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(iii)

()

(i)

(iii)

x = 0.0736
x=113

attempt to write sin x in terms of 1 only

) u
siN X = ——
N1+ u?
1
cosx =
1+ 2"
attempt to use sin 2x = 2ginxcosx | =2 X !
\[1 + u? \/1 +u’
; 2
sin2x = " >
1+u

2sin’ x + 7sin2x + tanx — 9 =10
2u’ 14a
+
1+u* 1+u
20 + 14u +u(1+u2)—9(1+u2)
1+’
wW—Tu+ 154 -9=0

+u—9(=0)

2

= 0 (or equivalent)

(©0 u=loru=3
x = arctan(l)
x = arctan(3)

[ Note: Only accept answers given the required form. |

A1
A1

[8 marks]
(M1)
A1

(A1)

(M1)

A1

M1

A1

AG
[7 marks]

(M1)
A1
At

[3 marksj

’
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32 - (MAT-S 2018-Paper 2/1-Q9) - DIFFERENTIATION, INTEGRATION

(a) differentiating implicitly:

dy dy
2xy + X —=—=— 437 =
P R w
| Note: Award A1 for each side. |

if%:otheneitherx=0 ory=0

x = 0 = two solutions for y(y = i{‘/g)

y =0 not possible (as 0 = 3)
hence exactly two points

M1
A1A1

M1A1

R1

R1
AG

no solutions for ¥ =0 award R? only.

Note: For a solution that only refers to the graph giving two solutions at x = 0 and

by at@.,1y 4+ 4d_y= - 4d_y
dx dx
dy 1
dx 2
gradient of normal is 2
l=4+c¢

equation of normalis y =2x -3

(c) substituting
+3Y
(2x—3)=5—(2x - 3) or [J’T] y=5—y

x=0724

M1

(A1)

M1
(M1)
A1

(M1)
(A1)

A1l

[7 marks]

[6 marks]

[3 marks]

’
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(d) recognition of two volumes M1)
4/- 4
volume 1 = TLL bl dy(=1.01r =3.178..) M1A1A1
¥
5_ 4
Note: Award M1 for attempt to use nszdy , A1 for limits, A1 for 4 . Condone omission of ©
y
at this stage.
volume 2
EITHER
= % nx 2P x 4=16.75..) (M1)(A1)
OR
2
1 y+43 16n
=na| | —| dy(=—=16.75... M1)(A1
L(zjy(3 ) (M1)(A1)
THEN
total volume =19.9 A1

[7 marks]
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33 - (MAT-S 2018-Paper 2/2-Q11) - DIFFERENTIATION

(a) attempt at implicit differentiation M1
dy dy, .
I+ —=—+(y+ x—)sin =0 ATM1A1
™ (v dx) (xy)
[ Note: Award A7 for first two terms. Award M1 for an attempt at chain rule A7 for last term. |
. d .
(1+ xsm(xy))ay = —1-ysin(xy) or equivalent A1
d 1+ ysi
dy _ [ L1+ ysinGey) AG
dx 1 + xsin{xy)
[5 marks]
(by () EITHER
T
when xy = —2 cosxy =0 ut
=>x+y=0 (A1)
OR
x—l—cos = 0 or equivalent M1
2x 2
T
x——=0 A1
o (A1)
THEN
2 T
therefore x =E Al

2 o/
-
1l
1+
STE
—
=
1l
+
=
[\»]
whn
—

T T T T
P(.‘/;,— EJ’ (—\/; J;Jor P(1.25, —1.23), O(-1.25, 1.25) A1

-
v 0
’
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1- \/E x =1
i) m=-—I2 M1A1
1+ JE x —1
2
1+ JE x —1
m, = V2 A1
1- ,‘/E x —1
2
nym, =1 AG
| Note: Award M1AOAQ if decimal approximations are used. |
[ Note: No FT applies. |
[7 marks]
(¢) equate derivative to —1 M1
(¥ — x)sin(xy) = 0 (A1)
y=x,sin(xy)=0 R1
in the first case, attempt to solve 2x = cos(xz) M1
(0.486,0.4806) At
in the second case, sin(xy)=0=>xy=0 and x+y=1 M1)
(0.1), (L.0) A1
[7 marks]

-
v 0
’
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34 - (MAT-W 2018-Paper 2/0-Q5) - DIFFERENTIATION

METHOD 1

fx+h)y— f(x)
h

(30 + 1Y = (x + ) - (3x° - x)
- 7

3(x3+3x2h+ 3xh” + hg) —x—h-3+x
a h
_ 95t h + 9xhi+ 30— h

h

cancelling A

=9x'+ 9xh + 34 -1

then fim (9x* + 9xh + 34*— 1)
h—0

=9x' -1
[ Note: Final A7 dependent on all previous marks. |
METHOD 2
fx+h) - f(x)
h

(B Y= (x4 ) = (35— x)
h

B 3((e+ 1Y = )+ (x=(x + )
h

3h((x+h)2 +x(x+ h)+x2)— h
B P
cancelling #

= 3((x +h)2 +x(x +h)+x2)—l
then %igg(3((x+h)2 +x(x+h)+x2)—1)

=9x" -1
[ Note: Final A7 dependent on all previous marks. |

M1

(A1)

A1
m1

A1

M1
(A1)

A1
w1

A1

[5 marks]

-
v 0
’
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35 - (MAT-W 2018-Paper 2/0-Q9) - FUNCTIONS - ROOTS, DIFFERENTIATION

|

METHOD 1
2Ax - 3)

X

(a)
—(2lnx+1)
(x =3y

2x-3)- x(21nx+1)
- x(x — 3

fx) =

|

(M1)ATA1AT

| Note: Award M1 for attempt at quotient rule, A7A7 for numerator and A1 for denominator. |

METHOD 2

(%) =(2Inx+1)(x-3)"
_ 2x—3) - x(2Inx+1)

(A1)

= (%)(X—?’)l —(21nx+1)(x_3)2{

x(x - 3)

J (M1)A1A1

| Note: Award M1 for attempt at product rule, A7 for first term, A7 for second term. |

(b) finding turning point of 3 = F'(x) or finding root of v = f"(x)
x=0.899
y= f(0.899048...) = - 0.375

(0.899, —0.375)

{4 marks]

{M1)
A1
(M1)A1

| Note: Do not accept x = 0.9. Accept v-coordinates rounding to —0.37 or —

0.375 but not —0.38. |

[4 marks]
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(©)

smooth curve over the correct domain which does not cross the y-axis

and is concave down for x > 1 A1
x-intercept at 0.607 A1
equations of asymptotes given as x = 0 and x = 3 (the latter must
be drawn) A1A1
(i)  attempt to reflect graph of f in y = x (M1)
smooth curve over the correct domain which does not cross the x-axis
and is concave down for y > 1 A1l
y-intercept at 0.607 Al
equations of asymptotes given as y = 0 and y = 3 (the latter must
be drawn) A1
[ Note: For FT from (i) to (i) award max M1AO0A1AOQ. |
(d) solve f(x)=f'(x)or f(x)=x toget x=0.372 (M1)A1
0<x<0372 A1

[ Note: Do not award FT marks. |

[4 marks]

[4 marks]

[3 marks]

’
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36 - (MAT-S 2019-Paper 2/1-Q1) - DIFFERENTIATION

METHOD 1
equation of tangentis y =22.167... x—14.778... OR y—7.389...=22.167... (x—l)

(M1)(A1)
meets the x-axis when y =0
x=0.667
meets x -axis at (0.667,0)[: {%O]] A1A1
Note: Award A1 for x =§ or x=0.667 seen and A1 for coordinates (x, 0) given.
37 - (MAT-W 2019-Paper 2/0-Q11) - DIFFERENTIATION, INTEGRATION
(@) (i) valid attempt to differentiate implicitly (M1)
. 9 dy
4x =3sin" y cos y — A1A1
ycosy 45
dx 3sin” ycosy
(i) at (l, S—E] ; w_ . 74x = ; 1 (M1)
4 6 dx 3sin” ycosy 3(1)' 3
2 2
:>d—y=—i(= -1.54) A1
& 33
hence equation of tangent is
y—%z—l.ﬂ(x—%} OR y=-1.54x+3.00 (M1)A1
| Note: Accept y =—-1.54x+3. |
[8 marks]

(b) x=‘%sin3 y (M1)
. {1 .3
L Esm*ydy (A1)

=1.24 A1
[3 marks]

2012 -2021 717




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 17 - DIFFERENTIATION

(c) use of volume =J.rtx3dy

D
=| —msin” vd
[ Smsin'y ey

0

1 7. ) 5
=—m| (siny—sin ycos d
: f (sin y—sinycos” y)dy

0

| Note: Condone absence of limits up to this point.

reasonable attempt to integrate
_lT[ —Cos +lcos3 K
2 yr3emy

0

Note: Award A7 for correct limits (not to be awarded if previous M1 has
not been awarded) and A1 for correct integrand.

. . 2
Note: Do not accept decimal answer equivalent to Tﬂ:

38 - (MAT-W 2020-Paper 2/0-Q8) - DIFFERENTIATION

(a) valid attempt to use chain rule or quotient rule
dv  —10e "™ d
YT - OR ;v:—l()cﬂ's'*(3—2c'°‘5") ’
dr (3-2¢"7) dx

(M1)

A1

(M1)

A1A1

A1

AG

[6 marks]

(M1)

A1A1

[3 marks]

Note: Award A7 for numerator and A7 for denominator, or A7 for each part if the
second alternative given.

(b) wvalid attempt to use chainrule | eg ﬁ =d—y><E
df dx ds
- _ 2
dr_ 0.1 710—0 (=-0.1+-0.181676...) or equivalent
d (3—23'2)
=0.550428...

dr =0.550 (ms™
dt

(M1)

(A1)

o=
o
G

2012 -2021 718




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 17 - DIFFERENTIATION

39 - (MathAA-S 2021-Paper 2/1-Q9) - DIFFERENTIATION, KINEMATICS

(@ tano=—2" OR cotg =2 A1
y-x
y=x+50cotd AG
\ Note: y — x may be identified as a length on a diagram, and not written explicitly. |
[1 mark]
(b) attempt to differentiate with respect to ¢ {M1)
d—y=%—50(cosect9)zﬁ A1l
dt dt dt
attempt to set speed of B equal to double the speed of A (M1)
2E = & —50((:05;(:(:19)2 a0
de  dr dr
de_ —50((:05;@(:(9)2 a0 A1
dt dt
1Y 26
@ =arctan5(=1.373...=78.69...°) OR cosec’d =1+cot’d = 1+ [gj =35 (A1)
\ Note: This A7 can be awarded independently of previous marks. |
ﬁ = SO(ijO.l
dr 25
So the speed of boat A is 5.2 (ms™) A1l
Note: Accept 5.20 from the use of inexact values. |
[6 marks]
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CH 17 - DIFFERENTIATION

40 - (MathAA-S 2021-Paper 2/1-Q10) = EXPONENTIALS - LOGARITHMS, DIFFERENTIATION

(a) attempt to find the point of intersection of the graph of /" and the line y = x (M1)

x=5.56619...

=5.57 At
b)  f'(x)=—45¢"" A1

attempt to set the gradient of f equal to —] (M1)

—45¢ =]

Q has coordinates (2ln 45,2) (accept (-2 1“%’2) A1A1

[2 marks]

Note: Award A7 for each value, even if the answer is not given as a coordinate pair.
1

In—
Do not accept _45 or M as a final value for x. Do not accept 2.0 or 2.00
0.5 0.5

as a final value for .

(c) attempt to substitute coordinates of Q (in any order)
into an appropriate equation (M1)
y—-2=—(x-2In45) OR 2=-2In45+c¢ A1
equation of 7, is y=—x+2In45+2 AG

A
v 0
’

[4 marks]

[2 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

d) (i) x:1n45+1(:4.81) A1

(i) appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

\ Note: Allow absent or incorrect limits. |

Joaw (r=(rr2inds e 2)are [0 (9067 (x4 2nds 4 2))ax - (AT)AY

Note: Award A7 for one correct integral expression including correct limits
and integrand.

Award A1 for a second correct integral expression including correct limits and
integrand.

=1.51965...

=1.52 A1

[5 marks]
(e) by symmetry 2x1.52 (M1)
=3.03930...
=3.04 A1l
‘ Note: Accept any answer that rounds to 3.0 (but do not accept 3). |

[2 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 17 - DIFFERENTIATION

41 - (MathAA-S 2021-Paper 2/2-Q11) - DIFFERENTIATION

2

b
(a) attempttouse V =n!(j'(x]) dx
Inl6 ke% ’ 6 o
Vz:rtjl — | dx V:kznf —dx
0 1+¢ 0 (l‘l‘ex)-
EITHER

applying integration by recognition

In
—kzn[— ! )} )
I+e" |,

OR

u=l+e' = du=e"dx
attempt to express the integral in terms of u

when x=0, u=2 andwhen x=Inl6, u=17

17 1
V =k21tj.—,,du
2 u

17
= kzn[l}
u |,

OR
u=e" =du=e"dx

attempt to express the integral in terms of u

when x=0, #=1 andwhen x=Inl6, u=16
16

V:kznj. ! —du
](1+u)

[Note: Accept equivalent working with indefinite integrals and original limits for x|

THEN

—k%{l_iJ
2 17

50 the volume of the solid formed is 153%™

cubic units

Note: Award (M1)(AC)(MO)(AG)(A0)(A1) when ﬁis obtained from GDC

(M1)

(M1)

A3

(A1)

(M1)

(A1)

A1

(A1)

(M1)

(A1)

A1

o=
o
G
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 17 - DIFFERENTIATION

kl

(b) avalid algebraic or graphical attempt to find £

~300x34

T

15
fl?’O f680
k=147 (=2 — = —](asiceR*)
T T

(mM1)

A1

| Note: Candidates may use their GDC numerical solve feature.

() ()

attempting to find OA = '(0) =§

with k=14.712... [:2 ’@ = @]
T \ «

. [ @J

T

attempting to find BC = _f‘(1n16) = %

with & =14.712... [_:ﬁ@ - f@]
T T
BC=346 | -85 KQZ@
. 17 T 171

[2 marks]

(M1)

A1

(M1)
A1

[4 marks]

A
e i
’
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723




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

(d) (i) EITHER

recognising to graph ¥ = f"(x) (M1)
Note: Award M1 for attempting to use quotient rule or product rule differentiation.
, ke? (1 fe"')
2(1+et)
y
X
x=1.76
for x >0 graph decreasing to the local minimum A1
before increasing towards the x-axis A1

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

OR

recognising to graph ¥ = f"(x) (M1)

Note: Award M1 for attempting to use quotient rule or product rule differentiation.

~ keg (eg" —6e" + 1)

()
a(1rer)
4y
/\x
x=1.76 ]
for x>0, graph increasing towards and beyond the x-intercept A1
recognising f”"(x)=0 for maximum rate (A1)
THEN
x=176 (=In(2v2+3)) A1
INote: Only award A marks if either graph is seen.
(i) attempting to find f(1.76...) (M1)
85
the cross-sectional radius at this point is 5.20 ; (cm) A1

2012 -2021 725




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

42 - (MathAA-S 2021-Paper 2/2-Q12) - ALGEBRA-FUNCTIONS - ROOTS, DIFFERENTIATION

(a) EITHER

RRIIC CIBRER .

-x) +1 X+
OR
a sketch graph of y :f(x) with line symmetry in the y-axis indicated R1
THEN
SO f(x] is an even function AG
[1 mark]
. T
(b) as x—>+w0, f(x)—>arcsinl L—) EJ A1
so the horizontal asymptote is :% At
[2 marks]

A
e i
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 17 - DIFFERENTIATION

2
(c) (i) attempting to use the quotient rule to find dfx -l
dx\ x? +1

d Clxr-1
attempting to use the chain rule to find —| arcsin| ——
dx X +1

2 R ly 1
let ,— X ~! andso y=arcsinu and — =

X% +1 du  1-4°

\/x_z()c2 +1)

. , 2x

iy f'(x)= W

EITHER

for x <0, |x|=—x
2

x*+1

S0 1/(x)=-
OR
‘x|>Oand x2+1>0

2x <0, x<0
THEN

f'(x)<0

M1

A1

M1

M1

A1

A1

(A1)
A1

A1
A1

R1

Note: Award R1T for stating that in f"(x) , the numerator is negative, and t
denominator is positive.

so / is decreasing for x <0
INote: Do not accept a graphical solution|.

>
v
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

. |
(d) x—arCSln(J;q J M1
¥y +1
;2_1
sinxz)g ]:>_vzsinx+sinx:y2—1 A1
y +
)/2 _ l+sTnx A1
1—sinx

domain of g is xeR,x >0 and so the range of gil mustbe yeR,y>0

hence the positive root is taken (or the negative root is rejected) R1

Note: The R1is dependent on the above A1.

_ 1+sinx
SO (g l(Jc):) Tons A1

Note: The final A7 is not dependent on R71 mark. |

[5 marks]
(e) domainis — X<y <X A1
2 2
T T mT
Note: Accept correct alternative notations, for example, LEDEL or LE,EJ
Accept [—1.57,1.57[ if correct to 3 s.f.
[1 mark]

A
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

()

A1A1A1
Note: A1 for correct domain and correct range and y-intercept at y =1
A1 for asymptotic behaviour x —» =~
2

Affor x=ZX

2
Coordinates are not required.
Do not accept x=1.57 or other inexact values.

[3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION

43 - (MathAA-W 2021-Paper 2/0-Q8) - DIFFERENTIATION

(a8 METHOD1
attempts to differentiate implicitly including at least one application of the product rule  (M17)

du dy dv d 1
u=xy, v=ln(xy), a=xd—)r+y, a_( ay+ijy

%—1 [?:’( %+y] {x%+y}ln(xy)} A1

Note: Award (M1)A1 for implicitly differentiating v =x l—yln(xy)) and obtaining

Q:I— x)[ dy +v]+xd“ ln xv +vln xv
dx xv\ dx dx

dy =1Kx%erJ+[x%+y]ln(xy)}

dx

%zl [x%+y}(l+ln(xy)) A1
% {xjx y](1+1n(xy)):1 AG
METHOD 2

v=x—xvlnx—xvilny

attempts to differentiate implicitly including at least one application of the product rule (1)

Q:l— ﬂ+[xd—y+yjlnx - ﬂd_y"‘[xd_y"'.yjlny Al
dx X dx Y dx dx

or equivalent to the above, for example

%zl—{xlnx%ﬁ-(lﬂnx)y} [ylnyﬁ-x[lnyji :xy]}

v
dx
or equivalent to the above, for example

%=1_;(%(111(xy)+1)—}’(1n(’9’)+1)

d—y+[x%+y](l+ln(xy)):1 AG

x%(lnx+1ny+1)—y(lnx+lny+1) A1

dx
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION
METHOD 3
attempt to differentiate implicitly including at least one application of the product rule M1
du dv x dv dy
u=xIn(xy), v=y, —=In(xy)+| x—+y |—, —=—
()v=r 3 (xy)[dx y]xy & dr
dy dy xyl dy
—=1-| x=—In(xy)+yIn{xy)+—| x—+ A1
dx (rdx (:cy) Y (ry) x_v[xcbc yD
Q:I—xg(ln(xv)+l)—v(ln(xv)Jrl) A1
dx dx ’ ’ ’
dy dy J
— 4| x—=—+y|[(l+In(xy))=1 AG
FRIEeatg (e)
METHOD 4
lets w=xy and attempts to find % where y=x—wlnw M1
Q—l—(d"‘#d—wln wj (—'1—ﬂ(|+1n w)j A1
dx dv  dx dx
w_ Y. A1
dx dx
dy dy {dy ] [dy ]
—=]-|x=—+y+|x=+y |In =l-| x—+ l+1In(x
™ (dxy - [In(w) ot |(rin o))
dy (. dy j
— -+ x—+y |(I+In(xy))=1 AG
= [ 3 Y (1 in()
[3 marks]
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 17 - DIFFERENTIATION
(b) METHOD 1
substitutes x =1 into y =x—xyIn(xy) (M1)
v=l-vlny= y=1 A1
. . dy dy
substitutes x =1 and their non-zero value of y into a + xg +y (1+1n(xy))= 1 (M1)
2d_y =0 [d—} = 0] A1
dx dx

equation of the tangentis y =1 A1

METHOD 2

substitutes x=1 into Q+[XQ + y}(l +In(xy))=1 (M1)

dx dx

dy (dv

—+| —+y|(I+In =1

i [dx J’J( ()

EITHER

correctly substitutes In y = 7V it &4 [Q +yj(l+ In(y))=1 A1

y dx \dx

A PR N SN A1

dx h% dx

OR

. . dv {dy
correctly substitutes y+ yIny=1 into Rl el (1+In(y))=1 A1
X
ﬁ(zﬂny):ozﬁzo(y:l) A1
¢ dx

THEN

substitutes x =1 into y=x—xyIn(xy) (M1)

y=l-yhy=y=1

equation of the tangentis y =1 A1

[5 marks]

Total [8 marks]

o=
o
G
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

1 - (MAT-S 2012-Paper 2/1-Q8) - INTEGRATION
r r .
x= F—Ey or x = E(h —¥) (or equivalent)
jnx2 dy
h ¥ 2
ZHIO [r—;y] dy
Note: Award MT for J'x2 dy and A1 for correct expression.

2 2
Accept nj:(%y—r] dyandn’f:[i{r%xn dx

h 2r? r*
:njo [rz —Ter h—zyz}dy

Note:  Accept substitution method and apply markscheme to corresponding steps.

1.2 2.3

2, Yy
=T Fr — +

{y h 3;12}

h

0

| Note: Award M1 for attempted integration of any quadratic trinomial. |

= n(rzh—rthr %rzhj

| Note:  Award M1 for attempted substitution of limits in a trinomial. |

-
v 0
F
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

2 - (MAT-W 2012-Paper 2/0-Q8) - INTEGRATION

= sint dx = cosrdt

sin’ ¢

fﬂdx f\/ —sin’¢

= f sin’ rdt

cost df

=fsin2r sintdt
=f(1—coszt)sintdt

=fsin tdt —fcos2 tsinrds

3

{
= —CO8t+ +

——s/l X += (\/1 x)

( - 1 x 1—;(1—x2))+CJ

( \/1 X (2+x)+C)

-
v 0
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

3 - (MAT-W 2012-Paper 2/0-Q9) - INTEGRATION

Ia

(Io 7—73‘10.0) E’.' 0673000\

“2

(-' | ,‘ \‘7'5»00}"'!'37["’33 '00)

intersection points

R

Note: Only either the x-coordinate or the y-coordinate is needed.

EITHER
x=1"-3=p=xJx+3 (accepty=\/x+3)
Y P N o PO N e JRC

~3.4595...+3.8841...
— 734 (3sD)

OR
y=x=>x= \3/;
2.067...
. 3fv {12 =
4 _J‘-1.374...\/; (J/ 3)dy
=7.34 (3sf)
4 - (MAT-S 2013-Paper 2/1-Q4) - INTEGRATION
volume = ﬂj-xzdy
x=arcsin y+1

volume = ‘nj.ol(arcsin y+ 1) dy

| Note: A1 is for the limits, provided a correct integration of y. |
=2.608993...1=8.20
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

5 - (MAT-S 2013-Paper 2/2-Q4) - INTEGRATION

(a) Ixseczxdx:xtanx—jlxtanxdx

:xtanx+]n|cosx| (+¢) (:xtanx—1n|secx|(+c))

(b)  attempting to solve an appropriate equation eg m tanm + In(cosm) = 0.5
m=0.822

6 - (MAT-S 2013-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION

(a) (i) METHOD 1

dy

=—8inx+Ccosx

yz— (cos x + sin x)(—sin X+ Cos x)

=cos’ x—sin’ x

=cos2x

METHOD 2
= (sinx +cosx )2

dy

Zya: 2(cos x + sinx)(cos x —sin x)

y%_ cos” x—sin” x

=Co82x

(1)  attempting to separate variables J' ydy= jcos 2xdx

ly2 = 1sin2x+ C
2 2

Note: Award A1 Tor a correct LHS and A7 for a correct RHS.

1

y =+ (sin2x+ A)?

(i) sin2x+ A= (cos x+ sinx)”
(cos x + sin x)* = cos® x + 2sinxcos x + sin® x

use of sin2x=2sinxcosx.
A=1

A
v 0
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

by @

1

s0 g(x)=(sin2x+3)2.

range g 18 [JL_’ , 2}

1

substituting x = % and y =2 into y = (sin2x+ A4)*

Note:

Accept [1.41,2]. Award AZ for cach correct endpoint and

A I for the correct closed interval.

(ii)

(i)

ki 1
j'ol (sin2x +3)? dx
—=2.99

TEIOE (sin2x + 3) dx—7(1) [g] (or equivalent)

Note:  Award (MI)(A1)(A1) for njoa (sin2x+ 2)dx

—17.946 — 4.935 (:g(3n+ 2)—7':(%])

=13.0

Note:

Award A1 for n(an+1).

-
v 0
’
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IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

7 - (MAT-W 2013-Paper 2/0-Q10) - INTEGRATION

EITHER

2
—=2sec” u
i

_[ 2sec” u du

Atan® uyf4+ 4tan® «

=I 2sec” u du J-

2
dtan” u x 2secu

OR
x
i = arctan —

du 2
x'+4

j\/4tan w~+4du

2xdtan® u
IZSecu du

2x4tan’ u

THEN

__jsecu du

tan® u

sin® u

1
=——cosecu (+C) | =——
4 4sinu
- X
use of either tanu = E
either sinu = or cosec u =
x*+4

= _—W (+C)

4x

du 0r=.[

4sin® uytan® u+1

2
2sec” u du

=—jcosecucotu du =lj C_OSM du
4 4

+C )]

or an appropriate trigonometric identity

2

(or equivalent)
X

)
Atan® uy4sec’ u

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

8 - (MAT-W 2013-Paper 2/0-Q13) - FUNCTIONS - ROOTS, EXPONENTIALS - LOGARITHMS, INTEGRATION

(a) (1) either counterexample or sketch or
recognising that y =% (k >1)intersects the graph of y = f(x) twice .
function is not 1-1 (does not obey horizontal line test)
so ' does not exist

() Fe=2(e <)
4

f'(1n3)=5 (=1.33)
s
T4

f(ln3)=§ (=1.67)

EITHER
2
Y 3 __g
x—In3 4
4y—£=—3x+3]n3
OR
2——Elr13+c
3 4
5 3
c=—+—In3
4
3 53
y=——x+§+—ln3

12y =—9x+20+9In3

THEN
9x+12y-9In3-20=0

(iii) The tangent at (a, f(a)) has equation y— f(a)= f"(a)(x—a
fa)y= 1@ (or equivalent)

., F—7
e —e =2 e (or equivalent) '
a

attempting to solve for a
a=11.20
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IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

(by () 2y=e +e”

Note: Award M1 for cither attempting to rearrange or interchanging
xand y.

5 _ Zyi\’ﬁlyz —4
2

e =23 +1=0 MIAIL

Al

Al

Al

Note: Award A1 for correct notation and for stating the positive “branch”™.

2

d
Note: Award M1 for attempting to use }' = nj xdy .

0 3
=37.1 (umts )
9 - (MAT-S 2014-Paper 2/2-Q3) - INTEGRATION

(a) x, =287
x, =678

6.77631K . i
(b) J. 1-2sinx—x"¢" dx

2.8717TK

= 6.76

2012 -2021 740

G) V=n f(ln( y+Jyz_—1)) dy M)A

Al

-
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

10 - (MAT-S 2014-Paper 2/1-Q5) - INTEGRATION
@ Eas7y.
20 T2

hence the coordinates are (g, g} (3—75, B—E]

3n

(b)y (@) TEJ‘T(JCZ —(x+2cosx)’ )dx

(S

Note: Award A1 for x* —(x+2cosx)’ , AI for correct limits and A1 for 7.

(i) 6m%(=59.2)

-
v 0
’
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IB DIPLOMA MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

(a)

11 - (MAT-S 2014-Paper 2/1-Q6) - INTEGRATION

METHOD 1

sketch showing where the lines cross or zeros of y = x(x+2)°—x
x=0

x=-1 and x=-3

the solution1s -3 <x<—1or x>0

Note: Do not award either final A7 mark if strict inequalities are not given.

METHOD 2
separating into two cases x>0 and x <0
if x>0 then (x+2)°>1=always true

if x <0 then (x+2)°<1=-3<x<-1
so the solutionis -3<x<—-1lor x>0

Note: Do not award either final A1 mark if strict inequalities are not given.

METHOD 3

F(x)=x"+12x° +60x° +160x" +240x" +192x" 4+ 64x

solutions to x” +12x° +60x” +160x* + 240x° +192x* +63x=0 are
x=0, x=-—1 and x=-3
so the solutionis -3<x<—-1lor x>0

Note: Do not award either final A1 mark if strict inequalities are not given.

METHOD 4

f(x)=x when x(x+2)°=x

either x=0 or (x+2)° =1

if (x+2)°=1then x+2=%1so x=-1 or x=-3
the solutionis —3<x<—1or x>0

2012 -2021
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CH 18 - INTEGRATION

IB DIPLOMA MATHEMATICS AA -HL -P2
(b)y METHOD 1 (by substitution)
substituting # =x+2
du =dx
j(u—2)u6du
1 g 25
=—u ——u' (+¢
2 (+c)
—l(x+ 2)8—2(3c+2)7 (+c)
8 7
METHOD 2 (by parts)
u=x=>d—u=1, Q=(x+2)6=>v=l(x+2)7
dx dx 7
1 1
x(x+2)°dx=—x(x+2) —=|(x+2) dx
R I [
1 1
==x(x+2) ——(x+2)°(+
7 XX+ 2) =L (x4 2) (Fe)
METHOD 3 (by expansion)
j Ff(x)dx= j(x’ +12x° +60x° +160x" +240x° +192x” +64x) dx
= %xs +%x7 +10x° +32x” +60x* +64x” +32x°(+¢) are
2012 -2021 743




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

12 - (MAT-W 2014-Paper 2/0-Q13) - DIFFERENTIATION, INTEGRATION

(a) attemptingtouse I/ = :n:jb x*dy
attempting to express x* interms of y ie x* = 4(v+16)
A
for y=h, 1 = 475.[0 y+16dy

h?.
V= 47{7 + l6hJ

(b) (i) METHOD1

dh_dh 4
de diF dr
a_ dn(h + 16)
dh
d_ 1 —asodh
dt  4mn(h+16) n(h+16)
Note: Award M1 for substitution into i = %xd—V :
de dVf dt
dn 250
dt 4t (h+16)*
METHOD 2
a_ 4n(h+ 16)% (implicit differentiation)
di di
—250vh dh
—J_ =4n(h+16)— (or equivalent)
n(h+16) dt
dh__ 1 sk
dt  4n(h+16) mn(h+16)
dn 250n

dt 4’ (h+16)

.. dr Ant(h+16Y
(i) —=———
dh 250./h
2 2
z=j—4“ (h+16)°
25041
2 2
z=j—4“ (K +32h+256)
250A
—4x’ !

3 1 1
t= j(hz 13242 +2564 ¢ ]dh
0

-
v 0
F

2012 -2021 744




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

(i1) METHOD 1
_ A

0
250 Ls(

]dh
t =2688.756...(8)
45 minutes (correct to the nearest minute)

3 1 1

¢ h2+32h% +256h 2

(M)

(A1)
Al

METHOD 2
At 3 3 L
_in th +ﬁh2 +512h% |+c
250 { 5 3
2 El 3 1
when t=0,h=48 = ¢=2688.756...| ¢ = in z>< 482 +ﬁ>< 482 +512x 482
2500 5 3
2 5 3 L
when 2=0, r=2688.756...| 1 = 4 E><482 +ﬁ>< 482 +512x 482 | |(s)
2500 5 3
45 minutes (correct to the nearest minute)
(¢) EITHER
the depth stabilises when ar =0 ie 8 S—M =0 R1
dr n(h+16)
attempting to solve 8.5— M =0 forh (M1)
T(h+16)
OR
the depth stabilises when %= ie _ 8.5—M = R1
dr 4n(h+16) n(h+16)
attempting to solve _ 8.5—M =0 for h (M1)
dn(h+16) w(h+16)
THEN
h=35.06 (cm) I
., F——0
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13 - (MAT-S 2015-Paper 2/1-Q1) - INTEGRATION

j_llat(e’“2 )l dx (j_ll me > dx or Ll 2me dx)

Note: Award M1 for integral involving the function given; Af for

5 2
correct limits; A7 for = and (e“‘ )

=3.758249...=3.76

14 - (MAT-S 2015-Paper 2/2-Q6) - INTEGRATION

(@ EITHER
y=In(x—a)+b=In(5x+10)

y=In(x—-a)+Inc=In5x+10)
y=In(c(x-a))=In(5x+10)

OR
y=In(5x+10)=In(5(x+2))
p=In(5)+In(x+2)

THEN
a=-2,h=In5

Note: Accept graphical approaches.

Note: Accept =2, h=1.61

) V=nf [In(Sx+10)]dx

=99.2
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15 - (MAT-W 2015-Paper 2/0-Q5) - INTEGRATION

@ @) area= E,/y —2dy

(i) =1.886 (4 sfonly)

(b) volume = :rcE(y - 2)dy

= 21 (exact only)

16 - (MAT-S 2016-Paper 2/2-Q12) - DIFFERENTIATION, INTEGRATION

@ - =

4[e +e ]_2[e —e J
2 2

B 1
_2(ex+e‘x)—(ex—e_x)
_ 1
e 43
— ex
S

(i) u=c¢"=du=c¢"dx
e* 1
dx= du
-[e“+3 ju2+3
(when x=0, u=1andwhen x=In3, u =3)

j.;du = [Larctan iﬂs
1+ 3 3 3 .

Rt

B

9 18

_ ™3

18

-
v 0
’
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(b) ()

(ii)

€ @

(7 + 1) — 2ke" + (n—1) =0
2% + J4k2 —4(n* 1)
B 2n + 1)

1 [ki\/kz—n2+1}
X =m

n+1

X

for two real solutions, we require & > \/kz - +1

and we also require £ —#*+1>0
F>n-1

= k> \/nz—l (keR™)

METHOD 1

—X

g —e

tH(x) =

g'+e”
e} - (ef—e)
(e +e™) —(—e7)

(ex +e " )2
(e’c +e " T B (ex —e " T
, 2 2
t(x) = 5
e'+ e

=5
_lrel - le@l
[reof

METHOD 2
F @) (x) — g(0)f(x)
[Fof
g'(x) = F(x) and f(x) = g(x)
_ @l - [s@l
[Fof

H(x) =

£(x)=

2012 -2021

748




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 18 - INTEGRATION

METHOD 3
Hx) = (eI - e_x)(ejC +eF )71
t’(x) =1_u
(e’C + efx)
[g(JC)]
[f(x)]
@l -le@l
[l
METHQOD 4
£(x) = g g)f(x)
o [/

g,(x) = f(x) and f’(x) = g(x) giVGS t’(x)zl_ [g(x)]2
[0l

_ref - [e@f
o]

(i) METHOD1

[7)] > [g()] (or equivalent)
[Feo)] >0

hence r(x) >0, xeR

-
v o
’
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METHOD 2
[ £ = [g(x)] =1 (or equivalent) M1A1
[F )] >0 R1
hence #(x) >0, xe R AG
Note: Award as above for use of either f(x) = © +26 and g(x) = © _Ze
ore’+e ande —¢e .
METHOD 3
, 4
r(x)= 3
(e” + e )
(ex + e”f)2 >0 M1A1
4
—— >0 R1
(e’C +e )
hence ¢ (x) >0, xeR AG

-
v 0
’
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17 - (MAT-W 2016-Paper 2/0-Q10) - FUNCTIONS - ROOTS, DIFFERENTIATION, INTEGRATION

(a) attempting to solve either 2e"—1=0 or 2e"—1= 0 for x M1)
D=R\{—h12} (or equivalent eg x# —In2) A1

Note: Accept D =R\ {-0.693} or equivalent eg x # —0.693.

[2 marks]
(b) considering lirrll J(x) (M1)
x—-In2
x=-In2 (x=—0.693) At
considering one of lim f(x) or lim f(x) M1
Iim f(x)=-2=> y=-2 A1
lim f(x)——l:» S A1
L —>+co 2 y 2
Note: Award AOAOfor y=-2 and y= —% stated without any justification.
[5 marks]
—e* (26x - 1) - 2¢" (2—6*)
© [f(x)= > M1A1A1
(2¢"-1)
S AG
(2¢-1)
[3 marks]
(d) F'(x)<0 (forall xeD) = [ is (strictly) decreasing R1
Note: Award RT for a statement such as f’(x) # 0 and so the graph of /* has no
turning points.
ohe branch is above the upper horizontal asymptote and the other branch is
below the lower horizontal asymptote R1
f has aninverse AG
—oo<x<—2u—%<x<oo A2
| Note: Award A2 if the domain of the inverse is seen in either part (d) or in part (e). |
[4 marks]

’
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Ay
@ x=2=S M1
2¢’ -1
‘ Note: Award M1 for interchanging x and y (can be done at a later stage). ‘
2xe’ —x=2-¢" m1
e Rx+)=x+2 A1
+ 2
T(x)=In al ) =In(x+2)-In{2x + 1 A1
7 [ZHJ(J”() (x+2)=In(2x + 1)
[4 marks]
b
® useof V= njf dy (M1)
r +2 )Y
= x| In 2 dy (A1)(A1)
. 2y +1
| Note: Award (A1) for the correct integrand and (A7) for the limits. |
=0.331 A1
[4 marks]
18 - (MAT-S 2017-Paper 2/2-Q2) - DIFFERENTIATION, INTEGRATION
(@) METHOD 1
dx* +y* =7
d
8%+ 2p—>=0 (M1)(A1)
dx
dy 4x
dx y

d
Note: Award M1A7T for finding Ey: —2.309... using any alternative method.

Y

hence gradient of normal =4— (M1)
x
hence gradient of normal at (1\/5) is g(: 0.433) (A1)
. . V3
hence equation of normal is y — \/_ = T(x -1 (M1)A1

[y=gx+¥J (y=0.433x+1.30) ’“
v e
P
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METHOD 2
4x* —i—y2 =7
y=~7—4x M1)
Y__ & (A1)
dx 7 —4x°
Note: Award M1A7 for finding % =-2.309... using any alternative method.
2
hence gradient of normal =% (M1)
X
hence gradient of normal at (l,\/?_)) is g(z 0.433) (A1)
. . 3
hence equation of normal is y — \/_ = T(x -1 (M1)A1
v =£x+£ (»=0.433x+1.30)
4 4
[6 marks]
J7
2
(b) Useof V= nj 3dx
0
i
2
V= nj (7 - 4x2)dx (M1)(A1)
o]

Note: Condone absence of limits or incorrect limits for M mark.
Do not condone absence of or multiples of .

=19.4 [: 77‘/7_“} A1

[3 marks]

’
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19 - (MAT-S 2017-Paper 2/1-Q4) - INTEGRATION

(@) METHOD1

T T
2arcsin(x —1) — —=— M1
(x-1D 17 (M1)
1
x=1+ $(= 1.707..) (A1)
1
1+f:rc T
[ =- (Zarcsin(x -1- —J dx M1A1
. 4 4
Note: Award M1 for an attempt to find the difference between two functions,
A1 for all correct.
METHOD 2
-5
when x= o,sz“(=—3.93) A1
4y +m
x=14+sin < M1A1
‘ Note: Award M1 for an attempt to find the inverse function.
in[l+sin(43’; E]]dy A1
4

METHOD 3

1.38... T
I (2 arcsin(x—l)——] dx
0 4

1.71... 1.71...
+ [ Zde- | | 2aresin(x-D-= |dr  M1A1A1AT
4 4

0 1.38...

Note: Award M1 for considering the area below the x-axis and above the x-axis and A7 for each
correct integral.

[4 marks]

(by area=3.30 (square units) A2
[2 marks]

P
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20 - (MAT-W 2017-Paper 2/0-Q8) - INTEGRATION

EITHER

x*=2secf

1 2
$0 — + c= —arccos| — |+ ¢
4 4 x

ZxE =2secOtand M1A1
de
J- dx
x\[x4 —4
=j secHtanHd G M1AT
Zsec9J4sec2 d-4
OR
1 1
x= \/E(sec 6’)7(= \E(cos H)EJ
1 3
dx = ﬁ(sec 6’)5 tan & =£(cos 9)7 sin @ M1A1
de 2 2
J- dx
x1/x4 -4
1 3
_ ﬁ(sec?)ztanédé _ \/E(cos 91)73in9d0 1A1
Zﬁ(sec 0)7 Jdsec’ @ — 4 2\/5(c0s 0)_7 Jdsec? @ — 4
THEN
B l J- tand o 1)
27 2tand
1
=—|d&
)
I
=—+c A1
JC2=2SGC(9:>COS(9=% M1
x
[ Note: This M7 may be seen anywhere, including a sketch of an appropriate triangle. |
0 AG

I7 marks]
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21 - (MAT-W 2017-Paper 2/0-Q10) - DIFFERENTIATION, INTEGRATION

(@) () attempt to use quotient rule or product rule M1
1
sin x lx 2| - \/;cosx
filx) = 2 __ 1 Vreoss A1A1
sin” x 2Jxsinx  sin’x
1
Note: Award AT for —=—— or equivalent and AT for —J;_C—SS)C or
2\/;s1nx sin” x
eguivalent.
setting /'(x)=0 M1
sin x \/—
—+xcosx =0
24/x
Smx Jxcosx or equivalent A1
24x
tanx = 2x AG
(i) x=1.17
0<x<1.17 A1A1

| Note: Award AT for 0 < x and ATfor x <1.17. Accept x <1.17. |

(b)

0 T ,Il x

approaches x = 0 asymptotically A1
approaches x = m asymptotically A1

[7 marks]

concave up curve over correct domain with one minimum point above the x-axis. A1

Note: For the final AT an asymptote must be seen, and © must be seen on the x-
axis or in an equation.

B3m

P

2012 -2021 756




IB DIPLOMA MATHEMATICS AA -HL -P2

CH 18 - INTEGRATION

1
sinx{%x 2} - \/;cosx

sin’ x

©  f@| =

attempt to solve for x
x=196

y=7(1.96.)
=1.51

= xdx
@ V= EE sin’ x
6

(A1)

(m1)
A1

A1
[4 marks]j

(M1)(A1)

| Note: M1 is for an integral of the comrect squared function (with or without limits and/or ). |

= 2.68(=0.8527)

22 - (MAT-S 2018-Paper 2/1-Q5) - INTEGRATION

(@) 2)53—3x+1=Ax(x2+1)+Bx+C

A=2,C=1,
A+B=-3=>B=-5

2

x+1 O+ xP+1

(b) J‘2x3—3x+1dxzj‘(2x_ S5x n 1 ]dx

A1
[3 marks]j

A1

A1
[2 marks]

M1

‘ Note: Award M7 for dividing by (x* +1) to get 2x, M7 for separating the 5x and 1.

2 5 2
=x" —=In(x" +1)+arctan x(+c¢
~In(x* +1) (+¢)

Note: Award (M1)A1 for integratingf—xl, A1 for the other two terms.
X+

(M1)A1A1

[5 marks]

-
v 0
’
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23 - (MAT-S 2018-Paper 2/1-Q9) - DIFFERENTIATION, INTEGRATION

(a) differentiating implicitly:

dy dy
2xy + X —=—=— 437 =
P R w
| Note: Award A1 for each side. |

if%:otheneitherx=0 ory=0

x = 0 = two solutions for y(y = i{‘/g)

y =0 not possible (as 0 = 3)
hence exactly two points

M1
A1A1

M1A1

R1

R1
AG

no solutions for ¥ =0 award R? only.

Note: For a solution that only refers to the graph giving two solutions at x = 0 and

by at@.,1y 4+ 4d_y= - 4d_y
dx dx
dy 1
dx 2
gradient of normal is 2
l=4+c¢

equation of normalis y =2x -3

(c) substituting
+3Y
(2x—3)=5—(2x - 3) or [J’T] y=5—y

x=0724

M1

(A1)

M1
(M1)
A1

(M1)
(A1)

A1l

[7 marks]

[6 marks]

[3 marks]

’
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5—y4

i
volume 1 = n_[
1

(d) recognition of two volumes M1)

dy(= 1.01n = 3.178...) M1A1A1

—0=4-In2+c—4
== ln2(= 0.693)

5
Jx)=4x*—In{x+ 1)+ xIn2 -4

5_ 4
Note: Award M1 for attempt to use nszdy , A1 for limits, A1 for 4 . Condone omission of ©
Y
at this stage.
volume 2
EITHER
= % nx 2P x 4=16.75..) (M1)(A1)
OR
2
1 y+43 16n
=n| |——| dy(=—=10.75... M1)(A1
L(zjy(3 ) (M1)(A1)
THEN
total volume =19.9 A1
[7 marks]
24 - (MAT-W 2018-Paper 2/0-Q2) = INTEGRATION
, 1 2 1
[ =[] 153 + —|dx =107 - —— (+¢) (M1)A1A1
(x+1) x+1
| Note: A7 for first term, A1 for second term. Withhold one A7 if extra terms are seen. |
3 1 3
f(x)=j[10x2——+cjdx=4x2—1n(x+1)+cx+d A1
x+1
3
Note: Allow FT from incorrect f"(x) if it is of the form f7(x)=Ax? + ! +c.
x4+
Accept 1n|x + 1|.
attempt to use at least one boundary condition in their f(x) (M1)
x=0,y=—4
x=Ly=0
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25 - (MAT-S 2019-Paper 2/1-Q5) - INTEGRATION

METHOD 1

write as j 1% (In x)*dx (M1)

=x(1nx)z—Ixxmdx(zx(lnx)z—jﬂnx) M1A1

X

=x(Inx)>—2xInx+ j 2dx (M1)(A1)

=x(Inx)® —2xlnx+2x+ ¢ A1
26 - (MAT-S 2019-Paper 2/1-Q7) - INTEGRATION

1 2
volume == f:[ P 1] dy—m f(y “1)dy (M1)(M1)(M1)(A1)(A1)

Note: Award (M1) for use of formula for rotating about y-axis, (M1) for finding at least one inverse,
(M1) for subtracting volumes, (A1)(A1)for each correct expression, including limits.

=268.6... —100.5...(85.5n—32m)
=168(=53.5m)

27 - (MAT-W 2019-Paper 2/0-Q11) - DIFFERENTIATION, INTEGRATION
(@) (i) valid attempt to differentiate implicitly

. 9 dy
4x =3sin" y cos y —
Yy ydx

L. -
dx 3sin’ ycosy
(i) at(l,s—"],d—yz . B
4 6 dx 3sin” ycosy 3(1)‘ 3
2 2
:>d—y=—i(=-1.54)
dr 33
hence equation of tangent is

y_%n=—1.54(x—%) OR y=-1.54x+3.00

INote: Accept y=—1.54x+3. |

1.,
b X =,[|—sin’
(b) "2 y
r lsin3 d
) \,2 yay

=1.24

A2

(mM1)
A1A1

A1

(M1)

A1

(M1)A1

[8 marks]

(M1)
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(c) use of volume =J.rtx3dy

D
=| —msin” vd
[ Smsin'y ey

0

1 7. ) 5
=—m| (siny—sin ycos d
: f (sin y—sinycos” y)dy

0

| Note: Condone absence of limits up to this point.

reasonable attempt to integrate
_lT[ —Cos +lcos3 K
2 yr3emy

0

Note: Award A7 for correct limits (not to be awarded if previous M1 has
not been awarded) and A1 for correct integrand.

. . 2
Note: Do not accept decimal answer equivalent to Tﬂ:

28 - (MAT-W 2020-Paper 2/0-Q3) - TRIGONOMETRY, INTEGRATION

(a) the principal axis is y& 2)

so p=2

the amplitude is y(_ 3)

sog=3

(M1)

A1

(M1)

A1A1

A1

AG

A1

A1

[6 marks]
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EITHER
one period is 2 —E— _9_1:
4 4
=3n
:>2—n:3n:
”
OR
_ . ) 3n
Substituting a pointeg —1=2+sin —Tr
. 3n In St m 3xm
sin| —v¢ |=-1=2—r=...—,——,—,
4 4 2 22
Choice of correct solution —%r = —%

THEN

2
=>r==
3

- rersa()

(M1)

(M1)

A1

Note: ¢ and r can be both given as negatives for full marks

(b) roots are x =-1.09459...,x=-3.617797...

~1.09459... .2
j3.617797..,£2 +3sin [%J}ix
= —1.66(=—1.66179..)

so area =1.66 (units?)

[4 marks]

(A1)

(M1)

(A1)

A1
[4 marks]

o=
o
G
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29 - (MathAA-W 2021-Paper 2/0-Q10) - ALGEBRA-FUNCTIONS - ROOTS, GRAPHS, INTEGRATION

@ O

Note: In part (a), penalise once only, if correct values are given instead of
correct coordinates.

attempts to solve x* —x—12=0
(-3.0) and (4,0)

Note: Award A0 for x # ]—5

Award A1 in part (b), if x :g is seen on their graph in part (d).

(c) METHOD1
(ax+b)(2x-15)=x"—x-12

attempts to expand (ax+b)(2x—15)

2ax® —15ax+2bx —15h=x" —x—12
a=—

2
equates coefficients of x

=By
2

(M1)
A1

A1

[3 marks]

A1

[1 mark]
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METHOD 2
attempts division on I_—I_lz M1
2x—15
B M1
2 4
1
2
I):E A1
4
_x*. B
4 2 4
METHOD 3
a—l A1
2
Xox-12 _x 4. € M1
2x—15 2 2x-15
2x—15
x27x712£w+(2x715)b+c
2
equates coefficients of X : (M1)
—1:—E+2b
2
13
h=—" A1
4
;—£+E
) 2 4
METHOD 4
x—x—12
attempts division on ——— M1
2x-15
) LEA)
X —x—12_£+ )
2x-15 2 2x-15
a=1 A1
2
13x
7—12_E
2x-15 4
p=13
4
ox 13
YT,
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two branches with approximately correct shape ( for =30 <x<30) A1
their vertical and oblique asymptotes in approximately correct positions with both branches

showing correct asymptotic behaviour to these asymptotes A1
their axes intercepts in approximately the correct positions A1

Note: Points of intersection with the axes and the equations of asymptotes
are not required to be labelled.

[3 marks]

A
e i
’
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(ii)

attempts to split into partial fractions:
2x—15 A B

(x+3)(x—4) Ex-~-3+x—4
2x—-15= A(x—4)+B(x+3)

o 3 1

(=)o

attempts to integrate and obtains two terms involving ‘I’
=[3In|x+3|~In|x—4|]

=3In6-Inl1-3In3+In4

=3In2+In4 (=In8+In4)

=In32 (=5In2)

(M1)

A1
A1

(M1)
A1
A1

A1

Note: The final A7 is dependent on the previous two A marks.

[7 marks]

Total [18 marks]
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1 - (MathAA-S 2021-Paper 2/1-Q12) - DIFFERENTIAL EQUATIONS

@ 1 _a, b
x(k—x) Cx k-x
a(k—x)+bx=1 (A1)
attempt to compare coefficients OR substitute x =k and x =0 and solve (M1)
a=Land p=L A1
k k
1 1
(X)) — ————
I =% k(k—x)
[3 marks]
(b) attempt to integrate their < (M1)
x k-x
Lefl 1
xX)=—|| —+—|dx
f( ) k'[[x k—x)
1 1 X
=—{In|x|=In|k —x|)(+c)| ==1n +c A1A1
R B e 1)
[3 marks]

Note: Award A1 for each correct term. Award A1A0 for a correct answer without modulus
signs. Condone the absence of +c.
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(c) attempt to separate variables and integrate both sides M1
1
Sk| ——=dP=|1d¢
jP(k—P) -[
S(InP—ln(fc—P)):t+c A1

Note: There are variations on this which should be accepted, such as

1 1
E(ln P-In (k - P)) = gt +¢. Subsequent marks for these variations should be awarded as

appropriate.
EITHER
attempt to substitute { =0, P =1200 into an equation involving ¢ m1
1200
¢=5(In1200~In(k—1200))| =5In At
k—1200

5(In P—In(k—P))=1+5(In1200—In(k—1200)) A1
| P(k-1200)) ¢

n| ———= |=—

1200(k-P) ) 5

P(k-1200) :
— =’ A1
1200(k - P)
OR

[ P J t+c
In =—

k—P 5

P4 A1
k—P
attempt to substitute 1 =0, P=1200 M1

1200 _ A1
k—1200

P _ 1200e° A1
k—P k-1200

A
e i
’
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THEN

1

orR L_i- ,
1200e5

1200k

attempt to rearrange and isolate P

Pk—1200P =1200ke’ —1200P¢’ OR Pke *
k. k—1200

I I _{
P{k—1200+1200e5j—1200ke5 OR P(ke 5

P:

L
(k-1200)e 5 +1200

(d) attempt to substitute ¢ =10, P =2400

2400 = 120012
(k—=1200)e *+1200

k=2845.34..

k = 2845

1
—1200Pe ° =1200k —1200P

—1200e 5 +1 200) =1200k

M1

A1

AG

[8 marks]

(mM1)
(A1)

A1l

‘ Note: Award (M1)(A1)A0 for any other value of & which rounds to 2850

t=1.57814...
=1.58 (days)

(e) attempt to find the maximum of the first derivative graph OR zero

of the second derivative graph OR that p = _(= 1422,67,__)
2

[3 marks]

(M1)

A2

Note: Accept any value which rounds to 1.6.

[3 marks]
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1 - (MAT-S 2012-Paper 2/2-Q12) - KINEMATICS

dv
dt
attempt to separate the variables

IHIVZ dv=[-1ds

arctanv =+ k

(a) - -1

Note: Do not penalize the lack of constant at this stage.

when =0, v=1

=k —arctanl—(%]— (45“)

T
D vyv=tan| ——1t
[4 J
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(b)

Ty

Note: Award A1 for gencral shape,
AT for asymptote,
Al for correct £ and v intercept.

Note: Do not penalise if a larger domain is used.

. T
) T_Z

(i) areaunder curve = F tan{E - 1‘] dt
0o 4

= 0.347(_ l]112]
2
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(d)

(e)

v—tan| Z—¢
3
)
It ——r |d#
Ky jan[4 J
i m
sm[z—fJ
jidt
T
cos| ——t
i
:]ncos[ﬂ—f}rk
4
when t=0, 5=0

k :—]nc:osE
4

el ) w3 ]

METHOD 1

A
——t=arctanv
4

T
= ——arctan vy
4

5= ]I1|:\/§COS[§—%+ arctan vﬂ
s=1In [\/5 cos (arctan V)]

s=In

\/ECOS[&I'CCOS L 2 J:|

2012 -2021 "
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CH 20 - KINEMATICS

METHOD 2

s =Incos Eft flncosE
4 4
=—Insec E—t —]nc:n:)sE
4 4
—_In Jl+tan®| Z—¢ | —lncosZ
4 4

— 11+ —IncosZ
4

. +Ina2
-Jl+v2

1,2

2 1+v

METHOD 3

%]n(v2 +)=—s5+k

when s=0, i =0=v=1

:>k:lh12
2
:>s:l]n 22
2 14+
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2 - (MAT-W 2012-Paper 2/0-Q6) - KINEMATICS

2s£+£—2=0
dr  dt
ds_ 2

V=— =
dt 2s+1

EITHER

g _dvds
dr ds dr

v -4

ds  (25+1)

-4 ds

o = —

(2s +1)* dr

OR

2 2 2
Z(E) +25E+E= 0
dt

ds 2
& (a]
S p—

?_ 25+1
[

THEN

-8
4=
(25 +1)
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CH 20 - KINEMATICS

3 - (MAT-S 2013-Paper 2/2-Q10) - KINEMATICS

METHOD 1
@ = i(60 —v)
dt 40
} } dv dt
attempting to separate variables =1—
PHRE 10 5P -[ 60—v 40

t
~In(60—v)=—
( V) 4O+C

c=—In60 (or equivalent)

attempting to solve for v when =30
3

v=60—60¢ *
v=31.7(ms ")

METHOD 2

@:i(éo—v)
dr 40

dr 40
dv 60-v
v 40
jo 60— v d

attempting to solve J':f 6(;10
—v

(or equivalent)

dv =30 for v,

v=31.7(ms™)

dv =30 where v, is the velocity of the car after 30 seconds.

2012 -2021
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CH 20 - KINEMATICS

4 - (MAT-S 2013-Paper 2/1-Q12) - KINEMATICS

(a)
Vs

(0'7"“_52' )

Note: Award A7 for general shape, A1 for correct maximum and minimum,
Al for intercepts.

| Note: Follow through applies to (b) and (c).

(b) 0£r<0.785,{0r0£r<

57
3
(allow r<0.785)

and > 2.55 [or =

5+ﬁ}

3

(c) 0£t<0.785,[0r0£r< 3

5—J7]

(allow ¢ <0.785)

2<r<2.55,(or2<r<

5+ﬁj

3
=3

(d)  position of A: xA:J.t375t2+6t ds
]- 4 5 3 2
=—t —=t +3t° (+
X4 4 3 (+¢)

when =0, x,=0s0 ¢=0

2012 -2021 776




IB DIPLOMA MATHEMATICS AA -HL -P2 CH 20 - KINEMATICS

dv, 1
(e) E = —2VB — I ZdVB = j —2dt

1n|v3| =2t+c

. —2¢
v, = Ae

v, =—20 when =0 so v, =—20e ™

f)  x,=10e(+c)
x, =20 when =0 so x, =10e > +10

meet when it“ — gtz +3F =10e? +10

t= 4.41(290...)

-
v 0
’
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5 - (MAT-W 2013-Paper 2/0-Q12) - KINEMATICS

(a) () METHODI1
{
v=j300s—dt
4
.
=12sm—+c¢
4
t=0,v=12:>v=12sin%+12
METHOD 2
v—12=jr3cos£dt
0 4

v=12sin-+12
4

(i)

A 4 r L -
* L}

0 in %n fn o b

Note: Award A7 for shape and domain 0<7<8x.
Award AT for (0,12) and (6%, 0) ((18.8,0)).

Award A1 for (27, 24) ((6.28, 24)).

(iii) METHOD 1
j“[lzsiniﬂzjdz
0 4
=274 (m) (=72n+48 (m))

METHOD 2
s=j12sini+12 dt
4

=—48c0s%+12r+c

When =0, s =0 and so ¢=48.
When =67, s=274 (m) (=72r+48 (m)).
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(b) @)

METHOD 1

%=_(v2+4)

d
J‘1\;2-‘:4:_'[(”

1 v
—arctan| — |=—f+c¢
2 [ZJ

EITHER

1!‘=0,v=23c=E
3

OR
v=2tan(2¢-2¢)

t=0,v=2=tan2¢=1and so ng

THEN

v=2tan[£—2fj

4

y= 2tan[n_81]
4

METHOD 2

& —4gec’ 18
dt 4

Substituting v = 2tan ( 71:—81‘] into % = —(v2 + 4) ;

4

£=—[4tan2(n_81]+ 4}
dt 4

{

= —4dsec’ o8l
4

Verifying that v=2 when 7 =0.

A
) o)

2012 -2021
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(i) METHOD 1

v£=— v +4
(v*+4)

S

32_ (v2+4)

ds v

METHOD 2
dv_dv dr
ds dr ds
3& (v2+4)

ds v
(iii) METHOD 1

When v=0, r=g (1=0392..)).

ul — 8¢
S:I"Ztan[n Jdt
0 4

§=0.347 (m) (S=%hl2 (m)J

METHOD 2

j4:v2 dv=—jds

EITHER

1 .
5 In (v2 + 4) =—s+c (or equivalent)

v=2,s=0:>c=%ln8

S=—lln(v2+4)+lln8 S=lll’l 28
2 2 2 v +4

v=0= S=%ln2 (m) (S=0.347 (m))

OR

v

244w

~dv =y (or equivalent)

Note: Award M1 for setting up a definite integral and
award A1 for stating correct limits.

§=0.347 (m) [S=%hl2 (m)]

-
v 0
’
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(a)

(b)

N

/
v(t)

6 - (MAT-S 2014-Paper 2/2-Q14) - KINEMATICS

Maximunn

A1 for correct shape and correct domain

(1.41, 0.0884) (ﬁ%}

EITHER
u=t
s
dt
OR

1
f =2

1

i - lu_E
du 2
THEN

( 1
Jgeri=3l

du

12+u>

u

1
= marotan ( \/E )(Jrc)

1
= ——=arctan
43 (

Ll ](+c) or equivalent

23

b\ 4

2012 -2021
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@ 1
ds  2s(1-s)

dv

a=v—

ds

a =arcsin (\/E) X#\/Té‘)

) 1
a= arCSln(M)Xm

2=0.536 (ms™)

-
v 0
’
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7 - (MAT-W 2014-Paper 2/0-Q4) - KINEMATICS

METHOD 1
attempt to set up (diagram, vectors)
correct distances x =157, y = 20¢

the distance between the two cyclists at time 7 is s = 1/(1 50)* +(20ry* = 25¢ (km)
ds_ 25 (kmh™)

dt
hence the rate is independent of time

METHOD 2

attempting to differentiate x*+ y*=s" implicitly
dx d d

2x—+2y A, Phl
dr dr dr

the distance between the two cyclists at time 7 is 1, (156)* + (201)* = 25¢ (km)
2(156)(15)+ 2(206)(20) = 2(251‘)%

Note: Award M1 for substitution of correct values into their equation

: . ds
involving —.
dr

95 _ s (kmh™)
dr
hence the rate is independent of time
METHOD 3
s=4x"+ 37
dx dy
- + -
ds " ay d
ds 2+ yz

Note: Award M1 for attempting to differentiate the expression for 5.

ds _ (150)(15)+(20)(20)
de 150 +(208)

Note: Award M1 for substitution of correct values into their ;ﬁ
i

ds _ 25 (kmh™)
dr

hence the rate is independent of time
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8 - (MAT-W 2014-Paper 2/0-Q8) - KINEMATICS

() 3—%=0:>z=6(s)

Note: Award A0 if either r=-0.236 or i =4.24 or both are stated with
r=6.

(b) let d be the distance travelled before coming to rest

4 6
t
p— — —_— 2 —_——
d_(J;S (t—2) dt+J;3 Zdt

Note: Award M1 for two correct integrals even if the integration
limits are incorrect. The second integral can be specified as the
area of a triangle.

d=?(=15.7)(m)

T
attempting to solve J.[% —3] dt = % (or equivalent) for T
6

7=13.9(s)

-
v 0
F
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9 - (MAT-S 2015-Paper 2/2-Q12) - KINEMATICS

(@) METHOD 1
9
s=|{9t-3t* )di == - (+c¢
Jor=3)dr=—r =7 o)

t=0,5=3=¢=3
t=4= s5=11

METHOD 2

s=3+j4'(9t—3t2)dt
0

b) s =3+%r2—r3

AS
L0 T MAX (31 165 )
lo
5] (6410 )
BN V' St
O [ 2 2 o 5
P! MmN (5, =75 )

correct shape over correct domain
maximum at (3, 16.5)
tintercept at 4.64, s intercept at 3
minimum at (5, —9.5)

A
v 0
’
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()

—95=g+bcos2n
16.5=a+bcos3x

correct domain.

Note: Only award M7 if two simultaneous equations are formed over the

(d)

9
3+=1—¢=3

7 2t
solving ——13cosi =3
2 5

GDC = 1,=6.22

-
v 0
’

2012 -2021
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10 - (MAT-S 2015-Paper 2/1-Q13) - KINEMATICS
. dv
@ @O a®-= T -10 (ms™)
f

(i) =10=v=-100 (ms™)

(i) s= j—mtdr =—5¢* (+¢)
$=1000 for £=0=> ¢ =1000
s = =52 +1000
at 1=10, s =500 (m)

Note: Accept use of definite integrals.

dt 1

S P T

(c) METHOD 1

1 1
t= | ———dv=—=In(—10-5V)(+c
'[—10—51) 5 ( )Fe)

Note: Accept equivalent forms using modulus signs.

t=10,v=-100

1

10=——In (490) +¢
1

¢ =10+1n(490)

t= 10+%ln 490—%1n(—10—5v)

Note: Accept equivalent forms using modulus signs.

t=10+lln o8
5 —2—vy
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METHOD 2

1 1 1 1
f—jmdv——g-‘.2+vdv——gll’l|2+V|(+C)

Note: Accept equivalent forms.

t=10,v=-100

10=—11n|—98|+c
5

Note: If 1n(—98) is seen do not award further A marks.

c= 10+%ln98

t=10+lln98—lln|2+vl
5 5

Note: Accept equivalent forms.

t=10+lln o8
5 —2—vy

Note: Accept use of definite integrals.

@ 35(¢-10)=In o8
(=2-v)
2+v P G
98
v=-2-98¢ 1"
©) & g ggescw
de

s = =2t +%e5(“°) (+k)
98
at 1=10, s =500 = 500=—20+?+k =k =500.4

§=-2f +%e—5(“°) +3500.4

A
v 0
F
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11 - (MAT-W 2015-Paper 2/0-Q9) - KINEMATICS

@ 1,=177(s) (= JE(S)) and 7, = 2.51(s) (= \/ﬂ(s))

(b)y ()

£ =1.25(s) {: \E(S)J

attempting to find (graphically or analytically) the first 7

(i) attempting to find (graphically or analytically) the first £ .

t=2.17(s) [: 37“(9,)]

(c) distance travelled = (or equivalent)

2.506... dint?
I 1—¢ dr
1.772...

= 0.711(m)

12 - (MAT-S 2016-Paper 2/1-Q3) - KINEMATICS

(a) V_E— N or -1+ 2
dt 2-¢* 2 —1 2—¢"

() a=—;= -

Note:If simplified in part (a) award (M7)A71 for a = =

d*s —2¢'

(¢ - 1)2 '

Note: Award M1A1 for a=—¢"(2~¢" )’2 (e*)—e"(2-¢" )’1 .

(¢) a=-2(ms?)

-
v 0
F
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13 - (MAT-S 2016-Paper 2/2-Q8) - KINEMATICS

dv COS S

a —_— =
@ ds sin®s+1
dv
a=y—
ds

__ arctan(sin 5)cos s

sins + 1

(b) EITHER

0.75

y = a(s) 075 ol

0.25

OR
03 -
0.2

0.1

y=a(s)—025

0.5

0.1 -

-0.2

THEN
s =0.296, 0.918 (m)
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14 - (MAT-S 2017-Paper 2/1-Q11) - KINEMATICS

(@ v(15)= L (M1)
\fl +(15-10)
v(15)=19.2 (ms™) A1
[2 marks]
10
(b) j9.8r d (M1)
0
=490 (m) A1
[2 marks]
(c) L =28 M1)
\/1 + (r =10y
t=44985...(s) A1
449... 98
h=490 + —_ (M1){(A1)
10 \’1 + ([ - 10)2
h=906(m) A1
[5 marks]
15 - (MAT-S 2018-Paper 2/2-Q7) - KINEMATICS
(a) attempt to solve v(r)= 0 for t or equivalent M1)
4 =0441(s) A1
[2 marks]
. dv —t —2t 2 -2
by @ ab= yn =—e ' —l6fe™ + 16t°e M1A1
| Note: Award M1 for attempting to differentiate using the product rule. |
i) a(t) = —2.28(ms’2) A1
[3 marks]

’

2012 -2021 791




IB DIPLOMA

MATHEMATICS AA -HL -P2

CH 20 - KINEMATICS

16 - (MAT-S 2019-Paper 2/2-Q6) - KINEMATICS

attempt to integrate Gto find V
v=[adi=[(20-1)dt

=£——+ct+d
3 2

attempt at substitution of given values
at =6, 18.25=72-18+6¢+d
at =15, 922.75=1125-112.5+15¢c+d
solve simultaneously:
c=-6;d=0.25

3 2
= :t——t——61+l
3 2 4

M1

A1

A1
(m1)

(M1)

[6 marks]

A
e i
’
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17 - (MAT-W 2020-Paper 2/0-Q11) - SEQUENCES - SERIES, KINEMATICS

Tc p—
(@) g(_ 0.524)

%(:1.05)

(b) attempt to use integration by parts

s :J ¢ sin 61 dr
EITHER
e sin6¢

= J.fZe‘S’ cos 67 dt

e sin 67 _[ 2e ' cos 6¢

3 3 - _[ —4e ¥ sin 6¢ dtJ

e ¥sin6r [ 2e ¥ cos6t
=— — +4s
3 3

—3e sin6sr —6e " cos 61
9

Ss =

OR

-3t
— 7L056t7j.le 3t cos6f dr
6 2

~ ecos6r [esinbt
6 12

1 .
+_[—e sinor dr
4

e cos6t (e Msinbr 1
=— — +—s
6 12

. —2e * cos 61 —e ' sin 61

4 12
THEN
oo e (sin 6;;— 2¢0s61) (+c)

att:O,S:0:>O:—li+c

2
15

C =

A1

A1

M1

A1

A1

M1

A1

A1

M1

[2 marks]
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2 e (sin6t+2cos6r)
§=—-
15 15

(¢) EITHER
substituting ¢ :g into their equation for s

2 e_z(sinn+2cosn)
§=—-
15 15

OR
using GDC to find maximum value

OR

evaluating ‘..0" vdt

THEN

—0.161£—%(1+C—%)J

1.5
distance required = j |e‘3’ sin 6f| dr
0

OR

distance required =

St——aln

o
3 1.5
e sin 6t dr + J'e’s’ sin 6 dr|+ je’” sin 6 dt
o T
6

3

(=0.16105...40.033479...+ 0.006806...)
THEN

=0.201 (m)

METHOD 2
using successive minimum and maximum values on the displacement gra

0.16105...+(0.16105...-0.12757...)+ (0.13453...- 0.12757...)
=0.201 (m)

[7 marks]

(M1)

(M1)

(M1)

A1

[2 marks]

(M1)

(M1)

A

A

1
; o=
L
G
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CH 20 - KINEMATICS

(€ (O

(ii)

valid attempt to find Z—v using product rule and set % =0
t t

dv ~ 4 .
E:e 6 cos 6 — 3¢ sin 61

dv_ 0= tan6r =2
dt
attempt to evaluate ¢,,¢,,7, in exact form

6t, = arctan 2 (::» t = %arctan 2J
: n 1
6t, = m+arctan 2 [:> L= 5 + P arctan ZJ

6t, = 2m + arctan 2(:> t, = %+ %arctan zJ

M1

A1

AG

M1

A1

Note: The A7 is for any two consecutive correct, or showing that 6¢, =z +6¢, or
61, = +61,.

showing that sin6¢,,, = —sin6¢,

. 2
eg tan 6f = 2 = sin 6¢ =i£
3!u+l _E
showing that ——=e *
e
73[645 -3k 3
egec 0 ‘+c " =¢?

M1A1

M1

AG

A
T
’

2012 -2021
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CH 20 - KINEMATICS

18 - (MathAA-S 2021-Paper 2/1-Q4) - KINEMATICS

(a) recognising v=0 (M1)
t=6.74416...
=6.74 (sec) A1
‘ Note: Do not award A1 if additional values are given. |
[2 marks]
10 6.74416... 9.08837... 10
(b) J.U |v(¢)fds OR —_[0 v(t)dt+ J6,74416,.. v(t)di— Jmmlv(t) dt (A1)
=37.0968...
=37.1 (m) A1
[2 marks]
(c) recognising acceleration at ¢ =7 is given by v'(7) (M1)
acceleration =5.93430...
=5.93 (ms?) A1
[2 marks]
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19 - (MathAA-S 2021-Paper 2/1-Q9) - DIFFERENTIATION, KINEMATICS

(@ tano=—2_OR cot@=2"% At
y—-x
y=x+50cotd AG
\ Note: y — x may be identified as a length on a diagram, and not written explicitly. |
[1 mark]
(b) attempt to differentiate with respect to ¢ {M1)
d—y=%—50(cosect9)zﬁ A1l
dt dt dt
attempt to set speed of B equal to double the speed of A (M1)
2E = & —50((:05;(:(:19)2 a0
de  dr dr
dx dé
—= —50((:05;@(:(9)2 — A1
dt dt

2
B:arctans(:l.373...:78.69...0) OR c056029=1+cot29:l+[%J :% (A1)

\ Note: This A7 can be awarded independently of previous marks. |

E=50(§]x0.1
dr 25

So the speed of boat A is 5.2 (ms™) A1l

Note: Accept 5.20 from the use of inexact values. |

[6 marks]
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