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1. What is two-fifths of the recurring decimal 0.25?
A 0.1 B 0.01 C 0.0 D 0.10 E 0.10

SoLUTION

MEeTtHOD 1

One-fifth of 0.25 is 0.05. Hence two-fifths of 0.25 is 0.10.

METHOD 2

wu 2D v 2 28 10 ..
i 25=—,i = 25==x—=—=0.10.
Since 0.25 99’ it follows that that two-fifths of 0.25 5 X 3 ~ 99

FOR INVESTIGATION

Express two-thirds of 0.06 both as a recurring decimal and as a fraction.

vo 25
Check that 0.25 = —.
eck tha 99
17 ; ;
Express ) as a recurring decimal.

Express the recurring decimal 0.123 as a fraction.
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2. What is the smallest prime which is the sum of five different primes?

A 39 B 41 C 43 D 47 E 53

SoLUTION

If five different primes include 2, they consist of 2 and four odd primes. Hence their sum is even
and hence is not prime.

Therefore five different primes whose sum is also prime cannot include 2. Hence they are five
odd primes.

The sum of the first five odd primes is 3 + 5+ 7 + 11 + 13 = 39, which not prime.

The smallest prime greater than 13 is 17. If we replace 13 by 17 we obtain the sum 3 +5+ 7 +
11 + 17 = 43, which is prime.

It follows that the smallest prime that is the sum of five different primes is 43.

FOR INVESTIGATION

Which is the smallest prime which is the sum of six different primes?
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3. The positive integer 2018 is the product of two primes.
What is the sum of these two primes?

A 1001 B 1010 C 1011 D 1100 E 1101

SoLuTION @

The prime factorization of 2018 is given by 2018 = 2 x 1009. The sum of the two prime factors
is 2+ 1009 = 1011,

NoTE

There is no very quick way to check that 1009 is prime, as this would involve checking that no
prime < 29 is a divisor. [Why is this enough?] Fortunately, the question tells us that 2018 is the
product of two primes. We can conclude from this that the second factor 1009 is prime.
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4. Last year, an earthworm from Wigan named Dave wriggled into the record books as the
largest found in the UK. Dave was 40 cm long and had a mass of 26 g.

What was Dave’s mass per unit length?

A 0.6 g/cm B 0.65 g/cm C 0.75 g/lcm D 1.6g/cm
E 1.75g/cm

SoLuTION

26
Dave’s mass per unit length is 0 g/cm. We have

26 26 26
T T T i

Therefore Dave’s mass per unit length is 0.65 g/cm.
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5.

On a Monday, all prices in Isla’s shop are 10 % more than normal. On Friday all prices
in Isla’s shop are 10 % less than normal. James bought a book on Monday for £5.50.
What would be the price of another copy of this book on Friday?

A £5.50 B £5.00 C £4.95 D £4.50 E £4.40

SoLUTION @

The book cost £5.50 on a Monday after prices have risen by 10 %. Therefore the price before this
increase was £5. It follows that on a Friday, after prices have been cut by 10 %, the price of the
book has fallen by 50p to £4.50.
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6. Which of the following is not a multiple of 5?

A 20192 - 20142 B 20192 x 10? C 2020% = 1012
D 2010?% — 20052 E 20152 + 52

SoLUTION @

Using the factorization of the difference of two squares, we see that 2019? — 20142 =
(2019 —2014)(2019 + 2014) = 5 x 4033, and hence is a multiple of 5.

20192 x 10%is a multiple of 102, that is, a multiple of 100, and hence is a multiple of 5.
2020% = 101% = (20 x 101)? = 101% = 20 = 400 and so is a multiple of 5.

Because 2010 and 20052 are both multiples of 5, their difference, 2010% — 20052, is also a
multiple of 5.

However, 20152 + 52 = = 4032 and, because 403 is not a multiple of 5, 4032 is not a

multiple of 5.

55

Hence the correct answer is option E.
FOR INVESTIGATION

Prove the following facts about divisibility by 5 that are used in the above solution.

(a) For all positive integers m and n, if m and n are multiples of 5, then m —n is a multiple
of 5.

(b) For all positive integers m, if m is not a multiple of 5, then m? is not a multiple of 5.
Which of the statements in 4.1 are true when ‘5’, is replaced by ‘6’?
Which of the statements in 4.1 are true when ‘5’ is replaced by ‘20°?

For which integers d is it true that for all positive integers m, if m is not a multiple of d,
then m? is not a multiple of d?
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7. What is the difference between one-third and 0.333?
3 1 3 1

&1 = 1000 - 3000 e 10000 & 30000

SOLUTION

1
Expressed as fractions, one-third is 3 and 0.333 is
one-third and 0.333 is

. Therefore, the difference between

1000

1333 1000 999 1
3 1000 3000 3000 3000

FOR INVESTIGATION

(a) What is the difference between one-third and 0.3333 ?

k

(b) What is the least positive k such that the difference between one-third and 0. 33...33
is less than 1076 ?

What is the difference between % and 3.1417?

What is the difference between 1 and 0.9 ?
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8. What is the remainder when 1234 x 5678 is divided by 5?
A0 B 1 C 2 D3 E 4
SoLuTiON

The units digit of 1234 x 5678 is the same as the units digit of 4 X 8, and hence is 2. Therefore

the remainder when 1234 X 5678 is divided by 5 is 2.

FOR INVESTIGATION

What is the remainder when 1234 X 5678 is divided by 3?

What is the remainder when 1234 x 5678 is divided by 11?

- The integer m has remainder 3 when it is divided by 11. The integer n has remainder 4
when divided by 11.

What is the remainder when mn is divided by 11?
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9. The sum of four consecutive primes is itself prime.
What is the largest of the four primes?
A 37 B 29 C 19 D 13 E 7

SOLUTION

The sum of four odd primes is an even number greater than 2, and therefore is not a prime.
Therefore the four consecutive primes whose sum is prime includes the only even prime 2.

It follows that the four consecutive primes are 2, 3, 5 and 7. Their sum is 17 which is a prime.
The largest of these four consecutive primes is 7.

FOR INVESTIGATION

Which is the smallest prime that is the sum of five consecutive primes?
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800
10. What is the value of —?
8400

A 5w B 5% C1 D 220 E 20

SoLUTION

We have

4800 (22)800
8400 (23)400
1600
21200
— »1600-1200

=28,

FOR INVESTIGATION

7900

g ’ .. G
For which integer n is 970 = 33
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11. What is V1234543217
A 1111111 B 111111 C 11111 D 1111 E 111

SoLuTION

Note: You could not be expected to be able to calculate the value of V123454321 without the
use of a calculator. So you need to find some other way to select the correct option. We use a
method based on the size of the number 123454321.

We have
10% < 123454321 < 10'°,
Therefore
V108 < V123454321 < V1010,
that is,

10* < V123454321 < 10°.

The correct option is therefore the only one that is between 10* and 10°. Therefore, of the given
options, it is 11111 that equals V123454321.

FOR INVESTIGATION

The answer given above assumes that one of the given options is correct.
Verify that 11111 = V123454321 by checking that 111112 = 123454321.
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12. The positive integer k satisfies the equation V2 + V8 + V18 = Vk.
What is the value of k?
A 28 B 36 C 72 D 128 E 288

SoLuTION

Because 8 = 22 x 2 and 18 = 3% x 2, we have V8 = 22 and V18 = 3V2. Therefore

V2 +V8+ V18 =V2+2V2+3V2
= 6V2
= V62 x 2
= V72.

Therefore k = 72.
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13. When evaluated, which of the following is not an integer?

A 1! B 4°% C 6° D 8%

E 167

SOLUTION

We have

and
161 = (167)3 = (V16)> = 23 = 8.

We therefore see that only the expression of option B gives a number which is not an integer

when it is evaluated.

FOR INVESTIGATION

The standard convention is that for x # 0, we take 1 as the value of x’. Why is this

convention a sensible one to use?

The standard convention is that 0° represents the number
convention?

1. Why is this a sensible

In the answer to Question 8 we have used the fact that when p and ¢ are positive integers,
: . 2 ” .
and x > 0, the convention is that x¢ means ({/x)”. Why do we adopt this convention?
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14. The prime factorization of 2024 is 2% x 11 x 23.
How many two-digit numbers are factors of 2024?

A2 B 4 C6 D7 E 8

SoLuUTION @

Written in full we have
2024 =2X2X 2% 11 X23,

The factors of 2024 are 1 and the numbers obtained by multiplying together some, or all, of the
numbers that occur in this product.

We see from the factorization that 11 and 23 are two-digit factors of 2024.

Since 11 X 23 = 253 no product which includes both 11 and 23 produces a two-digit factor of
2024. However, we can obtain two-digit factors of 2024 by multiplying 11 or 23 by 2, 22 or 23
provided that the resulting product has two digits.

In this way we obtain the two-digit factors

2x 11 =22,
22x 11 = 44,
22 x 11 = 88,
2x23 =46
and
22 %23 =92.

Hence, altogether there are 7 two-digit factors of 2024, namely, 11, 22, 23, 44, 46, 88 and 92.
FOR INVESTIGATION

Find all the three-digit factors of 2024.
Find all the two-digit factors of 10 000.
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15. How many of the numbers 6, 7, 8, 9, 10 are factors of the sum 22024 4 22023 4 220229

Al B2 cC3 D 4 E 3

SoLUTION lEI
For convenience, we put § = 22024 4 22023 4 92022,

We have
e 22024 g 22023 i 22022 = 22022(22 i 21 5 1) = 22022(4 4 i 1) - 22022 x 7.

It follows that 7 is a factor of S. Also, since 8 = 2°, 8 is a factor of 220>? and hence it is a factor
of S. On the other hand, 3 and 5 are neither factors of 22°>? nor factors of 7. So they are not
factors of S. It follows that 6 and 9 which are multiples of 3 are not factors of S. Similarly, 10 is
a multiple of 5 and hence it is not a factor of S.

We therefore see that just two of the numbers 6, 7, 8, 9 and 10 are factors of S, namely 7 and 8.
FOR INVESTIGATION

10.1 Which is the largest prime factor of 22024 4 22023 4 2022 52021 9

11. Wenlu, Xander, Yasser and Zoe make the following statements:
Wenlu: “Xander is lying.” Xander: “ Yasser is lying.”
Yasser: “Zoe is telling the truth.” Zoe: “Wenlu is telling the truth.”
What are the possible numbers of people telling the truth?
A lor2 B lor3 C2 D 2or3 E 3

SoLUTION @

Suppose Wenlu is telling the truth. Then Xander is lying. Therefore Yasser is telling the truth.
Hence Zoe is telling the truth, and this agrees with the fact that Wenlu is telling the truth.

Hence it is possible that Wenlu is telling the truth. We have seen that in this case Wenlu, Yasser
and Zoe are telling the truth.

Suppose Wenlu is lying. Then Xander is telling the truth. Therefore Yasser is lying. Hence Zoe
is lying, and this agrees with the fact that Wenlu is lying.

Hence it is possible that Wenlu is lying. We have seen that in this case only Xander is telling the
truth.

Therefore the number of people telling the truth is either 1 or 3.
FOR INVESTIGATION

Wenlu says "Xander is lying", Xander say "Yasser is telling the truth",
Yasser says "Zoe is lying" and Zoe says "Wenlu is telling the truth".

How many of them could be telling the truth?
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16. Which one of the following expressions is a square number for each positive integer n?

An+1 B nn+1)+1
Cnn+1)n+2)+1 D nn+1)n+2)n+3)+1
Enn+1)(n+2)n+3)(n+4)+1

SoLUTION @

When n = 1, we have

n+1=2
nn+l)+1=1%x2+1=3
nn+1)(n+2)+1=1x2x3+1=7
nn+1)n+2)(n+3)+1=1x2x3x4+1=25
and nn+1)n+2)n+3)(n+4)+1=1x2x3x4x5+1=121.

Of these values, only 25 and 121 are squares. So the correct answer is either D or E. To decide
between these we put n = 2. This gives

nn+1)n+2)(n+3)+1=2x3x4x5+1=121
and nn+1)n+2)n+3)(n+4)+1=2x3x4x4x6+1=721

of which only 121 is a square.

In the context of the SMC we can now conclude that the correct option is D.

In the SMC you are entitled to assume that just one of the given options is correct. Therefore
the correct answer can be found by eliminating four of the options, as we have done above.
However, this would not be an adequate answer if you were required to give a fully explained
answer.

In this case we can show that all the values of the polynomial n(n + 1)(n + 2)(n + 3) + 1 are
squares, as follows.

nn+1)n+2)n+3)+1=nn+3)n+1)n+2)+1

R +3)n*+3n+2)+1

= +3n+ D) -D)(@*+3n+1)+1)+1
= +3n+1%-1+1

=(n*+3n+1)%

and hence is always a square.

It is true that, in general, if a polynomial has a value which is a square for each positive
integer n then this polynomial is the square of another polynomial. The proof of this fact is
not straightforward. The above calculation shows the truth of this in one particular case.

FOR INVESTIGATION

Prove that there does not exist a positive integer n for which n(n + 1) + 1 is a square.
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17. p, g, r and s are two-digit primes which between them use all the non-zero digits except
3.

What is the value of p+ g + r + s?

A 220 B 210 C 200 D 190
E more information needed

SOLUTION

Of the digits 1, 2, 3,4, 6,7, 8 and 9, only 1, 3, 7 and 9 can be the units digit of a two-digit prime.
This leaves 2, 4, 6 and 8 as the tens digits of the primes.

Therefore the sum of the units digits of the four primes is 1 + 3 + 7 + 9, which is equal to 20, and
the sum of the tens digits is 2 + 4 + 6 + 8, which is also 20.

Hence the sum of the four primes is 20 X 10 + 20 x 1 = 200 + 20 = 220.

This answer has been obtained without finding the primes p, ¢, r and s, or indeed even
showing that four primes which use all the non-zero digits except 5, exist. You are asked to
check in Problem 12.1 that a solution does exist.

FOR INVESTIGATION
Find four two-digit primes p, g, r and s which between them use all the non-zero digits
except 5.

How many different sets are there of four two-digit primes which between them use all the
digits except 5?

Find one three-digit prime and three two-digit primes which between them include all the
non-zero digits.

Find two three-digit primes and two two-digit primes which between them use all the ten
digits, including 0.
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18. What is the sum of the digits of the integer which is equal to 6666666> — 33333332 ?
A 27 B 36 C 45 D 54 E 63

SOLUTION @

Using the standard factorization x> — y> = (x — y)(x + y), we have

6666666> — 3333333% = (6666666 — 3333333)(6666666 + 3333333)
= 3333333 x 9999999
= 3333333 x (10000000 - 1)
= 3333333 x 10000000 — 3333333 x 1
= 33333330000000 — 3333333
= 33333326666667.

It may be seen that the number 33333326666667 is written with six 3s followed by one 2, six 6s
and one 7. Therefore the sum of its digits is

6x3)+2+(6%x6)+7=18+2+36+7
=63,

FOR INVESTIGATION

Let n = 666 666 666 — 333 333 3332,

What is the sum of the digits of n?

k
prmm— S—
(a) Let a be the integer 666 . .. 666 which in standard form is written as a string of k 6s,
k
e ——
and let b be the integer 333 ...333 which is written as a string of k 3s.

Find a formula, in terms of k, for the sum of the digits of the integer a> — b?.

k
e m—

(b) Find a formula for the sum of the digits of ¢ — d* where ¢ = 777...777 and
k
e N m—

d=222...222,
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19. The greatest power of 7 which is a factor of 50! is 7% (n! = 1x2x3x4x...x(n - 1)xn).
What is k?
A 4 B .5 C.6 D7 E 8

SoLuUTION @

50! =1Xx2x---x50. Because the seven numbers 7, 14, 21, 28, 35, 42 and 49 are divisible by 7,
they each contribute 1 to the power of 7 which is a factor 50! In addition, because 49 is divisible
by 72, it contributes an additional power of 7.

Therefore the highest power of 7 that divides 50! is 7+ 1 = 8.
FOR INVESTIGATION

12.1 Find the greatest power of 3 which is a factor of 50!

The general formula for the greatest power of a prime p which is a factor of n! is

FJ+{%]+{%|+ (1)
4 4 D
Here | x| is the integer part of x which is defined by

|x] = k © k is the largest integer < x.

22
For example EJ = ). {TJ = 3, and I_\/gj e

Note that, although the sum in (1) looks infinite, whenever p’ > n, we have 0 < ﬁt < 1
p

and therefore {ltl = 0. Therefore we could replace (1) by the finite sum

sl

where s is the largest integer such that p* < n.

For example, since 73 < 1000, but 7* > 1000, it follows from (2) that the greatest
power of 7 that is a factor of 1000! is

{1000| s FOOOJ " {1000| - { 1000J ¥ FOOO| ¥ FOOO| = 142+20+2 = 164,

%| 2)
p

7 72 73 7 49 343

Find the greatest power of 2 that is a factor of 100!
Find the greatest power of 11 that is a factor of 1000!
Find the greatest power of 10 that is a factor of 1000!

Explain why the formula (1) given above for the greatest power of a prime p that divides
n! is correct.
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20. How many different squares are factors of 2025?
A2 B 3 C 4 D3 E 6

SoLUTION ‘El

One method would be to list al/l the factors of 2025 and then to check which of them are
squares. This would take rather a lot of time.

It is quicker to make use of the factorization of integers into primes, This can be used to
decide whether an integer is a square.

Before discussing the general case, we give the example of the number 722

The prime factorization of 72 is 23 x 32. It follows that 72? = (2%)? x (3%)? = 2% x 3*. Note
that the exponents of the primes in this factorization are both even numbers.

In general, suppose that n = p? X g” xr¢ x ..., where p, g, r, . .. are the different primes that
are factors of 7. Then n? = p?® x ¢? xr** x . ... So the exponents of the primes in the prime
factorization of a square are always even integers.

Conversely, an integer with a prime factorization of this form is a square.

Thus the test for whether an integer n is a square is that in the prime factorization of n, the
exponent of each prime is an even number.

The factorization of 2025 into primes is given by

2025 =3x3x3x3x5Xx35, that is, 3* x 52,

Therefore the factors of 2025 that are squares are all the integers of the form 3¢ x 5, where a is
an even number in the range 0 < a < 4 and b is an even integer in the range 0 < b < 2.

Hence there are 3 possible values for a, namely, 0, 2 and 4, and 2 possible values, 0 and 2, for b.
This gives 2 X 3 = 6 choices for the pair a, b.

Therefore 2025 has 6 square factors.
FOR INVESTIGATION

List the 6 square factors of 2025.
How many square factors does the number 2025 have?

- How many square factors does the number 10! have?[Note: 10! = 1 X2 X3 x4 x5 X
6x7x8x%x9x10.]

Explain why, if the prime factorization of n is n = p“ X q” XT¥HK o s Wherep, g, 75 «
are distinct primes, then n has (a + 1)(b+ 1)(c + 1) ... different factors.

Suppose that the prime factorization of nis n = p x ¢" x r® x ..., where p, q,r, ... are
distinct primes.

Give a formula in terms of @, b, c, . . . for the number of factors of n that are squares.
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21. Ayain writes down all the 3-digit numbers consisting of three different odd digits
How many of Ayain’s numbers are divisible by 3?

A 42 B 36 C 30 D 24 E 18

SoLUTION @

The test for whether an integer is divisible by 3 is that the sum of its digits is divisible by 3. [You
are asked to prove this in Problem 12.4.]

There are four sets made up of three of the odd digits 1, 3, 5, 7, 9, whose sum is a multiple of 3.

These are {1, 3, 5}, {1, 5,9}, {3, 5,7} and {5, 7, 9}.

The three digits of each set can be arranged in six ways to form six three digits numbers. Therefore
4 X 6 = 24 of Ayain’s numbers are divisible by 3.

FOR INVESTIGATION

Make a list, in numerical order of the 24 of Ayain’s numbers that are divisible by 3.
How many of Ayain’s numbers are divisible by 5?
How many of Ayain’s numbers are divisible by 11?

Prove that an integer is divisible by 3 if, and only if, the sum of its digits is divisible by
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