GRE study sheet Dec. 10, 2005 Steven Byrnes

[Note: This document lives at my homepage, http://sjbyrnes.com/. Since 2005, I've
occasionally added minor corrections and addenda when I notice them (Most recent change:
Nov 2012). Hope you find it helpful! Feel free to email me any corrections, addenda, or
feedback; my email address is listed on on my homepage.]

[Warning: I don’t know whether the GRE official curriculum has changed since 2005.
Warning: This document is not comprehensive! The most important thing to do is to take
the official physics GRE practice exams.]

1. Classical Mechanics - 20%

(such as kinematics, Newton’s laws, work and energy, oscillatory motion, rotational motion
about a fixed axis, dynamics of systems of particles, central forces and celestial mechanics,
three-dimensional particle dynamics, Lagrangian and Hamiltonian formalism, noninertial
reference frames, elementary topics in fluid dynamics)

e v in terms of x in uniform acceleration.

v? =2 + 2a(z — 1)

Derivation 1: ((v+wvp)/2)At = v4pAt = (x — ) and (v —1vy)/At = a. Multiply these
two equations together. Derivation 2: Work-energy theorem with a constant force:
(1/2)ymv?* = (1/2)mvg + (ma)(z — xo). Cancel out m/2 from both sides.

Lagrangian. Let 7" =kinetic energy, U =potential energy.

Euler-Lagrange equations of motion.
d (OL\ 0L
dt\9q) 0Oq

Action. Pick the path with the correct endpoints that minimizes

s- [ " L), 4(0). )t

Conjugate momentum.

Hamiltonian.
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e Hamiltonian equations of motion.

. OH
LT
_ 0H
P="%

e Bernoulli’s Equation for fluid flow. (Assume incompressible, nonviscous, laminar flow;
this equation holds along flowlines, or if the flow is irrotational, it holds everywhere.)
Take g as positive.

1
P+ pgy + §p112 = constant

Derivation: Conservation of energy. The second two terms are energy per unit volume,
the first term relates to the fact that when pressure decreases along a flowline, there’s
a net forward force on the fluid, which increases the energy.

e Fictitious forces from rotating reference frame.

Fcoriolis = _2mw X (Uin rotating frame)

—

Fcentrifugal = —mw X (w X T)

How to remember Coriolis force: It makes it hard 2 mov straight (remember, the Greek
letter w is pronounced like “0”).

e Torque.
F=7xF
How to remember the order of 7 and F: “tariff” or “traffic” or “turf” or “teriffic” or
“thrifty” or “trefoil”.

e Angular momentum.

-

L=rxp

How to remember the order of 7 and p: “Slurp”. Also, it’s analogous to the torque
formula.

e Moment of inertia. r is distance from axis.

I:Zmir?:/erm:/TdeV

e Frequency of a pendulum of arbitrary shape. I is moment of inertia about the support,
r is distance from support to center of mass.

mgr

I
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In particular, for a point mass at the end of a massless pendulum of length ¢, I = mf?,

r=1/,so
w_ﬁ
14

Derivation: 16 =7 =7 x F = —(r)(mg)(sin ) ~ —rmg0.

2. E&M - 18%

(such as electrostatics, currents and DC circuits, magnetic fields in free space, Lorentz force,
induction, Maxwell’s equations and their applications, electromagnetic waves, AC circuits,
magnetic and electric fields in matter)

e ¢ and p (names, E and 5, H and E, Xey Xms Ty C).

€ = “permittivity”

1 = “permeability”
D=cE “Eeee!”
B=uH “Uh
e=¢c0(l+xe) (xe= “electric susceptibility”)
w=po(l+xm) (xm = “magnetic susceptibility”)

e Typical values of €, u.

— Permittivity: € > ¢y almost always, with y. > 0. Field is reduced by polar
molecules realigning opposite to the field.

— Diamagnetics: pu < po, Xm < 0. No unpaired electrons. Field is reduced by Lenz’s
law acting on electron orbits.

— Paramagnetics: > pg, xm > 0. Has some unpaired electrons, which align with
and increase the magnetic field.

— Ferromagnetics: p >> o, xm >> 0 (although of course not linear). Unpaired
electrons, domains, and such and such.

How to remember dia versus para: “In a diamagnet, the magnetic field dies.”
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e Maxwell’s equations.

D - ndA = Qenclosed
\%

Gauss’s Law: V- D = ppee;

S—

No monopoles: V-B=0; / B-iidA =0
ov

— — — d —
Faraday’s Law: V X E = ——; / E - dl = —— Bgux through

- = o - = d
Ampere’s Law (modified): V x H =J+ H - dl = Liprough + _tDﬁux through

A d
e Induced voltage from Faraday’s Law. ® =flux of magnetic field through coil, N =number
of turns. Sign is determined by Lenz’s Law.

dd
V=N—
dt

e Coulomb’s Law.

_ 1 ae
drteg 12

Derivation: Gauss’s Law — ¢1 = 4772 Dproduced by 1 = 47120 By, and F = g E5.

e Biot-Savart Law.

dézﬂldﬁxf

A r?

e Magnetic field on axis of a circle of current.

I r2
B— Ho
2 (r2 4 22)3/2
I
= 'ui, at center of loop
2r
o . 2
Derivation: From Biot-Savart, Bperp = ’%FIZ(J:)Q cosf = ’%122;7“2 m

e Magnetic field from infinite straight wire. Direction of B from right-hand rule.

ol
B=—
2R
e Force on a wire from a magnetic field.
F=Idl'x B

Derivation: For one charge ¢ moving at velocity ¢ in a length of wire dlz F =qux B ,
and Idl = qu.
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e Boundary conditions for E , 5, H , B across macroscopic boundaries.

— The normal component of D is continuous (unless there’s a surface charge).

The normal component of B is continuous (always).

The tangential component of E is continuous (always).

— The tangential component of H is continuous (unless there’s a surface current).

e Capacitor — capacitance and energy.

Q=0CV

1
U=-CV?
2
How to remember: “CV” as in curriculum vitae.

e Capacitance of a parallel-plate capacitor.

eA
C=—
d
e Inductor — inductance and energy.
dl
V=—-L—
dt
1
U=_LI’
2

How to remember: “LI” as in Long Island.

e Inductance of a solenoid. A =cross sectional area, [ =length, N =number of turns.

_uN ZA
o
Why N?2? If you double the coils, you double the flux and you double the response

per unit flux. Another memory trick: the equation has almost the same form as the
capacitance of a parallel-plate capacitor.

L

e Impedance. (Vpe™') = ([pe™!)Z, where

Resistor: Z =R

1
Capacitor: 2 = —
P iwC
Inductor: Z = iwL
How to remember: at w = 0 (DC), capacitor has infinite resistance, and inductor has

0 resistance.
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e Cyclotron frequency.

_4B
S m
Derivation: mv?/r = quB = mv/r = q¢B = mw = ¢B.

w

e Cherenkov Radiation. When a charged particle is traveling through a medium (with
n > 1) faster than the speed of light in the medium (i.e. ¢/n), it emits light in a
cone behind it. Why? As the particle passes, the electrons and molecules respond
to the field; after the particle is gone, they relax to equilibrium, releasing radiation.
The spectrum is continuous, and intensity is proportional to frequency of the photon
(This is the reason for the blue glow of nuclear reactors). There is also a gradual high-
frequency cutoff, due to the fact that the index of refraction is frequency-dependent
and approaches 1 at high frequencies.

e Larmor formula for radiated power. a is acceleration, ¢ is charge.

2 2
a

p—1
67mec?

3. Optics and Wave Phenomena - 9%

(such as wave properties, superposition, interference, diffraction, geometrical optics, polar-
ization, Doppler effect)

e Phase velocity versus group velocity.

w
Uphase = 7~
P k

dw

Vgroup = %

e Doppler shift (for waves in a medium). Top signs when moving towards each other.

How to remember: If source moves towards observer at ¢, infinite frequency; if observer
moves away from source at ¢, zero frequency (picture the waves).

e Thin lens formula. Figure out signs by ray-tracing.

1 1
-+ —

1
So Sz f
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e Rayleigh Criterion. D is the diameter of the beam of light, or of the lens if the light
fills the lens. # is angular resolution. f is the focal length. Al is the spacial resolution

on the image (i.e. the radius of a spot of light on the image).

Al A

e Focal length of lens/mirror.

MIRROR: f = g

1 1 1
LENS: —=(n-1 ——i——)
=00 (7t
(sign convention: Rj, Ry both positive for a regular converging lens.) (replace n by
n/n’ if the surrounding medium isn’t a vaccuum.)

e N-thick-slits diffraction. Let a by the thickness of each slit, d be the distance between
adjacent pairs of slits, N be the number of slits.

sin(ako)\” [ sin(Ndko)\’ T k.
I=1I——+ —_— h =— ==
0 ( (ako) ) sin(dho) , where kg 3 sin ¢ 5 sin ¢

For « — 0 and N — oo, maxima at sin(dky) = 0, i.e. dkg = mm, i.e. mA = dsinf.

e Polarization and intensity. If light is unpolarized, and goes through a polarizer, its
intensity is halved. If light is linearly polarized at angle #, and goes through a linear
polarizer at angle ¢, its intensity is multiplied by cos?( — ¢).

e Telescopes and microscopes. There are two lenses — first, the light passes through a
weak “objective” lens with a long focal length, then through a powerful “eyepiece”
lens with a short focal lenght. The lenses have very-close (or even coincident) focal
points for a telescope, farther-apart focal points for a microscope.

4. Thermodynamics and Statistical Mechanics - 10%

(such as the laws of thermodynamics, thermodynamic processes, equations of state, ideal
gases, kinetic theory, ensembles,; statistical concepts and calculation of thermodynamic quan-
tities, thermal expansion and heat transfer)

e P-V diagram. Volume is always on the horizontal axis, pressure on the vertical axis.
(How to remember: “The pressure axis points vertically because different elevations
correspond to different pressures.”) If you move rightward, the fluid is expanding and
doing (positive) work on the the piston, if you move leftward the fluid is contracting
and the piston is doing (positive) work on the fluid. The work is in all cases equal to
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[ PdV, i.e. the area under the curve in the P-V diagram. As a consequence, engines
travel in a clockwise cycle, and the net amount of heat energy turned into work energy
is the area enclosed. Conversely, heat pumps travel in a counterclockwise cycle, and
the net amount of work energy turned into heat energy is the area enclosed.

e Carnot cycle. Start in top-left of P-V diagram and go around clockwise. Isothermal
expansion at Ty (heat enters), adiabatic expansion, isothermal compression at T (heat
exits), adiabatic compression. Efficiency is (Ty — T¢)/Th.

e Boltzmann distribution.

7 — Z o~ Bs/KT

P(s) = e B/* /7

e (Gibbs distribution.

Z = Z e(NsﬂfES)/kT

P(s) = eNen—EI/AT ) z

e Relation between entropy and heat. Heat added (reversibly) to the system is [TdS.
How to remember: an adiabatic change is when S is constant, and also when no heat
is exchanged, so d@ o< dS.

e Statistical definition of entropy — approximate and exact.

Approx: S = kgln(),

where €2 is number of possible microscopic configurations consistant with the given
macroscopic parameters.

Exact: S = _kB Zps ln(ps)a

where p, is the probability of state s. Derive former from latter: assume there
are {2 equally-probable states, and zero probability for all the others. Then S =
—kpQ(1/Q)In(1/Q) = kg In .

e Equipartition theorem. A system has average energy (1/2)kT for each quadratic term
in the Hamiltonian (as long as kT is large compared to the gap between successive
quantum levels.) In particular, each translational or rotational degree of freedom
gives (1/2)kT, and each vibrational degree of freedom gives kT (the Hamiltonian for
a 1-dimensional simple harmonic oscillator, H = 3mi? + $mw?az?, has two quadratic
terms.)
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e Wien’s Law. For a blackbody, A\, is the wavelength radiated with highest intensity.
T is the blackbody temperature.

AmazT =3 x1072m - K

(don’t need to memorize the RHS constant.)

5. Quantum Mechanics - 12%

(such as fundamental concepts, solutions of the Schrodinger equation (including square wells,
harmonic oscillators, and hydrogenic atoms), spin, angular momentum, wave function sym-
metry, elementary perturbation theory)

e Time-Independent Perturbation Theory: 2nd order for energy, 1st order for wave function.

Notation: If H = Hy+ AAH, then E, = BV +AE( +- - and |n) = [n©) + Ajn®M) +

EW = (nOAH|n®)

n

nM) = 3" (K©)AH|n) £

(0) (0)
kin  bn” — B

AHn
Z\ ! | )I

(In the latter two equations, deal with degeneracies by picking correct basis (so AH is
diagonal in the degenerate subspace), then summing just over those k& nondegenerate
with n.) If you can’t remember whether the denominator is Eﬁo) — E}go) or E,go) — Eéo),
keep in mind that the ground state energy gets lower and lower at successive orders
of perturbation theory. Think of it like you're getting closer and closer to the exact
ground state.

e Heisenberg Uncertainty Principle.

(72)(ow) 2 30481

e de Broglie Wavelength.
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e Pauli spin matrices. S = g&, where

(01 O (1 0
%=\1 0) %= \i o) %27\o 41

How to remember: The minus signs in o, and o, go near the (geographical) center of
the matrix.

e Schrodinger Equation.

h2 p2
Hamiltonian: H=-——V?’+V =— 4V
2m 2m

ov ,
Time-dependent S.E.: iha = HU, VU(t) = e H/ My (0)

Time-independent S.E.:  Hb, = Eptbn,  n(t) = e /M) (0)

e Position and momentum.

b= —ihV
3, 5] = if
[F(w).5) = ih

6. Atomic Physics - 10%

(such as properties of electrons, Bohr model, energy quantization, atomic structure, atomic
spectra, selection rules, black-body radiation, x-rays, atoms in electric and magnetic fields)

e Hydrogen electron quantum numbers.

—n =1,2,3,... — principle quantum number, controls radial wavefunction (along
with /) and energy.

— ¢=0,1,...,n—1— orbital quantum number, controls radial wavefunction (along

with n) and 6 wavefunction (along with m,). If L = 7 7 (a vector of operators),
then L2 = R20(f + 1)y

—my=—L,—(+1,...,f—1,¢—magnetic quantum number, controls § wavefunction
(along with ¢) and ¢ wavefunction. Defined by L,v = hmg.

— 5= (1/2) - electron spin. If § = (S,, S,, S.) is the vector of operators defined by
fi/2 times the pauli matrices, then S%|v) = h?s(s + 1)|v).

— mg = +(1/2) — z-component of electron spin. S,|1) = hmg|v).

—j=/—=s|,...,(f+s)=|(£(1/2)] - total angular momentum quantum number.
If =L+, then J2|v) = h2j(j + 1)|).

10
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- mj=—j,—j+1,...,7—1,j — z-component of total angular momentum. Note
that m; = my + m,, and J,|¢) = hm;|¢).

e Electric dipole transition. Selection rules are as follows:

Al=+1 (£0)

Amy = 0,41
Aj=0,+1
Amg =0

e Sources of line-splitting in the spectrum.

— Zeeman Effect: When you apply a uniform external magnetic field, each transi-
tion energy E,, s —n,e, 1S split into three equally-spaced lines, due to whether my
increases by one, decreases by one, or stays the same in the transition.

— Anomalous Zeeman Effect: In Zeeman effect, the contribution of electron spin to
total angular momentum means that it isn’t always three lines and they are not
always equally spaced.

— Stark Effect: When you apply a uniform electric field, it induces a dipole moment
and interacts with it, thereby splitting and shifting lines.

e Bohr model. Assume classical orbiting with angular momentum a multiple of h. Z is
an integer representing nuclear charge. my.q is (reduced) electron mass = myms/(m; +
ms). n is orbit.

4 h2 . elec 2
Radius: a, = &rﬂ ~ (0_529 A) <m lec n_)

mred€2Z Mred 4
Zered€4 -1 Z2 Myred
Energy: B, = T <§> ~ (—13.6 eV) (ﬁ ‘ melec>

How to remember: decreasing the effective mass myqq increases a and decreases |F,|.
If you double Z, you halve a, which together quadruples the coulomb potential energy
between the nucleus and electron.

e X-ray spectrum that gets emitted when you fire high-energy electrons at a material.
The spectrum is a combination of two sources. The first is “Bremsstrahlung”: A
smooth, continuous spectrum of X-ray light that gets emitted as the electrons decelerate
in the material. The second is “characteristic X-rays”. This occurs when an incoming
electron knocks an inner-shell electron out of an atom. Very quickly, this vacancy gets
filled by a outer-shell electron from the same atom. The energy difference (outer shell
minus inner shell) is emitted as an X-ray. Therefore there are spikes in the X-ray

11
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spectrum at certain wavelengths—one wavelength for a 2nd-shell electron filling a 1st-
shell vacancy in a copper atom, a different wavelength for a 3rd-shell electron filling a
1st-shell vacancy in a gold atom, etc. etc. The full spectrum is a combination of the
bremsstrahlung and the characteristic lines: A continuous spectrum with a few spikes
on top. This full spectrum is what you see in the output of an X-ray tube, or in an
“EDS” [energy-dispersive X-ray spectroscopy| measurement.

e Electron energy spectrum when you fire X-rays at a material. (also called XPS, X-ray
Photoelectron Spectroscopy.) Electrons get knocked out of atoms (usually from an
inner shell) by the X-rays, and you measure the kinetic energy of those electrons. The
kinetic energy equals the incoming X-ray photon energy minus the original electron
binding energy. So there’s one peak for electrons that got knocked out of the 1s orbital
of copper, another peak for electrons from the 2p orbital of gold, etc. etc. You also
get a signal from “Auger transitions”, a three-step process: (1) the X-ray knocks out
an inner-shell electron; (2) the new vacancy gets filled by an outer-shell electron of the
same atom; (3) the energy from step (2) is transferred to a third electron from the
same atom, which goes flying away from the atom. This third electron gets detected.

e Term symbol — General definition. For an atom with a particular configuration of elec-
trons, the electrons combine to have some specific total spin S, total orbital angular
momentum L, and total momentum J. The electrons within filled subshells have no
contribution. Pick the letter associated with L (S,P,D,F,GH,... for L = 0,1,2,...),
then write

2S+1LJ

Obviously, J is between L + S and |L — S|.
Shell memorization mnemonic: Some Physicists are Destined to Flunk the GRE.

e Term symbol for the ground state. Use the following prescription. In the partially-
filled subshell, start by putting electrons with ms; = 1/2, starting with the maximum
possible m, and proceeding downwards. Next, add electrons with mg = —1/2, in the
same order. Then it turns out that S = > mg, L = > my, and J is |L — S| if at most
half the subshell is filled, or L + S if at least half the subshell is filled.

e Intrinsic magnetic moment, gyromagnetic ratio. For an electron orbit: 7 = (—e/2m.)L

where L is the angular momentum. Derivation: p = IA = [(—ev)/(2mr)][rr?] =
(—e/(2me))(mevr) = (—e/2m,)L. But for the intrinsic angular momentum of a parti-
cle, quantum electrodynamics gives a correction by a factor of g &~ 2 (“Landé g-factor”),
le. i = (—eg/Qme)g. The “gyromagnetic ratio” is v = u/S = (—eg/2m.).

7. Special Relativity - 6%

(such as introductory concepts, time dilation, length contraction, simultaneity, energy and
momentum, four-vectors and Lorentz transformation, velocity addition)

12
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e Lorentz factor.

1
L
V1—=v2/c?

102 1 102
~1 POl
TRty ) 2 2

ct" =7 (et — pr)

e Relativistic addition of velocities. According to a guy moving at speed v in the z-
direction, a ball is thrown with velocity u. Rest frame velocity of the ball is «’, where:

, Uy +V
U = —
Tl uv/c?
o = Uy
Yo (1 + ugv/c?)
/ Uy

u _—
o1+ ugv/c?)
Derivation: plug in x = u,t and y = wu,t, Lorentz transform, and compute z’/t' or
y'/t.

Length contraction.

L/ _ Lproper
r‘>/

Time dilation.

T = (Tpmper)’Y

1—wv/c
w=uwo|——F—
N1+ v/e

(choose sign of v so that shift is in correct direction.)

Doppler shift (for light).

Relativistic momentum, energy.

p = muy
E = /(m@)? + (po)? = mc*y

13
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e Schwartzchild radius. You get a black hole if:
_2GM

c2

R

Rough derivation: the total energy of a particle of mass m is mc? — GMm/R, and the
particle cannot escape if this is less than zero. This gives R = GM/c?, off only by a
factor of two.

8. Laboratory Methods - 6%

(such as data and error analysis, electronics, instrumentation, radiation detection, counting
statistics, interaction of charged particles with matter, lasers and optical interferometers,
dimensional analysis, fundamental applications of probability and statistics)

e Accuracy versus Precision. Accuracy: Close to reality. Precision: Repeatable. How to
remember: “Precise can be repeated thrice, accurate is on track.”

e Error Propagation. Given a function f(z1,...,z,) where the uncertainty (standard
deviation) of x; is Az;, and the errors are uncorrelated,

i=1

. 1/2
Af = <Z[(Axi)(aif($1, e awn))]Q)

Derivation: since Ax; is small, Ax;0;f is the standard deviation in f from the mis-
measurement of z;. Standard deviation squared equals variance, and the variance of a
sum is the sum of the variances.

Examples (check for yourself!):

Az +y) = /(Az)? + (Ay)?

) ()

e Joules to eV conversion, Coulomb to e conversion.

1eVal6x107?J

e~ 16x107"Y C

(where e is the charge of the proton). Why is it the same factor? Follows from the
definition of electron-volt.

e Room temperature in eV.

(k5)(300 K) ~ .02 eV

14
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e Visible light in m, Hz, and eV.

A=700—400 nm, v =400—700 THz=4—-7x 10" Hz, E=2-3¢V

Memory trick: 700 nm is 400 THz, 400 nm is 700 THz, more or less.

9. Specialized Topics - 9%

Nuclear and Particle physics (e.g., nuclear properties, radioactive decay, fission and fusion,
reactions, fundamental properties of elementary particles), Condensed Matter (e.g., crystal
structure, x-ray diffraction, thermal properties, electron theory of metals, semiconductors,
superconductors), Miscellaneous (e.g., astrophysics, mathematical methods, computer appli-
cations)

e Conservation of baryon/lepton number.

— Baryon number. Each quark has baryon number 1/3. Each antiquark has baryon
number —1/3.

— Lepton number. Three types: electron number, muon number, tau number. Each
separately is conserved.

e Binding energy. In general, the binding energy of something is a positive quantity, equal
to how much energy would be required to rip it apart. For example, the binding energy
of a ground-state hydrogen atom is 13.6 eV, meaning that the electron and proton are
attracted to each other and it would take 13.6 eV of energy to pull them apart. In the
case of a nucleus, the binding energy is how much energy would be required to rip it
apart into separate protons and neutrons. Again, it’s positive. It’s related to the mass
of the nucleus according to:

(binding energy)/c* = (total mass of constituent nucleons) — (mass of nucleus)

Proof: E = mc?.

15
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